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% Stode yariahle s

A set of variables which describes the system at any time ins+an+5
afe called state variables.

owtput
'mpu.": :_7 ﬁo) ___> Location and
Mfol, OJ} afl /f} aftaval ‘hme
shate Variable:
speeo\ and. difection
Vo, s Y, (4)
m: number Vzl‘f)f" > Ya(t)
of input . P: number of
Variables output Vayiables
u,,(t)_.l s Yolt)

X0 %2@) Xolt)

n: number of state
Variables

% State variable Equation

X&) = AX(@) + BVE) = stute equaﬁOn.
Ylit) = ¢X@t) + DVE) = oulput equ‘h'on.

- X&) State Vector.

- Ut) 3 Input Vector.

- Ylt) 3 output vector.

* As- system matfrix. -+ B2 Input matvix.

- €9 Output maltrix. - DS Feedback Borward matvix.



Ex 3 state yeriables (n)
2 inputs (m)
2. owtputs (p)

kl -] all aa Qa 13 X' bll b'l u,
{(2 = [dy Q2 Ay || X2| + |ba baf| U,
X3 J Qg Qzx ds; )(2 b;, b?l

(nxn) (Nnxm)

LJ\- =ICN Ca Cg Xi| &+ Du w)
‘_92.J G Gy Ca x2 Da:

Cpxn) | X3 (pxm)
L stete variable vector

+
C » Y@)

uew B

A

%- State veviable eq wation plock J.iagfam -



x Examples consider a_ system model given by the Ffollowing D.E :

2 2
29 L, 29 oY -
R i - R A
where yit) is output § u(t) is input , Lind clate - Space model .

X o= Yit) % number of state
X2 =% = 9(f) Variables depend
on the order of

X;: Xz = t’(f)
the diff eguation.
we Know ‘n\a‘l':
.X = AX “+ B U k\ = XQ_
Y=cX+0V 2'(2 = X3
Xy = U“’) = w(t) — 6 Xy -\|X2 - 6X

2'(\ o | o ] X o
)‘(z =l o o | X2 4 | O u(t)
X3 -6 -\ -6 X4 |




x EXamQle 3 mass-spring  Damper System ne)

Friction P weapt =0

K, b = is a stofage element L b K

(.lamper Spring

ZF=ma
U - ky-by = my

Xv =.3
X2 =X =9

.k\ = ”9 = XQ..
XQ. = 3 = u(‘t%, - K/m)(\ - b/mx'z

X = AXl) + BUl)



X Example v find s.5.M. R(b \__,F;lﬂ
b
m;

K - W2
SE o y) ey,
Flt) -KY, - Ka(Y-Y,) = my
g. - B _ Ky - 59-3\ + K2y, inpufrs : Rt) lef)
™, ™y " outputs: Y(t) . Y, (1)
EF = mlaz

B8 - Ky (9, -Y9)) - bjﬁ = mlgz

4= B -Kay,+ fay by,

X\z)l,

X2=)’|

X';-'- Xz

Xg= Y
X:AX"’BL{
X\ (@) I (®) O Xl '—0 0
Xo |=[(e) o K2 O |[ X ||k of] W
X3 o o o | X3 o o || W
k) [ & o o e JLX] [o b,
y: CX"‘DLL
Y, =[| ooo] |+ B2
Y, Qo0lo X2




Ky Ky F(t)
2~w~w— m, WW— o —s
7 =1
Py

ky =4

22;312 ZF' = m, ;‘52 . . .-
22:224 -“\\dp_ - Kz(.”g.—‘:ﬂl) - h(”z_ﬁj,) = m\ﬂz

49 -3Y2+ 39, -29,+ 29, =129,
U= T9 TRt Y-+

2F, = my, Y

FH’) - K)(.ljl‘\jz) - bd%'ﬁz} = W))_B\ -(k‘ +k1)\32 +K2‘ﬂ\ ‘byz"’l,g_n;j: (j;
—m, ™ om M
91 = Elt) — Koy, 4 Ka Yz -2—9\"'?"32
m)_ 73 mo ™Mo

my

:":%"\11)”2}_3'{'%32—_‘]55‘-’-%9’

X=9 W= 9 =X ' n

- . = 9 - - \ -
;2_3' oz 9= Bl - Lk 3 - LRy
3= 2 SR

r;[\ —0 | 0 o f)(\ 6}
Bol=% “h % 7ot '/21 U
X3 0 o O | >(3 o
%) Ly oy °
7/ = i O O O )(,—’
| . O
0O o \ 0 Xq
Y2 <
)
Xu




¥ Exomple - find state space model for the circuit below:

R < + Vs -

]| | B
U = Vi (8) inputs ' 2
Uy = (in () . i, :

Vin t) O lgL @ Ry CT lin &)
X= Ve, (¢) Stovage elements v i
Xo= .VQ({;) }/as stute variables —
X3=U, () ‘ —
* L&) =1-1

:’: VCQ_(JE) = XQ_

mesh 15 Vin(t) = R, )(t) + Ve, (1) + L%LFUI‘H - iz[t)]
mesh 29 L%[lz“)' L'&)] +V62.(f) + Q)_[L;H}) - (;[t)] =0

mesh 33 (1) = —Lin (£)

W =X = RCXH) + L X&)
“Lxtt) + X2l¥) + Ry Cz*z(f) + Ry Ualk)
C k) - G2 X, () = X3 ()

-
'X\ ("7) e\ C\ 0 L —‘ fe) fo) X\(_t,) | 0 .
LW (=0 RG -L)| [lo -1t of k@] +]o & [u'ta)]
Xs (£) ¢ -C, O o o |J[x(4) 6 0 Uz ()
YU:) = [0 | 0] [X\ l;))\, This method. is harder

¥z (£) and. fake tme 1o sslve
X3 (¢) because of the inverse.



OR -

X
X2

W= RO + X + LK, ey 1

—L)'(; + X2 + Qn.C:kz + Rz Us-0 612

¥ W= X+ X2+ RCX + R Xy 4 Rolly

C\)‘(\ = Xg + C),Q

(A|= Xi+ X2 + RIXZ + RICZ)'(Z + QZ CZ*:. +R2—u2

)'(2_= WX —Xa—RX; + Ralla
Cl( Ri+ R?)

—

k\: Ui— Xy - X4+ R Xz — Rauz
CI( 9| + Rz)

U, = R, - RiXy - R\XH-«\Qng-—QIRzUz + X + LXg

(\Q\+ ‘22)
Y= iRt RY—RiRa s + R Rauz - RaX,
L (9\ + Rﬂ—)

-\ - R ' -R2
al(R+R2)  G(R+Ry) G(R+R2) X, G (R+R2) (R, +F1) U,

- - -R, X2 + ‘ R2 [up_
CQ(R+R)  C(R+R)  €2(RwRy) X Q(R+R,) C2(R1+R2)

—RZ R ——R\RZ RZ Rl ﬁﬂ_
L(R+R2)  L(R+R;) L(RwRy) | L(R+Ry) L(R+R2) )




Lq Qq
#Exv Lnd SSmT et f
Va Veut 0

Va: L“ ﬁ-‘t + Iqu + Vemp .. -

N output » @
Et = jé Tm: kaq iv\pw" —)Vo\
Tm —TP = ]—6 Vemc = er
T - b0=70
0= Uhm Ta - b6 @




¥ Transfer function T.F Qor state space.

=X c(SI-A) '8

Adj (SI-A)
det (SI-A)

(ST -A) =[—;§S ;}

det(s1-A) = 55 =35 = 8s

adj(sI-A) = [ J
5
3s
2

(st-A>" _[ _'}
8s
38 5
35 o
E xamples-
X(t) = [0 "/c][x\J + [l/c:’ w
77 [ 0

yw) = [o R] [x\)

X2

% (sT-AY' =

A,C,B afe matrices.
T: idenhty matvix
because s is scalar.

4) S o
(SI-A)= |-2s o s

| 2 3s

AE‘:(SI-A): 0 _(-652_5)1. o
= 6524—5

ad)(SI-4)= [ -25 4s’+S -ys
-3¢0 S

s* o 252

(f:lkes a lot of time

A=[o -k_] B=['/c} c={o ]
‘/1_ '%/L o

T.F = c(s1-A)". 8

(3 32 7))

det (s1-4) = % KoL oA

Gz 5)



aol()(SI-A)=[S+\% -l/c_J
% 3

(ST-A)"' = i (ST-4) - [ S+ 8  _

|
det (51- A) A Ae
A =
AL A
N s+ R —| l
TF= [0 R} |5 = ( C}
0
A S
LA A
R _Rs /
[LA L 1 8
0
- R = _R #
clA CLS” + Res +1\
TF - S.Sm ;
/’CO”S“’wn
TF: n n»lbo 2
/DS +a,S" +a,§"” e Ay e— Luncthion
.)"':"' 2SSMm= A=[0o 1 o
5'8 c o |
;‘:, -z -4 4,
\
- |0 , c=1I
B= | [t oo0]
b,
A: ol o .-
ool



Ex:- T.F_- 5
S%4+ 3524 2¢ 4

.)'(' o \ 0 X, (0]
)'(z =0 o | Xa| + )0 W
Xy -l =2 3 X3 5

Y:[\OO] );\ +B"0

X3

TF = bS 4bS"2 . baaiS +hba

- n-2 \
m S"+a " 44, 8" anS ra,

TF = \ . b $2+ b.S + bz
s*ya,8?+ 25+ \

w
u e}l el .y
W= \

K= W | (o 1o [x 0
X2=\l:) =) )'(2 = 0 o ' x2 + o w
X; =\;\'/ ).() _q; _aL _a' Xg '
w= [l [e] o] xl

X2

X3



Lj: WG’2
Yes) = W(b,§2+ b2S +b3) = ylb)= ;Y

Yit)= by w + byw + byw = b X3+ baXa +b3X

y= [bs bs b] L{J

>.(\ o | o Xy
X2[= o o | X2 | +]0 | w
)'(1 -Gg —C(;_ -a) Xg ,

—Pinal s+oa"e space
model to use.

must be written.

TE= boS b s bas” % s byuS + b

n -1 —2
lﬂs +a,s", a, s" 2. + Qpn_, S+ An

T.F: boS;-P bpsz-t- sz‘\'bg
\' s’y a,8% az8 +ag

TF= b, UB=aibs)s” + (B35055Y) s + (bz=azk:)

S3ia,52:a,5+4;

).(\ 4) \ O Xy o
X2 [= | o o | X2 | 4| O w
X3 -a3 -0, -a, |[X3 |

y= [Cbs-osbs)  (bo-azb,) (b.-a.bo)][(u)

X2
X2

4 -bo x4
Pina/ S7Lcd’e mo d el

Y= bou+@ o use.



Ex: T.F= 28%+ 4524 25 +3 y Pind S.5.m
$3+552 425+ 7

).(\ o | o X o
Xal=]o o 1 || x| +]eo] W
*J —7 ’2 ’5 X] '

y=[(s-asb) (b-Qabo) (b-aib,)] {

Xi
X2
X3

y [be] U

X2

y=[(3-@Dw@) (2-0)2) (‘I—(s)(z))][x\} + 23w
X3

Ext TF=_S+l  Pad S.5.m
S¥ 4 35%4 25 4

AREEM EHE

y=);(| -0))) (0-0) (o—(s)(u))][:\] + Lbe] W
X3
y= [o -2 —3] [X\} “ D] W
X2
Xz



Exe TF=US'+25+3  Pad SS.M
Sepstiig+ 7

X, o | ollx]l |o
)'(z =] o o | X2]l+4+] O W
k; -+ -2 -5 5 X3 | \

y=[3 2 ylfxu]+p°
X2
L %3




Linea¢izations-

F N a linear systems  XlE) + Xalt) = Y, (t) + Yo (8
aXit)+ bxalt) = ay,(t) + by,&) Lineas SYstem.

« i-p a sgsfem is non-lineas, a linear one can be be obtained using
Taylor series expansion .

K Linear modelS ave easier to unolefsfano( (than nonlinear madels)
and ave necessary for most control system design methods.

‘k LinealiZeo( sjsfem is alwags a local qufoxima‘ﬁon aboul the
opefation point.

QH’C/ |inea{i2-aﬂ“|ov\, we coan write the sTa‘l‘e-S’pace moolel ass

A lx-X.5) 28 I o , 28 |
dt _ X Ixg, xas, ug X2 | X\ Xas) Us X-X s N oUu X, Xa$, Ug [u -u s ]
d (X2-Xs) >b Y A -X of:
T 9Xl ’XISI Xig) Us 3Xa ,xlS,XnS/ Us XZ % du L\S'XIS' %

S

Y'Ys = —9—3—-} __a.ﬁ_, Xl—ij + [u. u ]
X Ixs)xzs) Ug o X2 Kis, Xag, Ug X2 =Xa alL XIS/X2$/ Us

Genemlizafion e
. Elements of the linearization matrices:
. state-space FPorms-

Au = é‘p‘ ’ B.J = __a'p' l
AXJ Xg)Ug U Xs ) Us x; f B
Y=ckx+Ou
Cij - —%‘?(:— )Xs/u-s D= _galj‘ 'XS/"-S



EK%’ )'(q = lx.z-r 3X2 + U
Xy= 2XE+ 3X3 4+ U
Xs= 2X + 3X2+ |X;
y"-" Xlz

xs-{'] , W=l , Pod linear SS. M?

) |
(
@], G, (o)l

A= ,
(2x2) 1y,

¥ even 'ﬂ\oug"\ we  Lound A B,C,and D
D=0 were not done because the guestion
wants The M



EXample 3 ln'f’efacfing Tanks

T

F'=R|J|m-|"2 F2.= Rzﬂ_\;.

«Mode ||'ng egud‘hons s-

%LE i} jAé_:_Jh.mz = P, h,F) Ah.z%_ B
R -
Al Az

A
Ahz = _&.}hu-"' - Rl J hz = 'p:_(‘\., hz,r) Ahz =
dt A Az

$+a+€ Va'f'able = X|= L\, ) X)_: l'\l
Input” Variable = wu=F

- assume only the gecond tanK height is measured -

hS: "\., X:[’Gl: L'u-l"'ls‘&
hag X2 hy - hyg

A" = ou,l , = - R\ , An = d"')l = R\
d"“ ”S'Fs Mlﬂs A-hl hSIFS Mlms
Az,: T—A-pz = L ’ Azz = —& = = R‘ - -—QL
h' th/FI 2A'J his - '\zs Ahl hs, Fs 2A) j hig~ by 2A2J kﬁs
B“ = _EL l = .'— ) le = l‘p’-_ =0
°F Lot A, 2F ok

9 = 8(h‘/k1/F) = "\1-»\13

Cu=209 | =0 ., C,= 2 l -1
oh hs, F hy he,Fe



. state - Space madel s-

[ _R R,
it AT 28 ot x.} N AL} (u]
dx X2
i At R -R R 0
L 28 ng-hae 28,0 hishas 2A,0hs
y = [O l } [ X\]
X2
F—
h hy h;
R R Ra Fa R; F
<] <} D<—
F|= R.Jh.—ha_ F2=R2J|"2‘h3 "—3=R3J h?

—

T\_, must be able 1o solve




¥ State Flow D}qgrams ‘-

Yy= a X X in
X, &,
v: aX|+bX1 x;— s

e (]2 L]0+

y = [ OJPX\] + [oJw

| X2

)-()_= ‘2)(\ —37(2 + U

9= X

N

Oraw signal Plow
o\iag voam.

ofder ol xs

. Xy X Xy

X — Y



xu = —lt'XZ
x)_= :JEX| ——R\ZXQ_ +—'E-VL
J= X2

«—
C—

-\,
*Ex‘-'o"
X, o | ollx] [o
xl = o) () l XQ_ + 0 M
X3 ST | P 5
= [l 0 O]”)(lT X, = Xa
’(2 ).(2:)(3
| X ] ).(32 -IX =2X2-3%3 + 5U

Yy =X

! |

l/(_s,).(?_, .__)Xs\—)).(z-_) __,Xz_\_ﬂ.(\__, ._)X\—-ay
|
i =2




|?
ode
m
tate gpoce

he ¢

nd T
Fin

k :xz WU
.‘ Xz o
X, = -

y -2

ng X\ + 3

Y = U

0]
Ve
X o
ik\} [Oj';_q :
X2 | = °
X3

Ju
o][x\} + [3
—[I 0
y =

X2
X3



o U = |
X

A'X\—>3|

— X; > ).(1—5 —_— Xz Q—: ).(\

L ' T

find state space model

Xz 2X + 2Xy
xl: Xz‘(';ul

3|: X\

5(;= 5)(\ -3X, —XZ + 2“\




*Co\non.’ml ‘POfM o«p the Sy:‘f'em'.-
Conttollable Canonical ‘Pofm (C-C.c) .

TF = b°$n+ blsn-l+ T = h&
S”"' a[Sn-'.r...+Qn

- [T
o | o0--0 [\
A- o |- o  B=]o
o o o ... | |1
=0y -a"_|...- -0 |

C:[(bn—anbo) (bn—l"an-tbo) (b"a'b")l 1 D=[l’o]

[2] obsevvable Canonical form (o6.C.£)

TF = bos-"+ bl S”-I+ e b&

n-|
t a's "’"'+q'\

X\ 0O o o0 -0 -0, || X b, - G, b
)'(,1 ={ 1 o 0 Q|| Xo| | bau=anibs| W
1 o | o : :
L Xn 6o o ... 1 a, JL¥%] b, -4 be |
A 8
9=[\ o .- olf x| + b.] w
¢ 0



E-I Diagonad Canonical .E,/M (D-C.F) o ?{'{l\
PolQS o-p T.F in the ol(agowl

TF_ _bsS" bs"s . +be
S”"’ 0:S""+---+Qn

TF=bos &, 2 ... 4 Cn_
X+@, X+6, X+6,

- _ Vector of ones

—_P‘ 0 O ... 0 l
A= 16) —&.‘0 O 5 B: l

L0 oo B | |

C = [Cl CZ Cg Cn] ) D= DDO]

TF = be & (b.—ﬂtbgl§z+ (by-03be) S + (bz+a3bs.)

Sz'l'alsz-f' A2 S + a3 \) /W‘ : S=6
o _

S=0

S:PJ

(b-a.bo)S” + (bz-02bs) S + (bz+azb,)
(s-f) (5-P2) (s-f)

T~F: '90 + < + C2 “+ CZ ,I‘p‘c ﬂ‘-#P)_#P_;
s-¢, S-¢f2 S-?2




@ T&fdaw Canonical —p)/m (7¢cF)

TF_ _bsS" bs"s . +be
S”"’ 0:S""+---+Qn

TF = be & (b.—d\bglgz+ (b,-02bs) S + (bz+a3bs)

Sg-l'ausz-f‘ 02 S + a3 \> /U:o“ : S=8
ol S=0
, =6
(bl—q\bo)s + (bz-all_%) S + (b3+agb°)
(5-£)* (s-Py)
TF= bs + S L2 . & M =0 te
Seperate (s-¢) S_P\ S-P2
Sqnave matrix
_./?‘r (\} ) 'k‘pof motrix A, we Pud
A- __0_ B P_. . o ) B =11 (epeod'ecl poles in a Sepafote
o Q | P; | Squave matrix then put an

upper oliagono\l of ones in that
C = LC«\ Cy Cgl ) D = [bo] new sguare md+/ix.

* Lo matrix 3, we puﬂ” Zevos

For the re peated poles and
the last (epeated pole we eut 1

Ex: P\ ' PL=P'3=?M , Ps P‘

TF = C Ca Cz Cy S S
st T G-ty T Goay | e sk ¢ sk
(Pl ( (0] o (8] ) (&) _0 —1 l
A=| o TP; 1 oo o . B=1o
(€] \ o Pz 1 I\ ) 0 (0
© 0 o0 o [ f o l Eigen Volues
L6 . 0 0 0 0 £ . are the same
\
as poleg
A=p



To 'P\hoL Eigev\ Values — ‘2I—AI=—O

—C.C.F (Ofig'mod)

. Z - pX
X= AX + BUL \>
Y=¢eX+0Ou Transformotion
matvix
[ \ L
P=lA A A& A matvix of
A2 A 23‘ —> Vansformation  Matrix only consTonts
5 : P Por getting D.cf Prom c.cf
_;tnn 22 23'\ Rq (c.c. — D.c.®).
—D.¢.F ( new)
2=Amewz+3neuu Px= A(PK)"' Bu
}’= Cnewz +,9’\4 ) ‘ new - Bnew
X = lP'APlx +[e'3]u
Y= X + Duw
Steps:-
© find A

@ Consffuc'f P
@ find A, = PAP

B‘EW = p.| Bokl
Crew = Cubf
Drew = Dou

@ write S.Sm



Xs “u -6y %] L¢ Lad D.C.P
y= l:\ o ollx]| 4 Z°
Xe
X3
|A1- Al= o
A -l o p=] | |
o a -1 =0 -3 -1 -2
6 1 Até q \ Y

AUAA6)+1) ¢ 6 =0
62 024+6 =0

=";,"/’2

. F = 3 2 ( in C‘p .C-'p
Ex TF St e e Prd DCP/T
2 . _3 '
(s+2)%  (s+2) $+3



Exomple:

A=|83 -5 w0 B- (-l C =]
0 -1 6
3 5 -9 EN
ﬁncl the J.iugona\ Conical fom
|AT-Al = | 2-8 5 -0
0 Al -
8 -S  A+9

- (-8) ((A+D(A+) =5) -Ho -0 -8(2r1))

(

= (2-8)(2A°+10A+4-5) ;Yo + 801+ 80

= 4 A2 -8 %867 -32 - Yo + 8672 480
e22* A+ 8 =0

Az = -27

LAl

2::“2 2.‘2.= ZL



_E,_X'. TF- _S+3 Pd ccl ocf and D.cl/TcfF

Sl+3S+2
cc?p
“ e ) e
-2 -3 I
<-[3 1]
[x =[0 |] X.]+ o]u
X3 -2 3 X2 |
y=[3 1] [:.]”a'o
o.ct
)
' | -3 X2 |
Yy=1[o '] ):;,]+»,0
et/ Jek
P"'es’ -1, -2 TE- __S+32
Sl+35+2
TF= & , <2 TF- _C <
S-P Ss-f, S+l S +2

C,(s+1) + €2(S+2) = S+ 3

@S:—’ = =2
®S='2 = Cz:—'

HEEA AEAE

y=[2 -C\[x\] .

X2



0(,, Ay 0“3 if alef(A);o —_ Singulaf matvix.
if A _is_sinqular _, /’f| doesnt exist.

Matrix A is non-singular  iPE  det(A) £ 0
¥ Mattix Rank = R(A) = # of 'miepeno\en‘f columng / fows.

xif A nen- singulay — A is a Pull Ronk mattix

& Controllability

if we can drive state space yariables Lrom R() to X(tp) in finite
time using (W), system is contvollable .

CG=M=[B:AB: A*Bi | A"g]

(PX(rem)

The system _is controllable iff Q(M)7/ n

Ex: [X\ =] SJ[X\] +[—2] u is  the system contvollable ?
*2 8 q XQ. 2

M=[B AR]
;[-z 8] = det(M)-o . adt Pull rank
2 -8

RIM) £ n = system isnt controllable

Ex: (x| |-+ v o] X 0
X1 = 6 | (o) X7_ + ‘( u IS +‘\e Sg?hm Con’f‘fd“aHez
X3 (6 o -2 X3 3

m=[8 AR AB) =|o 4 o IMI=-14Y 25 . matvix
Yy Yy y is full
3 6 1

system s
contvollable.



Ex [x] [-2 1 o o o][x o |
X2 o -2 | o ol|lx o 0
)k; = o 0 2 O o X3 | 4 3 O u
Xy o o o6 5 ) |lx o o
k] | o 6 o o 5]k 2 |
m=[B i AB:A’B; A’%A“G]
(o 1 o -2:3 P 6 g2y 16 ]
0 o ? 3 o fo } 2 o i 0 [s)
3 016 o0 lulo iy o lug o
o o0 |2 | E—lo -lo ". 5o 75 J - 1000 -5oo
2 V-0 -5 (50|25 |80 -125: 250 625 |
{

| 1=_-189 since det #0 there is a sub-matrix with R=5
So $5$+€m is contrallable

K Observability
system is obeservable if X(t) at time (p) can be approximated

by observing the output Y(t)

0,=|.€..
LA . nxm 555+€m is_observable
Cﬂz if R(OYZ2n
C:Aﬂ'|

# outout conteollability
ability 1o confro) Y ﬂ\f‘ous‘\ u

O, =[c3 ' CABCA™B| .. CA"B D]
(nep)r * m

K-)\, # o-p ou“‘?ld'
+* Tke SﬂS"‘eW) is output contvollable # of inpu+

W Rank(oc) > m



Example: find if *he System is controllable of observable or  output

controllable.
A=|2 o o B-[o | c=]l\ o &
0O 2 o \ o o1 o
(o) 3 | o |
O M= [3 AR AB]=[o0 ' o 2 0 y
Il 0 2 o 4 o
o | 3 1 4 |

det = o0-1(3-0)+0 =-3 o0

— The matvix is full Rank=32nNn So the suystem is cont:

~ all  Zeves
(@ Ow=| ¢ =] v o ro\] hence +here
cA o | Jo iS pno sub
cA? 2 of o matrix with
o 2|0 R>n
4 o |o => System is not obs.
Lo 4y (o]

@ oc - [cB: cAB 1 cA’B i D]

=Jlo Vo 2o Hjp0 o
|l o]/t 2 0 :4Y o0fjoO o
det= o -101) =-] %o

R=2 2>m So +the system is outpul cont.



LTI Solufitm (linear time invarient Solution) :-

X(£)= Ax(¥) + Bult)

LTI SoIIA'HoV) s to -Q.'AJ &)
JLA® = Axtt)+ Bult)]

SX(s) =X (o) = Ax(s) + Bu(s)

SX(s)-Ax(s) = X(o)+Buls)
X(S)(ST-A) = X(o) + B u(s)
X(s) = (ST-AY' (x(o)+ B u(s))

X(s) < @(s)lx(o) + QG : uls) X () = £ (x))
Natural Forced.
Response Responge
it

X(s) = 3 xet) = e xe). dt
Ixt)= Sx(s)- Xlo)

$A- Ak Scosat = __S
S At = A/s? s?+a?
ieqt = _sl_q' iSma:(: = ; ZQ__Z
- S+ a
348t - 1 3 coskit = _s-a
(S-a)? (s-a)2+4b?

step Yesponse - w(s) = 1



Example’ xwz[g l][x.} Xlo):[l] . fiad xe#) 7
L2 -6 0

Xa

o — there is no B

X(s) = P(s) X(s) + QlerBuls) -

P(s)= (ST -AY"
(ST-A)=[ S -I (sT-A)' — adi(SI-A)
! 8 s+¢ ) et (SI-A)
(sT-AY'=| =6 _ 1
§%165+8 S2.65+8
-8 S
S’ 65 +8 s2.6s+9

x(s)= (s1-A)" X(o)

S+€ | S+ 6
X(¢) = s*4€s+8 'SZes+8 || | s™6s+8
s |le) | s
3 +6; +8 2. és+8 s’16s+8
S+6€ S+6
)((S): s*1€s+48 - (g...q)(g.,.z)
-8 -3
S%és+8 (s+4)(s+2)
S+6 - A . B _ _A(s+2)+B(stY)
(s+Y)(s+2) S+4 S+2 (s+4) (s+2)
@ $=-2 - @ S=-y —]A=-1|
-3 = A L B _ _A(s+2)+B(s+4)
(s+Y)(s+2) St4 S+2 (S+Y) (s+2

@S=-2~a)8=—9) @ S=-Y »[A=4

X (£) = :{'x(s)= 2e t_e"]
'-ie%_!



Example: if the inpud wlt) is unit step Lunclion Bad XLt) :-
T ,the mitial chite is Zevo.
[)'(.}._.[o I]Kx,},.[o} W ()
)?z -2 '3 X2 J

X(s)= Q) Xo) + Pts) B wis)

-\

-1
Pes)= (sT-AY  =| S - _ 23 |
2 S+3 S’-"l-35+7- St+?s+7-
C S
det= s%. 3542 §%+3s+2 s¥+3s+2
X(_S) = [ f“'? " |
$335s+2 st 3s +2 o ['__\__]
| %3542 s*+35+2
[ R B l
xts)= | SR [L] o |SEese)
= T -
S _
sty3s+2 (S".\. SS+1)
SCste35+2) S ( $+1)(s+2) (s+ 1 (s+2) S

= ACG)(S+2) + B (S+) + c(S+N(S+2) = |

y

%(2) = i( - o5 , oFt

‘ St | T s+2 " S>
-+ -2t

= - 4o0.5€ + 05
\ = \ A_, _8
(s%43542) ( $+1)(s+2) (s+ 1 (s+2)
= A(S"’l) + B(S'H) =

Xg(t) _ i'( J + =l )

S+ 1 §+2

-t -2t
= e -

-t _

x(t) = [— + o-5e2+' +o.5]
-t -2t
e —-e



% Pole Replacement -

X(€) = Ax(t) « Butt)
Y = cx(t)+ Duld)

ol 1
u—?-—) —>>T<—"?—’x y
=)

X(£)= AXW) + B(-kX(t) +U)
X(t) =(A-BK)X(t) + Bult)
Aneu= A- BK

9 = CX(]‘:) + D\A[‘t)

% Qole teplocement i £f system is controllable , <o
Birct clep is 4o Verify that the system is cont

if it is, we can proceed.

* AoIJ = ‘SI-AI

:Sn-fCLlS e

1
+ An_, S + Qnp

| ST - Anew )
(§+ Pmeu) (S"' aneu) (S"' Pnnew)
Sk, Sy ot o

* Anew

[}

* K=[(0(n‘an) (lxn-n"qh-l) s (0(.—0|)]

% Anew = Aolel - BK



* Pofe Rephcement Steps -

1. Con‘l‘;fo”ab”it‘j test (find M).
(system must be controllable)

2. ﬁn(i 90,& OJ‘)J. Anew
o Pind (o b Rad (x)

3. '?m&L K; (ini"'\'a” Ki =£(°(n'qn)

Y. construct T to find (T_‘)
T=MW

(0<|—al)]

(Kpet = Gnet) oo

whee M- contrllability test Matrix

Aolcl = \SI‘ANAI = Sn‘\' a\ Sn-l 4+ -

W - a"_| a'\_2 PP
'?(om Asy d Cn-2 “ s a,
coelicient On-3 a, \
': ¢ '
l o o
-
5 Kejpar = KT

6. Anew = Add - Bkg‘.m\

|

\

0
o
o}
o
o



Exumele'- [X\ 10 ( o][)«] [0} / \Qnew=[-2+3"f —2-:)‘? -\0]
X2|=| © [} | X2+ 0| W

X3 C=(1 o oJ
D= [o]

D controllability
M=[B 1 AR i AR]

o | -6 Rank (M) = n=3

M=|0 o 'J Ae't(M):-\ £0
I -6 3 4 System s contvollable

@ Doy = Is1-4]

=ls -t o | -¢%6sPis5s 4]
) S -
\ 5 S+€ la‘=6| qu_:;, 143=|i

Doew= (5-A)(5-0,)(5-0)
= (s=(-2+iw) (s- (-2-34)) (5-(-10))
= S 1ys? 4 6os + 200

[x, = ]  [xz=80] [x3= 200
@ Ki =[(f><3—°3) (X2-02) (o6 -a))

Ki =[(200-1) (60-5) (14-6))
ki =[14 55 8]

@ T=mw

W=| d, a, | | =1]5 6 |
a, | 6 [4 | »)
| o o) ( o0 6

T=z/0 o | 5 6 ] =1 o o | =T
6 | -6 6 l 6 o | 6
\ | o

-6 3\ (o)

® Koo = ki # T" =[194 55 8][1 0 o) =[19 s5 8]
o |
c o |

o o |
-200 -606 -4

@ Anew=Aold = BKping =[o | o ]



EX’__MVIIQ'- A:[O I} ' B=[O:’ 7 C_:[l OJ , Pnew=['3
-2 -3 2

$od new s.s.m

M= [B AB] - [ o 2} detiM)= - 2 ¢ .. Rank=2

2 -6 Ronk > 2 .. system is cont.
Bota = |sT-Al = | s - ’ - S(5+3)+2 = S435.2
o a2
2 S+3

Dopew= (5+3)(5+5) = s>+ 85415

L% K2

ki=[(15-2) (8-3)] =13 5]

T= MW w=[ 3 |]
\ (s}
T=|2 Oj, ) T'=(05 o }
[+ 2 (6 0.5

K = L 13 5][05 o] = [¢s 25]

[») 6.5

Anew = Aud - BX: =[_Z ‘31] _[;][55 2.5] =[_lc: '18]



Example: given T.f- (s+|)(:2)(5+3) , P,..,\.,=[-2+52r3‘ -2-320F  -12]

find new ssm

Dad = (s+1)(5+2)(5+3) = sg+ £S% sy €

cct
X, o | o Xy 0
5‘2 =]o o | X2 | 4| © u
X3 -6 -1 g || X3 o
Y=[to o][x
X2
X3

0) Comﬁollabili'l'j
M=[B i AB ; AB) =[o a =2 det - _1000 0o
[6 1o ] & motviX is non - Smju,af
lo —go 250 w # s full (anK

. Rank (M} 7zn

@ Doaz Is1-Al =] 5 - 0 + system s contollable .
o S -1
6 S+ 4 = S(S(s+¢)+1) +6
= 53+ 552+ll$+5 G1z6 az:=\l o,=6
Dpew = (s+2-3273 ) (§+243217) (5+10)
425+ 3275 +2£+V+J/¥’ﬁ'_a}ﬁ/§-§/€+\2
=(s% Ys+ 16) (5+10)
=4 Yele lds 4+ 1052 Y05 + l6o
= 634 1ys®+565+ 160 T=MW = [6 o 1 4|
Xy=160 =56 oG=14 [o lo -50] 6 ' O
lo -¢o 250 I 6
® k=[5 ys g] B}
T = 0.l 6] s]
0 0.l )

Kgopuy = kT = [154 Y5 o3] o O ol

Agew =Aod - BKpay =] 6 1 © J






