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The Hashemite University
Faculty of Engineering - Department of Mechanical Engineering

Numerical Analysis - Fall Semester . 2017/2018
First Test: Closed book, closed sheet 20

Instructor:
o Eng. A.Bani yaseen
o Dr. Sameer Al-Dahidi
o Dr. Mustafa Jaradat

Student Name :
Student ID# :
Section :

Consider the following function for Q1, Q2
f(x)=xe™*-0.2

Q1) Using bisection method on the interval [1, 5].What is the root after 3" jteration?

A) 15 B) 2.5 C)35 D) 3.875 E) 2.875 F) 1.875
Q2) Using Newton-Raphson method with initial guessxy = 0, What is the root of the equation after the g
iteration?

A) 0.1117 B) 0.4499 C) 2.4526 D) 0.2554 E) 1.7813 F) 3.5500

Q3) The Taylor 3™ order approximation of f(1.8) about x;=0.1 is 4.845 is f'"(x;) = 1.72 & f¥(x;) = 0.93
What is the Taylor second approximation of f(1.8) about x; ?

A) 3.4366 B) 3.5241 C) 3.8775 D) 3.7548 E) 3.6208 F) 4.2152

Q4) Iteration started to find a root of a function; the 4" iteration obtained value of x = 1.2 with & = 23%
,What is the value of the root for the previous iteration that gives &, = 57%

A) 0.72597 B) 0.67013 C) 0.52484 D) 0.83766 E) 0.94935 F) 0.87241

Q5) The following system of equations is given by y = —x? + x + 0.75, y + 5xy = x2, starting with
(x5¥,)=(1,0.2), Using fixed point iteration method to find the solution after one iteration.

Use: g1(x,¥) =/x—y+0.75 , g,(x,y) = x2/(1 + 5x)

A) x=1.2042 B) x=1.2042 C) x=1.1180 D) x=1.3229 E) x=1.2449 F) x=1.2449
y=0.1667 y=0.2065 y=0.1897 y=0.2298 y=0.2145 y=0.1667
Q6) As the step size increases in the Taylor series expansion:
A) Round-off error increases B) Truncation error increases C) Round off error decreases
D) Truncation error decreases E) A&B F) C&D
G) B&C H) A&D I) None of the above

Q7) Using Gauss elimination method to solve the system of equation,:-
211+4Iz+3 =-6
2x1+2x; —2x3 =4

X1 — X, +4x3;=8

The third row of the coefficient matrix at the end of the elimination process is:-
A) (0,0,-8) B) (0,0,16) ©) (0,0,10) D) (0,0,-2) E) (0,0,6) F) (0,0,2)

Q8) In root finding of f(x) using bracketing methods over the interval [x; x,] when f{x;)xf(x,)<0 then f(x):

A) Has one root B) Has an odd number of roots C) Has no root
D) Has an Even number of roots E)AorD F)BorC
G)AorB H)BorD IDAorC
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Q9) The secant method formula to find the square root of a real number of R fromx* —RZ = 0is:

xm_1+R2 —.t,z—Rz C x‘z+Rz D —.1:|fz+.'f2 x[z—Rz F) X.f-‘-'.‘—l‘ﬁ'2
Xi—1+x Xi-1+x| Xi-1+Xq Xi-1+Xx| Xi-1+Xy Xi—1+x;

Use the following figure to answer the question:-

800 T T T T T T T T

f(x)

L,

L L I L L
-5 -4 -3 2 -1 0 1 2 3 E 5
X

Q10) If the false position is used with x; = —2.5, x,, =4 the method will converge to:
A)-3 B) -2 o0 D)2 E)3 F) Diverge solution

| Useful Formulas

o Fr(x) £ (%) X+ %,
f(Xiv) = Z}Thn’ Ry = mhn” ) Xr =T, Xin = g(%0)

W ACDICTED on = in _fla) " =xl_f(xi)(xf-1 - X;)
TR OfO)=fC) T YT fe) T YT flre) = f(x)
U A . DR i .1 €7D
1+1 L f(x;_ i le) _f(xl) ) 1+1 i [f(x,:)]z —f(xi)f”(xl-)
Ui avg — au[- 6ui 6171-
= lOg(AI/Ea) 0 R l_a? l _a? ' o v 3? = U; 3?
- IogZ ' VL T é‘ui avg aui avl- ’ Yier = Vi 3ui av; au,- al?;'
Ox 9y~ dy dx Ox 9y ~ dy Ox

Good Lhuckh
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The Hashemite University
Faculty of Engineering - Department of Mechanical Engineering

Numerical Analysis - Fall Semester 2017/2018

Second Test: Closed book, closed sheet 20
. Instructor:
Student Nam.e : o Eng. A.Bani yaseen
Student .ID# g o Dr. Sameer Al-Dahidi
Section : o Dr. Mustafa Jaradat

Consider the following function for Q1, Q2

12x; +3x; —5x3 =1
X+ 5x; +3x3 = 28
7x; +3x1+13x3 =76
Q1) Using Gauss Seidel iteration method with initial guess x,=[1, 1, 1]. The value of x; after first iteration

will be:
A) 3.09 B) 2.96 C)3.12 D) 0.25 E) 2.85 F) 4.95
Q2) Using Jacobi iteration method with initial guess x,=[1,1, 1]. The value of x; after the first iteration will
be :
A)5.31 B) 5.62 C) 5.55 D) 5.08 E) 5.85 F)5.8
4 1 4 1 0 0
The coefficient matrix A is decomposed into the following matrix ([0 2.5 -2 |&]|0.5 1 0
0 0 -0.3 0.5 09 1
(Q3) What is coefficient matrix element a;;?
A)55 B) 3.5 C)4.5 D)25 E) 15 F)4.1

Q4) What is the intermediate vector resulting from the calculation of the 1% column of inverse of matrix A?

A)[1.-05-095]" B)[1,05-07]" ©)[1,-05-07" D)[1,-05-1.2]" E)[1,-0.50.95]" F)[L,-0.5,-145]"

2
b ; 4 5
Q5) Let f(x) = (ﬁ) , The linearized form for the function y = f(x) to used when using linear regression

will be:
b1

L _Bi 4 Bl =k T B

A)\[;—Mn VT OB 55"s
. 1 1_b

MyY=3&"*> E)ﬁzzx““b Bjat= ooty

Consider the following table for Q6, Q7

Given the Following data Points
X 1 1.5 2 2.5
y=f(x) 25 35 5.5 1.2

Q6) If a quadratic interpolation polynomial f,(x) = b, + by(x — x,) + b2(x — x,)(x — x1) was used to
determine f(1.2). What is the value of b,?

A)2 B)1 C)-3 D)-1 E) -2 F)3
Q7) The lagrangian L3 (1. 2) for the third order polynomial equal to:

A) -0.0640 B) 0.0640 C) -0.0320 D) 0.0480 E) 0.0320 F) -0.0480
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This paragraph applies to Q8-Q9.
Given the Following data Points

X 0.2 0.7 1.5 2.6 4
y=f(x) 0.7 0.48 0.23 | 0.065 | 0.012

Q8) The following data is used to fit the function y = ﬁ , using the least squares method to find the values
of coefficients a and b, respectively.

A) a=0.4352 B) a=0.4629 C) a= 0.3859 D) a=1.3324 E) a= 0.5346 F) a= 1.3642
b=1.3324 b= 1.3029 b= 1.3642 b= 0.4352 b=1.2479 b= 0.3859

Q9) The correlation coefficient of the fit is:-

A) 0.9997 B) 0.9904 C) 0.9979 D) 0.9992 E) 0.9982 F) 0.9964

Q10) The figure aside shows the distance between data points and their best v ® Data Points
fit line, if h;=1.5, h,=2.5, h;=2, hy=1.5, hs=4. WM
i hs
iy

What is the standard error of estimate? %l Smcil

A) 2'1602 B) 3.2016 C) 2'9297 by sDistance between data point and best fit line
D) 1.7795 E) 3.7859 F) 3.0957 a

X
Q11) To ensure the following system of equation converge use Gauss-Seidel method.
X1+3x;—-8x3=9...... eq(1)
7x1+3x2+2x3=16......eq(2)
2x;+4x;+x3=5.....eq(3)
the equations has to be re-ordered as follows
A) eq(1), eq(2),eq(3) B) eq(1), eq(3),eq(2) C) eq(2), eq(1),eq(3)
D) eq(2), eq(3),eq(1) E) eq(3), eq(2),eq(1) F) eq(3), eq(1),eq(2)
G) System will never converge H) System will always converge

Useful Formulas

n (x_xj) n
Lx)=| |—= fu) =) Li(x)f(x)
X B(Xi_xj) X ; x)f(x
fu(x) = b, + by(x — x,) + by(x — x,)(x — x1) + -+ b, (x — x,) -.. (X — Xp—1)

by = f(xo) ,by = flx1, %] , by = flx3, %1, %]

fx) = f(x) s Flieasn] = flxi %] = £lxp, %]

xi—xj' Xi — Xy

(Zx) 1% &y
(an) (E;)I [21]: (Ex};) s J_ J_ =20y - f(x))°
o — nYxyi— XXXy ’ 5:=Z(JI-—37)2

(anxf - (zxm) (Jnny . (Zy.-)Z)
Good Yuch

flxux] =
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Chapter 08.05
On Solving Higher Order Equations
for Ordinary Differential Equations

After reading this chapter, you should be able to:
1. solve higher order and coupled differential equations,

We have learned Euler’s and Runge-Kutta methods to solve first order ordinary differential
equations of the form
dy

d—=f(x>y), ¥(0)=y, (1)
X

What do we do to solve simultaneous (coupled) differential equations, or differential

equations that are higher than first order? For example an »" order differential equation of
the form

dny dn—ly dy
a +a +...+a,—+a,y=flx 2
n dxn n—1 dx’kl ldx oy f( ) ( )

with n —1initial conditions can be solved by assuming
y=1z (3.1)
dy dz,
—=—=z 3.2
dx dx : (3-2)
d’y dz,
T, 33
x> dx 3-3)
dnfly dZ .
— == 3.n
dx"” dx “ Bm
d'y _dz,
dx"  dx
1 d"'y dy
=—/|-a,,——...—a,——a,y+ flx
Yoo foay e )
- ai(_an—lzn"‘_aIZZ — 4oz +f(x)) (3.nt1)

n

The above Equations from (3.1) to (3.n+1) represent n first order differential equations as
follows



Chapter 08.05

%:zzzfl(zl,zz,...,x) 4.1)
s o= f(z ) (4.2)
dx

dZ,, _ L(_ A, \Z,...— a2, —a,Z, -I-f(X)) (411)
dx a

Each of the nfirst order ordinary differential equations are accompanied by one initial
condition. These first order ordinary differential equations are simultaneous in nature but can
be solved by the methods used for solving first order ordinary differential equations that we
have already learned.

Example 1
Rewrite the following differential equation as a set of first order differential equations.
2
34 S PO ¥(0)=5, y(0)=7
dx dx

Solution

The ordinary differential equation would be rewritten as follows. Assume

dy _

dx
Then

d’y _dz

dx*  dx

Substituting this in the given second order ordinary differential equation gives

X

3%+2z+5y:e_

dx
d. -
d—i:%(e x—2z—5y)

The set of two simultaneous first order ordinary differential equations complete with the
initial conditions then is

dy

—=2z,y0)=5

=2 (0)
%z%(e*—Zz—Sy), z(0)=7.

Now one can apply any of the numerical methods used for solving first order ordinary
differential equations.

Example 2
Given
d’y . dy - dy
+2=+y=¢e", y(0)=1,—(0)=2, find by Euler’s method
St ry=e’3(0)=1-20) y

a) »(0.75)



Higher Order Equations

b) the absolute relative true error for part(a), if y(0.75)| , =1.668

dy y
c) —(0.75
) —(075)
Use a step size of 7 =0.25.
Solution

First, the second order differential equation is written as two simultaneous first-order
differential equations as follows. Assume

@ _
dt
then
dz
—+2z+y=e"
a7
dz
—=e'=2z-
dr Y
So the two simultaneous first order differential equations are
d
7: —z=f(tyz2), y(0) =1 (E2.1)
dz
e —2z—y=f,(t,y,z), 2(0)=2 (E2.2)
Using Euler’s method on Equations (E2.1) and (E2.2), we get
Vi =yi+ﬁ(ti’yi’zi)h (E2.3)
Zin T Z; +f2(ti’yi’zi)h (E2.4)

a) To find the value of y(0.75) and since we are using a step size of 0.25 and starting at
t =0, we need to take three steps to find the value of 1(0.75).
Fori=0,7,=0, y,=1,z,=2,
From Equation (E2.3)
1 =X +f1(t0aJ’o’Zo)h
=1+ £,(0,1,2)(0.25)
=1+2(0.25)
=15
», 1s the approximate value of y at
t=t =t,+h=0+0.25=0.25
y, = (0.25)= 1.5

From Equation (E2.4)

Z1=2y +f2([o:y0azo)h
=2+ £,(0,1,2)(0.25)
=2+(e -2(2)-1)0.25)
=1

z,1s the approximate value of z (same as Q) at t =0.25
t



z, =2(0.25)~1
Fori=1,¢ =025y =15, 2 =1,
From Equation (E2.3)
V2= +f1(t19y1a21 )h
=1.5+ £,(0.25,1.5,1)0.25)
=1.5+(1)(0.25)
=1.75
v, 1s the approximate value of y at
t=t,=t,+h=025+025=0.50
v, = »(0.5)~1.75
From Equation (E2.4)
Z =4 +f2(l‘],y1,Z] )h
=1+ £,(0.25,1.5,1)0.25)
=1+(e*> -2(1)-1.50.25)
=1+(~2.7211)0.25)
=0.31970
z, 1s the approximate value of z at
t=t,=0.5
z, =2(0.5)= 0.31970
For i=2,¢,=0.5, y,=1.75, z, =0.31970,
From Equation (E2.3)
Vs =) +f1(t2,y2,22)h
=1.75+ £,(0.50,1.75,0.31970)(0.25)
=1.75+(0.31970)0.25)
=1.8299
v, 1s the approximate value of y at
t=t,=t,+h=0.5+025=0.75
y, = 9(0.75) ~ 1.8299
From Equation (E2.4)
Z3=2, +f2(tzayzazz)h
=0.31972+ £,(0.50,1.75,0.31970)(0.25)
=0.31972+ (e -2(0.31970) - 1.75)0.25)
=0.31972 +(~1.7829)0.25)
=-0.1260
z, 1s the approximate value of z at
t=t,=0.75
z, = 2(0.75) ~ —0.12601
1(0.75) = y, =1.8299

Chapter 08.05
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Higher Order Equations

b) The exact value of ¥(0.75) is
»(0.75)  =1.668

The absolute relative true error in the result from part (a) is

)| _[1.668-1.8299|
| 1668 |

=9.7062%
c) d—y(0.75) =z, ~—0.12601
dx

Example 3
Given
d’y . dy _ dy
——— 42 +y=e"y0)=1,=—(0)=2,
g gty =y 0=1,0
find by Heun’s method

a) »(0.75)
@
b) . (0.75).

Use a step size of 7 =0.25.
Solution

First, the second order differential equation is rewritten as two simultaneous first-order
differential equations as follows. Assume

&
dt
then
dz
—+2z+y=e"’
d1 d
dz
—=e ' =2z-
d1 g
So the two simultaneous first order differential equations are
d
Sr=z=f(r2)yO)=1 (E3.1)
dz
e ~2z-y=f(t,y,2),2(0) =2 (E3.2)
Using Heun’s method on Equations (1) and (2), we get
Vo =y, + %(k} k) h (E3.3)
k=1 (6,5 2) (E3.42)
k= ft, + by, + hk,z, + k) (E 3.4b)

z,, =z +é (k7 + K (E3.5)



Chapter 08.05

ki=f, (., v z,) (E3.6a)
k=1t + by + hk!,z, + hk}) (E3.6b)
Fori=0,¢7,=0,y, =1, z, =2
From Equation (E3.4a)
k= 1,5,.2,)
- /012)
=2
From Equation (E3.6a)
ki = fz(tmyo:Zo)
= fz (0’1’2)
=e’-2(2)-1
=4
From Equation (E3.4b)
K = £ty + oy, + Bk 2y + k7 )
= £,(0+0.25,1+(0.25)(2).2 +(0.25)—4))
= £,(0.25,1.5,1)
=1
From Equation (E3.6b)
K = fylty + oy + hk 2y + hk;)
= £,(0+0.25,1+(0.25)2),2 +(0.25)(- 4))
= £,(0.25,1.5,1)
= -2(1)-1.5
=-2.7212
From Equation (E3.3)

N =DXo +%(k1y +k2y)h

=1+ %(2 +1)0.25)

=1.375
», 1s the approximate value of y at

t=t =ty +h=0+0.25=025
y, = ¥(0.25)=1.375
From Equation (E3.5)

Z1=2y +%(klz +k22)h

=2 +%(—4 +(=2.7212))(0.25)

=1.1598
z, 1s the approximate value of z at

t=1,=025



Higher Order Equations

z, = 2(0.25) = 1.1598
For i=1,14=0.25, y,=1.375, 2z, =1.1598
From Equation (E3.4a)
ki = fl(tl’ylazl)
= £,(0.25,1.375,1.1598)

=1.1598
From Equation (E3.6a)

ki = fz(tlaylazl)
= £,(0.25,1.375,1.1598)
=e " -2(1.1598)-1.375

=-2.9158
From Equation (E3.4b)

K = £t +hoy, + iz, + bk )
= £1(0.25+0.25,1.375+(0.25)(1.1598),1.1598 + (0.25 )~ 2.9158))
= £,(0.50,1.6649,0.43087)

=0.43087
From Equation (E3.6b)

K = folt, + by, + k] z, + hk} )
= £,(0.25+0.25,1.375+(0.25)(1.1598),1.1598 + (0.25 )~ 2.9158))
= £,(0.50,1.6649,0.43087)
=" ~2(0.43087)—1.6649

=-1.9201
From Equation (E3.3)

Yo =0 +%(k1y +k2y)h

=1.375 +%(l.1598 +0.43087)(0.25)

=1.5738
v, 1s the approximate value of y at

, = ¥(0.50)~1.5738
From Equation (E3.5)

z, =z +%(klz + ks )h

=1.1598 +%(—2.9158 +(~1.9201))(0.25)

=0.55533
z, 1s the approximate value of z at

t=t,=0.50
z, = 2(0.50) = 0.55533
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For i=2,¢=0.50, y, =1.57384, z, =0.55533
From Equation (E3.4a)
ki :fl(tzayzszz)
= £,(0.50,1.5738,0.55533)

=0.55533
From Equation (E3.6a)

klz = fz(tzayzazz)
= £,(0.50,1.5738,0.55533)
=e " ~2(0.55533)-1.5738

=-2.0779
From Equation (E3.4b)

K = folt, + by, + h 2, + bk} )
= £,(0.50+0.25,1.5738 +(0.25)(0.55533),0.55533 +(0.25 )~ 2.0779))
= £,(0.75,1.7126,0.035836)

=0.035836
From Equation (E3.6b)

K = £ty + By, + Bk 2, + k7 )
= £,(0.50+0.25,1.5738 +(0.25)(0.55533),0.55533 + (0.25 )~ 2.0779))
= £,(0.75,1.7126,0.035836)

= ¢ ~2(0.035836)-1.7126

=-1.3119
From Equation (E3.3)

I +%(k1y kD

= 1.5738+%(0.55533+0.035836)(0.25)

=1.6477
v, 1s the approximate value of y at

t=t;=t,+h=050+0.25=0.75
y, = y(0.75) ~ 1.6477
b) From Equation (E3.5)

z, =2z, +%(kf +k22)h

=0.55533+ %(—2.0779 +(-1.3119))(0.25)
=0.13158
z, 1s the approximate value of z at
t=t,=0.75
z, =2(0.75)= 0.13158
The intermediate and the final results are shown in Table 1.



Higher Order Equations

Table 1 Intermediate results of Heun’s method.

i |0 1 2
|0 0.25 0.50

yi |1 1.3750 1.5738
z |2 1.1598 0.55533
kKo|2 1.1598 0.55533
k| —4 ~2.9158 ~2.0779
ko1 0.43087 0.035836
ki | —2.7211 | -1.9201 ~1.3119
Via | 13750 1.5738 1.6477
z., | 1.1598 0.55533 0.13158
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