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Chapter 08.05 
On Solving Higher Order Equations  
for Ordinary Differential Equations 
 
 
 
 
 
After reading this chapter, you should be able to: 

1. solve higher order and coupled differential equations, 
 
We have learned Euler’s and Runge-Kutta methods to solve first order ordinary differential 
equations of the form 

 ( ) ( ) 00,, yyyxf
dx
dy

==                                           (1) 

What do we do to solve simultaneous (coupled) differential equations, or differential 
equations that are higher than first order?  For example an thn order differential equation of 
the form 

 ( )xfya
dx
dya

dx
yda

dx
yda on

n

nn

n

n =++++ −

−

− 11

1

1                              (2) 

with 1−n initial conditions can be solved by assuming 
 1zy =                                              (3.1) 
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1 z

dx
dz

dx
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==                                          (3.2) 
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2

z
dx
dz
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yd

==                                         (3.3) 
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         =  ( )( )xfzazaza
a nn

n

+−−− − 10211
1

                                  (3.n+1) 

The above Equations from (3.1) to (3.n+1) represent n  first order differential equations as 
follows 
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 ( )xzzfz
dx
dz ,,, 2112

1
==                                           (4.1) 

 ( )xzzfz
dx
dz ,,, 2123

2
==                                       (4.2) 

   

 ( )( ) 1  10211 xfzazaza
adx

dz
nn

n

n +−−−= −                                       (4.n) 

Each of the n first order ordinary differential equations are accompanied by one initial 
condition.  These first order ordinary differential equations are simultaneous in nature but can 
be solved by the methods used for solving first order ordinary differential equations that we 
have already learned. 
 
Example 1 
Rewrite the following differential equation as a set of first order differential equations. 

 ( ) ( ) 70,50,523 2

2

=′==++ − yyey
dx
dy

dx
yd x   

Solution 
The ordinary differential equation would be rewritten as follows.  Assume 

 ,z
dx
dy

=  

Then 

 
dx
dz

dx
yd
=2

2

 

Substituting this in the given second order ordinary differential equation gives 

 xeyz
dx
dz −=++ 523  

 ( )yze
dx
dz x 52

3
1

−−= −  

The set of two simultaneous first order ordinary differential equations complete with the 
initial conditions then is 

 ( ) 50, == yz
dx
dy  

 ( ) ( ) 70,52
3
1

=−−= − zyze
dx
dz x . 

Now one can apply any of the numerical methods used for solving first order ordinary 
differential equations. 
 
Example 2 
Given  

 ( ) ( ) 20,10,22

2

===++ −

dt
dyyey

dt
dy

dt
yd t , find by Euler’s method 

a) ( )75.0y  
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b) the absolute relative true error for part(a), if ( ) 668.175.0 =
exact

y  

c) ( )75.0
dt
dy  

Use a step size of 25.0=h . 
Solution 
First, the second order differential equation is written as two simultaneous first-order 
differential equations as follows.  Assume  

 z
dt
dy

=  

then  

 teyz
dt
dz −=++ 2  

 yze
dt
dz t −−= − 2  

So the two simultaneous first order differential equations are 

 ( ) 1yt,y,zfz
dt
dy

1 === (0),                                          (E2.1) 

 ( ) 2zzytfyze
dt
dz t ==−−= − (0) ,,,2 2                        (E2.2) 

Using Euler’s method on Equations (E2.1) and (E2.2), we get 
( )hzytfyy iiiii ,,11 +=+                          (E2.3) 

 ( )hzytfzz iiiii ,,21 +=+                          (E2.4) 
a) To find the value of ( )75.0y  and since we are using a step size of 25.0  and starting at 

0=t , we need to take three steps to find the value of ( )75.0y . 
For 2,1,0,0 000 ==== zyti , 
From Equation (E2.3) 
 ( )hzytfyy 000101 ,,+=   
      ( )( )25.02,1,01 1f+=  

      ( )
5.1

25.021
=

+=  

1y  is the approximate value of y  at 
 25.025.0001 =+=+== httt  
 ( ) 5.125.01 ≈= yy  
From Equation (E2.4) 
 ( )hzytfzz 000201 ,,+=  
      ( )( )25.02,1,02 2f+=  
      ( )( )( )25.01222 0 −−+= −e  
                 1=  

1z is the approximate value of z (same as 
dt
dy ) at 25.0=t  
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 ( ) 125.01 ≈= zz  
For 1,5.1,25.0,1 111 ==== zyti , 
From Equation (E2.3) 
 ( )hzytfyy 111112 ,,+=   

       ( )( )25.01,5.1,25.05.1 1f+=  
       ( )( )25.015.1 +=  
       75.1=  

2y  is the approximate value of y  at 
 50.025.025.012 =+=+== httt  
 ( ) 75.15.02 ≈= yy  
From Equation (E2.4) 
 ( )hzytfzz 111212 ,,+=  
      ( )( )25.01,5.1,25.01 2f+=  

      ( )( )( )25.05.1121 25.0 −−+= −e  
      ( )( )25.07211.21 −+=  
                  = 0.31970 

2z is the approximate value of z at 
 5.02 == tt  
 ( ) 3197.05.02 ≈= zz 0 
For 31970.0,75.1,5.0,2 222 ==== zyti , 
From Equation (E2.3) 
 ( )hzytfyy 222123 ,,+=   
      ( )( )25.031970.0,75.1,50.075.1 1f+=  
      ( )( )25.031970.075.1 +=  
      8299.1=  

3y  is the approximate value of y  at 
  75.025.05.023 =+=+== httt  
 ( ) 8299.175.03 ≈= yy  
From Equation (E2.4) 
 ( )hzytfzz 222223 ,,+=  
      ( )( )25.031970.0,75.1,50.031972.0 2f+=  
                 ( )( )( )25.075.131970.0231972.0 50.0 −−+= −e  
      ( )( )25.07829.131972.0 −+=  
      1260.0−=  

3z  is the approximate value of z  at 
75.03 == tt  

 ( ) 12601.075.03 −≈= zz  
     ( ) 8299.175.0 3 =≈ yy  
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b) The exact value of ( )75.0y  is 
  ( ) 668.175.0 =

exact
y  

The absolute relative true error in the result from part (a) is 

  
100

668.1
8299.1668.1

×
−

=∈t
 

        = 9.7062% 

c) ( )75.0
dx
dy 12601.03 −≈= z  

 
 
Example 3 
Given 

 2(0)1(0)22

2

===++ −

dt
dy,,yey

dt
dy

dt
yd t ,  

find by Heun’s method 
a) ( )75.0y  

b) ( )75.0
dx
dy .   

Use a step size of 25.0=h . 
Solution 
First, the second order differential equation is rewritten as two simultaneous first-order 
differential equations as follows.  Assume  

 z
dt
dy

=  

then  

 teyz
dt
dz −=++ 2  

 yze
dt
dz t −−= − 2  

So the two simultaneous first order differential equations are 

 ( ) 1(0)1 === ,yt,y,zfz
dt
dy                          (E3.1) 

 ( ) 2(0) ,,,2 2 ==−−= − zzytfyze
dt
dz t                        (E3.2) 

Using Heun’s method on Equations (1) and (2), we get 

 ( )hkk  yy y
2

y
1i1i ++=+ 2

1                                                                                       (E3.3) 

 ( )iii1
y

1 , z, yt fk =                                                                                             (E3.4a)  
 ( )z

1i
y

1ii1
y
2  hk , z hk  h, y t fk +++=                                                                (E 3.4b) 

 ( )hkk 
2
1 zz z

2
z
1i1i ++=+               (E3.5) 
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 ( )iii2
z
1 , z, yt  fk =                          (E3.6a) 

 ( )z
1i

y
ii2

z
2  hk , z hk  h, y t fk +++= 1                                    (E3.6b) 

For 2,1,0,0 ==== ooo zyti  
From Equation (E3.4a) 
 ( )ooo

y zytfk ,,11 =  
       ( )2,1,01f=  
       2=  
From Equation (E3.6a) 
 ( )00021 ,, zytfk z =  
      ( )2,1,02f=  
      ( ) 1220 −−= −e  
       = -4 
From Equation (E3.4b) 
 ( )zyy hkzhkyhtfk 1010012 ,, +++=  

       ( )( ) ( )( )( )425.02,225.01,25.001 −+++= f  
       ( )1,5.1,25.01f=  
        = 1 
From Equation (E3.6b) 

 ( )zyz hkzhkyhtfk 1010022 ,, +++=  
      ( )( ) ( )( )( )425.02,225.01,25.002 −+++= f  
      ( )1,5.1,25.02f=  
      ( ) 5.11225.0 −−= −e  
      7212.2−=  
From Equation (E3.3) 

 ( )hkkyy yy
2101 2

1
++=  

      ( )( )25.012
2
11 ++=  

   375.1=  
1y  is the approximate value of y  at 

 25.025.0001 =+=+== httt   
 ( ) 375.125.01 ≅= yy  
From Equation (E3.5) 

 ( )hkkzz zz
2101 2

1
++=  

      )25.0))(7212.2(4(
2
12 −+−+=  

      1598.1=  
1z  is the approximate value of z  at  

 25.01 == tt  
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 ( ) 1598.125.01 ≈= zz  
For 1598.1,375.1,25.0,1 111 ==== zyti  
From Equation (E3.4a) 
 ( )11111 ,, zytfk y =  
       ( )1598.1,375.1,25.01f=  
       1598.1=   
From Equation (E3.6a) 
 ( )11121 ,, zytfk z =  
      ( )1598.1,375.1,25.02f=  
      ( ) 375.11598.1225.0 −−= −e  
      9158.2−=  
From Equation (E3.4b) 
 ( )zyy hkzhkyhtfk 1111112 ,, +++=  
       ( ) ( )( )( )9158.225.01598.1),1598.1(25.0375.1,25.025.01 −+++= f  
                  ( )43087.0,6649.1,50.01f=  
       43087.0=  
From Equation (E3.6b) 
 ( )zyz hkzhkyhtfk 1111122 ,, +++=  
       ( ) ( )( )( )9158.225.01598.1),1598.1(25.0375.1,25.025.02 −+++= f  
       ( )43087.0,6649.1,50.02f=  
       ( ) 6649.143087.0250.0 −−= −e  
       9201.1−=  
From Equation (E3.3) 

 ( )hkkyy yy
2112 2

1
++=  

  ( )( )25.043087.01598.1
2
1375.1 ++=  

  5738.1=  
2y  is the approximate value of y  at 

 50.025.025.012 =+=+== httt   
 ( ) 5738.150.02 ≈= yy  
From Equation (E3.5) 

 ( )hkkzz zz
2112 2

1
++=  

      )25.0))(9201.1(9158.2(
2
11598.1 −+−+=  

      55533.0=  
2z  is the approximate value of z  at  

 50.02 == tt  
 ( ) 55533.050.02 ≈= zz  
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For 55533.0,57384.1,50.0,2 222 ==== zyti  
From Equation (E3.4a) 
 ( )22211 ,, zytfk y =  
       ( )55533.0,5738.1,50.01f=  
       55533.0=  
From Equation (E3.6a) 

 ( )22221 ,, zytfk z =  
      ( )55533.0,5738.1,50.02f=  
      ( ) 5738.155533.0250.0 −−= −e  
      0779.2−=  
From Equation (E3.4b) 
 ( )zyy hkzhkyhtfk 1212222 ,, +++=  

                 ( ) ( )( )( )0779.225.055533.0),55533.0(25.05738.1,25.050.01 −+++= f  
      ( )035836.0,7126.1,75.01f=  
       = 0.035836 
From Equation (E3.6b) 

 ( )zyz hkzhkyhtfk 1212222 ,, +++=  
      ( ) ( )( )( )0779.225.055533.0),55533.0(25.05738.1,25.050.02 −+++= f  
      ( )035836.0,7126.1,75.02f=  
      ( ) 7126.1035836.0275.0 −−= −e  
      3119.1−=  
From Equation (E3.3) 

 ( )hkkyy yy
2123 2

1
++=  

      ( )( )25.0035836.055533.0
2
15738.1 ++=  

      6477.1=  
3y  is the approximate value of y  at 

 75.025.050.023 =+=+== httt   
 ( ) 6477.175.03 ≈= yy  
b) From Equation (E3.5) 

 ( )hkkzz zz
2123 2

1
++=  

      )25.0))(3119.1(0779.2(
2
155533.0 −+−+=  

      13158.0=  
3z  is the approximate value of z  at  

 75.03 == tt  
 ( ) 13158.075.03 ≅= zz  
The intermediate and the final results are shown in Table 1. 
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                                    Table 1  Intermediate results of Heun’s method. 

i  0 1 2 
it  0 0.25 0.50 

iy  1 1.3750 1.5738 

iz  2 1.1598 0.55533 
yk1  2 1.1598 0.55533 
zk1  4−  9158.2−  0779.2−  
yk2  1 0.43087 0.035836 
zk2  7211.2−  9201.1−  3119.1−  

1+iy  1.3750 1.5738 1.6477 

1+iz  1.1598 0.55533 0.13158 
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