- Vectors and the Geometry

of Space




12.1 Three —=Dimensional Coordinate
Systems

Definition 1:

¢+ The space can be represented by sketching
thee perpendicular axes called: the x-axis,
the y-axis, and the z-axis that are
intersected at a point called the origin 0.

s These axes (x-axis, y-axis, z-axis) are
called the coordinate axes (A=Y ) saall),

¢+ The plane that contains the:

x-axis and y-axis is called the xy-plane
x-axis and z-axis is called the xz-plane
y-axis and z-axis is called the yz-plane
These planes are called the coordinate planes

Remark 2:
+ We have 3 coordinate axes: x-axis, y-axis, z-axis
+ We have 3 coordinate planes: xy-plane, xz-plane, yz-plane.
% The coordinate planes divide the space /'
into 8 parts. Each part is called an octant.

The first octant is the part that contains the Ny ;‘m
positive parts of the coordinate axes. 1




Remark 3:
*» A point (pt) P in the space is represented as P(a, b, ¢), where:

a = x-coordinate of P, b = y-coordinate of P, ¢ = z-coordinate of P

¢ The set of all numbers is R = (—oo, o).
%+ The Cartesian product R X R = {(x, y): x,y € R} is called the 2-dimensional (2D
or the plane) rectangular coordinate system. R X R is written as R?
¢+ The Cartesian product R X R X R = {(x,y,2):x,y,z € R} is called the 3-
dimensional (3D or space) rectangular coordinate system. R X R X R is written as
R3.
Example 4: Plot the following points in the space: 0(0,0,0), A(1,0,0), B(0,2,0), C(0,0,3),
D(1,2,0),E(1,0,3),F(0,2,3),G(1,2,3),H(—1,2,3),1(1,—-2,3),/(1,2,—3)
Solution:




Remark 5:
< The graph of an equation in 2D (the plane R?) is a curve, for example if the
equation y = x?2 is in the plane, then its graph is a curve.
< The graph of an equation in 3D (the space R3) is a surface, for example if the
equation y = x?2 is in the space, then its graph is a surface.

Example 6: Sketch the graph of the surface whose equation is given by:
1)y =x? z=y ()z=3
Solution: (1)




Remark 7:

(1) The equation of the xy-planeisz = 0
(2) The equation of the xz-planeisy = 0
(3) The equation of the yz-planeisx = 0
(4) In the plane, the equation of the circle centered at the pt. A(a, b) of radius r is:

(x—a)*+ (@ —b)* =r?

Example 8:

(1) Identify and sketch the graph of the equation x2 + y2 = 4 in R3.
(2) Which pts. (x, y, z) satisfy the equations x* + y?> = 4,z =3 inR3

Solution: (1)

Cylinder of radius 2 with the z-axis as the axis of symmetry

circle of radius 2 centered at the pt.
(0,0,3) parallel to the xy-plane
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Rule 9: Let A(a,b,c) and B(d, e, f) be two pts in R3.
(1) The distance between the pts A and B is |AB| = \/(a — d)2 + (b — e)2 + (c — f)?

(2) The midpoint (midpt.) of the line segment (A«iius 428) joining A and B is:
P(a+d b+e c+f) p B
2 ) 2 ) > AO/O/O

Example 10: Find the distance from the pt. P(2,—1,4) to the pt. Q(—2,0,1) and find the
midpt. of the line segment joining P and Q.

Solution: The distance is dist(P, Q) = /(2 — (—2))2 + (-1 — 0)2 + (4 — 0)2 = /33

The midpt. is (2“2‘2),‘12*0,4;1) - (0‘712)

Rule 11: The standard form of the equation of the sphere centere
the pt. A(a, b, c¢) of radius r is:

(x—a)’+(y—b)*+(z—c)*> =12
When the center is the origin and the radius is 1, then the sphere

x2 + y? + z? = 1 is called the unit sphere

Example 12: Which of the following is an equation of a sphere and write it in standard
form and find its center and radius.

(1)2x% —12x +3y* +2z>+8z=1

(2)2x2% — 12x + 2y? + 2z*> + 8z = =30

B)x?—6x+y2+z2+4z=-13

(4)2x% —12x +2y* +2z> +8z=6

Solution:

(1) The equation is not for a sphere.
(2)2x2 —12x +2y?> + 222 +8z=-30>x2—6x+y? +z? + 4z=—-15>
x2—6x+3%2+y?+z2+4z+2%=—-15+32+22
el JL)

= (x —3)2+ y? + (z + 2)? = —2 which is impossible.

The equation is not for any surface = The equation is not for a sphere.




(B)x?—6x+y*+2z°+4z=-13>
x2—6x+32+y*+2z>+4z+2%=—-13+3%2+22
el Jus)
> (x—3)2+y2+(z+2)2=0=x =3,y =0,z =—2 which is the point (3,0, —2)

The equation is not for a sphere it is not a surface but it is the point (3,0, —2)
(4)2x% —12x +2y?> +22°+8z2=6=>x*>—6x+y*’ + 22 +4z=3>
x2—6x+3%+y*+2z2+4z+22=3+3%2+22
el Jus)
= (x—3)2+y2+(z+2)*=16
The equation is for a sphere centered at the point (3,0, —2) of radius 4
The standard form of the sphereis (x — 3)?2 + y2 + (z + 2)?2 = 16

Example 13: Find the equation of the sphere centered at A(0, —2,5) of radius V3
Solution: The equation is x2 + (y + 2)2 + (z — 5)?> = 3

Example 14: Find the equation of the sphere if one of its diameters (& kil 1) has end
points P(2,1,4) and Q(2,—3,0).

Solution:

The radius is r = %dist(P, Q)

=2 J@-22+(-3-1)2+(0-4)? =32

242 14+(=3) 4+0

2’ 2 2 )2(2’_1'2)
The equation is (x — 2)% + (y + 1)? + (z — 2)? = 32

Example 15: Find the equation of the sphere in the first octant of radius 5 that touches
the coordinate planes.

Solution: The center is (5,5,5)
= The equation is:
(x—5)2+(y—5)7?%+(z—-5)?%=25

The center is midpt. = (




° L0y
Rule 16: The distance from the pt. A(x, y, z) to the: 0(x,0,2) le,’

(1) xy-plane is |z| |°y-|l--f A(x,y,z)
(2) xz-planeis |y| !
1z| I

|
bR(X{y, 0)

(3) yz-plane is | x|

Example 17: Find the equation of the largest sphere in the first octant centered at the

point A(3,2,5). 4

Solution: 3 ,/
D; = Dist(4,xy — plane) =5 -Z-YA

D, = Dist(A4, xz — plane) = 2 !

5]

o

D5 = Dist(4, yz — plane) = 3 i
The radius is 7 = min(Dy, Dy, Ds) = 2 )
= The equationis: (x —3)2+ (y—2)>+(z—5)> =4

Example 18: Find the equation of the sphere centered at A(1, —2, —5) and touches the
xz-plane.

Solution:
The radius is r = dist(4, xz — plane) = |-2| = 2
The equationis (x — 1)+ (y+ 2)> + (z +5)? = 4

Rule 19: The distance from the pt. A(x, y, z) to the:

. R(0,0,
(1) x-axisis /y? + z2 (0.0,2) N
(2) y-axisis Vx? + z2

(3) z-axis is /x2 + y?2

\
’ \Q(0,y,0)
>

/8
,/ N ,/
P(x.0.0) ZL - s
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Example 20: Find the distance from the pt. A(1,4, —3) to the:
(1) x-axis (2) y-axis (3) z-axis

Solution:

(1) The distance dist(4, x — axis) = /4% + (=3)?2 =5
(2) The distance dist(4, y — axis) = /42 + (=3)2 = /10
(3) The distance dist(4, z — axis) = V12 + 42 = /17

Example 21: What region in R3 is represented by the inequalities:
(1) x> + y? + 22 > 6z (2) x2+y2+z2 <6z B)y?=>1

(4) x =1 (5)z<0 6) x2+z2<4
Solution:

(1) x2+y?2+2z2>6z.=> x> +y*+z2=62
= x?4+y?+2z2—6z=0
= x> +y*+2z2—-6z2+9=0+9
oAl s
= x2+y2+(z—-3)2=9

(2) x2+y?+22<6z:= x> +y®+2z% =6z
= x> +y2+2z2—6z=0
= x> +y*+2z2—-6z+9=0+9
ol s
R)y?=21=>y?=1=>y=1ory=-1
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12.2: Vectors

Definition 1:

A vector ¥ is a quantity that has both: magnitude (sometimes called length) written

@®
as |v| and direction.
_f,_/

@
Remark 2:

(1) A graph of a vector is given by a row:
> The magnitude of a vector is the distance from its tail to its tip  tail
» The direction is indicated by the row.

(2) If we move from a pt. A to a pt. B, then the displacement vector (3l )¥) 4ai) ¥ is

A/B

given by # = AB. In this case || = dist(4, B)

(3) When we write v = AB, then the point A is called the initial point and B is called

the terminal point.
B= terminal pt
A= initial pt /

Remark 3: The zero vector 0 is be defined as a vector for which its initial and terminal
points are the same

If A, B,and C are pints, then 0 = A4 = BB = CC > |A4| = [BB|=|cC|=0
Definition 4: The zero vector 0 is the vector of length 0 but in any direction
= [0] =0

Definition 5: Two vectors 1 and v are equal, written as # = v, if they have the same
magnitude and the same direction.




Example 6:

‘/W u = v (the same length and the same direction)

u # w (different directions)
v # X (different length)

Example 7:

u
w (the same length and the same direction)
v (different directions)
y
X

(the same length and the same direction)
(different directions)

AR~ A~
HOo0 H

w

Definition 8: Let ¢ be a scalar and v be a vector. Then cv is a vector of:

% length [cV| = |c] ||
E{_/

_ ®
and its
% direction is;
N— —

@

{in the same direction of 7, if ¢ > 0
in the opposite direction of v, if ¢ < 0
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Example 9: If v is the vector given in the figure with |7 = 3.

Plot the graph of the following vectors: 2v, —2v,
Also, find the lengths of these vectors.

Solution:

> > > N > N v 1, 3
= 28] = 2|B| = 6, |-28| = 2|B| = 6, |~B| = =|3| = 3, ano||—Z =119 =2
2 2 2 2 2 2

Remark 10: If 3 = AB, then —% = BA that is —AB = BA. Also, |3| = |—7|

Rule 11: Let 1 and ¥ be vectors in which the terminal point of u is the initial point of »

The sum of two vectors u and U written as u + v is the vector with initial point as that of
# and terminal point as that of %, that is if # = AB and & = BC, then

ii+7=AB+BC =AC

Remark 12: To plot the graph of
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Example 13: Write the vector & as a sum of the vectors

d, b, ¢, and d given in the figure

Solution: 6 = —@+b+¢é—d <
¢ d

Example 14: Let A, B, and C be three points. Write AB +BC —AC in implicit form.

Solution: 4B + BC — AC = AC —~ AC = AC + (—AC) = 4C + CA =44 = 0

= AB+BC—-AC=0

Example 15: Draw the vector @ — 2b — %E, where

the vectors d, b, and & are given in the figure.

Solution: We deal with the vectors: a, —21_5, —=C

letd =d —2b —=¢

Step 1




6

Properties of VVectors 16: Let 1, ¥, and w be vectors and let ¢ and d be salars. Then

U-u=0

2)4+0=0+1u

=1u
=v+@W+w) B)(c+d)u=cu+du (6) cU+v)=cu+cv

Component Form of Vectors:

Let A(a,b,c) and B(d, e, ) be points in R3. Then
ﬁ:E:(B—A)=(d—a,e—b,f—c)

the numbers —a, e — b, and f — ¢ are called the components of ©

—

LetP =(d —a,e—b,f —c)and O = (0,0,0). Then the position vector of v is v = OP
Example 17: Find and sketch the vector AB where A(1,-1,-3) and B(3,1,0)

Solution:

AB=(B—-A)=(3-11-(-1),0— (-2)) = (2,2,3)

To sketch AB: we sketch it as a position vector

soletP = (2,2,3) = AB = OP

Rule 18:

(1) Let ¥ = (a, b, c). Then || = Va2 + b2 + c2
(2)Let ¥ = (a, b). Then || = Va2 + b?
Example 19:

(1)Let ¥ =(2,—2,—1). Then |[#] = /22 + (=2)2 + (-1)2 =9 =3

(2)Let ¥ = (=5,v/11). Then |¥]| = \/(—5)2 +VIT =v36=6
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Rule 20: Letu = (a,b,c), v =(d,e, f) and let a be a scalar.

MDu+v=(a+db+ec+f) @u-v=(a—d,b—ec—f)
(3) a U = (aa, ab, ac) AHu=v @ a=db=ec=f

Example 21: Letd = (—1,0,3) and b = (2, —1,5). Find |2 d— §|

Solution: First we find the vector 2 @ — -:

13

=)

i 2 1 5 8 1
2a—5=(2(-1) —5;2(0) —?,2(3) —§) = (—5;5.—

N 169 V234

9 3

Standard Basis Vectors:
(1) In 3D, let
i =(1,0,0)
7 =10,1,0)
k =(0,0,1)
= (a,b,c) = al + bj + ck

(2)T = (1,0
j=10,1)
= (a,b) = al + bj

Example 22:
(1)5i—j -7k =(5,—1,-7)
(2)5+ 6k = (5,0,6)

Example 23: Letd = 5i — j and b = (2,4, —1). Find |2 @ + 3B

Solution: First we find the vector 2 @ + 3b:
2d+3b = 2(5,—1,0) + 3(2,4,—1) = (16,10, —3)
|2d@ + 3b| = V256 + 100 + 9 = V365




8

Definition 24: A vector ¥ is called a unit vector if [7] = 1

Example 25:

(D 13=(—1,—3,3):>|13| = /1+3+f=1 = v is a unit vector.
3 3°3 9 9 9

(2) u=0.5i-0.2j= |u] =v0.25+ 0.04 =+0.29 = 1 = 1 is a not unit vector.

(3) The zero vector 0 is not a unit vector.

1 1

Example 26: Find the values of a that make v = <_E’E’

a) a unit vector

Solution:

=

Rule 27: If 3 = 0, then IZTI and —% are two unit vectors.
IZTI is a unit vector in the same direction of v
In fact: S

v . . . . . .
~ lsa unit vector in the opposit direction of ¥

If [¥] = 2 units




Rule 28: Let ¥ = 2i — 2j + k.
(1) Find a unit vector in the same direction of v
(2)Find a vector of length % in the same direction of v

(3) Find a unit vector in the opposite direction of ©
(4)Find a vector of length /rr in the opposite direction of v

Solution: v =2i—2j+k = |v]| =3

(1) a unit vector in the same direction of U is
v 20-2j+k 2 2_+1k
B~ 3 3373

(2) a vector of length % in the same direction of ¥ is

3/ % _3(2_ 2_+1k)__ L1
2\13]) “2\3t 73/ T3%) Tl

(3) a unit vector in the opposite direction of ¥ is

B _2i-2j+k_ 2 2. 1
5]~ 3 3'73/73

(4) a vector of length +/m in the opposite direction of ¥ is
v 2.2 1 2Vm . 2\m
ﬁ<_m)—ﬁ(—§l+§]—§k)—— 3 1+ 3 ]——k
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Example 29: Find all unit vector parallel to the tangent line to the parabola y = x? at
the point (2,4).

Solution: Let v = (2, b) be parallel to the tangent line

= slope of v = slope of the tangent line
b dy b

- =—- > =-=4 b=28

2 dxly—, 2

= v = (2,8) is parallel to the tangent line

But we want unit vectors:

The unit vectors are:

P (28) (28 1 4 )
1] V68 2v17 W17 V17

v 1 4
- == = - )

|V V17~ V17
Notations 30:

(1) The set of all vectors in R? is written as V.
(2) The set of all vectors in R3 is written as V.

Example 31:

(1) 2i — 5j and (—1,0.6) are vectors in V/,.
(2) —3i + 2k and (3, —2,7) are vectors in V;.
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12.3: The Dot Product

Definition 1:

Letd = (a,b,c)and v = (d, e, f). Then the dot product of % and v is defined by
u-v=ad+be+cf

Example 2:

@) (1,-2,3) - (6,3,0) = 1(5) + (=2)(3) + 3(0) = 0
(2)(2,6) - (—5,2) = 2(=5) + 6(2) = 2
3) (3i — J) - (=2i + 4k) = 3(=2) + (=1)(0) + 0(4) = —6

Properties of Dot Product: Let #,v, and w be vectors in V, or V5 and let a, b be a
scalar. Then

= |ul>+2u-v+ |v|?
(7) |u — V| = |u|?> — 2u - v + |9|?
(8) |au + bv|? = a?|u|? + 2abii - ¥ + b?|v|?
(9) |laui — b¥|? = a?|u|* — 2abu - ¥ + b?|V|?

Definition 4: The angle 6 between two vectors % and v is the angle between them when
the vectors have the same initial point, where 0 < 8 < m. \
v

0

Rule5:u ¥ = |u| |V |cosO

If7i # 0and % # 0 = cos 0 = —— = 9=COS_1<
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Example 6: Find the angle between the two vectors i = —i+ kand v =3i+j + k

Solution:

. _1<a-a ) o (-1(3) +0(1) + 1(1))
= COS |1_L)||13| = COS \/E\/ﬁ

~ 115.2° = 2.01
N——— N——r
in Degrees in radian

= COS~

1 -2
(7

Example 7: Find the value of x that makes the angle between the two vectors
4 =(21,~1)and ¥ = (1,x,0) is >

Solution:
U9 =l |¥]|cosd = 2(1) +1(x) + (—=1)(0) = V6v1 + xzcos%

o2 4 x = YOI 2+x)2=31+x?)=>x%2+4x+4 =3+ 3x?

V2
9y Ay — ] =0 = 4/(-02-4@)(-D) _ 44V24 _ 44276 _ 1+ V6
2(2) 4 4 2

Example 8: Find the angle between the two lines in R?: 2x —y =3 and3x+y =7
Solution:
Let# = (1,b) parallel tothe line L;: 2x —y =3 =>y =2x+3

= Slope of © = Slope of L, =>§= 2=>b=21u=(12)
Let v = (1,b) parallel tothe line L,:3x +y=7=>y=—-3x+7
= Slope of ¥ = Slope of L, =>§= —-3=>b=-3 v=(1,-3)

o7 -5 1
0 = cos™ ! < li Ij ) = cos™ ! < ) = cos™ ! (—)
[ul[v] V5v10 V2

Example 9: If @ and v are vectors such that |u| = 4, |7| = 3 and the angle between u
and v is 2?”
(1) Findu-v
(2) Find |22 — 37|
(3) Find |31 + ¥|
Solution:
(D)u-v = |ul| |V |cosd = 4(3)cos Z?H =
(2) 121 - 30|* = 4[4|* = 2(2)(3)u - ¥ + 9]
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= 4(16) — 12(=6) + 9(9) = 217
|21 — 30| = V217
(3)|3u + ¥|? = 32ul> + 2(3)u - v + |¥|> = 9(16) + 6(—6) + 9 = 117
134 + v| = V117

Example 10: If @ and b are vectors such that |d| = v/3, |2d — 3b| = V45 and
@ + 25| = VZ7.
(1)Find @ - b
(2) Find the angle between @ and b
(3) Find |d + 2b|
Solution:
(1)]2d - 3l3|2 — Va5 = 22|12 —2(2)(3)d b + (—3)2|E|2 =45
= 43 —12d-b+9|5| =45 = —12d-5+9|b| =33
= —4d-b+3Jb] =11 ......(D
ld+ 25| =v27° = a2 +2(2)d b+ @?[b| =27
2 - -2 N -, 2
= V3 +4d-b+4|b| =27 = 4d-b+4lb| =24 ...
D +@:7[b|" =35 = |b]"=5 = |b| =5
2):4d-b+4(5)=24 = d-b=1
ab ) = cos‘l( - )=cos‘1 (L) =~ 7504 = 1.31
al|p] V3(V5) Vis) = 22 T s

in degrees in radian

@) |a+ 35| = 1al> +2(2a-b + 3)?|B| =3 +4(1) + 9(5) = 52
= |d + 3b| =52
Example 11: Prove that |d + B|2 +|d - B|2 = 2(|d|* + |5|2)

Proof: [ +b| +|a—-b|" = (1 +2a-5+ || ) + (a2 - 2a-5 + ]
-2
=2(ldl? + |b| )
Example 11.5: If [d| = 3and |B| = 4, find | + 5| + |a—B|

Solution:
j@+5| +]a-b| =2(1al+ 5| ) = 2(9 + 16) = 50




Remark 12:
Two vectors 1 and ¥ are perpendicular (or orthogonal) written i L v & 14 -7 =0
Example 13: Show that 2i + 2j — k is perpendicular to 5i — 4j + 2k

Solution:
RQi+2j—k)-(5i—4j+2k)=20B)+2(-4H)+(-1)(2)=0

= Qi+2j—k) L (5i—4j +2k)

Example 14: Find the value of a that makes ai — 2j + k perpendicular to 2i + j + ak

Solution:
(ai—2j+k)-QRi+j+ak)=0=a2)+(-2)(1)+1(a)=0=>3a—-2=0

2
= q=-
3

Example 15: If 1 and ¥ are unit vectors such that # + v + w = 0, then find |w|

i u
Solution:

u and ¥ are unit vectors = |u| =1and || =1

ULVv=>U-v=0

U+v+w=0=>wW=—(U+7)
S|W2=|—U+D)PP=u+v)?=u*+2u-v+|v?=14+0+1=2
= Wl =2

uv

Remark 16: 1+ v = |u| |V |cos® = cos O = e

()U-v >0 = 0 isacute angle (sl 451 ))
(2)u-v <0 = 0 isan obtuse angle (A _iis 435 )
(3)u-¥ =0 = O isaright angle (Al 45) )
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Example 17: The angle between the vectors 2i — k and j + 2k is an obtuse angle since
Ri—-k)-(G+2k)=-2<0

Definition 18:

(1) The scalar projection of the vector # onto the vector v is:

L u-v

comp u =
v

(2) The vector projection of the vector i onto the vector v is:

- >

. — u-v -

o) u=\-—==1]70
prol = (15

v

|7

J/ ” "i -

comp, b proj, b
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Example 19: Find the scalar and vector projections of ¥ = (1,1,2)onto i = —2i +j — k

Solution: The scalar projection of the vector v onto the vector 4 is:
i-v 1(-2)+1(1) +2(-1) -3
VA+1+1 V6

s L VP S S S
~ T YT T\ —lT3 Ty

Example 20:

(1) If |u| = 5 and the angle between 1 and v is 5?” then find the scalar projection of u

onto v
(2)If comp U = —4and v = 3j — 4k, then find the vector projection of 1 onto v

Solution:

53
2

- = _ 5m_ _ Ty —
(l)compau = |u|cosf = 5cos - = 5( cos 6)

p ]1_], pﬁ 15| Vo+16 5

Example 21: Show that 1 — proj u is orthogonal to ©

Proof:




Remark 22: Let L a line that pass through the points B and C.

Then the distance from the point A to the line L is:

i —proj | where = BAand % = BC
5

Example 23: Find the distance from the point A(1,2,3) and the line that pass through the
points B(2,1,3) and €(0,1,0)

Solution: @ = BA = (A — B) = (=1,1,0)and % = BC = (C — B) = (—2,0,—3)

. > — ﬁ-ﬁ N — 2 N
u=u-— |5|2 v=u—<ﬁ>v

=(—1 - 2),1 - -
= (-1 = (=2),1-(0),0 — = (-3))

-1,
- ’713

_\/81 36 \/286_\/286

Distance = |u — proj u
v

160 T 1t 169~ 160 = 13

& i ) 128 Jad Jeu) 45 la cllia
Section 12.4: The Cross Product
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12.4: The Cross Product

Definition 1: The Cross product of two vectors a = (a4, a,, a3) and b= (by, by, b3) is
given by:
b gk
dxb=|a; ap az|=(ayb;—aszby)i— (arbs —azb,)j+ (a1b, — aby)k
by by b3
= d x b is a vector in Vs.
Remark 2:
(1)To find @ x b we must have @ and b in V5. To
find @ - b, the vectors @ and b may be in V,, or V.
(2)a x b is a vector orthogonal (=) to the vectors
d and b and so @ x b is orthogonal to the plane
containing both vectors a and b. The direction of

d x b is determined by the right hand rule. ¥ 4 ‘
Example 3: Let a = (3,2,1) and b =(—1,1,0) K_/
(1)Finddx band b x @

(2) Find two vectors perpendicular (orthogonal) to both @ and b

(3) Find two unit vectors orthogonal to both a and b
(4) Find two unit vectors orthogonal to the plane that pass through the points
A(1,2,3), B(4,4,4), and €(0,3,3)

=i(2(0) —1(1)) —j(3(0) — 1(-1)) + k(3(1) — 2(-1))

=i(1(1) = 2(0)) — j(—1(1) = 3(0)) + k(—1(2) — 3(1))

(2) Two vectors orthogonal to both @ and b are @ X b and —d x b
= —i —j + 5k and i + j — 5k are orthogonal to both a and b
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. 5 - axb axb
(3) Two unit vectors orthogonal to both a and b are _gx5| and — _|;’x5|
—i—j+5k i+j—5k . - I
I and ——2=2= are unit vectors orthogonal to both d and b
|—i—j+5kK| li+j—5k]|
—i—j+5k i+j-5k . S -
N and e are unit vectors orthogonal to both @ and b

(4)Letd = AB = (B — A) =(3,2,1) and b = AC = (C — A) = (—1,1,0)
= @ x b and b x d are orthogonal to both @ and b

= dxbandb x d are orthogonal to the plane containing both a and b

= —i —j + 5k and i + j — 5k are orthogonal to the plane containing both a and b

—i—j+5k i+j—5k .. > Y
—IC and —Z are orthogonal to the plane containing both a and b
|-i—j+5k| li+j—5k]|

—i—j+5k i+j-5k : . . >
e and e are unit vectors orthogonal to the plane containing both a and b

Example 4: i xj=k, jxk=1i, kxi=j
jxi=—k, kxj=—i, iXk=—j

Properties of Cross Product: Let 1,7, and w be vectors in V, or V5 and let a be a
scalar. Then

In general
dx(bx&) #(@axb)x?é

- N N For Example:
(#) (au) x v = x (av) = (U x ) Jx(xk)=jx @)=~k
G)ux@+w)=WUxXxv)+ (UXWw) -V - .
6) (L + D) x W= (@ XW) + (& X W) Uxj)xk=0xk=0
Rule5:d@ x (b x &) = (d-&)b—(d-b)e
Example 6: Let d and b be orthogonal such that |@| = 2 and |b| = 3.

Find @ x (b x d) and |(b x @) x d|

Solution:
(bxd)xd=—-dx(bxd)=—((@-ab-(i-b)a)=—(al’h—0a) = —4b

|(b x @) x @| = |-4b| = 4|b| = 4(3) = 12




Example 7: Simplify (4@ —b) x (@ + b)
Solution:

(@ —b)x (d+b)

Rule 8:

(1) The length of &@ x b is given by: |d x b| = |d| |b|sing Distance
(2) The length of @ x b is given by:

B > C

- —,2 -\ 2 . .
lax b| = \/|&|2|b| —(d-b) (Lagrange identity)

Remark 19: Let L a line that pass through the points B and C.

Then the distance from the point A to the line L is:

X3\ here @ = BA and & = BC

Distance = —
|V

Example 9: Find the distance from the point A(1,2,3) and the line that pass through
the points B(2,1,3) and €(0,1,0)

Solution: % = BA = (A— B) =(—1,1,0)and ¥ = BC = (C — B) = (—2,0,—3)
x|l JuPs? - @92 J2(13) - (2)? V22
] U] V13 V13

Distance =

Example 10: Find |@ x b|, where & and b are given
in the figure with |d@| = 8, |b| = 6

Solution: |d x b| = |l [B| sind = 8(6)sin (%) = 48 5) = 24
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Example 11: Find |d@ x b| and @ x b, where |d| = 2 and |b| = %and |@ +2b| =3
Solution: |&+25|2=32 = |&|2+4&-B+4|B|2=9 = 4+443-b+1=9
>d-b=1

N -2 ) 1 >
|&xb|=J|&|2|b| — (d-b) =j4<z)—(1)2=0 = daxb=0

- —

Rule 12: Two vectors @ and b are parallel written @/ /b if @ x b = 0.

Observe the following:

(1) in Example 11 we have a x b =050 a//b
(2) If a is any vector then a//O sinced x 0 = 0

Remark 13: d//b < d = cb or b = ca for some scalar c.

Consequently: Let @ = {ay, a,, as) and b = (by, by, bs), Thend//b < 2 =22 =

by bz
where b4, b,, b5 are nonzero scalars.

Example 14:

(1)(6,3,15)//(4,2,10) since 3:2: = = are all equal

(2)(4,6,—28) and (2,3,14) are not parallel since the ratlos 2.2 _728 are not all equal

Example 15: Find the value of x that makes @ = (2,x — 1,x)and b = (x2 — 1,0, x + 1)
parallel.

2_
Solution:xz1 :0=%:x+1—0:>x— —1

0 0
— = (no error)

= thevalueof x isx = —1.

2_ 2_
Anothersolution:x21=x: = x21=0 = x2—-1=0 = x=+1

Check: Is there an error in the equations:

0 x+1 0 0 0
= = - =— = —(no error)
X 2 -2 -1
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— = % (there is an error in the equations)

x=1 =i

=>x#+1 = x=-1only.

Exercise 16: Find the value of x that makes:

d=(31,x2+2x+1)and b = (3x2 — 3,3,3) parallel.
Answer is x = —2

Definition 17: Three points 4, B, C are collinear (s2a) s 4sliiul le) & AB//AC

Example 18: Determine whether the points A(2,4,—-3),B(3,—1,1),C(4,—6,5) are
collinear or not.

Solution:

AB = (1,-54)and AC = (2,-10,8) > == =" ="areall equal = AB//AC

= The points A4, B, C are collinear
Another solution: AC = 24B = AB//AC = The points 4, B, C are collinear

Rule 19:

(1) The area (4alw) of the parallelogram determined by the vectors a and bisA = |& X I_5|

(2) The area of the triangle determined by the vectors a and bisA = % |Ei X I_5|

yd

»

>
a

Remark 20: Let 4, B, C, D be points and let @ = AB and b = AC.
(1) The area of the parallelogram (g3t s ) sis) with vertices 4, B, C,D is A = |€1 X E|

(2) The area of the triangle (<li<) with vertices A, B, C is A = % |d@ x b|
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Example 21: letd = i + 2j — k and b = j + 3k and let A(1,0,1), B(2,2,0), C(1,1,4), D be
four points.

(1) Find the area of the parallelogram determined by the vectors a and b.

(2) Find the area of the triangle determined by the vectors a and b.
(3) Find the area of the parallelogram with vertices 4, B, C, D
(4) Find the area of the triangle with vertices A, B, C

Solution:

(1)Area = x b =Jlalzlb| ~(@-b)" = J(©)10) — (-1 = V59

|d x
\/__

(2)Area =
(3)d = AB = (1,2,—1)and b = AC = (0,1,3) = Area = |d x b| =
(4)Area =

Definition 22: Let d = (a4, a,, as), b= (by, by, b3), and ¢ = (cy, ¢,, c3) be vectors. The

scalar triple of the vectors d, b, @ written & - (b x &) is defined by
a; a; Aas

(_i(b)(c_'))z b1 bz b3
€1 G2 C3

= a,(aybz — azb,) — ay(a; b3 — azb,) + az(a b, — azb;)

Rule 23: The volume of the parallelepiped

-

determined by the vectors d, b,¢is

e —

Remark 24: Let A, B, C, D be vertices of a parallelepiped and let @ = AB,b = AC,

= AD. Then the volume of this parallelepiped is V = |&@ - (b x &)
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Example 25: Find the volume of the parallelepiped:
(1) Determined by the vectors a = (0, —2,5),b = (0,1,2),¢ = (6,3, —1)
(2) With adjacent edges PQ, PR, PS, where P(—2,1,0),Q(2,—1,5),R(—2,2,2), and
S(4,4,—1).
Solution:

. 0 -2 5
Mda-(bxd)=[0 1 2
6 3 -1

=0(=1-6)— (=2)(0—12) +5(0 —6) = 0 — 24 — 30 = —54

Volume = |d - (B x ¢)| = |-54| = 54
(2)Letd = PQ = (0,—2,5),b = PR = (0,1,2),¢ = PS = (6,3,—1)
= d- (b x &) =—-54 (by part (1))= Volume = |d- (b x &)| = |-54| = 54

Rule 26:
(1) Three vectors d@,b, and & in V; are coplanar (lie in the same plane) if
i (bx¢)=0.
(2) Four points 4, B, C, D in R3 are coplanar if d - (E X ¢) =0, where d = AB,
b=AC,and ¢ =AD

Example 27:

(1) Find the value of x that makes @ = (1, x, 0), b = {(x,2,1),& = (0,1,1) coplanar
(2)Find the value of x that makes the points A(1,—-1,2),B(2,x —1,2),
C(x + 1,1,3),and D(1,0,3) lie in the same plane.

Solution:

1 x O
Mda-(bxd)=x 2 1/=12-1)—x(x—-0)+0(x—1)=1—x?
0 1 1
d-(bx¢)=0= 1-x2=0 = x==xl1
AB = (1,x,0), b = AC = (x,2,1),and & = 4D = (0,1,1)
X ¢) =1—x? (by part (1))
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TABLE 1 Graphs of quadric surfaces

&,

y

XN
SRS
4F ’
GRS

Surface Equation Surface Equation
X2 2 2 2 X2 2
Ellipsoid i # + % —1 Cone % - X+ %
All traces are ellipses. Horizontal traces are ellipses.
':’:'.',';';:;.;.,g\\ If a = b = c, the ellipsoid is Vertical traces in the planes
""".'!i".".’:\:\;;, a sphere. x =kandy = kare

hyperbolas if k # 0 but are
pairs of lines if k = 0.

Elliptic Paraboloid

2

z X2y
c a? p?

Horizontal traces are ellipses.

Vertical traces are parabolas.

The variable raised to the
first power indicates the axis
of the paraboloid.

Hyperboloid of One Sheet

X2 y2 22
a2

a?  b* c*
Horizontal traces are ellipses.

Vertical traces are hyperbolas.

The axis of symmetry
corresponds to the variable
whose coefficient is negative.

2 2

z X y

c a? b?

Horizontal traces are
hyperbolas.

Vertical traces are parabolas.

The case where ¢ < 0 is
illustrated.

Horizontal traces in z = k are
ellipses if k > cork < —c.

Vertical traces are hyperbolas.

The two minus signs indicate
two sheets.
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Ex 6: Use traces to sketch the surface
2 2
x% 4%+ = = 1. Show the intercepts and

give the name.
Solution. Surface name is Ellipsoid
Intercepts:

x-intercept: y =0,z = 0:
2 2
P+t =1sx?=15x=1,-1

y-intercept: x = 0,z = 0:
2

02 +L 4% 1592 =95y=13 —3
o T T YT y=2

z-intercept: x = 0,y = O:
2 2
0?+T+L =152 =45x=2,-2

(1.(10/

\ ¥

0

0,02

Ex 8. Classify and sketch the surface x? + 2z2 — 6x —y + 10 = 0.

Solution.

15

(0, 3.0



Ex 7. Identify and sketch the surfaces:

16

(1) z = 4x? + y?

(2) x = 4y? + 22

@)z=y" -2’ \

0,1.0

b

x2 2, 22
(5):—}/ +Z—1.

(7) z% = 2x% + y?

(9) z = \/2x?% + y?

(10) z = —/2x2 + y?

11)2 —y =+2x2 + z2
y

(12)x —1=./(y —1)2 + z2
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21-28 Match the equation with its graph (labeled I-VIII). Give
reasons for your choice.

2. 2+ 4>+ 92=1 2 9+ 42 +22=1
23 x*—y’+272=1 24, —x*+y*—z22=1
25. y = 2x% + 7? 26. y> = x? + 27°

21. x* + 222 =1 28. y =x*— 7

1

1

VIl Vi
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Chapter 14: Partial Derivates



14.1 Functions of Several Variables

Definition 1: A function f of two variables is a rule |

that assigns to each ordered pair of real numbers x, y
in a set D a unique real number denoted by f(x,y).

.\

The set D is the domain of f and its range is the set of / >
values that f takes on, that is,

D ={(x,y) € R?: f(x,y) € R} and

range ={z € R:z = f(x,y),(x,y) € D}.

Example 2: let f(x,y) = x + In(y? — x).Then f(3,2) =3+ 1In(22-3)=3+1n1=3
Example 3: Find and sketch the domain of the functions:
(a) f(x,y) = X0 (b) f(x,y) =In(y* =x)  (c) f(a,y) =9 —x2 —¥?

x—1
() f(x,y) = [y + 25— x2 — y?

(d) f(x,y) = xy
Solution:
(@) Dom(f) ={(x,y) ER*:x+y+1=>0,x =1} /

*x+y+1=0
x+y=-1

(b) Dom(f) ={(x,y) € R*:y*—x > 0}
={(x,y) ER*:y* >x} -

(c) Dom(f) ={(x,y) € R?:9 —x? —y? > 0}
={(x,y) € R?%:x%2 + y? > 9}




(d) Dom(f) ={(x,y) ER*:xy =0}
xy =0

= x = 0andy = 0 (first quadrant)

Or x < 0andy < 0 (second quadrant)

(e) Dom(f) ={(x,y) € R*1y>0,25—-x*—y* >0} A

={(x,y) € Ry > 0,x2 + y? < 25} /\

Example 4: Find the domain and range of the function:
fly) =2-3{9—x2—y?

Solution: Dom(f) = {(x,y) € R?:x2 + y? > 9}.

Forrange f:letz = f(x,y) = z=2— 3,9 —x2—y2.So,

v

** JO—x2—y2>0 =3/9-x2—y2>0 = -3,/9-x2—-y2<0
=2-3/9-x2—y2<2 =z <2
** x2 4 y2 >0 = —x2-y2<0 = 9—x?—-y*<9

= J9-x2-y2<V9 = J9-x2-y2<3 =
-39 —x2—-y2>-9

= 2-3/9-x2-y2=> = = zz=-7

2—9 2—39—x2—y2>-7

So,-7<z<?2 = range(f) =[-7,2]



Example 5: Find the domain and range of the function:

flxy) = x*+2y?
Solution: Dom(f) = {(x,y) € R?} = R?,
Forrange f:letz = f(x,y) = z =2+ x% + 2y2. 5o,

** x2 4+ 2y2>0 = 2+ x% 42y =2 = z>2
= range(f) = [2,)

Definition 6: If f is a function of two variables with domain D, then the graph of
f is the set of all points (x,y,z) in R suchthatz = f(x,y) and (x,y) € D.

Example 7: Sketch the graph of the functions:

(@) f(x,y) = 6 —3x — 2y (b) f(x,y) =9 —x2—y?
() fx,y) =6 —/x? + 2y? (d) f(x,y) =x*+2y?
Solution:

@z=f(x,y) = z=6—-3x—2y = 3x+ 2y +z=6(isaplane)

Intercepts:

x-intercept: y=2z=0

= 3x+2(0)4+0=6 = 3x=6
x =2

y-intercept: x =z =0

= 3(0)+2y+0=6 = 2y=6
y=3

Z-intercept: x =y =10

= 3(0)+20)+z=6 = z=6

(b)z=f(xy) = z=y9-x>-y
= z2=9—x?—y?withz>0
= x2 + y? + z2 = 9 withz > 0 (is a hemisphere)




(c)z = f(x,y) (d)z = f(x,y)
= z=6—/x%+2y?
— 6= _\/m = z = x? + 2y? (paraboloid)
= (z—6)? =x%+ 2y?(cone)

Remark 8: Describe how the graph of the function g can be obtained from the graph
of the function f in each of the following cases:

Dy =flxy) +2 (2) g(x,y) = 2f(x,y)
3 gx,y) =—f(x,y) @gxy)=2-f(xy)
G gy =flx—2y) ©) gy =fxy+2)
(MNgly)=fx+3,y-2)

Solution:

(1) Shift the graph of f upward 2 units.

(2) Stretch the graph of f vertically by a factor of 2 units.

(3) Reflect the graph of f about the xy-plane.

(4) Reflect the graph of f about the xy-plane and then shift it upward 2 units.

(5) Shift the graph of f in the direction of the positive x-axis 2 units.

(6) Shift the graph of f in the direction of the negative y-axis 2 units.

(7) Shift the graph of f in the direction of the negative x-axis 3 units and then shift
it in the direction of the positive y-axis 2 units.



Definition 9: The level curves of a function f of two variables are the curves with
equations f(x,y) = k, where k is a constant (k € range(f) ).

% The level curves f(x,y) = k are just the traces of the graph of f in the
horizontal plane z = k projected down to the xy-plane.

y

Level curves =

+* The graph of several level curves in the plane is called a contour map of the
function f

Example 10: Sketch the level curves of the function f(x,y) = 6 — 3x — 2y for

the values k = —6,0,6,12.

Solution: The level curves are: A
6—-3x—2y=k = 3x+2y=6—-k

3
k=-6 = 3x+ 2y =12 (line with slope — E)

v

3
k=0 = 3x+ 2y =6 (line with slope — E)

3
k=6 = 3x+2y=0 (line with slope _E)

3
k=12 = 3x+ 2y =12 (line with slope — E)

Contour map




Example 11: Sketch the level curves of the function f(x,y) = /9 — x2 — y2 for

the values k = 0,1,2,3

Solution: The level curves are: f(x,y) =k
= J9—x2—y2=k for k=0,1.23

= 9—x2—-y?2=k? for k=0,123

= x?+y2=9—-k? for k=0,12,3

k=0 = x?+y2=9 (circle)
k=1 = x*+y2=28 (circle)
k=2 = x?*+y2=5 (circle)
k=3 = x>+y2=0

=x=0,y=0 = Apoint (0,0)

Contour map

Example 12: Draw a contour map (Sketch some level curves) of the function

flx,y) =4x*+y?+1
Solution: The level curves are: f(x,y) =k

= 4x*+y*+1=k

= 4x’+y?’=k-1 = k—-120 = k=>1

k=1= 4x>+y2=0 k=2 = 4x?>+y? =1 (ellipse)
— — H 2

= x =0,y =0 = point (0,0) %+y2=

k=3 = 4x?>+y? =2 (ellipse) k=4 = 4x?>+y? =3 (ellipse)
x2 yz xZ y2

= L 4L =1 = L 4L =1
1/2 2 3/4 3

Contour map




Example 13: Draw a contour map (Sketch some level curves) of the function

f(X,y) = ‘Vyz — x2.

Solution: The level curves are: the linesy = x or y = —x
f,y)=k = Jy?—x?=k = k=0

® Fork=0: \y2—x2=0 = y>—-x2=0

> y2=x? > y=xo0ry=—x

e The level curves arethe lines: y =x or y = —x 3
% Fork>0: Jy2—x2=k = y? —x? =k?
2 42
= z—z ke 1 = hyparabolas

e The level curves are hyperbolas

The level curves are two lines and hyperbolas

Remark 14: The surface is steep (2=) where the level curves are close together. It
is somewhat flatter (:»:is) where they are farther apart (x=li),

Example 15: Two contour maps are shown in the figures. One is for a function f
whose graph is a cone. The other is for a function g whose graph is a paraboloid.
Which is which, and why?

\&

Solution: Figure | is for the paraboloid which is the function g
Figure Il is for the cone which is the functionf.
¢ Because the paraboloid is steep when x or y is very large so its level curves
are close together (this appears in figure I) while on a cone the surface is
never steep it stays steady.




Example 16: Match the function:
(a) with its graph (labled A-F below)
(b) with its contour map (labled I-VI below)

Give reasons for your choice.

(@) z=

sin(xy)

d = sin(x — y)

Solution:

(b)
(e)

z=-¢" cosy

z=sinx — siny

(f)

(a) (b) () (d) (e) (f)
C A B F E D
I \% VI | Il %




Example 17: Match the function with its graph (labeled I-VI). Give reasons for
your choices.

(@) f(x,y) = |x| + |y] (b) f(x,y) = |xy]

1 ¥ N
@O e =T @) = 6=
() flx,y) = (x — p)’ (f) f(x,y) = sin(|x| + | y])

R e
*'*~°v;~‘°,v‘;!¢',~'*':’:‘:"%3“ &
."” "‘\’.";\‘ )

LA

L

()
TR A
)

V)

Solution:

(a) (b) (c) (d) (e) (f)

VI \ I v I 1]
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Functions of Three or More Variables

A function of three variables, f, is a rule that assigns to each ordered triple
(x,y,z) inadomain Din R3 a unique real number denoted by f(x,y, z).

Example 18: Find and sketch the domain of the function:

(@) f(x,y,2z) =In(z — y) + xy sinz.

(b) f(nyJZ) = \/Z_xz - 2y2

Solution:

(a) Dom(f) = {(x,y,z) € R3:z —y > 0}
={(x,y,z) E R%:z >y}

To sketch Dom(f):

z>y. = z=1y(plane) )

So, Dom(f) is a half-space consisting of «—

all points that lie above the plane z = y.

(b) Dom(f) = {(x,y,2) € R%:z — x%? — 2y% > 0}
={(x,y,2) € R%:z > x? + 2y?}

To sketch Dom(f):

z>x%+2y% = z=x%+ 2y?(paraboloid)

So, Dom(f) is the region inside and on the

paraboloid z = x2 + 2y?

Example 19:

(a) f(x,y,2) =% = Dom(f) = {(x,y,z) € R3:x # 0}

(b) f(x,y,2z) =2e*% = Dom(f) ={(x,y,z) € R} = R3

(c) f(ry,z2) =x+y = Dom(f) ={(x,y,2) € R°} =R®

d) f(x,y,z,w) =vw—2z :

= Dom(f) ={(x,y,zw) ER:w —2z >0} ={(x,y,z,w) € R::w > z}
(e) f(x,y,2) == = Dom(f) = {(x,y,z) € R®:x # 0}
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Example 20: Find the domain and range of the function f(x,y,z) = 2 + Vx? + 3
Solution:
f(x,y,2) =2+Vx2+3 = Dom(f) ={(x,y,z) € R®} =R3
To find range(f): Letw = f(x,y,z)
=>range(f) ={weRw = f(x,y,2),(x,y,z) € Dom(f)}

Vx24+32>0 = |24+yx?2+32>2 = |w=2
x?>0 = [x2+3>3

= >2+3
V¥2+32V3| P |24+x2+3>2+43 i
Sow=2 and w=2++vV3 = w>=2++3 = range(f) = [2 + V3, ).

Definition 21: The level surfaces of a function f(x,y, z) for the value k are the
surfaces given by the equation f(x,y,z) = k, where k is a constant, that is if the
point (x,y,z) moves along a level surface, the value of f(x,y, z) remains fixed.

Example 22: Find the level surfaces of the function f(x,y,z) = x? + y? + z2.
Solution: Observe that f(x,v,z) =x?+y2+22>0
= the values of k are k > 0 since for the level surfaces we have f(x,y,z) = k
Fork=0: f(x,,2) =0 > x>+ y2+4+22=0=>x=0,y=0,z=0

= we have a point (0,0,0)
Fork=1: f(x,v,2) =1 = x2+y2+2z%2=1

= A sphere of radius 1 centered at (0,0,0)
Ingeneral, fork > 0:: f(x,y,z) =k = x*+y*+z=k

= A sphere of radius Vk centered at (0,0,0)
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Example 23: Describe the level surfaces of the function.

(@) f(x,y,z) =2x—-3y+5z—3

(b) f(x,y,2) = 2x% + 3y? + 522

() f(x,y,2) = y* + 2

(d) f(X;y,Z) = z° _yZ — x?

Solution:

(@) f(x,y,z) =k > 2x—3y+5z—3=k = keER
=>2x—3y+5z=k+3
The level surfaces are planes

(b) f(x,y,2) =k = 2x*+3y?+5z°=k = k=0
Fork =0: 2x>+3y2+522=0 2x=0,y=0,z=0
The level surface is a point which is the origin (0,0,0)

2 2 2
Fork >0: 2x2+3y2+522=k = —+2Z 4+ =1

k/2  k/3 k/5
= The level surfaces are ellipsoids

% The level surfaces are the origin and ellipsoids

€ f(x,y,2) =k = y*4+z°=k =2 k=0
Fork=0: y2+2z2=0 4
> y=0z=0x€eR
= The level surface is the x-axis
Fork >0: y?+z?>=k
= The level surface is a cylinder

v

¢ The level surfaces are the x-axis and cylinders
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d) f(x,y,2) =k = z?—x*—y?=k > keR
Fork =0: z2 —x? —y%2—=0

= z2=x?+1y?

+* The level surfaces are cones

(1 positive and 2 negatives)

% The level surfaces are hyperboloid of two sheets

Fork < 0:Takek = -2 = y2 —x2—2z%2 =-2
2 2 2
> -2+ +Z=1
2 2 2
(2 positives and 1 negatives)

WA/ 'l'” 7%
114
{/ "

¢ The level surfaces are hyperboloid of one sheet

% The level surfaces are:
cones, hyperboloids of two sheets, and hyperboloids of one sheet




Partial Derivatives




14.2 Limits and Continuity

Definition 1: Let C: x = f(t), y = g(t) be a path (curve) in the xy-plane. Then

C passes through that pass & there exists t, € R such
through the point Py(a, b) in R? (s AS) f(ty) = aand g(ty) = b.

Definition 2: Let Py(a, b) in R? and let C be a path that pass through the point
Py(a,b) when t = t,. Then

Lim FGoy) = lim F(F(D, 9(0)

along C

Definition 3: Let Py(a, b) be a point in R? and let L € R.
(a) li§nP F(x,y) = L (exists) < : li)rn F(x,y) = L for all paths C in

(x,y)—Pg X,y )—Pgy
along C
Dom(F (x,y)) that pass through the point P,. %

Py kil s)lall (curves wilisidl) paths bl 38 a2l o)) Lule 183580 dilgdl) ) by
Bagage Akl cul€ o) GUN L SledY cflual) dae oY Sllig Jaat 1385 (DA e doledll Gl
tie AT @b ) Bl s lgles 8 cbluall axdi VLl gl Lol

£ £ £

dald cliags aladind | gl | (@8lallb qupall | ol | jlaiayly Jaladl) | of | dbal) (gt

(b) Let €, and C, be two paths in Dom(F (x,y)) that pass through a point P,. If

lim F(x,y) ;t lim F(x,y),then lim F(x,y) dose not exist (DNE)
(x,y)=Po x,y)=Po (x,¥)=Po
along C; along G2

P e el Gluny Py dlaiills Hle LagalS (b an0 () Lde :Bagaga i dulgdl) of cildy
Ll Gilgall Llsa (5S Cuma luaall (e 2alg S
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Example 4: Find each of the following limit, if it exists:
x* + x2y? — 6y

lim
1) ()=, 2 2 2 !
(1) @y-00 x2+3y 2) () (-11) y3+x

6_x2

_ x? — 5xy? + 4y*
lim
c)=(42)  \[x =2y

3)

 x*+x?y* -6y (P +3y)H(* - 2y%)
(1) lim = lim
(xy)=(00)  x2 + 3y? (x,y)—(0,0) x? + 3y?

= lim (x?—2y?
(x,y)ﬁ(0,0)( Y )

=0

. y° —x? . 3+ 003 —x)
(2) lim = lim
-1 y3 +x (xy)=(=1,1) y3 +x

= lim (y®—x)

T (y)-(-1,1)

=2

_ x? — 5xy? + 4y* _ x2 —5xy? +4y* x+2y
lim = lim X
c)=*2)  fx =2y )=42)  \fx =2y Vx + 2y
x? —5xy? + 4y*

= lim X 6

(x —4y*)(x — y?)
im

(3)

=6

=6 lim (x-—y?
(x,y)—>(4,2)( v

= 6(—14)
= —84




Remark 5: Recall that

sm(9) . o _
(1) 1 =1 (2) él_r)l(l) e 1
tan(@) . 6
(3) 1 =1 (4) él_r)l(l) e 1
Example 6: Find each of the following limit, if it exists:
sin(2xy?)

li —_— 4x2 — y?
1) @yo-3  x (2)

lim
(x, y)ﬁ(l 2) tan(4x — 2y)

Letd = 2xy?. When (x,y) - (0,—3) we have x » 0andy — —3.
Then 6 — 0. So,
sin(2xy?) _ sin(2xy?) 1
im ———— = lim ——Xx-—
(x,¥)-(0,-3) x (x,¥)-(0,-3) 1 X
sin(2xy?) y 2xy?

(xy)-(0,-3) 2xy? X
sin(2xy?) _ 2xy?
— lim

= im X
(xy)-(0,-3) 2xy? (xy)-(0,-3) X
y sin(6) " I )
= lim im

6-0 0O (x,)—(0,-3) Y
=1x2(-3)2=18

2

Letd = 4x — 2y. When (x,y) - (1,2) we have x » 1andy — 2.
Then 6 — 0. So,
4x% — y? _ 1 4x% — y?
lim = lim X
(x, y)—>(1 2)tan(4x — 2y) (x,y)~(1,2) tan(4x — 2y) 1
i 4x — 2y g 4x? — y?
(x y)—>(1 2)tan(4x — 2y) 4x — 2y
4x — 2y _ 4x% — y?
lim lim ———
= 1) tan(4x — Zy) (xy)=(12) 4x — 2y
lim X im (2x — y)(@x +7)
y)~(12) tan(@)  (xy)-12) 2(2x —y)
(2x+y)
lim X im ———
6-otan(f) (xy)-(1,2) 2

1 : 2
= X — =
2
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Remark 7: When (x,y) -

(0,0) and we have the terms x2 + y? in the limit, we

must think of the using of the substitutions: x = rcos(6) and y = rsin(8). Then,

x?+y%* =r?and when (x,y) -

(0,0) wehave x - 0andy —» 0. So,r — 0%

= lim F(x,y)= hm L F(rcos(60),rsin(0)), where 0 < 6 < 2m.

(x,¥)—(0,0)
Example 8: Find the following limit, if it exists:
x%y

lim
<xy>ﬁ<00>\/x2 +y2+1-—1

Solution: Let x = rcos(f) and y = rsin(0) = x* + y* =r? and (x,y) -

= r - 0%. So,
lim Xy
(xy)—>(00)\/x2 +y2_|_1_1

(rcos(@)) (rsin(6))

VrZ+1-1
r3cos?(0)sin(0)

Vrz4+1-1
3

r
i1
G s C WO
cos*(6)sin
Vrz+1-1 vr2+1+1

Vri+14+1
X
Vrz+1+1

_ Vrz+1+1
lim

r—0t 1

X cosZ(H)Sin(9)>

X cos?(0)sin(0)

X cosz(0)51n(6)>

lim
r—-ot

:—2 X cosz(e)sin(e)) X 1ir(r)1 ( \/r2 1+ 1 )
Yl

4

Tllrg;r (rcos?(0)sin(8)) x 2

(0,0)

=0x2=0

Observe that:
—1 < cos?(8)sin(A) < 1
=
—r < rcos?(0)sin(@) <r
=
fim () =0
and

limr =20
r—ot

So,

by the squeeze theorem:

lim rcos?(6)sin(0)) = 0
r—0%t




: 6y —4x —1)° -1
Example 9: Find the following limit, if it exists lim (6y —4x— 1)
xy)—-(11) (2x—=3y)8 -1

Solution: Observe that
_ (6y —4x —1)°>—1 _ (—2(2x —3y) — 1)°> —
lim = lim

So, let & = 2x — 3y. When (x,y) — (1,1). Thenx - 1 and y — 1.
So, 6 —» —1. Then
_ (6y —4x —1)>—1 o (=26-1)°-1
(x,yl)lirgl.l) (2x —3y)8 -1 - elir91 68 — 1
_5(=20 -1)*(-2)
eirzll 8607
5()*(-2) 5
S TeCL7 4

(by L’Hopital’s Rule)

Remark 10: Recall the following:

e LetC:x = f(t), y = g(t) be a path (curve) in the xy-plane. Then

C passes through that pass through | €< there exists t, € R such
the point Py(a, b) in R? (5 A1) f(ty) = aand g(t,) = b.

e Let P,(a,b) in R? and let C be a path that pass through the point P,(a, b)

when t = t,. Then im  F(xy) = lim F(£(1),9(D)

along C

% Let C; and C, be two curves that pass through a point Py(a, b). If

lim F(x,y) ;t lim F(x,y),then lim F(x,y) dose not exist (DNE)
(x,y)=Po x,y)=Po (x,y)=Po

along C4 along Cy A\

Clang Py abaaill jle LgilS (Cy) 5 (C1) crobesa 2a0 ) Lide 1B3gaga & dulgdl) o) il

Colina (el Usa 05Ss Guns ypladll e aly IS DI e gl

lim F(x, i lim F(x,
im (x,¥) m (x,y)
along Cq along C2




Example 11:

2
(1)Find  lim X5X*°
(xy)—-(1,-2) 2x+Yy

2
(2) Find  lim  X23*°
(X,y)—)(l,—Z) 2x+y

2
( )lira . al 2;33;5 exists? Justify.
X,y )—(1,—

along the path C;: y = 2x — 4
along the path C,: x = 3t,y =1 — 9¢.

(3)Is

Solution:

(1) _ x2+3y+5 o x*+4+302x—4)+5 _
lim —— =lim = lim

~1,-2) 2x+y 2x + (2x — 4)

along Cq
(x—1D(x+7)

(2) We must find the value of t, when the point (1, —2) is on C,:
The point (1,-2): x=1, y=-2
OnC2 x=3t0,y=1_9t0
x (on path) = x (inpoint) = 3t; =1 = t, = §

Observe that we can find t, from y component: We have the same
y (on path) = y (inpoint) =21 —-9t, = -2 = t, = % value for ¢,

_ x?2+3y+5 - (BH)2+3(1—-9t)+5
lim _— =1lm
e)-1,-2) 2x+y % 2(3t) + (1 —9¢)

along C,

92 —-27t+8 0 Indeterminat
T3¢ =3 (Indeterminate form)

3
18t —27

(by L’'Hopital’s Rule)

3) lim x%+3y+5

DNE (does not exist), because:
(xy)—>(1,-2) 2x+y

_ x2+3y+5 _ x2+3y+5
lim ————% lm ——F—
ey)-(1,-2) 2x+y xy)-1,-2) 2x+y

along C4 along C;




xsin(e¥ — 1)

m
along y=In(x)

Example 12: Find the limit, if it exists

Solution:
xsin(e¥ — 1) _ xsin(e"® — 1) xsin(x — 1)
1m > > = lim = lim =—
(y)=(L0) X% +yc—x -1x2 4+ (In(x))2 —x  x-1x2+4+ (In(x))2—x 0
along y=In(x)
~ xcos(x —1) +sin(x — 1) (by L’'Hopital's Rule)
= lim
x—1 2In(x) _1
X

2xX +—=
1cos0 + sin0

, 2 21n(1) .

Example 13: Find the limit, if it eX|sts
lim x2—-2x—y*—-2y—-1
(xy)—>(2 D (x—2)2+(y+1)?

Solution:
Ci: x=| ¢t |+]|2]|], y=|0]+ -1

= (Cprx=t—2,y=-1

(x,y)»(2,-1) = t-0:

lim x?—2x—y%2-2y—1
oD (x=2)2+ (¥ + 1)2

(t+2)2—2(t+2)—( 1D2-2(-1)—-1
(t+2-2)2+4(—1+1)2
CtP+4At+4-2t—4-1+2-1
= lim
t—0 t2
CtP+4At+4-2t—4-1+2-1
= lim
t—0 t2
t2+2t  t(t+2) | t+2

= lim = lim =|lim——=— = DNE
t—0 t2 t—0 t2 t—-0 t 0
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Example 14: Find the following limit, if it exists:

I x2y?
im
(x,y,2)~(0,0,0) X6 — y3 4+ 224
Solution:
1) G: x=|t | +]|0

(1)

= C:x=t y=0,z=0
(x,¥),z—-(0,00) = t—-0:

x2y2

x3y?
lim
(xy)-(0,0) x6 + y*

(2)

+ 10 z=10

202 0
==]lim—=1m0 =0

| _ _
o0 X =B F 228 N TE 03 12000 | ize e

along Cq

lem((6,3,4) = 12 | Ja¥) & jidall Caeliadl)

Variable lcm N
t
(x’ y’ Z) t exponen

Coordinate of the variable in the point

CZ:

= Cpx=t? y=tthz=1t3
(x,y) - (0,0) = t->0:

x2y2

(t2)2(t*)?

li = lim
() ol0,00) X6 — 3 F 225 150 (£2)6 — (£4)3 + 2(£3)*

along C,

= lim
t-0t

448 Rz
= lim

12 _ $12 4 Dpl12 7 (0212 !

nyZ

lim * lim
(xy)~(0,0,0) X6 — y3 + 224 * (x3)-(0,0,0) x6 — y3 + 274

along Cq

along C,

x2y? .
Does not exist.

So,

lim
(x,y)—(0,0) x6 + y3 4 z*
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Example 15: Find the following limit, if it exists:
. (x —1)*(y + 2)(z — 3)?
(v 2= (1-2.3) (x—132+3(y+2)°+(z—-3)"

Solution:
1) C: x=|t |+ |1 y=10| + |-2 z =

= C:x=t+1, y=-2,z=3
(x,v,z) > (1,-2,3) = t - 0:

lim (x — 1)%(y + 2)(z — 3)*?
(xyz)—>(1 23 (x—1)3+3(y+2)°+(z—-3)15

along Cq

| (t+1—-1)2(-2+2)(3—-3)2
0 1D +3(2+ D7+ G-3)F

= llm—— im0 =0
t—0 t3 t—0

lem((3,5,15) = 15 ay) & il Caeliadll

15 15
Cz: X = tT + 1 oy = tT

= Cprx=t’+1, y=t3-2,z=t+3
(XJY;Z)*(L—ZB) = t_>0

lim (x - D*(y +2)(z - 3)*
Gy, -23) (x =13 +3(y+2)°+(z—-3)1®

along C,

i > +1—-1>23—2+2)(t+3-3)?
tio(t5+1—1)3+3(t3—2+2)5+(t+3—3)15

IHO (t>)3 +3(t3)>+ () Ln% £15 + 3¢15 4 ¢15 ltlfc} 5¢15 5

ey 2t VB T I FE2)

along Cy along C,
S lim (x — D%y + 2)(z — 3)? . i
o, (xyz)—>(1 —23) (x — 1)3 n 3(}/ n 2)5 n (Z — )15 oes not exist




. T x3y?
Example 16: Find the following limit, if it exists: lim 24
(x,)=(0,0) x6 + y*

Solution:

= (C:x=0,y=t

(x,y) - (0,0) = t - 0:
x3y? 03¢2
lim =lim——==1lim—=1im0 =0
(x,y)—~(0,0) X6 + y* t-0 06 4 t* t->0t% -0
along C4q

lcm((6,4) = 12 | s & yisall Cicliadl

12

CZ: x = t 6 | + 0 y

y:

= Cpx=t y=t3
(x,y) - (0,0) = t—-0:
3

lim ——— =Ilim = lim—————==lim =—
(x,y)~(0,0) X6 + y* t-0 (t2)0 + (t3)* t—ot12 +¢t12  t>02t12 2
along C,

3.,2 3.,2
X X

lim 14 # lim 4

(xy)~(0,0) x6 + y* = (xy)-(0,0) x + y*
along C; along C,
X312

=

So, Does not exist.

lim —2—
(x)~(0,0) X6 + y4




Definition 17:

(1) A function f(x,y) is said to be continuous at a point (a, b) in Dom(f) if
lim f(x,y) = f(a,b).

(x,y)—(a,b)

(2) A function f(x,y) is said to be continuous on aset S € Dom(f) if f(x,y) is
continuous at every pointin S.

(3) A function f(x, y) is said to be continuous everywhere if it is continuous on
]RZ

(4) A function f(x,y,y) is said to be continuous everywhere if it is continuous on
R3.

Example 18:

x*+x2y-5. . 2 . i
Q) flx,y) = e S continuouson Dom(f) = R* = f is continuous

everywhere.

@) f(x,y) = zfi;f is continuous on Dom(f) = {(x,y) € R%:x2 + y2 # 0}

= f iscontinuouson Dom(f) = R*\{(0,0)}.

(3) f(x,y,2z) = Zm(zﬁ is continuous on:

xX—2y-z

Dom(f) ={(x,y,z) ER3:x—2y—z#0, y>0}

(4) f(x,y,2z) = 2iscontinuouson Dom(f) = R® = f is continuous everywhere.
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Example 19: Find the region on which the function f is continuous.

Floy)=4x2+y2 ' (x,y) # (0,0)

, (y) =(0,0)

Solution:
2 y2
x2+y2
To check whether the function £ is continuous at (0,0) or not we must study:

(1) Is lim f(x y) exists or not?
(x,y)—(0,0)

2)1f 1 ,y) exists, i1s i 0,0
21  Jim Sy) om 6 y) = £(0,0)

So,take C;: x=|t|+|0|, y=|0|+|0.| Then
(x,y) > (0,0) = ¢t - 0:

When (x,y) # (0,0) the function f is continuous since f (x,y) =

2 2 +2 _ 02

Xt =y
lim = lim = lim =1
(x,y)~(0, O)f( %) = (xy)-(00) x2 +y2 t-0t? 4+ 02

along C4q along C4

So,take C: x=10 , y=|t|+|0.| Then
(x,y) = (0,0) = t - 0:

xZ 2 . 02 _ tZ

lim ——=lim——=
(x, JI)—>(0 O)f( *Y) = ()=, x%2 + y2  t-002 + t?

along C, along C,

=
(XJ/) (00)f( *y) # (x, ) (OO)f( %)

along Cq along C,

= lim X, Does not exist
(x,¥)—(0,0) fy)

= f(x,y) is discontinuous at (0,0)

= f(x,y) is continuous only on R?\{(0,0)}




Remark 20:
(1) Recall that:

_ _ _ for all paths C
(x,yl)l—l;r(la,b) F(x,y) = L (exists) | (x,yl)lgr(la'b) F(x,y) =L, that pass through
along C the point (a, b)

(2) If a function f(x, y) is continuous at a point (a, b), then
(x,yl)lir(la,b) f(x,y) = f(a,b) exists
= If C is a given path that passes through the point (a, b), then
i Fy) = f(a,b)
along C

Example 21: Find the value of k such that the function f is continuous at the origin,

where
1 — cos(y/x% + y?)

fl,y) = X% + y2 , (xy) #(0,0)
k , (%) =(0,0)

Solution: f is continuous at the origin =>( l)irr%0 O)f(x, y) = f(0,0) = k (the limit
X,y )—(0,

exists)

= : l)irr(10 0)f(x, y) = k, where C is any path in Dom(f) passing through
X,y )—(0,
along C

(0,0).
So,take C: x=|t|+ with t > 0. Then
(x,y) » (0,0) = t - 0:

1 — cos(y/x% + y?)

= 1
(x,¥)~(0,0) (x,y)~(0,0) x?% 4+ y?
along C along C

1-— cos(Vt2 + 02) : 1 — cos(t) ’ sin(t)
= lim———— = lim

t—0 t2 4+ 02 t—0 t2 t—-0 2t

ko=, lim f(x,y) =

= lim (by L’Hopital’s Rule)

= ltirr(} Coz(t) (by L’Hopital’s Rule)
1 " 1
e ——
2 2
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Example 22: Find the value of k such that the function f is continuous everywhere,
where

kxz—z_yz
fay)={x2+y2 (x,y) # (0,0)

—2 , (6y) = (0,0)

Solution: f is continuous everywhere = f* is continuous at the origin

= lim f(x,y) = f(0,0) = —2 (the limit exists)
(x,y)—(0,0)

( ) (0 0)f(x y) = —2, where C is any path in Dom(f) passing through
xX,y)—
along C

(0,0).
So,take C: x=|t]| + +10.| Then
(x,y) - (0,0) = t—-0:

fooy) = lim kx? — Zy
e y)e(o o YT ayynton) X2+ yz
along C along C

Example 23: Find the value of a such that the function f is continuous at the point
(0,2), where

sin(xy)
fay={"x ~ **°
a , x=0
Solution: f is continuous at the point (0,2) = - llrr(lo 2)f(x ) =f(0,2) =a

( ) s, O)f(x ,y) = —2, where C is any path in Dom(f) passing through the
X,y )=
along C

point (0,2).
So,take C: x=|t|+ . | Then
(x,y) - (0,2) = t—-0:

sin(xy) — lim sin(t(2)) — lim sin(2t) _

(x, y)ﬁ(o 2) (xy)-(02) X t—0 t t-0 t
along C along C

a= fx,y) = lim

> a=2
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Example 24: Find the value of k such that the function f is continuous at the point
(1,1), where

xy+8-—3
flx,y) = xy—1
k , xy=1
Solution: f is continuous at the point (1,1) = : l)il’r(ll 1)f(x, y)=f(1,1) =k
xX,y)—(1,

= : l)irr(11 1)f(x, y) = k, where C is any path in Dom(f) passing through the
X,y )1,
along C

point (1,1).
So,take C: x=|t| + .| Then
(x,y) - (1,1) = t—-0:

, xy+1

k = lim X,
(x,y)—>(1,1)f( 2
along C

xy+8-—3

= 1m
(x,y)_)(l,l) Xy - 1
along C

JE+ 1) +8-3

50 (t+1) -1

’ \/t+9—3X\/t+9+3
= 11m
t=0 t Vt+9+3
. (t+9)-9 1
= lim X
£-0 t VE+9+3
1
= lim——
t=04t +9+3
1

> k=




Partial Derivatives




14.3 Partial Derivative

Definition 1: The partial derivative of f:
(a) with respect to x at a point (a, b) written as £, (a, b) is defined by
fx (a, b) — llm f(x:b)_f(a'b) — llm f(a+h'b)_f(a'b).

x—-a x—a h—0 h
(b) with respect to y at a point (a, b) written as £, (a, b) is defined by
_ fla,y)—f(a,b) . f(a,b+h)—f(ab)
fy(a,b) = 31/151) v —b = }ll_r)r(l) n
Remark 2: (a) f,(a,b) = g'(a), where g(x) = f(x, b).
(b) fy(a,b) = h'(b), where h(y) = f(a,y).

Example 3: Find f,(1,0) and f, (1,0), where f(x,y) = y/x* +y3 + 3
Solution:

fe(1,0) =g'(1), where g(x) = f(x,0) = Vx* + 0% +3 = Vx¥ +3

43

£(1,0) =1, since g’ (x) = T

f,(1,0) =h'(0), where h(y) = f(L,y) =/1*+y3 +3 =/y3 +4

2

£(1,0) =0 since h' (y) = —

2./ y3+4

Example 4: Find £,(0,0), where f(x,y) = 3x + 3/8x3 + 27y®
Solution:

f(0,0) = g'(0), where gx) =f(x0) =3x+ ¥8x3 = 5x
f(0,0) =5, since g'(x) = 5

Example 5: Find £, (0,0) if it exists, where f(x,y) = \/x? + y?

Solution:
f(x,0) =x* + (0)* = yx? = |x|
Since |x| is not differentiable at x = 0, then £,.(0,0) does not exists
That is: the partial derivative of f with respect to x does not exists at (0,0).




3x% + xy+y3
Example 6: Find £, (0,0), where  f(x,y) ={ x2 + y2 , (xy) #(0,0)

0 , () =1(0,0)

Solution:

3(0)%+(0)y+y*
) , #+ 0
First Method: £(0,y) = (0)%+y?  YEOL {y Y _ } =Y
O , y — 0 O ) y - 0

= f0,y)=y = h@) =f0O,y)=h(y) =y= £(0,0)=hr'0)=1

Second Method: By definition:

30 + Oy+y°
fON=FO0) _ .~ 07+

y—0 y-0 y—0

;0,0 = lim

= (y—z>—1' X1 > £000) =1
T R v R f,(0,0) =
3x% + xy+y3 00
Example 7: Find £, (0,0), where  f(x,y) = x2 + y2 , (6y) # (0,0)

1 , (xy) =(0,0)

Solution:

3(0)%+(0)y+y3

First Method: f(0,y) = (0)2+y? » ¥#0 ={}1] ' yv_ﬁg}
1 ) y=0 , Y =

Observe that f(0,y) is discontinuousaty =0 = f,(0,0) does not exist

Second Method: By definition:

3(0)2 + (Oy+y*
£00) =lim O ZSOD @+
y—0 y—0 y—0

=1 = f,(0,0) does not exist

Example 8: Find £, (x,y) and f, (x, y), where f(x,y) = xy*e3* + cos(2y)
Solution:

fe(x,y) = xy*(3e*) + e (y*) + 0 = 3xy*e™ + y*e™
fy(x, ) = xe3*(4y*) + (—sin(2y) (2)) = 4xy3e® — 2sin(2y)




3x3
Example 9: Find £,(1,0) and £, (1, —1), where f (x,y) = {x*+? (x,y) # (0,0)

Solution: At (1,0) and (1, —1), the function f(x,y) = 3 So,

x2+y?’
(o) = (x* +y?)9x? = 3x°(2x) _ 3x* + 9x?y?
fx XY) = (x2 + y2)2 - (xz + y2)2

= £.(1,0) =3

2+ y2)(0) — 3x3(2 —6x° 6
MO S Rt Ml SR

N =""Ga 37 ~Gray

2 2
where X“t+y

3
Example 10: Find £, (x, ), f(x,y)={w . (xy) % (0,0)
0 , (x,y) =(0,0)

Solution:
o My # 00 =fxy) =57
_(x*+yH)Ox* +y) — Bx* + xy)(2x)
fe = (x2 + y2)2
3x* + 9x?%y? — 2x?%y
= fi=
(xZ + y2)2
First Method for finding f,(0,0):
If (x,y) =(0,0) =

3x3 + x(0) . .
g(x)=f(x,0>={x2+<0)2 ’ ”0}45 il
0 , x=0
> £,00) = g'(0) = 3

3x3+xy

Second Method for finding f,(0,0): By Definition:
3x3 + x(0) 0
. f0)—£(0,0) | %24+ (0)2
fX(O'O)_plclir(l) x—0 _}clircl) x—0
=lim-X=1 = £(0,0) =3

x—-0 X

So,
(6 +y?)(9x2 +y) — (3x° + xy)(2%)
fr(x,y) = { (x2 + y?2)2 , (x,¥) # (0,0)
3 , (%) =(0,0)
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Example 11: I f(+h-1)-f(1,-1)
1

— 37 — 42
Find lim . , where f(x,y) =3/x7 —y2 +1

Solution: By the definition of the partial derivatives, we have

= f(1L=1) Butf, =1 —y% +1)5(7x%)

f(A+h-1)—f(1,-1)
m
h—-0 h
fA+h-1)-f1,-1) 7

> A "5

Example 12: Let f(x,y) be a function such that f, = 2xy, f, = x* + 2y, and
£(1,1) = 8. Find £(0,2)

Solution: f, =2xy = f(x,y) = J 2xydx + G(y)
floy) =x*y +G(y)

Now, we find G(y):
Differentiating equation (1) with respect to y:
fy=x>4+G')butf,=x>4+2y =2 x>+ G'(y) =x*+2y = G'(y) =2y
G(y) = [ 2ydy = y? + C, where C is a constant.
Equation (1) implies that: f(x,y) = x2y + G(y) = x*y + y? + C.
= foy)=x2y+y2+C . (2)
Now, we find C:
f(1,1)=8 = 12(1)+12+C=8 = C =6.
Equation (2) implies that:
fo,y) =x’y +y*+6
Finally, 1(0,2) = (0)%(2) + (2)?+6 =10

Example 13: Find f,(—1,1,e2), where f(x,y, z) = e*?In(z).

2x 2(-1)(D)

Solution: f, = ezy = f,(-1,1,e?) == =2 =

ez e’

Notations 14: There are several forms of partial derivatives of z = f(x, y):

f 0z
f(6,y) = fio = 2y f( Y) = ax:Dxszlf

and

f 0z
fy(x:y) fy_Z =_f( y) _y:DyszZf
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Example 15: Fmd — and — at the point (,v/3), where f (x,y) = sin (y2+1)
Solution:

% - 08 (yzyfl- 1) ((y2 -T— 1)2>

of
0x1 (3

- cos(7) ((y;ix%z)

of _of
W e v3) 53’

1 V3

_of
a = CoS

xxn

\/‘+1> f2+1)2 16v2

) —2mv/3
V3 +1 \/_2+1)2

= COS
xX= n

Interpolations of partial derivatives 16:

To give a geometric interpretation of
partial derivatives, we recall that the
equation z = f(x,y) represents a surface S
(the graph of ). If f(a,b) = c, then the
point P(a, b, c) lies on S. By fixing y = b,
we are restricting our attention to the curve "
C, in which the vertical plane y=b i

( (a, b, 0)
Intersects S. Figure 1

(In other words, C; is the trace of S in the plane y = b.) Likewise, the vertical plane
x = a intersects S in a curve C, . Both of the curves C; and C, pass through the
point P. (See Figure 1)

Notice that the curve C; is the graph of the function g(x) = f(x, b), so the slope of
its tangent T, at P is g'(a) = f,(a, b). The curve C, is the graph of the function
h(y) = f(a,y), so the slope of its tangent T, at P is h'(b) = f, (a, b).

Thus, the partial derivatives f,(a, b) and f, (a, b) can be interpreted geometrically
as the slopes of the tangent lines at P(a, b, ¢) to the traces C; and C, of S in the
planes y = b and x = a.
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Example 17: If f(x,y) = 4 — x* — 2y?,find £, (1,1) and f,,(1,1) and interpret
these numbers as slopes.

Solution: f, = —2x = f,(1L,L1)=-2 and f, = -4y = f,(1,1) = —4
The graph of f is the paraboloid z = 4 — x2 — 2y? and the vertical plane y = 1
intersects it in the parabola z = 2 — x%,y = 1. (As in the preceding discussion, we
label it C; in Figure 2.) The slope of the tangent line to this parabola at the point
(1,1,1) is f,(1,1) = —2. Similarly, the curve C, in which the plane x =1
intersects the paraboloid is the parabola z = 3 — 2y?%,x = 1, and the slope of the
tangent line at (1,1,1) is £,,(1,1) = —4. (See Figure 3.)

g

) |
JrUs [
| EA
! |
2 {_,;, B
X




Remark 18: Determine the signs of
the partial derivatives for the function
whose graph is shown in the figure:

(1) £:(1,2)
(2) £,(1,2)

(3) £ (=1,2)
(4) f,(=1,2)

Solution:

(1) f,(1,2) positive, (See Ts)

(2) £,(1,2) negative, (See T;)

(3) f(—1,2) negative, (See T,)

(4) f,(—1,2) negative, (See T,)

Example 19: Find g—i and Z—i If z is a function in x and y which is defined implicitly

3_.4,.3
by the equation =22 = 1

1-6xyz
x3—yt4z3

Solution: =1 =>x3—y*+2z3=1-6xyz

1-6xyz
=> x3—yt+z3+6xyz=1

Differentiating both sides of equation (1) with respect to x:

3x2 +3z%z, + 6xyz, + 6yz=0 = 2,322+ 6xy) = —(3x? + 6y2)
3x% + 6yz

322 + 6xy
Differentiating both sides of equation (1) with respect to y:

—4y3 +3z%z, + 6xyz, + 6x2 =0 = 2z,(32% + 6xy) = 4y® — bxy

4x3 — 6xy
7 T3y 6xy

> z, =
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Higher Derivatives 20: Let z = f(x,y). Then the second partial derivatives of f are:
0%z  0%f 0%z  9%f

= =52 = g0 "I =T Gy
0%z  0%f 0%z  0%f

nyzfxy: = Zx:fyx: =
dyox dyox dxdy 0xdy

of 9%f 9 (of
Where fxy = (fx)y’ fyx (fy) ! ayax ay (ax) and 0x0y - E(@)

Example 21: Find the second order partial derivatives of f(x,y) = x> + x%y3 — 2y?
Solution: f, = 3x* + 2xy> and f, = 3x%y? — 4y. So,

fox = 6x + 2y° fyy = 6x%y — 4

fiy = (f)y = Bx? + 2xy%), = 6xy?  for = (fi,)x = (3x%y? — 4y), = 6xY°

Remark 22: Observe that in the Example 18: f,,, = f,, = 6xy? which is not always true

Example 23: Flnd and — at the origin, where f(x,y) = 2x /x3 — 27y3

Solution: fe= 2x§(x3 — 27y3)_§(3x2) 4 23/x3 = 27y3
2x3
= fx: 2+23,/x3—27y3
(x% =27y%)3
2(0%) —
> £(0,y) = > +23(03 -27y% = £(0,y) = 6y
((0)3 —27y3)3

= fxy(ory) =—6 = fxy(0,0) = —6
Also,

1 2 —54xy?
fy = 205 (3 = 27y 3 (-27B)y?) = ———

2
(x* =27y%)3
—54x(0%)

= fy(x; 0) = 7 = fy(x' 0)=0
(x3 —27(0%))3

> fx(x0)=0 = £,(0,0)=0

Observe that in this example: f,,,(0,0) # £,,(0,0)
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Clairaut’s Theorem 24: Suppose f(x,y) is defined on a disk D that contains
the point (a, b) . If the functions f,, and f,, are both continuous on D, then

fxy(a: b) = fyx(a: b)

2 ,3xyz

8x2 ’

Example 25: If  £(x,y,2) = Find f},,,,(1,2,0)

Solution:
Since all partial derivatives of f of all orders are continuous near the point (1,2,0),
then Clairaut’s Theorem implies that £y, = fzyxxx- SO,

2 3xyz 2 3xy(0) 3 3
y<(3xy)e>*” y2(3xy)e3*y 3xy® 3y
fz = 2 = f,(x,y,0) = =

8x2 ~ 8x?2 - 8x
9y2 92> 9

y
= fzy(x,y, 0) = g = fzy(x, 2,0) = Sx Z

9 4 9 .
= [ (x,2,0) = P = [ (%,2,0) = X
= fzyxx(X, 2,0) = 9x~3 = fzyxxx(x: 2,0) = —27x 4

= fyxxzx(lrz:o) = fzyxxx(lizio) = _27(1)_4
= fyxxzx(liz:o) = —27

2 0°
SR R
x + In(x) dy*ox (,2)

Example 26: If  f(x,y) = x3y> —

Solution:
66
= fex (e, 2)
4 2 Yyyy
dy*dx ©2)
Since all partial derivatives of f of all orders are continuous near the point (e, 2),
then Clairaut’s Theorem implies that f,,yy, (€,2) = £,y yxx (e, 2). SO,
f=5x3 4_2L = f, = 20x3 3_2—x
Y Y T+ In(x) Yy Y T T In(x)
= fryyyex = 120x3y = fryyy(0,2) = 240x% = f,,(x,2) = 720x?
a°f
dy*0dx?

Observe that

= fyyy = 60x3y?

= 1440e
(e,2)

= fyyyyxx(X, 2) =1440x =
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Example 27: Find 3759570 (x1%in(xy) + x°°) at the point (—1,0)

Solution: Let  f(x,y) = x1%in(xy) + x°°

103
Then ——— (x1%in(xy) + x°°) = £,

0y 0x* 40—times 3—times
Since all partial derivatives of f of all orders are continuous near the point (—1,0),
then Clairaut’s Theorem implies that f, — = y %oz (—1,0).

63—times 40—times

So,
= x1%[x®%in(xy)]

(= fy = x"°[xcos(xy)] + 0 y = x1°[x® cos(xy)]
[ o

J = fyy = x1[—x?sin(xy)]
= fyyy = x °[=x3cos(xy)
L=> fyyyy = x1°[x*sin(xy)] : 10

1O[—x%2sin(xy)]

—x%3cos(xy)]

x (4,0) = —=(73)(72)(71) ... (73 — 39)x 7374

63—times 40—times

£ (x,0) =—=(73)(72)(71) ... (34)x33 = —;—;x”

73 73
y %oz (—1,0) = —ﬁ(—l) =330

63—times 40—times

d h(x)
Remark 28: Recall that: . F(t)dt = F(h(x))h’(x) — F(g(x))g’(x)
gx)

Example 29: If f(x,y) = nycos(et)dt, find £, (0,0)
Solution: ’
d 0
fx = cos(e™) ——(xy) — cos(e”) 7— (y) = ycos(e™) — cos(e”)(0)

= f, =ycos(e®?) = f,(0,y)= ycos(e(o)y) = ycos(1)
= fyy = cos(1) = f,,,(0,0) = cos(1)




Remark 30:
(1) The Laplace equation is the partial differential equation:
0%u  0%u , o
FI%) + a_y2 =0, where u(x, y) is a function in x and y.
(2) The wave equation is the partial differential equation:
0’u _ ,0%u

o a FeL where u(x, t) is a function in x and t.
Example 31:
(1) Show that u(x,y) = e*sin(y) is a solution to the Laplace equation.
(2) Show that u(x, t) = sin(x — at) is a solution to the wave equation.
Solution:
(1) ulx,y) =e*sin(y) = u, =e*sin(y) = u,, = e*sin(y)
u(x,y) = e*sin(y) = u, = e*cos(y) = u,, = —e*sin(y)

0%u X X
= e sin(y) + —e*sin(y) = 0.

So u(x,y) = e*sin(y) satisfies the Laplace equation
= u(x,y) = e*sin(y) is a solution to the Laplace equation

2) u(x,t) = sin(x — at) = u, = —acos(x — at)= u, = —a’sin(x — at
t tt
u(x,t) =sin(x —at) = u, = cos(x —at) = u,, = —sin(x — at)
0%u
ot?
: -
0%u ot?

5z —a’sin(x — at) )

= —a’?sin(x — at) 524

So u(x,t) = sin(x — at) satisfies the wave equation
= u(x,t) = sin(x — at) is a solution to the wave equation




- Vectors and the Geometry
-

of Space




12.4: The Cross Product

Definition 1: The Cross product of two vectors a = (a4, a,, a3) and b= (by, by, b3) is
given by:
b gk
dxb=|a; ap az|=(ayb;—aszby)i— (arbs —azb,)j+ (a1b, — aby)k
by by b3
= d x b is a vector in Vs.
Remark 2:
(1)To find @ x b we must have @ and b in V5. To
find @ - b, the vectors @ and b may be in V,, or V.
(2)a x b is a vector orthogonal (=) to the vectors
d and b and so @ x b is orthogonal to the plane
containing both vectors a and b. The direction of

d x b is determined by the right hand rule. ¥ 4 ‘
Example 3: Let a = (3,2,1) and b =(—1,1,0) K_/
(1)Finddx band b x @

(2) Find two vectors perpendicular (orthogonal) to both @ and b

(3) Find two unit vectors orthogonal to both a and b
(4) Find two unit vectors orthogonal to the plane that pass through the points
A(1,2,3), B(4,4,4), and €(0,3,3)

=i(2(0) —1(1)) —j(3(0) — 1(-1)) + k(3(1) — 2(-1))

=i(1(1) = 2(0)) — j(—1(1) = 3(0)) + k(—1(2) — 3(1))

(2) Two vectors orthogonal to both @ and b are @ X b and —d x b
= —i —j + 5k and i + j — 5k are orthogonal to both a and b
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. 5 - axb axb
(3) Two unit vectors orthogonal to both a and b are _gx5| and — _|;’x5|
—i—j+5k i+j—5k . - I
I and ——2=2= are unit vectors orthogonal to both d and b
|—i—j+5kK| li+j—5k]|
—i—j+5k i+j-5k . S -
N and e are unit vectors orthogonal to both @ and b

(4)Letd = AB = (B — A) =(3,2,1) and b = AC = (C — A) = (—1,1,0)
= @ x b and b x d are orthogonal to both @ and b

= dxbandb x d are orthogonal to the plane containing both a and b

= —i —j + 5k and i + j — 5k are orthogonal to the plane containing both a and b

—i—j+5k i+j—5k .. > Y
—IC and —Z are orthogonal to the plane containing both a and b
|-i—j+5k| li+j—5k]|

—i—j+5k i+j-5k : . . >
e and e are unit vectors orthogonal to the plane containing both a and b

Example 4: i xj=k, jxk=1i, kxi=j
jxi=—k, kxj=—i, iXk=—j

Properties of Cross Product: Let 1,7, and w be vectors in V, or V5 and let a be a
scalar. Then

In general
dx(bx&) #(@axb)x?é

- N N For Example:
(#) (au) x v = x (av) = (U x ) Jx(xk)=jx @)=~k
G)ux@+w)=WUxXxv)+ (UXWw) -V - .
6) (L + D) x W= (@ XW) + (& X W) Uxj)xk=0xk=0
Rule5:d@ x (b x &) = (d-&)b—(d-b)e
Example 6: Let d and b be orthogonal such that |@| = 2 and |b| = 3.

Find @ x (b x d) and |(b x @) x d|

Solution:
(bxd)xd=—-dx(bxd)=—((@-ab-(i-b)a)=—(al’h—0a) = —4b

|(b x @) x @| = |-4b| = 4|b| = 4(3) = 12




Example 7: Simplify (4@ —b) x (@ + b)
Solution:

(@ —b)x (d+b)

Rule 8:

(1) The length of &@ x b is given by: |d x b| = |d| |b|sing Distance
(2) The length of @ x b is given by:

B > C

- —,2 -\ 2 . .
lax b| = \/|&|2|b| —(d-b) (Lagrange identity)

Remark 19: Let L a line that pass through the points B and C.

Then the distance from the point A to the line L is:

X3\ here @ = BA and & = BC

Distance = —
|V

Example 9: Find the distance from the point A(1,2,3) and the line that pass through
the points B(2,1,3) and €(0,1,0)

Solution: % = BA = (A— B) =(—1,1,0)and ¥ = BC = (C — B) = (—2,0,—3)
x|l JuPs? - @92 J2(13) - (2)? V22
] U] V13 V13

Distance =

Example 10: Find |@ x b|, where & and b are given
in the figure with |d@| = 8, |b| = 6

Solution: |d x b| = |l [B| sind = 8(6)sin (%) = 48 5) = 24
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Example 11: Find |d@ x b| and @ x b, where |d| = 2 and |b| = %and |@ +2b| =3
Solution: |&+25|2=32 = |&|2+4&-B+4|B|2=9 = 4+443-b+1=9
>d-b=1

N -2 ) 1 >
|&xb|=J|&|2|b| — (d-b) =j4<z)—(1)2=0 = daxb=0

- —

Rule 12: Two vectors @ and b are parallel written @/ /b if @ x b = 0.

Observe the following:

(1) in Example 11 we have a x b =050 a//b
(2) If a is any vector then a//O sinced x 0 = 0

Remark 13: d//b < d = cb or b = ca for some scalar c.

Consequently: Let @ = {ay, a,, as) and b = (by, by, bs), Thend//b < 2 =22 =

by bz
where b4, b,, b5 are nonzero scalars.

Example 14:

(1)(6,3,15)//(4,2,10) since 3:2: = = are all equal

(2)(4,6,—28) and (2,3,14) are not parallel since the ratlos 2.2 _728 are not all equal

Example 15: Find the value of x that makes @ = (2,x — 1,x)and b = (x2 — 1,0, x + 1)
parallel.

2_
Solution:xz1 :0=%:x+1—0:>x— —1

0 0
— = (no error)

= thevalueof x isx = —1.

2_ 2_
Anothersolution:x21=x: = x21=0 = x2—-1=0 = x=+1

Check: Is there an error in the equations:

0 x+1 0 0 0
= = - =— = —(no error)
X 2 -2 -1
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— = % (there is an error in the equations)

x=1 =i

=>x#+1 = x=-1only.

Exercise 16: Find the value of x that makes:

d=(31,x2+2x+1)and b = (3x2 — 3,3,3) parallel.
Answer is x = —2

Definition 17: Three points 4, B, C are collinear (s2a) s 4sliiul le) & AB//AC

Example 18: Determine whether the points A(2,4,—-3),B(3,—1,1),C(4,—6,5) are
collinear or not.

Solution:

AB = (1,-54)and AC = (2,-10,8) > == =" ="areall equal = AB//AC

= The points A4, B, C are collinear
Another solution: AC = 24B = AB//AC = The points 4, B, C are collinear

Rule 19:

(1) The area (4alw) of the parallelogram determined by the vectors a and bisA = |& X I_5|

(2) The area of the triangle determined by the vectors a and bisA = % |Ei X I_5|

yd

»

>
a

Remark 20: Let 4, B, C, D be points and let @ = AB and b = AC.
(1) The area of the parallelogram (g3t s ) sis) with vertices 4, B, C,D is A = |€1 X E|

(2) The area of the triangle (<li<) with vertices A, B, C is A = % |d@ x b|
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Example 21: letd = i + 2j — k and b = j + 3k and let A(1,0,1), B(2,2,0), C(1,1,4), D be
four points.

(1) Find the area of the parallelogram determined by the vectors a and b.

(2) Find the area of the triangle determined by the vectors a and b.
(3) Find the area of the parallelogram with vertices 4, B, C, D
(4) Find the area of the triangle with vertices A, B, C

Solution:

(1)Area = x b =Jlalzlb| ~(@-b)" = J(©)10) — (-1 = V59

|d x
\/__

(2)Area =
(3)d = AB = (1,2,—1)and b = AC = (0,1,3) = Area = |d x b| =
(4)Area =

Definition 22: Let d = (a4, a,, as), b= (by, by, b3), and ¢ = (cy, ¢,, c3) be vectors. The

scalar triple of the vectors d, b, @ written & - (b x &) is defined by
a; a; Aas

(_i(b)(c_'))z b1 bz b3
€1 G2 C3

= a,(aybz — azb,) — ay(a; b3 — azb,) + az(a b, — azb;)

Rule 23: The volume of the parallelepiped

-

determined by the vectors d, b,¢is

e —

Remark 24: Let A, B, C, D be vertices of a parallelepiped and let @ = AB,b = AC,

= AD. Then the volume of this parallelepiped is V = |&@ - (b x &)
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Example 25: Find the volume of the parallelepiped:
(1) Determined by the vectors a = (0, —2,5),b = (0,1,2),¢ = (6,3, —1)
(2) With adjacent edges PQ, PR, PS, where P(—2,1,0),Q(2,—1,5),R(—2,2,2), and
S(4,4,—1).
Solution:

. 0 -2 5
Mda-(bxd)=[0 1 2
6 3 -1

=0(=1-6)— (=2)(0—12) +5(0 —6) = 0 — 24 — 30 = —54

Volume = |d - (B x ¢)| = |-54| = 54
(2)Letd = PQ = (0,—2,5),b = PR = (0,1,2),¢ = PS = (6,3,—1)
= d- (b x &) =—-54 (by part (1))= Volume = |d- (b x &)| = |-54| = 54

Rule 26:
(1) Three vectors d@,b, and & in V; are coplanar (lie in the same plane) if
i (bx¢)=0.
(2) Four points 4, B, C, D in R3 are coplanar if d - (E X ¢) =0, where d = AB,
b=AC,and ¢ =AD

Example 27:

(1) Find the value of x that makes @ = (1, x, 0), b = {(x,2,1),& = (0,1,1) coplanar
(2)Find the value of x that makes the points A(1,—-1,2),B(2,x —1,2),
C(x + 1,1,3),and D(1,0,3) lie in the same plane.

Solution:

1 x O
Mda-(bxd)=x 2 1/=12-1)—x(x—-0)+0(x—1)=1—x?
0 1 1
d-(bx¢)=0= 1-x2=0 = x==xl1
AB = (1,x,0), b = AC = (x,2,1),and & = 4D = (0,1,1)
X ¢) =1—x? (by part (1))




Partial Derivatives




14.5 The Chain Rule

Rule 1: Letw = f(x,y,2),x = x(r,5),y =y(),z = z(s),r =r(u,v),and s = s(u).

__0f oxor d0f 0x ds of dy or of dz ds

X - _

= w=f
du 0x0drodu + dx ds du * dy dr du + 0z ds du

dw _0f oxor N df dy or
ov dy dr dv

AT A

u v u u

Tree Diagram

w=f

o W _0fdx  0fdz
" 9s  oxos 9z ds

., Ox Oxor
ov




Example 2:  Let z = e®**sin(y),x = st?,y = t3. Find ? and %
s
Solution:

0z 0z 0x

ds  0x0s
= (2e%*sin(y))t? = 2t?e**sin(y)

0z dzdx 0zdy

ot “oxot ayadr
= (2e**sin(y))(2st) + (e**cos(y))(3t?)
= 4ste®*sin(y) + 3t?e**cos(y) = 4stz + 3t?e**cos(y) =

Example 3: Letu = x*y + y2z3,x = se?t,y = r?se™t,z = rcos(t).
Ju du

Find — and — whenr =2,s =1,t = 0.
ds ot

Solution:
Firstwe have to find x, y, zwhenr = 2,s = 1,t = 0.

u

X = 162(0) =1 /N

y =@ (1)e® =4

:{ x=1y=4z=2

X y Z
2 = 2008(0) = 2 whenr=2,s=1,t=0 /\ A /\
S t

T strt

au_auax auay_ 3 - . 3, ot
&‘EEJFE%_W y)(e™) + (x* +2yz7)(r7e™")
Ju

= —| r=2s=1,t=0 = (16)(1) + 65(4) = 276
0S| x=1y=4z=2
du  dudx N dudy N dudz
gt dxot dydt  0dzot
= (4x3y)(2se?") + (x* + 2yz3)(—r?se™) + (By?z?)(—rsin(t))

ou
= —| r=2s=1,t=0 = 16(2) — 65(4) + 48(2) = —132
0S| x=1y=4z=2
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Example 4: Let w = Iny/x2 + y2 + z2, x = sin(t),y = cos(t),z = tan(t). Find
dw

dt

Solution: Observe that:

1
w =Inyx2 +y2 + 22 = SIn(x? +y? +2%)

dw odwdx Jdwdy dwdz
S —=—— ——  ——
dt Jdxdt Odydt 0z dt

dw 1 2x 1 2y _ 1 2z 5

@t 2 iy Wty (IOt asec (O
xcos(t) — ysin(t) + zsec?(t)

- x% +y? + z2
sin(t)cos(t) — sin(t)cos(t) + tan(t) sec?(t)

- sin?(t) + cos?(t) + tan?(t)
tan(t) sec?(t)

~ 1+ tan? gt)
tan(t) sec?(t

- ie)cz(t)( ) = tan(t)

Example 5: Let z = f(x,y),x = g(t),y = h(t),g(3) =2,h(3) = 7,9'(3) =5,

dz
h'(3) = -4, f,(2,7) = 6 and £, (2,7) = —8 .Find T when t = 3.

Solution: First we have to find x, y when t = 3:

x=g(3)=2} :{xZZ,y=7

y=h(3)=7 whent = 3

dz _0zdx N dzdy _ O + WO
it oxdr T ayar - 9 fy(y)

= £.27)9'3) + £, 2DR'(3) = 6(5) + (~8)(—4) = 62
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Example 6: Let W(s, t) = F(u(s, t),v(s,t)), E.(2,3) = —1,F,(2,3) = 10,
u(1,0) = 2,v(1,0) = 3,u,(1,0) = —2,v,(1,0) = 5,u,(1,0) = 6,v,(1,0) = 4.
Find W,(1,0) and W,(1,0).

Solution: Observe that W (s,t) = F(u,v) withu = u(s,t), v = v(s, t).
Also, observe that to find W, (1,0) we have to find W, whens = 1,t = 0:
Also, we need to find u, v whens = 1,t = 0:

W=F

u=u(1,0)=2}=>{ u=2v=3 T~
/\t /\t

v=v(1,0)=3 whens =1,t =0

Now,

W, = E,u, + E,v,
W:(1,0) = E,(2,3)u:(1,0) + E,(2,3)v,(1,0) = —1(6) + 10(4) = 34
Finding I/, (1,0) is an exercise.

Example 7: Suppose that f(x, y) is differentiable. Find g,,(0,0) and g,,(0,0), where

gu,v) = f(e* + cos(v), 1 + sin(v)) f g f.
0,00 3 6 5
21| 6 3 2

Solution: Let x = e" + cos(v), y = 1 + sin(v). So, the function is:
9w v) =f(xy)

To find g,,(0,0) means: to find g,, whenu = 0,v = 0.

So, first we have to find x,y whenu = 0, v = 0:

x=e°+cos(0)=2} R { x=2,y=1
y=1+sin(0)=1 whenu =0,v =0

Now,
Ju = fxxu = ]‘;C(X, y)(eu)
= g,00,0) = £,(2,1)(e®) = 2

d
G = fits + fyy = = fulx, Y) (= sin()) + £y (x, ) (cos(»))
= ,(0,0) = £,(2,1)(—sin(0)) + £,,(2,1) cos(0) = 2(0) + 7(1) = 7




d d
Example 8: Let z = f(x — y). Show that £ % =0

Solution: Observe that f (... ) is a function in 1-variable, so, let

z=f(t),t=x—y

aZ_ ! .y 1 _
== Ot = OO =)

0z
and @=f ®t, =D =-f"()

az_ , , B
ay—f(t)+(—f (0)=0

9 9
Example 9: Let g(s, t) = f(s? — t2, % — s2). Show that ta_g + Sa_i] —0.
S

Solution: Observe that f (..., ...) is a function in 2-variable:

Let g(s,t) = f(x,y),x =s? —t?,y =t? —s? g=Ff(xy

dg
a_S = fixs + fyys = 2sf + (_Zs)fy

x y
o5 e

E = fixe + nyt = —2tf, + thy

— 2sf,) + s(—2tf, + 2tf,)

= 2stf, — 2stf, — 2stf, + 2stf,
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Example 10: Let z = f(x, y) be with continuous second order partial derivatives such
that x = rcos(@),y = rsinf. Show that:

0 () () -G) ) s
0%z 0° 0%z 027 X

f i .
(2) 32 = coszea— + 2sinfcosb Jyox + sin”6 ay? /\0 /\0
Tr r

| Solution:
0z _

(1) 3 = fxXr + fyyr = cosOf, + sinff,

0z

20

’ 1
(%) - %(%Z) = (costf; +sindf,)" + — (=7 (sin6f; — cosé £))°

= fxXo + f, Yo = —7rsinbf, + rcosbf, = —r(sinff, — cosbf,)

= cos?6(f,)? + 2sinfcosbf, f, + sinze(fy)2 + riz(rz(sinza(fx)2 — 2sinfcosbf, f, + cosZO(fy)z))

2 a 2
- g+ (5) = (55) +(35)
0z 0%z
(2) From part (1): = cosOf, + sinff, = el (cos@fx + sinff,)

0%z 0 d
= 57 = cosHa—];+sm9 6]3 ) A

0fx ofy.

So, we have to find: Fm and —

r ar
Ofx
or

af, :
a—: = fyxXr + fyyYr. = cosOf,, + sinbf,,

= fexXr + fxyyr = cosOfy, + Sin@fxy

= 08Oy, + sinbf,, .........(3) 1”/\9 1'/\9

(fyx = fxy Since f(x,y) is with continuous second order partial derivatives)
0%z ofy f
= 3z = COS@W + sm@ (by (1))

= cosO(cosOfy, + sin@fxy) + sin@(cos@fxy + sianyy) (by (1) and (2))
= c0s?0fy, + 2sinfcosbf,, + sin®6f,,




Implicit Differentation:

Implicit Function Theorem 11:
(1)Let y = f(x) is a function defined implicitly by the relation F(x,y) = 0, where
F is a differentiable function with £, is nonzero. Then
dy K

dx K
(2)Let z = f(x,y) is a function defined implicitly by the relation F(x,y,z) = 0,
where F is a differentiable function with E, is nonzero. Then

0z E, 0z E,
=—Z and — Y

gk " gk

Ll 5 LaY A

x> +yi+1
6y B
Solution: First, we have to find the value of y when x = 0:

x3+y3+1 03 +y3>+1
—=x = =0 = y3=-1 = y=-1
6y 6y

So,x=0= y=-1.

Example 12: Find y" at x = 0 if X

x = 0:

3 3
Second, we simplify (- the equation %J;H = x if possible
_ x3+y3+1
Equation: — =% 2 x34+y3+1=6xy = x3+y3—6xy+1=0
= Let F(x,y) = x> +y3 —6xy+1
E, 3x% — 6y

T 3y2—6x

/ . 3(0)2 — 6(_1) . 6 _
V byt = T30 6@ - T3
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Example 13: If  x3 + y3 + z3 + 6xyz = 9, find

0z 0z _
(2) Ep and 3y at the point (0,1)
Solution:x3 +y3 +z3+6xy=1=> x3+y3+23+6xy2—9=0
Let: F(x,y,z) =x3+y3+23+6xyz—9
3x2 + 6yz 0z E, 3y? + 6xz
" 322+ 6xy and dy E, 3z2+6xy
(2) At the point (0,1) = x =0,y = 1. So, we have to find the value of z:
Whenx =0,y = 1:
x34+y3+z23+6xyz—1=0= 03+ (1)3+2z3+6(0)(1)z—9=0
= z3=82=2
> x=0,y=1,z=2.
From part (1):
0z 3x% + 6yz 3(0)% + 6(1)(2)
dx  3z%+ 6xy )= Lyt  3(2)2+6(0)(1)

3y2 + 6xz 32+ 6(0(2) 1

T 322+ 6xy T 3(2)2+6(0)0(1) 4

x=0,y=1,z=2

Example 14: Suppose that the equation F(x,y,z) = 0 implicitly defines each of the
three variables x, y, z as a function of the other two. If F, F,, F, are nonzero, show that
0z dx dy

dxdy 0z
Solution: By the Implicit Function Theorem we have
0z K ox F

x  F Iy E
azaxay_(%)(/?y) F\ X
dx 0y 0z F EJ\ E)

1, y

Example 15: Suppose that the equation F(x,y) = 0 implicitly defines y as a function
of x and defines x as a function of y. If F, F},are nonzero, show that
dy dx
dxdy
Solution: By the Implicit Function Theorem we have
dy E, dx E,
E,

— = and — =
dx E, dy
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Example 16: Suppose that the equation F(x,y,z) = 0 implicitly defines each of the
three variables x, y, z as a function of the other two. If E, and F, are nonzero, find
0z 0x
dx 0y
Solution: By the Implicit Function Theorem we have
oz K dy
ox B 0z
F\ 0z

E,J 0y




Partial Derivatives




14.6 The Directional Derivative and
the Gradiant VVector

Definition 1: The gradient vector of the function f(x, y) at the point (x,, y,) is defined by

Vf(x0,¥0) = (fx(xo»YO)»fy(xo')’o»
% Observe that: f(x,y,z) =
Vi (X0, Y0, 20) = (fx(xojYo»Zo)»fy(xod’o;Zo)»fz(xolJ’o:Zo))

Definition 2: The Directional derivative (or the rate of change) of the function f(x, y) at
the point (x,,y,) in the direction of the unit vector ¥ = (a, b) is:

Dof (o, ¥o) = lim == — -

Interpolation of the Directional Derivative 3:

Suppose that we now wish to find the
directional derivative (the rate of change) of
the function f'(x, y) at a point P’ (xg, y,) In
the direction of a unit vector u To do this
we consider the surface S with the equation
z = f(x,y) (the graph of f) and we let
Zy = f(x0,Y0)- Then the point P(xy, vy, Zo)
lies on S. The vertical plane that passes
through P in the direction of u intersects S
in a curve C. The slope of the tangent line
T to C at the point P is the directional
derivative (rate of change) of f in the
direction of wu.

Theorem 4: The Directional derivative (or the rate of change) of the function f(x, y) at
the point (x,, y,) in the direction of the unit vector ¥ = (a, b) is:

Dﬁf(xOIyO) = Vf(xO;yo) ) ﬁ (dOt pI'OdllCt)




3

Example 5: Find the directional derivative of the function f (x,y) = x2y3 at the point
(—2,3) in the direction of the vector v = 2i — 5j.

Solution:
Gradient: Vf = (f, f,,) = (2xy?,3x%y?)

= Vf(-2,3) =(2(—2)(3)3,3(-2)2(3)%) = Vf(-2,3) = (—36,108)

v 2i-5j _ 2i-5j _ , 2 5

R A
2 5

612

— (=36)——+ 108(—i) -
- V29 V29/ 29

Unitvector: v = 2i — 5] = ¥ =

x%—y
y2
(2,1) in the direction indicated by the angle 8 = = (that is in the direction that makes

3

Example 6: Find the rate of change of the function f(x,y) = at the point

the angle 6 = gwith the positive direction of the x-axis.

Solution:
2(_1)— (2
Gradient: Vf = (f. f,) = 321_926,3/ (-1) ;x4

Unit vector: v = {(a, b) : a = cos(0), b = sin(6)

T 1
a=cos(—)=—
3 2

= > U= (l,ﬁ), |¥] =1 = v is aunit vector
b = sin (E) =¥ 22
3

2

Y@ = YF(2,1) = (4,-7)

Def @D = V@D = (4,-7) LD

1 3 4—7V3
=(4)5+(—7)<§)= tak
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Example 7: Find the rate of change of the function f (x,y,z) = x? — 3yz3 at the point
P(2,—1,1) in the direction from P to the point Q (31%)

Solution:
Gradient: Vf = (f., f,. f) = (2x,—323,-9yz?) = Vf(2,-1,1) = (4,-3,9)

Unit vector: 5=PQ=(0—-P)=(12,— 1) V] = \/%_1 = ¥ not a unit vector

_2<12 2) 2 4 1
21 \/ﬁ\/ﬁ V21

2 4 1
Dj; 2;_1;1 =V 2JJ_1J1 ﬁ: (4' _3)9)< ) )y )
8 12 9 13

V21 V21 V21 N2

Remark 8: Recall that: The definition of the directional derivative (or the rate of
change) of the function f(x, y) at the point (x,, y,) in the direction of the unit vector
U =(a,b)is:

Dof (o, ¥o) = lim == — -

and D3 f (X0, ¥0) = Vf(x0,¥0) = ¥
Example 9: Let f(x,y) = In(x? + 2y) — v/x. Find
f (4 i ‘F") F(40)
lim

h—-0 h

Solution: By the definition of the directional derivative we have:

h \8h
f<4—§:T>—f(4:0) 1 V8
=Vf(4;0)'(—§;?

lim
h—0 h
So, we have to find V£ (4, 0)

Vf =«

1
x2+2y \/_x2+2>=>vf(40)_<0 )

F(#-55) - reo)
h

By (1) = }ll_r)l’(l)
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. N1 1y o 2V2 1
Example 10: Leti = (ﬁ, \/E>’ U= (
(a) Find the gradient vector of f at the point (2,1).
(b) Find the directional derivative of f at the point (2,1) in the direction of i — 2j.

) Dy;f(2,1) =2and Dyf(2,1) =1

Solution:
(@) LetVf(2,1) = (a,b). Then
Daf(21)=2 = Vf21)-1=2 =

( b)-(i —i)—z =>a—b_2 = a—-b=22
a, N 7 a =

Dﬁf(2,1)=% > VFQR1)- == =

(a,b) - (i_ 1)—1 m++b=% = 2V2a+b=1 ........

(1)+(2)=> (1+2vV2)a=2vV2+1 = a=1
Theequation(1)= 1—b=2V2 = b=1-2V2
VF(2,1) = {a,b) = (1,1 — 2V/2)
(b)Vf(2,1) = (1,1 — 2v2) (by part (a))
Unit vector: wW=i—-2j = |Wl=+vV5=>w= (i, —%} unit vector.

V5
2)_4\/7—1

1
= Dpf(21) =Vf(2,1) w = (1,1 —2V2)" <\/_§' NG 7

Remark 11: Since i, j, and k are unit vectors, then:

e Dif =Vf-i={fu.fy, ) (1L,00)=f, = Df=f,
 Dif =Vfj=Afuf ) (OL0)=f, = Dif=F,
* Dpf =Vf i={fo, ) 00 =f, = Df =Ff




Example 12: Use the figure to estimate
D,f(2,2).

Solution:

lul = 1, |[VF(2,2)| = 3.7
= u = (cos(150),sin(150)) = (_\/2_§,%> 0

= Vf(2,2) = (|9flcos(315), [VfIsin(315)) = (=, — =)
3.743
D,f(2,—1,1) = |Vf(2,2)| lu| cosf = 3.7 cos(150) = 5 = —3.2

Remark 13: Let ¥ = {(a, b) be a unit vector. Then
Dy f (x0,¥0) = Vf(x0,¥0) D

= |Vf(x0,y0)| - |9] cosf
= |Vf (xo,¥0)|cos8 (since D is a unit vector)

—1<cosf <1 = —|Vf(xp,yo)l < |Vf(x9,¥0)|cosO < |Vf(xq, Vo)l

= —|Vf(x0,¥0)| < Dsf (x0,¥0) < [Vf (x0,¥0)l

Theorem 14: Suppose that f is a differentiable function of two or three variables

¢+ The maximum value of the directional derivative D f (x, o) 1S
|Vf(xy, Vo) | Which occurs in the direction of V£ (x,, yo).

B D and Vf are in the . _Vf
Dof = IVfl | <= same direction —| 7= V£|

¢+ The minimum value of the directional derivative D f (x,, yo) iS
—|V £ (x0,¥0)| which occurs in the direction of =V (x,, yo).

D and =Vf arein

Dof = =IVfl | &= the same direction —

Remark 15: Observe that:




The maximum value of The maximum rate The function f
the directional derivative of change of f increases fastest.

of f

The minimum value of The minimum rate The function f
the directional derivative = of change of f - decreases fastest.

of f

Example 16: Find the maximum directional derivative (or maximum rate of change)

of the function £ (x,y) = 2y2+/x at the point (9, —3) and find the
direction in which it occurs.

Solution: Vf=<j—;,4y\/§> = Vf(9,-3) = (3,-36)

the maximum directional
derivative

= |V£(9,-3)| = /32 + (36)2 = V1305

The direction in which the maximum directional derivative occurs is in the
direction of the vector V£ (9, —3) = (3, —36), that is in the direction of (1, —12)

Example 17: Find the direction in which the function f(x,y, z) = xe*™>* decreases
fastest at the point (2,1,2).

Solution: Vf = (xe* Y% + e* V% —xze* V%, —xye*V*) = Vf(2,1,2) =
(3,—4,—2)

= The direction in which the function f decreases fastest is —Vf(2,1,2) = (—3,4,2)

Example 18: Find the unit vector U, if Vf(1,2) = (3,—4) and D;f(1,2) = 5.

Solution: Since [VF(1,2)| =V9+ 16 =v25=5= D;f(1,2) = |Vf(1,2)|
= D;f(1,2) has its maximum value. = ¥ and Vf(1,2) are in the same direction:

Va2 o, Bh 3 4
=

> V=W 5 5




Rule 19: Let S: F(x,y,z) = k be
a surface and P(x,, vy, 2,) be a VE{X5;5 Yo: Za)

pointon S.

R tangent plane
Let C:7(t) = (x(t),y(t),z(t)) .
be a curve on S that passes r'(7o)™
through P. Prove that VF is
perpendicular to the tangent
vector 7' (t) of C at the point P.

Proof: ThecurveCisonS ;
= ( satisfies the equation of S X /

= F(x(®),y(®),z@®) =k e (1)
Differentiating both sides of the equation (1) with respect

= VF-7(t) =0 wveevv e o (2)
The point P(x,, o, z,) is on the curve C = 7(ty) = (X0, Yo, Zo)
The equation (2) at the point P(xy, ¥o,20) = VF(xg, Vo, Zo) "7 (ty) =0
Which means that:
VF is perpendicular to the tangent vector 7' (t) of C at the point P

Remark 20: Rule 19 says the following:
VF is normal to the surface S: F(x,y,z) = k at any pointon S.
So, we have the following Theorem:
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Theorem 21: Let S: F(x,y,z) = k be asurface, P(x,,y,,7,) be apointon S. And
Iet VF(Xo,yo,Zo) = <a, b, C). Then
(1) The equation of the tangent plane to the

- - V-F('\.U' ,\‘n- :n)
surface S at the point P is:

tangent plane

ax + by + ¢z = axy + by, + ¢z, r,'(',‘o)\ \J

(2) The parametric equations of the normal
line to the surface S at the point P are:

X=xy+at,y=y,+bt,z=12,+ct

Example 22: Find the equations of the tangent plane and the normal line at the point
2 2

X z
(—2,1,3) to the ellipsoid T + y?% + 5= 3

Solution:

2 2 2 2
(1) The equation — + y® + = =3 = (x:+y2 +5-3= 0) % 36
= 9x2 + 362 + 422 — 108 = 0
Let F(x,y,z) = 9x% + 36y? + 4z> — 108 asiall Jageusi Sy JaaY
= VF =(18x,72y,82) > VF(—2,13) = (—36,72,24) 12 e diandy
= vector is (—3,6,2)

¢+ The equation of the tangent plane at (—2,1,3) is:
—3x+6y+2z=-3(-2)+6(1)+23)=18 = —-3x+6y+2z=18
+¢ The equations of the normal line at (—2,1,3) are:

x=-2-3t, y=14+6t, z=3+2t

asidl muad 3 o dleud; e (—3,6,2) 4aiall (5 ) 00 4aie aladinl ) gay iidaadle
b LS (normal line) 2 seladl Ll il ol et Uil (_1,2’3)

2
x=-2-t, y =1+ 2t, z:3+§t
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Example 22: Find the equations of the tangent plane and the normal line at the point
(—=2,1,5) to the surface z = x? + y?
Solution:

Theequationz = x? +y?> = x?+y>—z=0.LetF(x,v,z) =x*+y* —z
> VF =(2x,2y,—1) = VF(=2,13) =(—4,2,—1)
¢+ The equation of the tangent plane at (—2,1,5) is:
—A4x+2y—z=-4(-2)+2(1)—-((5)=5 = —4x+2y—z=5
¢+ The equations of the normal line at (—2,1,5) are:
x = —2 —4t, y=1+2t, z=5—-t

Example 23: At what point the surface y = x? + z? is tangent to the plane parallel
to the plane x + 2y + 3z = 1.

Solution:
Surface: y = x? +z?= x2—y+2z2=0

= F(x,y,z) =x?—y+2z?> VF =(2x,—1,22)
Plane:x + 2y +3z=1 = v =(1,2,3)

= (2x,—1,22) //(1,2,3) = (2x,—1,22) = a(1,2,3)

a
> 2x=q,2a=-1,2z=3a = x:E'

10 o 1 10 3
— The point s (——,— ,——)
16 4’16’ 4
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Example 24: At what point the surface x? — y? + z? — 2x = 1 has a normal line
parallel to the line x = 4t, y =1 — 2t, z = 2t.

Solution:

x2—y?24+2z2-2x=1 =2 x?—y?+4+22-2x—-1=0

= F(x,y,z) =x?—y?+2z2-2x—1 = VF = (2x — 2,—2y,2z)

normal line // line (x = 4t, y=1—-2t, z=2t) = (4,—2,—2) // normal line
But VF // normal line = VF //(4,—2,-2)= (2x — 2,—-2y,2z) |/ (4,—2,—2)
= (2x —2,-2y,2z) = a{4,—2,-2) = 2x — 2 =4a,—-2y = —2a,2z = -2«
> x=2a+1l,y=a,z=—«

substituting in the surface x> — y? + z? — 2x =1

>QRa+1) —a?+(—a)*—2QRa+1)=1>4a’—-4a—-3=0

—()4+/(-4)2—4(4)(-3) 4+V64 4+8 1 3
o= - -

=1 = —— —
2(4) 8 g ‘T 2%%

x=2a+1 =>x=0 \

The points are:

> (0_%%)

(53 3)
24" 4
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Example 24: At what points does the normal line through the point (1,1,2) on the
ellipsoid 4x2 + y? + 4z? = 21 intersects the sphere x? + y? + z2 = 6

Solution:

4x2 +y2 +4z2 =21> 4x2+y2 +42z°-21=0

= F(x,y,z) = 4x?> + y?> + 4z?> — 21 = VF = (8x,2y,8z)

= VF(1,1,2) = (8,2,16) = (8,2,16) // normal line (= 2) = (4,1,8) // normal line

The equations of the normal lineare: x =1+ 4t,y =1+t,z=2+8t

The normal line intersects the sphere x2 + y2 + z2 = 6:

Substitute (x = 1 + 4t,y = 1 + t,z = 2 + 8t) in the equation x? + y? + z% = 6:

(1+4)*+ (1 +t)2+(2+8t)2=6

= 14+8t+16t°+1+2t+t>2+4+4+32t+64t>=6

= 81t2+42t=0 = t(80t+42)=0 = t=00rt=——:

81
x=14+4t = x=14+0>x=1
Whent=0: 2 {y=1+t = y=1+0=>y=1
z=248t > z=24+0>z=2

( 42
x =144t =>x=1—4(—) S>X=——

81

e ym1- () oy
= = - — | —
y y 31

2+ 8t 2 8(42>
= = = — —
Z Z 31

81

\

87 39 174)

The points are: (1,1,2) and (— 81’81’ 81
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Example 25: Where does the normal line to the paraboloid z = x? + y? at the point
(1,1,2) intersects the paraboloid a second time.

Solution:
z=x2+y?’=> x?+y2—2z=0> F(x,y,z) =x*>+y?—z
= VF = (2x,2y,—1) = VF(1,1,2) = (2,2,—1)
The equations of the normal lineare: x =14+ 2t,y =1+ 2t,z=2—1t
The normal line intersects the paraboloid z = x2 + y?:
Substitute (x = 1 + 2t,y = 1 + 2t,z = 2 — t) in the equation z = x? + y?:
2—t=(14+2)2+ (1 +2t)2 = 2—t=2(1+4t+4t?
> Bt24+9t=0 =>1(8t+9)=0 =>t=0o0rt=—>
x=14+2t 2 x=1+0=>x=1

Whent=0: 2 {y=14+2t = y=14+0=>y=1
z=2—t=> z=2—-0>2z=2

( 9
x=14+2t = X=1+2<—§>

9
y=1+2t=>y=1+2(—§
2—t 2 ( 0

= —_ = = —_ ] — =
Z Z 3

\

10 10 25)

The points are: (1,1,2) and (— 38’8

= the normal line to the paraboloid z = x2 + y? at the point (1,1,2) intersects the

10 10 25

paraboloid a second time at (— P ?,g).
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Example 25: Show that every plane that is tangent to the cone z? = x? + y? passes
through the origin.

Solution: Let (a, b, ¢) be a point on the cone z2 = x? + y?
= c? =
Now, we find the equation of the tangent plane to the cone:
z2=x?>+y? > x2+y?—22=0.
Let F(x,vy,z) = x? +y%2 —2z2 = VF = (2x,2y,—2z) = VF(a,b,c) = (2a,2b, —2c)
VF(a,b,c) L tangent plane = (2a, 2b, —2c) 1 tangent plane =+ 2

(a,b,—c) L tangent plane and (a, b, ¢) is a point on the tangent plane

The equation of the tangent plane: ax + by — cz = a? + b? — ¢? = 0 (by equation (1))

At the origin x = 0,y = 0,z = 0: substituting in the equation (2):
a(0) + b(0) — c(0) = 0 = The origin satisfies the equation (2)

The origin lies on the tangent plane that is the tangent plane passes through the origin.
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Example 25: Show that every normal line to the sphere x? + y? + z? = r? passes
through the center of the sphere.

Solution: Let (a, b, ¢) be a point on the sphere x2 + y2 + z% = r2,

First, we find the equations of the normal line to the sphere x? + y? + z? = r? at
(a,b,c):

x2+yi+zi=r?=>x24+y*+2z2—-r2=0.

Let F(x,y,2z) = x2+y? +z? —r? = VF = (2x,2y,2z) = VF(a,b,c) = (2a, 2b, 2¢)
VF(a,b,c) // normal line: = (2a, 2b,2c) // normal line =+ 2

= (a,b,c) // normal line and (a, b, ¢) is a point on the normal line

The equations of the normal line: x = a+at,y =b+ bt,z=c + ct

To show that the normal line passes through the center of x? + y? + z2? = r2;

Observe that the center of the sphere is (0,0,0):

x=a+at > x=a—a=0
So,takingt = -1 = Jy=b+bt = y=b—-—b=0
z=c+ct > z=c—c=0

= the normal line passes through the origin which is the center of the sphere.

Definition 26: Define DZf by DZf = D;(Dyf), thatis DZf = D;g, where g = Dyf

Example 27: Find DZ£(0,—3), where f(x,y) = x?y3 and 9 = %i — ‘/3_§j

Solution: Vf = (2xy3, 3x2y?)

= Letg = Dyf = Vf D= (2xy3, 3x2%y?)- (g,—?) = %xy3 —\/5x2y?

4
Vg = (G¥* - 2V5xy2 4xy? — 2V5x%y) = Vg(0,-3) = (~36,0)

: ] 2 5
D;f(1,2) =Dyg =Vg -9 =(=36,0)- (§,—?) = —24
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14.7 Maximum and Minimum Values

Definition 1: A function f(x, y) is said to have:

(1)a local maximum value at a point (a,b) € Dom(f) if f(a,b) = f(x,y) for all
(x,y) € D, where D is a disk in Domain f centered at (a, b). The number f(a, b) is

called a local maximum value of f.

(2)a local minimum value at a point (a,b) € Dom(f) if f(a,b) < f(x,y) for all
(x,y) € D, where D is a disk in Domain f centered at (a, b). The number f(a, b) is

called a local minimum value of f.

(3)an absolute maximum value at a point (a,b) € Dom(f) if f(a,b) = f(x,y) for all

(x,¥) € Dom(f). The number f(a, b) is called the absolute maximum value of f.

(4)an absolute minimum value at a point (a,b) € Dom(f) if f(a,b) < f(x,y) for all

(x,y) € Dom(f). The number f(a, b) is called the absolute minimum value of f.

(5)a local extremum at a point (a, b) if f has a local maximum or minimum value at
(a, b).

(6)an absolute extremum at a point (a, b) if f has an absolute maximum or minimum

value at (a, b).

Example 2: Find the absolute and local extrema of the function f(x,y) = 2x2 + y?
Solution: First, we give a graph of the function £ Z

From the graph we see that:

f has alocal minimum value at (0,0). This local minimum value

is £(0,0) =0

Also, f has an absolute minimum value at (0,0). This absolute
minimum value is £(0,0) = 0
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Partl: Local Maximum and Minimum Values

Definition 3: A function f(x, y) is said to have a critical point at (a, b) € Dom(f) if:
> fy(a,b) =0 and f,(a,b) =0
or
> f.(a,b) does not exist
or
> f,(a, b) does not exist
Example 4: Find the values of a and b that makes the function f has a critical pointat (1, —1),
where f(x,y) = x?y + 3axy? — bxy.
Solution: f, = 2xy + 3ay?® — by and f,, = x* + 6axy — bx
(1,—1) is acritical point f,(=1,1) = 0 and f,(—-1,1) =0
fi(=1,1)=0=>-2+3a+b=0=23a+b=2...cc.....(1)
f(-1,1)=0> 1-6a—-b=0=>6a+b=1..........(2)

D -(1):= 3a=-1 a:_%

()= 3a+b=2:1+b=2=>b=1

Theorem 5: If a function f(x,y) has a local maximum or minimum value at (a, b) and
fx(a,b), f,(a, b) both exist, then f,.(a,b) = 0 and f,(a,b) =0

The Second Derivative Test 6: Suppose that the second partial derivatives of the
function f(x,y) are continuous on a disk centered at a point (a, b) and suppose that
fx(a,b) =0 and f,(a,b) = 0. Let

D(a,b) = fe (@ b)fyy(a,b) = [y (a,b)]°
(1)IfD(a,b) > 0and f,,(a, b) > 0,then f has a local minimum value at (a, b). This
local minimum value equals to f(a, b).
(2)If D(a,b) > 0 and f,,(a,b) < 0, then f has a local maximum value at (a, b).
This local maximum value equals to f(a, b).
(3)If D(a, b) < 0, then f has neither a local maximum value nor a local minimum
value at (a, b). In this case we say that f has a saddle point at (a, b).




4

Example 7: Find and classify the critical points of the function f as local maximum,
local minimum, or saddle point, where f(x,y) = 2x3 + 6xy? — 3y® — 150x.
Moreover find the local maximum and minimum values of f.

Solution: f, = 6x* + 6y? — 150 and f,, = 12xy — 9y?

fi =0>6x?>+6y2—150=0= (6x2+6y2=150)+6

> x24+y2 =25 (1)
fy=0=(12xy—9y*=0)+3=>4xy—3y*=0=>y(4x —3y) =0

=>y=00ry=§x

Casel: If y = 0: Equation (1) = x? = 25 = x = +5 = two critical points (+5,0)

Case2: If y = %x: Equation (1) = x? +%6x2 =25 =>2—95x2 =252>x?=9=x =43

» Ifx=-3:y= %x =y = —4 = one point (—3, —4)
> Ifx=3:y= Sx =y = 4 = one point (3,4)

% f has four critical points: (—5,0), (5,0), (—3,—4), (3,4)
fex = 12x,  f,, = 12x — 18y, and f;, = 12y

D = fuefry — fiy] = D =12x(12x — 18y) — (12)?
At (=5,0): D(=5,0) = 12(=5)(12(=5)) > 0 and f,,(—5,0) = 12(-5) < 0:
= f has a local maximum value at the point (—5,0)

f(=5,0) =2(=5)% - 150(—5) = 500 is a local maximum value of f.
At (5,0): D(=5,0) = 12(5)(12(5)) > 0 and f,,,(5,0) = 12(5) > 0:

= f has a local minimum value at the point (5,0)

f£(5,0) = 2(5)% — 150(5) = =500 is a local minimum value of f.

At (=3,—-4): D(-3,—4) = 12(-3)(12(-3) — 18(—4)) — (12(—4))2 <0

= f has a saddle point at (—3, —4)

At (3,4): D(3,4) = 12(3)(12(3) — 18(4)) — (12(4))2 <0
= f has a saddle point at (3,4)
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Example 8: Find the local maximum and local minimum values of the function
flx,y) =x*+y* —4xy + 1.

Solution:

fr =4x® —4yand f, = 4y® — 4x

fi=0>4x3 -4y =0> y=x3 . (1)

fy=0=2>4y°—4x=0 = x=y3 ...

Substitute equation (1) in (2): x = (x3)* =>x=x"=>x=0,-1,1

Casel: If x = 0: Equation (1) = y = 03 = 0 = one critical points (0,0)

Case2: If x = —1: Equation (1) = y = (—1)3 = —1 = one critical points (=1, —1)

Case3: If x = 1: Equation (1) = y = (1)® = 1 = one critical points (1,1)

< f has three critical points: (0,0), (—1,-1),(1,1)
fxx = 12x2’ fyy = 12y2, and fxy = —4

D= fufyy —fiy]” = D=12x2(12y7%) — (—4)?

At (0,0): D(0,0) = —16 < 0: = f has a saddle point at (0,0)
= f has neither a local maximum nor a local minimum at (0,0)

At (=1,—1): D(-1,-1) = 12(12) — 16 > 0 and f,.(—1,—1) = 12 > 0:

= f has a local minimum value at the point (—1,—-1)
= f(—1,—1) = —1is a local minimum value of f
At (1,1): D(1,1) = 12(12) — 16 < 0 and f,,(1,1) = 12 > 0:
= f has a local minimum value at the point (—1,—-1)

f(1,1) = —1is alocal minimum value of f
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Example 9: Find and classify the critical points of the function f as local maximum,
local minimum, or saddle point, where f(x,y) = x%? + y? — 2x — 6y + 12.

Solution: f, = 2x —2and f, =2y — 6
[(=0>2x—-2 =0= N O )
fy=0=>2y-6=0 > y=3 ............(2)

¢ f has only one critical point: (1,3)
feix =2, fyy =2, and f,,, =0
2
D= fufyy = fy] = D=4
At (1,3):D(1,3) =4 >0and f,,(1,3) =2 > 0:

= f has a local minimum value at the point (1,3)

Part 2: Absolute Maximum and Minimum Values of
Functions with Only One Critical point

Theorem 10: Let f(x,y) be with domain R? and has only one critical point at (a, b).

(1) Iff(a,b) is alocal maximum value of the function f, then f(a, b) is an
absolute maximum value of f.

(2) Iff(a,b)isalocal minimum value of the function f, then f(a, b) is an
absolute minimum value of f.

Example: Find the absolute maximum and minimum values of the function

flx,y) =x*+y%—-2x— 6y + 12.

Solution: From Example 9 we see that this function has only one critical point at (1,3) and

at this point £ has a local minimum value. So by Theorem 10, f has an absolute minimum

value at (1,3) = The absolute minimum value of £ is £(1,3) = 2.

Also, observe that the function f has no absolute maximum value because it has only one

critical point.
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Example 11: Find the shortest distance from the point (1,0, —2) to the plane

x+2y+z=4
First Solution: Let (x,y, z) be a point on the plane x + 2y + z = 4. The distance from

the point (1,0, —2) to the point (x,y, z) is

d=y(x—1*+ -0+ (z - (-2))
> d?=x-12+y*+(zZ+2)?.......(D

Since z = 4 — x — 2y substituting this in the equation (1) we have:

=>d? =(x—-1)2+y*+ (@4 —x—2y+2)?

=(x—1)?%+y%4+(6—x—2y)*
Let f(x,y) =d* = f(x,y) = (x = 1)? + y* + (6 —x — 2y)*
fr=2x—1)+2(6—x—-2y)(-1) = f,=4x+4y— 14
fy=2y+2(6—-x—-2y)(=2) = f, =4x+ 10y — 24
(=0 =>Ux+4y—-14=0)+2 =2 2x+2y =7

fy=0= (4x+10y—-24=0)+2 > 2x+5y=12......(3)
Eq(3)Eq()=3y=5 = y=> = 2r+2(})=7 56 =2
The function f has only on critical point at (%g)

frx = 4»fyy = 10,and f;cy =4=D= (fxx)(fyy) - [fxy]z

D=40—-16 =24 > 0and f,, = 4 > 0= f has alocal minimum value at (1?12)

: - : 5 5 . .
Since f has only on critical point at (%,5) and f (%,g) is a local minimum value

5 . .
of f, then f (1?1,;) is an absolute minimum value of f

The absolute minimum value of f is f (%, g)

. . 11 5
= The shortest distance is d = — =
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Second Solution: We use the law of distance from a point and a plane:

Equation of plane: x + 2y +z=4= x+2y+z—4=0 ,point (1,0,—-2)

. . 1+2(00)+(=2)—4] |-5] 5
The shortest distance is d = = - =

V12 +22 +12 V6 V6

Remark: Let f(x,y) be a function with range(f) = S, where S is a set in R, then
» The absolute maximum value of f = maximum value in S

» The absolute minimum value of f = minimum value in §

Example 11: Find the absolute maximum and minimum values of the function

fGy) =5-9—22—y?

Solution: First we find the range of f: Let z = 3 — /9 — x2 — 2

JI—x2—y2>0 = —/9—x2—y2 <0

5—y9—x2—-y2<5= z<5 .......(1)

z=5-,9—x2—y2=5-,/9— (x2 +y2):
(x> +y2)=0=> —(x>+y3) <0 > 9—(x*+y?) <9

JI—(x2+y2)<V9 = J9—(x2+y2) <3

—J9-(x2+y2)>-3 = 5—,9—(x2+y2)>5-3
Z22 i (2)
= from (1) & (2) range(f) = [2,5]
» The absolute maximum value of f = maximum value in [2,5] = 5

» The absolute minimum value of f = minimum value in [2,5] = 2




Part 3: Absolute Maximum and Minimum Values of
Functions over closed bounded sets

Definition 12:

(1) A closed set in R? is a set that contains all its
boundary points, where a boundary point of a
set D is a point (a,b) such that every disk
with center (a, b) contains points in D and (a) Closed sets
also points not in D.
(2) A bounded set in R? is a set that is contained
within some disk.

(b) Sets that are not closed

Extreme VValue Theorem for Functions of two variables 13:

If f(x,v) is continuous on a closed, bounded set D in R?, then attains an absolute
maximum value f(x;,y;) and an absolute minimum value f(x,,y,) at some points

(x1,¥1) and (x3,¥,) in D.

Remark 14: To find the absolute maximum and minimum values of a continuous
function f(x,y) on a closed, bounded set D:
Step 1. Find the values of at the critical points of f(x,y) in D.

Step 2. Find the extreme values of f(x,y) on the boundary of D.

Step 3. The largest of the values from steps 1 and 2 is the absolute maximum value and
the smallest of these values is the absolute minimum value.
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Example 15: Find the absolute maximum and minimum values of the function
f(x,y) = x?> — 2xy + 2y on the rectangle D = {(x,y):0 < x < 3,0 <y < 2}.

- VA
Solution: ' L. (2.2

Step 1: We find the critical points of f in D: (0,2)
fr=2x—2yand f, = —2x + 2

,=0=2>2x—-2y =0=> y=x L,
fy=0=>-2x+2=0 =>x=1}

=y =1 = (1,1) is a critical point of f " (0.0)

Check: Is (1,1) € D?

Yessincex =1€ (0,3) andy=1€ (0,2) = we haveapoint (1,1)

interval interval

Step 2: We find the extreme values of f on the boundary of D:
Observe that the boundary of D consists of 4 line segments: L;,L,, L3, L,:
S OnL; (y=0)g,(x)=f(x,0) =x%—-2x(0)+2(0) =x30<x < 3.
g1(x) =2x,0 <x < 3.
g1x)=0=22x=0=>x=0¢ @

interval
We have two points when x = 0 and x = 3 = the points are (0,0), (3,0)

S OnL, x=3):h®») =fGBy)=0B)2-2B)y+2y=9—-4y,0<y < 2.
h(@y)=-40<y<2.
hi(y) #0,vy € (0,2) = We have two points wheny = 0 and y = 2:

interval
= the points are (3,0), (3,2).
S OnL; (y=2):g,(x)=f(x,2)=x?>—-2x(2)+2(2) =x?>—4x+4,0<x < 3.
gr(x) =2x—4,0<x <3.
g,(x) =0 22x—4=0=>x=2€ (0,3)

. N ——
interval

We have three pointswhenx = 2, x = 0and x = 3
= the points are (2,2), (0,2), (3,2)

% OnL, (x=0):h,(y)=7f(0,y) =(0)>—-20)y+2y=2y,0<y<2.
hi(y) #0,vVy € (0,2) = We have two points wheny = 0 and y = 2:

interval

= the points are (0,0), (0,2).
Step 3: | Points | (1,1) (0,0) (3,0) (3,2) (2,2) (0,2)
f(x,y) 1 0 9 1 0 4
The absolute maximum value of f is 9
The absolute minimum value of fis 0
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Example 16: Find the absolute maximum and minimum values of the function
flx,y) =x*>—2xy—y*+8y—1ontherectangle D = {(x,y):0 <x < 1,0 <y < 3}.

Solution:

Step 1: We find the critical points of f in D: ks

fo=2x—2yandf, = —2x + 2y + 8 (1,3)

f[,=0=2x—-2y =0 = x—y=0 I
fy=0=>-2x—-2y+8=0=>x+y=4

= x =2,y =2 = (2,2)isacritical point of f

Check: Is (2,2) € D? Nosincex =2 ¢ (0,1)

interval

We do not have any critical point of f in step 1

Step 2: We find the extreme values of f on the boundary of D:
Observe that the boundary of D consists of 4 line segments: L;,L,, L3, L,:
SOnNL, (yv=0):g,x)=f(x,00=x30<x<1=g1(x) =2x,0<x <1.
g1x)=0=2x=0=x=0¢ (0,1)
interval
We have two points when x = 0 and x = 1 = the points are (0,0), (1,0)
S OnL,x=1:hHB) =fA,y)=—-y*+6y+1,0<y<3.
hi(y) =—-2y+6,0<y<3:h(y)=0=>-2y+6=0=>y=3¢ @

interval

We have two points when y = 0 and y = 3: = the points are (1,0), (1,3).

S OnL; (y=3):g,(x)=f(x,3) =x>—6x+150<x < 1:
g,(x)=2x—-60<x<1g;(x)=0=2x—6=0=>x=3¢ (0,1):

s
interval

= We have two points when x = 0 and x = 1 = the points are (0,3), (1,3)

S OnL,(x=0)h,(y)=f(0,y)=—-y*+8y,0<y<3.
hy(y) =—-2y+8,0<y<2: h(y) =0 = —2y+8=0=>y=4¢ (0,3)

interval

We have two points when y = 0 and y = 3 = the points are (0,0), (0,3)

Step 3: | Points (0,0) (1,0) (1,3) (0,3)
f(x,y) -1 0 9 14
The absolute maximum value of f is 14

The absolute minimum value of f is —1




12

Example 17: Find the absolute maximum and minimum values of the function
f(x,y) = xy? onthe disk D = {(x,y): x? + y? < 4}.

Solution:
Step 1: We find the critical points of f in D:

fr =y*and f, = 2xy

=02y =0>=> y=0.......(1)

x=0...(2)
y=0...(3)

Case 1: Equations (1) & (2): y = 0 & x = 0 = we have one critical point (0,0) in D

fy=0=2xy=0 :>{

Case 2: Equations (1) & (3):y=0&y=0=>y =0,Vx € (—2,2)
interval

= we have infinitely many critical points (x,0),x € (—=2,2) in D

interval

Step 2: We find the extreme values of f on the boundary of D:
Observe that the boundary of D is the circle: x2 + y? = 4
S Onx?+y? =4y =4—x?
g(x) = f(x, J’)|y2=4_xz =x(4—x?%) = 4x — x3
Sg(x)=4x—x3,-2<x<2 = g'(x)=4—-3x%-2<x<2

4 2
gx)=0 = 4-3x2=0 > x*?==- = x=+—€(-2,2)

3 V3

interval
2

> Ifxzé:yzzél—(\/—g)2

= We have two points: (% — %

2\2 4
ﬁ) =4-3=
= We have two points: (—j—§ —%) ) (—
Step 3: f(x,y) = xy?

point | 50,y € (=2,2) <2 \/§><2 \/§>

interval ﬁ a \/_§ ﬁ ’ ﬁ
: 16 [ 16
fe) 33|33

. . 16
The absolute maximum value of f is Ve

The absolute minimum value of fis 0
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Example 18: Find the absolute maximum and minimum values of the function
f(x,y) = x* + 2x%y? + y* 4+ 8y — 1 on the half disk D = {(x,y): x% + y? < 4,y > 0}.

First Solution:

Step 1: We find the critical points of f in D:
fr =4x® +4xy*and f, = 4x%y + 4y° + 8

fi=0> 4x3 +4xy? =0 =2 4x(x*+9y%) =0

=>{ x=0........(D
x2+y2=0 =2x=0andy=0........(2)

fy=0=24x’y +4y° +8=0 ............(3)
Case 1: Equations (1) & (3):x = 0 & 4x?y +4y3+8=0=> 4(0)’y+4y3+8=0
=24y34+8=0=2y3=-2=2y=-2
we have one critical points (0, —/2) but (0,—%/2) & D
Case 2: Equations (2) & (3):x =0,y = 0&4x*y +4y3+8 =0
= 4(0)%(0) + 4(0)3 + 8 = 0 = 8 = 0 which is impossible
We do not have any critical point of f in Step 1
Step 2: We find the extreme values of f on the boundary of D:
The boundary of D consists of two parts: C: x2 + y> =4and L:y = 0
> On C:x? + y? = 4: Observe that f(x,v) = (x> +y?)?+ 8y —1
Let h(y) = f(x,¥)|y224—y2 = (4)* +8y —1 =8y + 15

> h(y)=8y+150<y<2=h'(y)=80<y<2=h'(y)#0,vye (02)

interval

We have two critical points wheny = 0and y = 2
y=0:x2=4—y?2 2 x2=4—-(02=4>x?=4 5x =42
We have Two Points (—2,0), (2,0).
y=2:x>=4—-y%2 2 x2=4—-2)*=0>2>x2=0=>x=0
We have One Point (0,2).

> OnL:y=0:g(x)=f(x,0) =x*+2x20)*>+ (0)*+8(0) — 1
>gx)=x%-2<x<2>3>g9'(x)=4x3,-2<x<2




g'(x) =0 = 4x3 =0 = x = 0 We have one point (0,0)

Step 3: f(x,y) =x*+2x%y?+y*+8y—1

point (=2,0) (2,0) (0,2)
f(x,y) 15 15 31

= The absolute maximum of f is 31
= The absolute minimum of f is —1

Second Solution:
Observe that f (x,v) = (x* + y?)? + 8y — 1

Since 0<x?+7y2<4=0<(x?+y?)?%?<16

>0+8y—-1<(x*+y%)*+8y—-1<16+8y—1
= 8y—1<f(x,y) <8y+15, Vy € [0,2]

The maximum value of (8y + 15) when y € [0,2] is 31
The minimum value of (8y — 1) when y € [0,2] is —1
= The absolute maximum of f is 31

= The absolute minimum of f is —1




Multiple Integrals




15.1 Double Integrals over Rectangles
15.2 lterated Integrals

Fubini’s Theorem 1:
LetR={(x,y):a<x<bc<y<d}

be a rectangle and let f(x, y) be a continuous

function on R. Then the double integral

j f(x,y)dA can be expressed as an iterated

R

integral as: dA = dydx or dA = dxdy

|| rexyraa= j b j e y)dy dx = j ' f e y)dxdy

Remark 2:

(1) j b j )y dx = f b ( f " y)dy) dx:

Means: Compute g(x) = fcdf(x, y)dy by taking x as a constant, then compute
b
J, 9(x)dx.

@) j ' f Foy)drdy = f ' ( f e y)dx> dy

Means: Compute h(x) = f:f(x, y)dx by taking y as a constant, then compute
[ G dy.
(3) Therectangle R = {(x,y):a < x < b,c <y < d} can be expressed as:
R={(x,y);a<x<bc<y<d}=]ab]Xx]cd].




Properties of Double Integrals 3:

Let f(x,y) and g(x,y) be continuous functions on a rectangle R 0. Then

0 [+ graa = [[ ran+ [ o
R R R
@ [[¢-gaa= [[ raa- [ gaa

(3) ﬂ cfdA =c ff fdA,where c is a constant.
R R

(4) If f(x,y) = g(x,y) forall (x,y) € R, then Jf fdA = ﬂ gdA

¢ If the variables x and y in f(x,y) are separated, that is f(x,y) = g(x)h(y)
and f is continuous on the rectangle R = [a, b] X [c, d], then

[ raa=| b | " gCORG) dy dx = ( | 960 dx) < | ") dy)
| . ). . c

Example 4: Evaluate the double integral jf(x — 3y?)dA,where
R

R={(x,y):0<x<2-1<y<3}

Solution: dA = dxdy ordA = dydx
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Example 5: Compute the following double integral: ff, xsin(xy)dA, where

s

R =[12]x[0,7]
Solution: dA = dydx ordA = dxdy

dA = dydx = weintegrate [ ysin(xy)dy by substitution
dA = dxdy =>ifweuseweintegrate [ ysin(xy)dx by parts

n
2

ﬂ xsin(xy)dA —.].12 (-/o xsin(xy) dy) dx = ( cos(xy))]]o dx
- [ (o) - - -5

T
2
2

=14=
T

— X

Remark 6: Recall that y = /72 — (x — a)? is
the equation of a semicircle:

a+r 1
j Jr2 — (x — a)?dx = —mr?
a-—r 2

a+r 1
j Jr2 — (x — a)? dxzznrz

a

ja \/rz—(x—a)zdxzin

a-—r
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Example 7: Evaluate the double integral [f, V4 —x2dA, where R = [-2,2] x [0,3].

Solution: dA = dydx ordA = dxdy = we choose dA = dydx (why?)
y = V4 — x? is an equation of a semicircle:

[ ([ )

2
=3f 4 — x2dx
-2

\' Iv
| |

=3 (%) m(2)? = 6m D) 2

Example 8: Evaluate the double integral [f, v4x —x2dA, where R = [2,4] X [0,3].

Solution: dA = dydx ordA = dxdy = we choose dA = dydx (why?)
y =V4x —x2 = /4 — (x — 2)2 is an equation of a

i |

semicircle:

!JmdA:L4<L3‘/4_(x_2)2dy>dx=3E\/4_(x_2)2dx

=3 (%) n(2)? = 3m

Example 9: Evaluate the iterated integral [ fon/lz sin (g) cos(2y) dydx.

Solution: Observe that the variables in sin (g) cos(2y) are separated, so

f: f:/lz sin (g) cos(2y) dydx = (jon sin (g) dx) (j:/lzcos(Zy) dy)

- e (] 22 -
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Example 10: Evaluate the iterated integral foz folf(x, y) dydx, where

_(2y ,x=eY
f(x,y)—{4x g

Solution: Since the function f is defined when x > e” and x < e” so we first integrate
with respect to x and then y:

= jozjolf(x,y)dydx=J01<j:f(x')’)dx>dy . =4 | =%
=j(-)1<j:yfdx+j:,fdx>dy

0 eY
1 ey
[ (I
Differentiate Integrate

1
= ,[0 (2e?Y + 4y — 2ye?¥) dy 2y eV

=e?Y 4+ 2y% — (2ye¥ — 2e”)]§ 2
=e+1 0
[ 2yeY dy = 2yeY — 2e¥

4xdx+j

e

2 1
2y dx) dy = j (2x2]8” + (2 — e¥)2y) dy
y 0




Multiple Integrals




15.3 Double Integrals over General Regions

Type 1 Regions: LetD = {(x,y):a <x < b,g,(x) <y < g,(%)}

Ve

| [

|
| |
| 71 %) |
| l

|

|

|

|
0

o

y = f(x) 105 & a0 p Jray i dalaiall a3 ) Cilyaial) of sy

VA

and let f(x,y) be a continuous function on D.
Then the double integral: dA = dydx

[[ reunaa= [ bj " o y)dy dx .

g1(x)

g = >
u

a

Type 2 Regions: Let D = {(x,y):hy(y) < x < hy(y),c <y <d}

) i) ol LAY |y
(sl ¢ guiage x
x = h(y)

and let f(x,y) be a continuous function on D.
Then the double integral: dA = dxdy

|| reyraa- f ' | Y p o ydx dy

h1(y)
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Remark 3: If the region D consists of two (or more) regions of type 1 (or Type 2) as
in the figures:

Then Hf(x,y)dA=ﬂf(x,y)dA+ﬂf(x,y)dA
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Example 4: Sketch the region and change the order of integration:

(1) f 2 fo " p oy dx @ | i jy sz(x, y)dx dy

Solution:

(1) dA =dydx Type 1 Region dA = dxdy Type 2 Region
Curves:y =0 - y=In(x) |:> Curves:x =e¥ - x=2
x=1-x=2 y=0-y=1In(2)

3

y = In(x)

/1 y=0 2

2 rln(x) In(2) ,2
j j F(x,y)dy dx = j j £(x,y)dx dy
1 Y0 0 ey

(1) dA =dxdy Type 2 Region : dA = dydx Type 1 Region

Curves:x =y% — x =2 Curves.y = —vVx - y =+/x
y:()—)yzz

2

v_fyzf(x,y)dx dy = f: fj;f(x,y)dydx
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Example 5: Sketch the region and change the order of integration:

4 ry+1
| | feyaxay

-2 753
Solution:

dA = dxdy Type 2 Region : dA = dydx Type 1 Region

2 2
Curves:x=y7—3 - x=y+1 x=y7—3 S>y2=2x+6

y=-2-y=4 =y=1+V2x+6
To find the pints of intersection of x=y+tl=y=x-1
5 Intersection:y = -2 = x = —1
x=y7—3 andx =y + 1: y=4 > x=5
5 We have 2 Regions:
y——3=y+1 =>y2—-2y—8=0 Region D;:
2 y=—V2x+6 »y=VZx+6
= -dDly+2)=0 x=-3 >x=-1
Region D,:
y=x-—1 —>y=\/m

x=-1->x=5

| ) " FGoy)dxdy = | | T e yydy dx +

Y -3 V2x+6 -

L L S ——.




Example 6: Evaluate ff, xydA, where D is
the shaded region in the figure:

Solution: Curves are written as in Type 1 regions. So we have two regions:

= \/2.\' + 6

A

y=—2x+6

Look to the region as Type 2 regions:

We have one region and the curves are:
2

x=%—3andx=y+1

= Using Type 2 region is better than using Type 1
regions:

= Take dA = dxdy

4 ry+1
= ﬂxydA=f _[2 xy dxdy
D 2
4 42 YT 1 4 , y
= Y|, =5 O+DY-(5
-2 3’7_3 -2
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Example 7: Evaluate [f  xydA, where D is the region bounded by y = x — 1 and
y2=2x+6
Solution: Curves:y = x —land y? = 2x +6=>x =y + land x = *—

= dA = dxdy (Type 2 Regions)

2
Intersection of curves: y+1=y7—3 >y2—-2y—-8=0=> (y—-4H)y+2)=0

>y=-20ory=4=> —-2<y<4

4 ple¥aal s
j j xydxdy s ddas M
—2J,

S aall e

Os2s JsY) Jalsall agan & e aall 8 sl oY) aall 3 sl agaa]
Ay =0 ey [—2,4] 5 b il dhe 336 —2 <y < 4 of L cam
OS) e Al g oY) aad) A isiall S jreal A0l AU Guisiall 8 e gad
Slehall g el o &

>x=y+1=>x=0+1=1

= x=£—3 =>x=(0)2
2 2

2
= x = y? — 3 (lower curve in integral)

-3 = -3

= x =y + 1 (upper curve in integral)

4 ~y+1 4,2 YT
= ﬁxydA =f fz xydxdyzf —ym dy = 36
5 —2J/%-3 _p 2 3’72

-3

y € [-2,4] = Take y = 0:
x=y+1=>x=0+1=1
x=y72—3:>x=%—3 =-3
x =y + 1(upper curve)

2
X = y; — 3 (lower curve )
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Example 8: Compute [f (x + 2y)dA, where D is the region enclosed by y = 2x?
andy = 1+ x2.

Solution: Curves: y = 2x?andy = 1 + x? = dA = dydx (Type 1 Regions)
Intersection of curves: 2x?=1+x?=x’=1=>x=41 > -1<x<1

Yl aall aia

1 poleaall st
j j (x +2y)dydx  :dbasd
-1/,

iy 0535 V) JalSill dgan & eV aal) & siall g a1 aall 6 sl s
L gai o x = 0 DM o&il5 [—1,1] 3l A plis) A Ml -1 < x < 1 ol W
niall 5 Sl aied A5 oY) aall b sl )5Sy el Aiad 52l Gauaial) 8
Sled sl b

y=2x? 2y=2(0)>=0

y=1+x%2 2y=1+(0)?=

= y = 2x? (lower curve in integral)

= y =1+ x? (upper curve in integral)

32
15

1 ,1+x? 1 )
= ﬂ(x + 2y)dA = f f (x +2y)dydx = f (xy + yz)]];éc dx =
> -1 J2x2 -1

x € [-1,1] = Take x = 0:
y=2x2 3y=2(0)2=0
y=1+x2 2y=1+(0)=1
= vy = 2x? (lower curve)

= y =1+ x? (upper curve)
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Example 9: Compute the following iterated integrals:

(1) j: Liexz dx dy (2) féjlsin(yz) dy dx
0 Jax

402
(S)f j e* dxdy
o Ny

Solution:
(1)dA = dxdy = We have Type 2 Region:
Curves:x =2y - x =2
y=0-y=1
» Go to type 1 Regions:
dA = dydx
Curves:y=0-y =

x=0->x=2

(2)dA = dydx = We have Type 1 Region
Curves:y =2x-y=1
x=0->x=
Go to type 2 Regions:
dA = dxdy
Curves: x = O—>x=§

2 2
f f sin(y?) dy dx = f j sin(y?) dx dy
0 Jax 0 Jo

=flzsin( 2y 4 :_cos(yz) 2=_cos(1)—1=1—cos(1)
0 2 YO 4 4 4

0

(3) Exercise
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Rule 10: Let D be aregion in the xy-plane. Then the areaof D = ﬂ 1dA
v Y. D

Example 11: Find the area of the shaded region in the

figure:

Solution:

First we find the points of intersections

yZ
S -3=y+1=y2-2y-8=0

=-Hly+2)=0
>y=—-2o0ory=4

4 ~y+1 4 y2
AT‘BCL=]J 1dA=j JZ 1dxdy=j (y+1_7+3>dy= ...............
D =2 3/7_3 —2 Jall s

Example 12: Find the area of the region bounded by the curves y = e?*,y = 2, and
x =4,

Solution: Observe that the curves are:
y=e*y=2
e*=2=2x=In2= x=1n72
Ask your self: which is bigger: x =4 orx = lnTZ (lnTZ = (0.34)

In2
xX=—7-x= 4
Ask your self: which curve is upper and which is lower:
Take a value of x between lnTZ and 4 = Take x = 3
y=e** o> y=e°= (2_7)6} y = 2 (lower)
— — = — 52X
y=2 = y=2 y = e“* (upper)

4 pe?X 4
Area = .U- 1dA = j j 1dydx = f (e?* — 2)dx
In2 In2
D 2 72 2
4

2x
mln_z




Example 12: Find the following:
2 pV4—x?

(1) j j —3dydx
-2Y0

(2) ﬂ 2dA,where D = {(x,y): x> +y?> <9,x > 0,y = 0}
D

Solution:
(1)Curves:y =0 -y =V4 — x?

X=—2 - x=2

2 pV4—x2 2 V4—x2
j j —3dydx=—3j j 1dydx = —3Area = —3(
270 270

(Z)ﬂD 2dA=2ﬂD 1dA = 2(Area of D) =2<”TZZ> =2n
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Example 13: Combine the sum of the two double integrals asasingle double integral:

j h j " ey dydx + j j " ey dyd

V2x+6

Solution:

-1 V2x+6
j j f(x,y)dydx: y=—V2x+6 > y=vV2x+6,-3<x<-1

V2x+6

V2x+6
f f f,y)dydx: y=x—1 -y=v2x+6,-1<x <5
-1Jx-1

j_lf o f(x,y)dydx + fs fmf(x y) dydx = f f_y: f(x,y)dxdy

V2x+6 -1Jx-1
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Estimation of Integrals 14: Let D be a closed bounded region in the xy-plane such
thatm < f(x,y) < M forall (x,y) in D. Then

m(Area of D) < Jf fdA < M(Areaof D)
D

Example 1.5: Estimate the value of f j esSin®cos g4 where
D

D is the region enclosed by the disk x% + y2 < 4.

Solution: —1 < sin(x) cos(y) <1 = e ! < SN cosh) < o1

= e™' X (Areaof D) < [[ esin) s g < e x (Area of D)

Areaof D = m(2)* = 4m: (1) = et x 4n < [f eS"sWIdh < e x 4n

= ff esSin) cos) A € [ 4mwe?, 4me]
D

Example 15: Estimate the value of j f esin()cos(®) g4 where
D

D is the region enclosed by the disk x% + y? < 4.
Solution: —1 <sin(2x) <1 > —1 < 2sin(x)cos(x) <1

1 . 1
= —% < sin(x) cos(x) < i = e 2 < SN coskx) < o3

1 _ 1
= e 2 X (AreaofD) < .U esincosX)ga < e2 x (Area of D)
D

= e_% X 4 < ﬂ esin() cos() g4 < e% X4nr = ff esin®cosM gy e [4\/—7:47“/5]
e
D

D




Multiple Integrals




15.7. Triple Integrals

Fubini’s Theorem for Triple integrals 1: If f(x, y, z) is continuous on the rectangular

box B ={(x,y,z)ia<x <b,c<y<d,r<z<s}=]|ab]Xx][cd]Xx]rs], then

b d s S b s d

ff fav —jjjfdzdydx=ffffdxdyd2=ffffdydzdxz .......

a c r ar ¢

called triple called iterated called iterated called iterated
integral integrals integrals integrals

Observe that dV = dzdydx = dzdxdy = dxdydz = dxdzdy = dydxdz = dydzdx

Example 2: Evaluate [ff, xyz*dV
where B = {(x,y,2):V2<x<20<y<4,-1<z<1}

Solution: Take dV = dxdydz

1 4 1 4
X
]ﬁxyzdez jj xyztdxdydz = jJ7ﬂ yz*dy dz
B 10 10 V2

1

274 ! 371
=3fy7m z%dz = 24 fz dz—243]] =16
0 1

-1 -1
Observe that this example can be solved faster as:

2 4 1

xyZZ dXdde = fxdx fydy fzz dz | =
V2 0 -1
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Triple Integrals for Non-Rectangular Box Regions 3:

(1) Let E be the solid in 3D such that u, (x,y) < z < u,(x,y) and the region D is

the projection of S on the xy-plane.
uz(x,y)

mon [ v = [ [ e

uq(x,y)
We may take dA as: dA = dydx or dA=dxdy or dA=rdrdf

(2) Let E be the solid in 3D such that u; (y, z) < x < u,(y, z) and the region D is

the projection of S on the yz-plane.
uz(y,2)

e fff v = [ [ raas

u1(y,2)

Y =15V, 2)

We may take dA as: dA = dydz or dA=dzdy or dA=rdrdf
(3) Let E be the solid in 3D such that u; (x,z) <y < u,(x,z) and the region D is

the projection of S on the xy-plane.
uz(x,2)

Then: jﬂfdv ff f fdy |dA

uq(x,2)

We may take dA as: dA = dxdz or = or dA=rdrdf
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Example 4: Evaluate [ff. zdV, where E is the solid tetrahedron bounded by the four

planesx =0,y =0,z=0,andx+y+z = 1.
Solution: dV = dzdA

Surfaces:z=0andz=1—-—x—y

Region D: bounded by x = 0, y = 0 (dale dakaia axi Y 3 5all 0f 1aaY)

a

&& Add (if possible) Intersection N
1
0

of surfacestoregionD: 1 —x —y =0

X = D

y=0 1\

dA = dydx
1-x-y dv = dzdydx

j zdz |dA

We have to sketch the region D:

Region D:y=0,y=1—-x,1—-x—y =0

& eVl iy oY) aall 8 sdand) aaa]
Aalaiall 8 lia) ddads 2l ran ) (55 J W) JelSl 3 gan
Cnbandl (ilae (A Lean 523 3 (0,0) e oS35 D
Aad sl 5 oY) aall b maudl € jral 7 Aad A
eV aall L mhlll S STal g
z=0at(x,y) =(0,0) = z=0
z=1—-x—-yat(x,y)=(00)=>z=1
s z =0 (lower)
o z=1—x—1y (upper)
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Example 5: Find [ff, vx? + z2dV, where E is the region bounded by the paraboloid

y = x? + z? and the plane y = 4.
Solution: dV = dydA

Surfaces:y = x2 + z%?and y = 4
Region D: bounded by

&& Add (if possible) Intersection

of surfaces to region D: x? + z2 = 4

We must sketch the region D: x? + z%2 = 4

jﬂfdl/z!)j fmdy dA

x2+z72

2m

/
\

2 4
=j j jrdyrdrd@
0 0

r2

2w 2
=f f r2(4—r?)drdf
0 0

G eVl aall iy oY) aall 8 sdasd) apaa]
bl ddat 3l ran ) s s J5Y) JalSll 5 gas
las 8 lgum s 4 (0,0) Dl (S5 P Ailaial

) aall i mdaidl 6 gl ydad A el

Sle¥haall 8 mdaid) ()5S HSTaly dad 3l
y=x?>+z%at(x,z) =(00) = y=0
y=4at(x,z) =00)>y=4

%y =x?2+ z% (lower)
% y = 4 (upper)
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Example 6: Let I = [1 [* [7 f(x,y,2) dzdy dx

(1) Express the iterated integral I as a triple integral

(2) Rewrite the iterated integral I in a different order, integrating first with
respect to x, then z, and then y.

(3) Rewrite the iterated integral I in a different order, integrating first with
respect to y, then x, and then z.

Solution: (1) First we give the boundary equations of the solid E' given in the iterated
integral 1. We do this by one of two ways:

(a) by sketching the solid E

(b) by deleting the equations that results from surface or curve intersections.

Equations: z = 0,z = y, =10,y = ¥*&& =0, =l

Surfaces Curves 2S5l aguzany 2l (Sas

Let E be the solid bounded by:

z=0,z=y,y=x%andx =1
The triple integral is: I = [ff. fdV
(2) Let E be the solid bounded by:

5
Z=O,Z=y,y:x2,andx=1 .\/

. x=1
AVASSNGRGZAS) (from question) :

— 2 .
= j/=for surfaces,|& region D in the yz-plane Observe that y = x*> = x = +,[y

Bt0<x<1=x=.y
Surfaces: x = [y andx = 1 =

Region D: z = 0,z = y (Al dakhie i ¥ 5 gaal) o LaaY) ty=1 /
&& Add (if possible) Intersection

of surfaces to region (,/y = 1=y = 1)

Region D bounded by: ZENONzranc .

Lower and upper Surfaces:

{xz\/;at(0,0): x=0}

x=1at(00)= x=1

N {x = \/; (lower)}

x =1 (upper)

f(x,y,z)dxdzdy
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(3) Let E be the solid bounded by: z = 0,z = y,y = x%,and x = 1

AV =Ndydxdz (from question) = = forsurfaces & region D in the xz-plane

Surfaces: y = zand y = x°
RegionD: z = 0,x = 1 (Adle ddkia aed ¥ 250a)) () LaaY)

Add (if possible) Intersection of surfaces to region (z = x2)

Region D bounded by: z = 0,x = 1 and z = x?2.

Lower and upper Surfaces:
{y =zat(x,z) =(1,0) = y= 0} {y = z (lower) }
=
y=x%at(x,z) =(1,00> y=1 y = x2 (upper)

f(x,y,z)dydxdz




Example 7: Rewrite the iterated integral f: ff foz_yf(x,y,z) dzdydx ina
2

different order, integrating first with respect to x, then y, and then z.

Solution: SolidE:z=0,z=2—y, y == ,y Vx && FEID, S
asie sl ALY R pelS ol e 33l (e

We delete equations of intersections:
» z=0,z=2—-—y=>2—-—y=0 = J=12 (is not a boundary of E)
> y=’2—c,y=\/§=>§=\/§ Sx=2Vx 2x?=4x 2x*?—4x=0
=>x(4—x)=0
= x = 0,x = 4 (are not boundaries of E so, should be deleted).

The solid E is bounded by z = 0,z = 2 —y,y=§,y =+/x

dV = dxdydz: KEHOnSUrIaces & & region D in the yz-plane

Surfaces: x = 2y, x = y?

Region D: ;
z=0,z=2—y (A dshic Jaai Y 350l o) 12aY)

Add (if possible) Intersection of surfaces to region=y% = 2y =y =0,

= RegionD:z=0,z=2 —

2-y

4
j j fdzdydx
0 0

y=2
N —r’
not a boundary
curve of D

Lower and upper Surfaces:

{x =2yat(z,y)=(01) = x= 2} R {x = 2y (upper)}

x=y%at(z,y)=(01)> y=1

x = y? (lower)

)
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—x2 -
Example 8: Express the iterated integral fol fol g fol ¥ fdydzdx in adifferent
order, integrating first with respect to z, then y, and then x.

Solution: SolidE:y =0,y =1—x, 2=0,z = 1 — x? && K=, =N
peie gl ALY pans (il (S 2elS 5l agians Ak (Kae

We delete equations of intersections:

» y=0,y=1—x=>1—-x=0 = &= (is not a boundary of E)
> z=0,z=1—-x*>> 1—-x? =0 = ¥ =1 (are not boundaries of E)

The solid E is bounded by: y =0,y =1—x,2z=0,z=1—x%x =0

dV = dzdydx: ZIOTSUTIAces & & region D in the xy-plane

Surfaces: z =0,z = 1 — x?

Region D:

y=0y=1—-xx= 0(&&&‘;1:’535&\0‘2;‘)})
= RegionD:y=0,y=1—x,x=0

Lower and upper Surfaces:
{ z=0at(x,y)=(00)= z=0 }
z=1-—x%at(x,y) =(00)=> z=1

z = 0 (upper)
= {Z =1-x? (lower)}




Exercise 9:

(@ Let [° [F [ fdydzdx.
(1) Express the iterated integral I as a triple integral
(2) Rewrite the iterated integral I in a different order, integrating first with
respect to z, then x, and then y.

(b) Express the iterated integral fol f\/l; fol_y f dz dy dx in different order:

(1) First integrate with respect to x, then y, then z
(2) First integrate with respect to y, then x, then z

Volumes 10: Let E be the solid in 3D such that u, (x,y) < z < u,(x,y) and the
region D is the projection of S on the xy-plane.

(1) The volume of the solid E can expressed as a triple integral as:

Uuz(x,y)

o= fffrav=[[{ ] sae)a

uq(x,y)

(2) The volume of the solid E can expressed as a duble integral as:

v = [ @y - w Gy da




Example 11:
(1) Use triple integral to find the volume of the solid enclosed by the parabolic
cylinder y = z2 and the planes y = x,z = 2 — x.
(2) Use double integral to find the volume of the solid enclosed by the parabolic
cylindery = z2 and the planes y = x,z = 0,z = 2 — x.
Solution:
Surfaces: y = z%,y = x
= dV =dydA
RegionD:z =2 —x
Al dslaia axi Y 5 gasl) of JaaY
Surfaces:y = z%,y=x = z?=x
RegionD:z=2—x,2° =X
dA = dxdz

Intersection of curves: (x = 2 — z,x = z?)

z?=2—-z>z4+z-2=0

=50z+2)(z-1)=0=2z=-2->5z=1
Lower and upper Surfaces:
X

wv=[ra=[( [1w)a | EZiden e 5od
E D \z2 R {y = 72 (lower)}

y = x (upper)
2-z x 1
f j ldydxdz = j
-2

z2  z2

V4 z

_7_ (x — 22)dx dz = swereessrersessnenns

S~———_—_—_—_—

z2 Jall Jasi

g

1 2-z

(Z)Vzﬂ(x—zz)d,q:jj (x — 22)dx dz = sweeeereeseesennes

—2 z2 Jall JaSi
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Example 12: Use triple integral to find the volume of the tetrahedron T enclosed by
theplanesx +2y+z=2,x =2y,x =0,z = 0.

Solution: dV = dzdA

Surfaces:z=2—-x—2y,z=0.
Region D: x = 2y, x = 0 (zshu) abls () Gy & dalia dilaia JJaad ¥ 5 gaal) G JaaY)

Intersection of surfaces: 2 —x — 2y =0=>x =2 — 2y

RegionD::x =2y, x =0,x =2 — 2y.

1 1-5 (2-x-2y
Volume = j j j ldzdydx
o 2 Jo

dA = dydx

Intersection of lines: 2y = 2 — 2y

=>y=%=>x=2(%)=1

Example 13: Use double integral to find the volume of the tetrahedron T enclosed by
theplanesx + 2y +z=2,x =2y, x =0,z = 0.

Solution: .............

1 1-3
Volumezf L (2—x—-2y—-0)dydx =
O - M
2
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Example 14: Set up (do not evaluate) as a double integral the volume of the solid
bounded by z = 1 and the paraboloid z = 5 — x2? — y?2.

Solution:
Surfaces:z =1,z =5 — x? — y?

Region D: i &&& Intersections of surfaces =5 —x2 —y2 =1=>x2 +y2 =4

Volume=ﬂ(5—x2—y2—1)dA:ﬂ(4—(x2+y2))dA

2T 2
= j j (5 —-1%)rdrdf
o Jo
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Example 15: Set up (do not evaluate) as a triple integral the volume of the solid lies

under the cone z = /x? + y? and above the xy-plane and inside the cylinder

Solution: The solid is bounded by z = \/x2 + y2,z = 0,x? + y? = —6x.

Surfaces: z = \/x2 + y%,z =0
Region D: x% + y? = —6y (zshudl pbl&l elhY & dalia dihia et Clyiaiall () JaaY)

Sketch the region D: x2 + y2 = =6y = x> + y> + 6y = 0

e s

=>x*+y*+6y+9= 9 > =>x2+(y+3)2=9
e dus| &l JLeS) sy

voame=[[f a0~ [ [ sacan

0 —6sinf ,r
— f_nj;) erzdrd@ r = —Hsinf

y




Example 16:

(1) Use triple integral to find the volume of the solid enclosed by the parabolic
cylinder x = y? and the planes x = z,z = 0,x = 1.

(2) Use double integral to find the volume of the solid enclosed by the parabolic
cylinder x = y? and the planes x = z,z = 0,x = 1.

Solution: dV = dzdA

Surfaces: z = x, z = 0.
Region D: x = y?, x = 1 (zshull abd@l el & dilie dilaia asd Cilyiaial of JaaY)

Intersection of curves: y2 =1=>y=—-1lory =1

(1)Volume = fff, 1dV = f_11 fylz foxldzdxdy

(2)Volume = ffD (x —0)dA = f_ll fylz(x —0)dxdy = - zg

Example 16: Compute [ff, —12dV,where E = {(x,y,2):x* + y* + 2> < 9,2z > 0}
Solution: fff. —12dV = —12 [[f. 1dV = —12 X Volume of E

- _12§ %7‘[(3)3 = —12(9)(2) = —2167
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