CHAPTER 1
1.1. Given the vectors M = —10a, + 4a, — 8a, and N = 8a, + 7a, — 2a_, find:
a) a unit vector in the direction of —M + 2N.
—M + 2N = 10a, — 4a, + 8a, + 16a, + 14a, — 4a, = (26, 10,4)

Thus 26,10, 4
_ (36,10,4) _ (0.92,0.36,0.14)

~1(26,10,4)]

b) the magnitude of 5a, + N — 3M:
(5,0,0) + (8,7, —2) — (—30,12, —24) = (43, —5,22), and |(43, —5,22)| = 48.6.

¢) |M||2N|(M + N):
(=10,4, —8)|(16, 14, —4)|(—2,11, —10) = (13.4)(21.6)(—2, 11, —10)

= (—580.5,3193, —2902)

1.2. Vector A extends from the origin to (1,2,3) and vector B from the origin to (2,3,-2).
a) Find the unit vector in the direction of (A — B): First

A - B = (a; +2a, +3a;) — (2a, + 3a, — 2a,) = (~a, — a, + 5a,)

whose magnitude is |[A — B| = [(—a, —a, +5a,) - (—a, —a, + 5az)]1/2 = V1+1+25 =
3v/3 = 5.20. The unit vector is therefore
asp = (—a, —a, +5a,)/5.20

b) find the unit vector in the direction of the line extending from the origin to the midpoint of the
line joining the ends of A and B:
The midpoint is located at

Pop=[1+(2-1)/2, 24 (3—-2)/2, 3+ (=2 —3)/2)] = (1.5,2.5,0.5)

The unit vector is then
1.5a, + 2.5a, + 0.5a,

Amp = (L5a, +2.5a, +0.58:) _ o +2.5a, + 0.5a,)/2.96

V/(1.5)2 + (2.5)2 + (0.5)2

1.3. The vector from the origin to the point A is given as (6, —2, —4), and the unit vector directed from
the origin toward point B is (2, —2,1)/3. If points A and B are ten units apart, find the coordinates

of point B.
With A = (6,2, —4) and B = £B(2, -2, 1), we use the fact that |B — A| = 10, or
|(6—3B)a, — (2—3B)a, — (4+ 3B J=10

)a
Expanding, obtain
36 -8B+ 35B*+4— 5B+ B+ 16+ §B+ 5B* =100
or B2 — 8B — 44 = (. Thus B = 36176 64 176 — 11.75 (taking positive option) and so

2 1
~ 5(1L75)a, + S (11.75)a, = 7.83a, — 7.83a, + 3.92a,

2
B = (1L75)a,



1.4. A circle, centered at the origin with a radius of 2 units, lies in the zy plane. Determine the unit
vector in rectangular components that lies in the xy plane, is tangent to the circle at (_\/ﬁ, 1,0),
and is in the general direction of increasing values of y:

A unit vector tangent to this circle in the general increasing y direction is t = —ay. Its  and
y components are t, = —a, - a, = sin¢, and t, = —a, - a, = —cos¢. At the point (—/3,1),
¢ = 150°, and so t = sin 150°a, — cos 150°a, = 0.5(a, + v/3a,).

1.5. A vector field is specified as G = 24zya, + 12(z? + 2)a, + 18z2a,. Given two points, P(1,2,—1)
and Q(—2,1,3), find:
a) G at P: G(1,2,—1) = (48, 36,18)

b) a unit vector in the direction of G at Q: G(—2,1,3) = (—48,72,162), so

(—48,72,162)

— (—0.26,0.39,0.88
(—48,72,162)] ( ,0-39,0.88)

ag =

¢) a unit vector directed from @ toward P:

a _ P_Q _ (37_174)
TP-Q T V26

d) the equation of the surface on which |G| = 60: We write 60 = |(24zy, 12(z? + 2),182?)|, or
10 = |(4zy, 222 + 4,32?)|, so the equation is

= (0.59,0.20, —0.78)

100 = 1622y? + 42* + 1622 + 16 + 92*

1.6. Find the acute angle between the two vectors A = 2a, +a, +3a, and B = a, — 3a, + 2a, by using
the definition of:
a) the dot product: First, A-B =2—-3+6 =5 = ABcosf, where A = /22 +12 4+ 32 = /14,
and where B = /12 4 32 + 22 = /14. Therefore cos = 5/14, so that 0 = 69.1°.

b) the cross product: Begin with

a, a, a,
AxB=|2 1 3 | =1la, —a, —Ta,
1 -3 2

and then |A x B| = 112 + 12 4+ 72 = v/171. So now, with |A x B| = ABsinf = /171,
find 6 = sin~' (v/171/14) = 69.1°

1.7. Given the vector field E = 4zy? cos 2za, + 2zysin 2za, + y?sin 2za, for the region |z|, |y|, and |z|
less than 2, find:

a) the surfaces on which E, = 0. With E, = 2zysin 2z = 0, the surfaces are 1) the plane z = 0,
with |z| < 2, Jy| < 2; 2) the plane y = 0, with |z| < 2, |z| < 2; 3) the plane = 0, with |y| < 2,
|z| < 2; 4) the plane x = 7/2, with |y| < 2, |z| < 2.

b) the region in which E, = E,: This occurs when 2zysin 2z = y?sin 2z, or on the plane 2z =y,
with |z] < 2, Jy| <2, |2] < 1.

c) the region in which E = 0: We would have E, = E, = E, = 0, or zy*cos2z = zysin2z =
y?sin 2z = 0. This condition is met on the plane y = 0, with |z| < 2, |2| < 2.



1.8. Demonstrate the ambiguity that results when the cross product is used to find the angle between
two vectors by finding the angle between A = 3a, — 2a, +4a, and B = 2a, + a, — 2a,. Does this
ambiguity exist when the dot product is used?

We use the relation A x B = |A||B|sinfn. With the given vectors we find

2a, +a,
V5

+n

A><B:14ay—|—7azz7\/g[ ]:\/9+4+16\/4+1+4sin0n

where n is identified as shown; we see that n can be positive or negative, as sinf can be
positive or negative. This apparent sign ambiguity is not the real problem, however, as we
really want the magnitude of the angle anyway. Choosing the positive sign, we are left with
sinf = 7v5/(v/29v9) = 0.969. Two values of 6 (75.7° and 104.3°) satisfy this equation, and
hence the real ambiguity.

In using the dot product, we find A-B =6 -2 -8 = —4 = |A||B|cosf = 3v/29cosf, or
cosf = —4/(3v/29) = —0.248 = # = —75.7°. Again, the minus sign is not important, as we
care only about the angle magnitude. The main point is that only one 6 value results when
using the dot product, so no ambiguity.

1.9. A field is given as
25
Find:
a) a unit vector in the direction of G at P(3,4, —2): Have G, = 25/(9+16) x (3,4,0) = 3a, +4a,,
and |Gp| = 5. Thus ag = (0.6,0.8,0).
b) the angle between G and a, at P: The angle is found through ag - a, = cosf. So cosf =
(0.6,0.8,0) - (1,0,0) = 0.6. Thus # = 53°.

c) the value of the following double integral on the plane y = 7:

4 2
/ / G -aydzdr
0 Jo
4 2 4 2 4
25 25 350
/0 /O W(wax =+ yay) . aded.’L' = /0 /O m X 7dzdx = /O\ mdl’

1 4
= 350 x - {tan_l <?> — 0} =26

1.10. By expressing diagonals as vectors and using the definition of the dot product, find the smaller angle
between any two diagonals of a cube, where each diagonal connects diametrically opposite corners,
and passes through the center of the cube:

Assuming a side length, b, two diagonal vectors would be A = b(a, + a, + a,) and B =
b(a, —a, +a,). Now use A - B = |A||B|cosf, or b*>(1 —1+1) = (v/3b)(v/3b) cos§ = cosf =
1/3 = 60 =70.53°. This result (in magnitude) is the same for any two diagonal vectors.



1.11. Given the points M(0.1,—0.2,—-0.1), N(—0.2,0.1,0.3), and P(0.4,0,0.1), find:
a) the vector Ry/n: Ryny =(—0.2,0.1,0.3) — (0.1,-0.2,—0.1) = (—0.3,0.3,0.4).

b) the dot product Ry/n - Ryp: Ryp = (0.4,0,0.1) — (0.1,-0.2,—-0.1) = (0.3,0.2,0.2). Ry -
Rasp = (—0.3,0.3,0.4) - (0.3,0.2,0.2) = —0.09 + 0.06 + 0.08 = 0.05.

c¢) the scalar projection of Ry/y on Rysp:

(0.3,0.2,0.2)  0.05
V0.09+0.04+0.04 +0.17

RMN *ARMP — (—03,03,04) : = @

d) the angle between Ry and Ry p:

IRy n[|Rump| v0.341/0.17

1.12. Write an expression in rectangular components for the vector that extends from (z1,y1,21) to
(x2,Y2, 22) and determine the magnitude of this vector.

The two points can be written as vectors from the origin:

A, =118, +y1ay +z1a; and  Ap = zoa, + yoay + 204,
The desired vector will now be the difference:

A=A — Ay = (z2—x1)a, + (Y2 — y1)ay + (22 — z1)a,

whose magnitude is
1/2

|A12] = VA2 - Ap = [(:172 —21)% 4 (g2 —y1)* + (22 — 21)2]

1.13. a) Find the vector component of F = (10, —6,5) that is parallel to G = (0.1,0.2,0.3):

F-G (10,-6,5) - (0.1,0.2,0.3)
Flo=-—0G= 0.1,0.2,0.3) = (0.93,1.86,2.79
1~ TGP 00170041000  (0-10:2038) = (0.93,186,2.79)

b) Find the vector component of F that is perpendicular to G:

F,c =F — Fig = (10,-6,5) — (0.93,1.86,2.79) = (9.07, —7.86,2.21)

¢) Find the vector component of G that is perpendicular to F:

G- -F 1.3

Gr=G-Gp=G—- —~—_"F=(01,0203) - — >
pE e F|2 (0.1,0.2,0.3) 100 + 36 + 25

(10,-6,5) = (0.02,0.25,0.26)




1.14. Given that A + B + C = 0, where the three vectors represent line segments and extend from a
common origin,
a) must the three vectors be coplanar?

In terms of the components, the vector sum will be
A+B+C=(A,+B,+Cy)a, + (A, +B, +Cyla, + (A, + B. + C.)a,
which we require to be zero. Suppose the coordinate system is configured so that vectors A

and B lie in the z-y plane; in this case A, = B, = 0. Then C, has to be zero in order for the
three vectors to sum to zero. Therefore, the three vectors must be coplanar.

b) If A+ B+ C + D = 0, are the four vectors coplanar?

The vector sum is now
A+B+C+D=(A,+B,+C,+D;)a,+ (A, + By +Cy+Dylay+ (A.+B.+C.+D.)a,

Now, for example, if A and B lie in the z-y plane, C and D need not, as long as C, + D, = 0.
So the four vectors need not be coplanar to have a zero sum.

1.15. Three vectors extending from the origin are given as r1 = (7,3,—2), ry = (—2,7,-3), and r3 =
(0,2,3). Find:

a) a unit vector perpendicular to both r; and rs:
rs Xro (5, 25, 55)

a1z = o — (0.08,0.41,0.91)

b) a unit vector perpendicular to the vectors ry —rs and ro —rs3: r1 —ro = (9, —4,1) and ro —r3 =
(—=2,5,—6). Sor; —ry xry —r3 = (19,52,32). Then

(19,52,32) _ (19,52,32)
B = = (0.30,0.81,0.
% = (19,52, 32)| 63.95 (0.30,0.81, 0.50)

c¢) the area of the triangle defined by r; and ro:
1
Area = §|r1 X ra| = 30.3

d) the area of the triangle defined by the heads of ry, ro, and rs:

1 1
Area = §|(r2 —11) X (rg —r3)| = 5](—9,4, —1) x (—2,5,—6)| = 32.0



1.16.

1.17.

If A represents a vector one unit in length directed due east, B represents a vector three units in
length directed due north, and A + B = 2C — D and 2A — B = C + 2D, determine the length and
direction of C. (difficulty 1)

Take north as the positive y direction, and then east as the positive x direction. Then we may write
A+B=a,+3a,=2C—-D

and
2A -B =2a, —3a, = C+2D

Multiplying the first equation by 2, and then adding the result to the second equation eliminates
D, and we get
4 3
4a, +3a, =5C = C= gaaﬁ-gay

The length of C is |C| = [(4/5) + (3/5)2]1/2

=1
C lies in the z-y plane at angle from due north (the y axis) given by a = tan=1(4/3) = 53.1° (or

36.9° from the x axis). For those having nautical leanings, this is very close to the compass point
NESE (not required).

Point A(—4,2,5) and the two vectors, Rayn = (20,18, —10) and Ry = (—10,8,15), define a
triangle.

a) Find a unit vector perpendicular to the triangle: Use

Ram ¥ Ray (350, —200, 340)
- - — (0.664, —0.379, 0.645
% = Ram x Ray]| 527.35 (0664, ,0.645)

The vector in the opposite direction to this one is also a valid answer.

b) Find a unit vector in the plane of the triangle and perpendicular to R an:

~10,8,15
ay = 108 15) (—0.507,0.406, 0.761)
/389

Then
apAN = ap X agy = (0.664, —0.379,0.645) x (—0.507,0.406,0.761) = (—0.550, —0.832,0.077)

The vector in the opposite direction to this one is also a valid answer.

c¢) Find a unit vector in the plane of the triangle that bisects the interior angle at A: A non-unit
vector in the required direction is (1/2)(aan + aan), where

(20,18, —10)
= 0T (0,697, 0.627, —0.348
UM = 150 18, —10y] ~ (097 0-627, )
Now
1 1
S (@ +aaw) = [(0.697,0.627, ~0.348) + (~0.507, 0.406, 0.761)] = (0.095,0.516,0.207)
Finally,

(0.095,0.516,0.207)
s = — (0.168,0.915,0.367
is = 10.095,0.516,0.207)] - )




1.18. A certain vector field is given as G = (y + 1)a, + za,. a) Determine G at the point (3,-2,4):
G(3,-2,4) = —a, + 3a,.
b) obtain a unit vector defining the direction of G at (3,-2,4).
|G(3,-2,4)| = [1+ 32]*/? = y/10. So the unit vector is

—a, + 3a,

ag(?), —2,4) = \/m

1.19. a) Express the field D = (2% +y?)~!(za, +ya,) in cylindrical components and cylindrical variables:

Have = pcos ¢, y = psin ¢, and z? + 32 = p?. Therefore

1
D = —(cos ¢a, + sin ¢a,)
p

Then 1 1 )
D,=D-a,=—[cosd(a, - a,) +sing(a, -a,)] = = [cos® ¢ + sin® ¢| = —
P p p
and
1 . 1 : .
Dy=D-a; = p [cosp(ay - as) +sing(a, - ag)] = p [cos ¢(— sin ¢) + sin ¢ cos @] = 0
Therefore 1
D=-a
o’

b) Evaluate D at the point where p = 2, ¢ = 0.27, and z = 5, expressing the result in cylindrical
and cartesian coordinates: At the given point, and in cylindrical coordinates, D = 0.5a,. To

express this in cartesian, we use

D =0.5(a, - a)a, +0.5(a, - a,)a, = 0.5cos 36°a, + 0.5sin36°a, = 0.41a, + 0.29a,

1.20. If the three sides of a triangle are represented by the vectors A, B, and C, all directed counter-
clockwise, show that |C|?> = (A +B) - (A + B) and expand the product to obtain the law of cosines.

With the vectors drawn as described above, we find that C = —(A+B) and so |C|> =C?=C-C =

(A +B)- (A + B) So far so good. Now if we expand the product, obtain

(A+B) - (A+B)=A42+B>+2A-B

where A - B = ABcos(180° — a) = —ABcos« where « is the interior angle at the junction of A

and B. Using this, we have C? = A2 4+ B? — 2AB cos «, which is the law of cosines.



1.21. Express in cylindrical components:

a)

the vector from C(3,2,—7) to D(—1,—4,2):

C(3,2,—7) — C(p = 3.61,¢ = 33.7°, 2 = —7) and

D(~1,-4,2) — D(p = 4.12,¢ = —104.0°, z = 2).

Now Rep = (—4,-6,9) and R, = R¢gp -a, = —4co0s(33.7) — 6sin(33.7) = —6.66. Then
Ry =Rep -ay =45in(33.7) — 6cos(33.7) = —2.77. So Rep = —6.66a, — 2.77a, + 9a,

a unit vector at D directed toward C"

Rep = (4,6,-9) and R, = Rpc - a, = 4cos(—104.0) + 6sin(—104.0) = —6.79. Then Ry =
Rpc - ag = 4[—sin(—104.0)] 4+ 6 cos(—104.0) = 2.43. So Rpc = —6.79a, + 2.43a, — 9a.

Thus apc = —0.59a, + 0.21as — 0.78a,

a unit vector at D directed toward the origin: Start with rp = (—1,—4,2), and so the
vector toward the origin will be —rp = (1,4, —2). Thus in cartesian the unit vector is a =
(0.22,0.87,—0.44). Convert to cylindrical:

a, = (0.22,0.87, —0.44) - a, = 0.22 cos(—104.0) + 0.87 sin(—104.0) = —0.90, and

ag = (0.22,0.87,-0.44) - a, = 0.22[—sin(—104.0)] + 0.87cos(—104.0) = 0, so that finally,
a=—0.90a, — 0.44a,.

1.22. A sphere of radius a, centered at the origin, rotates about the z axis at angular velocity €2 rad/s.
The rotation direction is clockwise when one is looking in the positive 2z direction.

a)

b)

Using spherical components, write an expression for the velocity field, v, which gives the tan-
gential velocity at any point within the sphere:

As in problem 1.20, we find the tangential velocity as the product of the angular velocity and
the perperdicular distance from the rotation axis. With clockwise rotation, we obtain

v(r,0) = Qrsinfay (r < a)

Convert to rectangular components:

From here, the problem is the same as part ¢ in Problem 1.20, except the rotation direction is
reversed. The answer is v(z,y) = Q [~y a, + za,], where (22 + ¢ + 22)1/2 < a.

1.23. The surfaces p =3, p =5, » = 100°, ¢ = 130°, z = 3, and z = 4.5 define a closed surface.

a)

Find the enclosed volume:

4.5 £130° 5
Vol:/ / / pdpdpdz = 6.28
3 1000 J3

NOTE: The limits on the ¢ integration must be converted to radians (as was done here, but not
shown).

b) Find the total area of the enclosing surface:

130° 5 4.5 130°
Area:2/ / pdpdo + / / 3dopdz
1000 J3 3 100°

4.5 ,130° 45 75
+ / / S5dopdz + 2/ / dpdz = 20.7
3 100° 3 3

8



1.23c) Find the total length of the twelve edges of the surfaces:

o o

Length=4x15 + 4x2 + 2x

d) Find the length of the longest straight line that lies entirely within the volume: This will be
between the points A(p = 3, ¢ = 100°, z = 3) and B(p = 5, ¢ = 130°, z = 4.5). Performing
point transformations to cartesian coordinates, these become A(z = —0.52, y = 2.95, z = 3)
and B(z = —3.21, y = 3.83, z = 4.5). Taking A and B as vectors directed from the origin, the
requested length is

Length = |B — A| = [(—2.69,0.88,1.5)] = 3.21

1.24. Two unit vectors, a; and as lie in the xy plane and pass through the origin. They make angles ¢,
and ¢ with the x axis respectively.

a) Express each vector in rectangular components; Have a; = Ag1a, + A3y, so that Ay =
a; -a, =cos¢i. Then, Ay =a; -a, = cos(90 — ¢1) = sin ¢;. Therefore,

a; = cos 1 a, +sin¢g; a, and similarly, as = cos¢sa, + sings a,

b) take the dot product and verify the trigonometric identity, cos(¢1 — ¢2) = cos¢q cos Py +
sin ¢1 sin ¢o: From the definition of the dot product,

a; -az = (1)(1) cos(¢p1 — ¢2)

= (cos 1 a, +sin¢y ay) - (cos pg a, + sin g a,) = cos Py cos P2 + sin ¢y sin P2

c) take the cross product and verify the trigonometric identity sin(¢2 — ¢1) = sin¢gy cosop —
€08 ¢ sin ¢1: From the definition of the cross product, and since a; and as both lie in the z-y
plane,

a, a, a,
a; X ag = (1)(1)sin(¢py — ¢2)a, = |cos¢y sing; 0
cos gy sings 0

= [sin ¢h2 cOS 1 — cOS Pa sin ¢1] a,

thus verified.

1.25. Given point P(r = 0.8, § = 30°, ¢ = 45°), and
1 sin ¢
E= 2 (cosgbar + ) a¢>

a) Find E at P: E = 1.10a, + 2.21a,.
b) Find [E| at P: |E| = V1.10% + 2.212 = 2.47.

c¢) Find a unit vector in the direction of E at P:

E
= — = 0.45a, + 0.89a,

o




1.26. Express the uniform vector field, F = 5a, in
a) cylindrical components: F, =5a, -a, = 5cos¢, and Fy, = 5a, -ag = —5sin¢. Combining, we
obtain F(p, ¢) = 5(cospa, —singay).

b) spherical components: F,. = 5a,-a, = 5sinfcos¢; Fy =5a,-ag = 5cosfcosp; Fy =Hag-a, =
—5sin ¢. Combining, we obtain F(r, 6, ¢) = 5[sinf cos ¢ a, + cosf cos ¢ ag — sin p ay|.

1.27. The surfaces r = 2 and 4, § = 30° and 50°, and ¢ = 20° and 60° identify a closed surface.
a) Find the enclosed volume: This will be

60 50° 4
Vol = / / / 2 sin Odrdfd¢ = 2.91
20° 30 2

where degrees have been converted to radians.
b) Find the total area of the enclosing surface:

Area = / / (42 4 22) sin OdOdp + / / 7(sin 30° + sin 50°)drd¢
200 J30 20

50°
+ 2/ / rdrdf = 12.61
300 J2

¢) Find the total length of the twelve edges of the surface:

4 50 60
Length = 4/ dr + 2/ (44 2)do + / (4sin50° 4 4sin 30° + 2sin 50° + 2sin 30°)d¢
2 30° 20°

=17.49

d) Find the length of the longest straight line that lies entirely within the surface: This will be
from A(r = 2,0 =50°,¢ = 20°) to B(r =4,60 = 30°,¢ = 60°) or

A(z = 2sin 50° cos 20°, y = 2sin 50° sin 20°, z = 2 cos 50°)
to
B(x = 4sin30° cos60°,y = 4sin 30° sin 60°, z = 4 cos 30°)
or finally A(1.44,0.52,1.29) to B(1.00,1.73,3.46). Thus B — A = (—0.44,1.21,2.18) and

Length = |B — A| =

1.28. State whether or not A = B and, if not, what conditions are imposed on A and B when

a) A-a, = B-a,: For this to be true, both A and B must be oriented at the same angle, 6, from
the z axis. But this would allow either vector to lie anywhere along a conical surface of angle
0 about the x axis. Therefore, A can be equal to B, but not necessarily.

b) A x a, = B x a,: This is a more restrictive condition because the cross product gives a vector.
For both cross products to lie in the same direction, A, B, and a, must be coplanar. But if A
lies at angle 0 to the x axis, B could lie at 6 or at 180° — # to give the same cross product. So
again, A can be equal to B, but not necessarily.

10



1.28c) A-a, = B-a, and A x a, = B X a,: In this case, we need to satisfy both requirements in parts
a and b — that is, A, B, and a, must be coplanar, and A and B must lie at the same angle, 6, to
a,. With coplanar vectors, this latter condition might imply that both 46 and —8 would therefore
work. But the negative angle reverses the direction of the cross product direction. Therefore both
vectors must lie in the same plane and lie at the same angle to x; i.e., A must be equal to B.

d) A-C=B:C and A x C =B x C where C is any vector except C = 0: This is just the general
case of part ¢. Since we can orient our coordinate system in any manner we choose, we can
arrange it so that the x axis coincides with the direction of vector C. Thus all the arguments
of part ¢ apply, and again we conclude that A must be equal to B.

1.29. Express the unit vector a, in spherical components at the point:
a) r=2,0=1rad, ¢ = 0.8 rad: Use
a, = (ay -a,)a, + (a, -ag)ag + (a, - agy)a, =
sin(1) cos(0.8)a, + cos(1) cos(0.8)ag + (—sin(0.8))a, = 0.59a, + 0.38a9 — 0.72a4

b) 2 = 3, y = 2, z = —1: First, transform the point to spherical coordinates. Have r = /14,
0 = cos™!(—1/4/14) = 105.5°, and ¢ = tan~!(2/3) = 33.7°. Then

a, = sin(105.5%) cos(33.7°)a, + cos(105.57%) cos(33.7%)ag + (—sin(33.7°))a,
= 0.80a, — 0.22ay — 0.55a4

c) p=2.5,¢=0.Trad, z = 1.5: Again, convert the point to spherical coordinates. r = \/p? 4 22 =
V8.5, 6 =-cos!(z/r) =cos 1(1.5/4/8.5) = 59.0°, and ¢ = 0.7rad = 40.1°. Now

a, =sin(59°) cos(40.1°)a, + cos(59°) cos(40.1°)ag + (—sin(40.1°))ay,
= 0.66a, + 0.39a5 — 0.64a,

1.30. Consider a problem analogous to the varying wind velocities encountered by transcontinental aircraft.
We assume a constant altitude, a plane earth, a flight along the x axis from 0 to 10 units, no vertical
velocity component, and no change in wind velocity with time. Assume a, to be directed to the
east and a, to the north. The wind velocity at the operating altitude is assumed to be:

(0.012% — 0.08z + 0.66)a, — (0.05z — 0.4)a,,
1+ 0.5y

a) Determine the location and magnitude of the maximum tailwind encountered: Tailwind would
be z-directed, and so we look at the x component only. Over the flight range, this function
maximizes at a value of 0.86/(1 + 0.5y%) at = = 10 (at the end of the trip). It reaches a local
minimum of 0.50/(1 + 0.5y?) at = = 4, and has another local maximum of 0.66/(1 + 0.5y?) at
the trip start, x = 0.

V(l‘vy) =

b) Repeat for headwind: The x component is always positive, and so therefore no headwind exists
over the travel range.

¢) Repeat for crosswind: Crosswind will be found from the y component, which is seen to maximize
over the flight range at a value of 0.4/(1 + 0.5y?) at the trip start (z = 0).

d) Would more favorable tailwinds be available at some other latitude? If so, where? Minimizing
the denominator accomplishes this; in particular, the lattitude associated with y = 0 gives the
strongest tailwind.

11



CHAPTER 2

2.1. Three point charges are positioned in the z-y plane as follows: 5nC at y = 5 em, -10nC at y = —5 em,
15 nC at x = —5 em. Find the required x-y coordinates of a 20-nC fourth charge that will produce a
zero electric field at the origin.

With the charges thus configured, the electric field at the origin will be the superposition of the
individual charge fields:

1 15 a 10 1 3
= dmec [ - —a,— —— ] = Ine (E) [a; —a,] nC/m

GE™ BE T GE™
The field, Esg. associated with the 20-nC charge [evaluated at the origin) must exactly cancel
this field, so we write:

= 2 (- = 22 (L) o

From this, we identify the distance from the origin: p = \flmf{Eﬁ} = 4.85. The r and

y coordinates of the 20-nC charge will both be equal in magnitude to 4.85/+/2 = 3.43. The
coodinates of the 20-nC charge are then (3.43, =3.43).

2.2, Point charges of InC and -2nC are located at (0,0,0) and (1.1,1), respectively, in free space. Determine
the vector force acting on each charge.

First, the electric field intensity associated with the InC charge, evalutated at the -2nC charge
location is:

Eiz= #{3} (\%) (a; +a,+a.) nC/m

in which the distance between charges is +3 m. The force on the -2nC charge is then

=1
10.4 7ep

9 _
Fi2 = pE;2 = m{ﬂr +ﬂy+&z:|= {ﬂ_l-'l'ﬂh- +a.) nN

The force on the 1nC charge at the origin is just the opposite of this result. or

+1
Foi = - ’ N
a1 04 7e0 (a, +a,+a.) n

2.3. Point charges of 50nC each are located at A(1.0,0), B(—1,0,0), C(0,1,0), and 20, -1,0) in free
space. Find the total force on the charge at A,

The force will be:

50 x 1077) [ Re R R
F— (H ) M': + m.n.‘I + J'.Mlj]
dmey Real®  [Rpal®  [Rpal

where Req = a, —a,, Rpy = a, +a,, and Rgyq = 2a,. The magnitudes are |[Req| = |[Rpa| = V2,
and |Rga| = 2. Substituting these leads to

(500 107" [ 1 1 2

= + o -

4meg 22 242 8

F ] a, = 21.5a, pN

where distances are in meters,



2.5. Let a point charge (1 = 25 nC be located at Py (4, —2,7) and a charge ¢} = 60 nC be at Po(—3.4, —2).
a) If € = e, find E at P3(1,2,3): This field will be

_ll.-!_‘J 25R 5 ﬁﬂﬂgg]
dmep | |[Raa|*  |Raal®

where Ry3 = —3a, +4a, —da, and Ry = da, —2a, +5a.. Also. R3] = V41 and [Ray| = /45,
So

E— 10~ [25 * (—3a, +4a, —4a.) 60 x (da, — 2a, + 5&._,}]

4wy {4118 (45)1.5

= 4.58a, — (.15a, + H.51a,

b) At what point on the y axis is E; = 07 Py is now at (0,,0), so Ry = —4a, + (y + 2)a, — Ta.

and Rag = 3a, + {y - 4}ay + 2a,. Also, |R13| = /65 + I[y + 2}2 and |R33| = /13 + {y - 4)2.

Now the x component of E at the new Py will be:

1 Bx(—4) 60 x 3
 dwey |65+ (y+2)21F 134 (y — 4)215

j 4

2.5b (cantinued) To obtain E, = 0. we require the expression in the large brockets w be zoro. This
expresdion simplifies Lo Lhe following guadratic:

0.48y° + 13,92y + 73,10

which wiclds Lhe two valuss: y= —6.89, =221

2.8. Two point chargés of equal magnitude g are positioned at = = 3472,
i) find the dectrie feld everywhere an the = axic Far a palnt charge at any looation, we have

__alr—r)
dreyle — !5
In the ease of two chorges, we would therelore have

e _mlr—r)  mir—d)
= = =
s dzegle —rj' T Amepir — o4

(1]

Iri the presont cuse, we ndsiozn gy = go = ¢, Lhe obssrvation point position vector a2 = Za,_ nnid
the charge pesition veetors ws e = (d/2)a, . snd vf = —{d/2)a. Therolore
r—ry = [z —(d/2)]o., v—xy = [z 4+ (d/2)]a,

then
e=ry)' = [z =(d/2)]' and |r=ma|* =]z + (d/2)]

Substitiote thoese rosulis into (1) to obtain:

o) 1 | ;
LS = [[: —WE R+ ms!}?] a: Wiz @

by find the electric Aeld everywhere on the x axis: We proceed ss in port a, escept that now r = za_.

En. (1) hecomes

[ iy — 2 -+ '
E’f{:} - q Tily {I'.fll'l_._]-:ﬂ.z ., -+ ld:'l}“-_" :|

treg |ien. — (df/Da|® =+ irn. + (d/2n.[® (3)

wliere 58
b — (d/2)a.l = |ra, + (d/2a.| = [#2+ (d/2)7]

Therefore (3) hecomes

Sgra,

i (%) =
TS a2

i

¢) repedt parts a iod b il the chorge at = = ~d/2 is ~g instesd of +q¢ The field ulong the = nxis is
auickly foutid by chongine the sien of the second term in (2):

Erie) = L | —

|
e [E-WPE  EE@OE > Y/

Iri like monrer, the field alone the = s is found from (3) by aenin chanving the sion of Lhe
second term. The resuit is
—2qil .



2.7. A 2 uC point charge is located at A(4,3,5) in free space. Find E,, E;. and E. at P(8,12,2). Have

Ep =

2:x107% Rap  2x107° [-»mr + 9a, — 3a

= 4 P = — ]
(106)1 ] = 65.9a, + 148.3a, — 40.4a,

dmep  |Rapl® 4wep
Then, at point P, p = 82 + 127 = 14.4, ¢ = tan~'{12/8) = 56.3°, and z = z. Now,

E,=E,-a,=0(59(a,-a,) + 148.3(a, - a,) = (5.9 cos(56.3°) + 148.3sin(56.3°) = 159.7

E,=E, -a,=0(59(a, -a,) + 148.3(a, - a,) = —65.95in(56.3°) + 148.3 cos(56.3°) = 27.4

Finally, E. = —49.4 V/m

2.8. A crude device for measuring charge consists of two small insulating spheres of radius a, one of which
is fixed in position. The other is movable along the r axis, and is subject to a restraining force ka,
where & is a spring constant. The uncharged spheres are centered at @ = 0 and @ = d, the latter
fixed. If the spheres are given equal and opposite charges of () coulombs:

a) Obtain the expression by which 2 may be found as a function of i: The spheres will attract, and
s0 the movable sphere at @ = 0 will move toward the other until the spring and Coulomb forces
balance. This will oceur at location = for the movable sphere. With equal and opposite forees,
we have 0?

. SR
drep(d — x)2 "

from which @ = 2{d — x)v/'mepkz.

b)) Determine the maximum charge that can be measured in terms of e, &, and d, and state the
separation of the spheres then: With increasing charge, the spheres move toward each other until
they just touch at -.rmuI = — 2a. Using the part a result, we find the maximum measurable

::h{-u.rgff" ar = meghk(d — 2a).  Presumably some form of stop mechanism is placed at
T = to prevent the spheres from actually touching,

'rrru. r

¢) What happens if a larger charge is applied? No lurther motion is possible, so nothing happens.

2.9. A 100 nC point charge is located at A{—1,1,3) in free space.
a) Find the locus of all points P(x.y, z) at which E, = 500 V/m: The total field at P will be:

100 = lﬂ_u RAP

Ep = :
r dep |l:tuau.1|‘3

where Rap = (z+1)a,+(y—1)a,+(z—3)a., and where |R4p| = [(x+1)2+(y—1)2+({z—3)?]/2
The & component of the field will be

E, =

100 x 1077 {ﬂ: +1) — 500 V/m
[(x+1)%

den —1)2 + (= — 35
And so our condition becomes:

(x+1)=0.56[(x+ 1)+ (y—1)* + (= — 3)?]"°
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2.9b) Find g if P(—2.91,3) lies on that locus: At point P, the condition of part @ becomes
319 = [1+ (y - 1)?]°
from which (y — 1)* = 0.47, or y; = 1.69 or 0.31

2.11. A charge )y located at the origin in free space produces a field for which E. = 1 kV/m at point
P(-2,1,-1).

a) Find Qy: The field at P will be

Ep = Qﬂ |:_23.v: T Ay — az]

" dmep Gl
Since the z component is of value 1 kV,/m, we find Qp = —dmegb'? % 10% = —1.63 pC.
b) Find E at M(1,6.5) in cartesian coordinates: This field will be:

B o —L03x 10" [a;, + Ba, + 5&2]
M [1 + 36 + 25]15

ey
or By = —30.11a, — 1580.63a, — 150.53a..

¢) Find E at M(1.6,5) in cylindrical coordinates: At M, p = /1 + 36 = 6.08, ¢ = tan='(6/1) =
H30.54%, and z = 5. Now

E,=Ej -a, = —30.11cos ¢ — 180.63 sin ¢» = —183.12
E,=E; -a; = —30.11(—sin¢) — 180,63 cos ¢ = (0 (as expected)
so that Eyy = —183.12a, — 150.53a..

d) Find E at M{1,6,5) in spherical coordinates: At M, r = /1 + 36 + 25 = THT, @ = 80.54° {as
before), and # = cos~1(5/7.87) = 50.58°. Now, since the charge is at the origin, we expect to
obtain only a radial component of Eyy. This will be:

E,=Ep -a, = —30.11sinfcos o — 18063 sin#sin g — 150,53 cos# = —237.1

16



2.12. Electrons are in random motion in a fixed region in space. During any 1us interval, the probability
of finding an electron in a subregion of volume 107 m? is 0.27. What volume charge density,
appropriate for such time durations, should be assigned to that subregion?

The [inite probabilty effectively reduces the net charge quantity by the probability fraction. With
e = —1.602 x 107" C, the density becomes

i \ —19
027 11_{[}}?? 107 433 40/m®

2.13. A uniform volume charge density of 0.2 pC/m? is present throughout the spherical shell extending
from » =3 cm to r =5 e, If p, = 0 elsewhere:

a) find the total charge present throughout the shell: This will be

2 s 05 r3 05
Q If f f [].2 'il"-z E'.i:i.'l'llﬁ| I!'ET' dﬂdq‘) = |:4ﬁ|:{_|2)_] — 821 w ].U_E‘ PI!-C — 8.21 ]'JC
L] 0 S

3 03

b) find »; if half the total charge is located in the region 3em < r < vy If the integral over r in
part a is taken to r, we would obtain

ri1™

[m[u.z),—] =4.105 = 1077
3 A3

Thus

4.24 em

3 % 4.105 % 107 1/3
= 03)* =
" [ 02xar 03 ]

2.14. The electron beam in a certain cathode ray tube possesses cylindrical symmetry, and the charge
density is represented by p, = —0.1/(p* + 107%) pC/m* for 0 < p < 3 x 107* m, and p, = 0 for
p= 3% 1074 m,

a) Find the total charge per meter along the length of the beam: We integrate the charge density
over the cylindrical volume having radius 3 x 107 m, and length 1m.

1 2w pdw10 0.1
i ﬁ £ L 2+ 105 7

From integral tables, this evaluates as

1 axl
g = —0.2m (E) In {p2 + lﬂ_s} |ﬂ =017 In(10) = —0.237 pC/m
b) if the electron velocity is 5 » 107 m/s, and with one ampere defined as 1C/s, find the beam
current:

Current = charge/m x v = —0.237 [pC/m] x 5 x 107 [m/s] = —11.57 x 10° [pC/s] = —11.57 pA

17



2.15. A spherical volume having a 2 pum radius contains a uniform volume charge density of 10'* C/m®.

a) What total charge is enclosed in the spherical volume?
This will be @ = (4/3)7(2 = 107%)% % 10'" = 3.35 = 1072 C.

b) Now assume that a large region contains one of these little spheres at every corner of a cubical
grid 3mm on a side, and that there is no charge between spheres. What is the average volume
charge density throughout this large region? Each cube will contain the equivalent of one little
sphere. Neglecting the little sphere volume, the average density becomes

3.35 x 1072

g =1.24 1 o . 3

2.17. A uniform line charge of 16 nC/m is located along the line defined by y = -2, z = 5. Il e = ¢

a) Find E at P(1,2,3): This will be
- Rp
" 2meg [Rp|?

where Rp = (1,2,3) — (1,-2,5) = (0,4, -2), and |Rp|* = 20. So

Ep

16 x 107 [4ay — 2a,

20 ] = 57.5a, —28.8a. V/m

QTTfU

b) Find E at that point in the z = 0 plane where the direction of E is given by (1/3)a, — (2/3)a.:
With =z = 0, the general field will be

m [ly+2)a, —5a.
E._=
2meg (y+2)2+25
We require |E.| = —|2E,|. so 2(y +2) = 5. Thus y = 1/2, and the field becomes:

E.

™ 2.5&_,,, — ha.
© 2mep | (2.5)2 4+ 25

] = 23a, — dba.

18



2.18. a) Find E in the plane z = 0 that is produced by a uniform line charge, gy, extending along the z
axis over the range —L < z < L in a cyvlindrical coordinate system: We find E through

E— / ﬁ'Lﬂ'Z{l' -1’

, Ameglr — P

where the observation point position vector is r = pa, (anywhere in the @-y plane), and where the
position vector that locates any differential charge element on the z axis is v’ = za.. Sor —1' =
pa, — za., and |r —r'| = (p? + z%)'/2. These relations are substituted into the integral to yield:

Esz prdz(pa, — za.) _pLpay /“" dz  Eoa
_p, dmeg(p? + 22)3/2 dmeq  J_p (p? + 22)H2 P&

Note that the second term in the left-hand integral (involving za. ) has effectively vanished because it
produces equal and opposite sign contributions when the integral is taken over svmmetric limits (odd
parity). Evaluating the integral results in

_PLp PL

1
£, = |-, =2t e e VO
" dmen m Ersnp P+ L2 2mep /14 (p/L)?

Note that as L — oo, the expression reduces to the expected field of the infinite line charge in free
space, pr/(2megp).

L) if the finite line charge is approximated by an infinite line charge {L — o), by what percentage
is E, in error if p = 0.5L7 The percent error in this situation will be

S erTor = [1 - ;} 2 100

V1+(p/L)?

For p = 0.5L. this becomes % error = 10.6 %

o) repeat b with p = 0.15. For this value, obtain % error = 0,496 %.

2.19. A uniform line charge of 2 pC/m is located on the 2 axis. Find E in rectangular coordinates at
P(1,2.3) if the charge extends from
a) —oo < 2 < oor With the infinite line, we know that the field will have only a radial component
in cylindrical coordinates {or @ and y components in cartesian). The field from an infinite line
on the z axis is generally E = [p;/(2mepp)]a,. Therefore, at point P:

m R.p (2% 107%) a, + 2a, _,
Ep = = =T.2a, + 1d4a, kV
P ey |R..p|? e 5 — 4 fm

where R, p is the vector that extends from the line charge to point P, and is perpendicular to
the » axis; e, R.p = (1,2,3) — (0,0,3) = (1,2,0).

b) —4 < z < 4: Here we use the general relation

milz r—1'
Ep = ”_—:-;
dmeg [r —r'ff
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2.19b (continued) where r = a, + 2a, + 3a. and r' = 2a.. So the integral becomes

Ep =

(2 % 107%) j'”‘ a, +2a, + (3 - 2)a. e

dmeg (54 (3 — z)?|5

Using integral tables, we obtain:

a, +2a,)(z —3) +5a.]"

_ 3507 | L e
Ep = 3597 - 621 14) » V/m=49a, +98a, +4.9a. kV/m

The student is invited to verify that when evaluating the above expression over the limits —oo < 2 <
oo, the 2 component vanishes and the x and y components become those found in part a.

2.20. A line charge of uniform charge density py C/m and of length ¢, is oriented along the z axis at
62 <z < #)2.

a)

Find the electric field strength, E, in magnitude and direction at any position along the » axis:
This follows the method in Problem 2,18, We find E through

2 da(r — 1
E=/ podz(r —r')

—ij2 dmeg|r — '3

where the observation point position vector is r = xa, (anywhere on the @ axis), and where
the position vector that locates any differential charge element on the : axis is v' = za_. So
r -1 =ra, — za,, and |[r —r'| = (z* + z?)1/?, These relations are substituted into the integral
to vield:

if2 dz( B £f2 d=
E— f podz(ra; —za.)  pora, — . a,

iz dmweg(x? 4 22)8/2 T 4dmey _e/2 (22 4 22)3/2
Mote that the second term in the left-hand integral {involving za_ ) has effectively vanished because

it produces equal and opposite sign contributions when the integral is taken over symmetric limits
(odd parity). Evaluating the integral results in

T z &2 py £j2 o 1
dmeq 22y + 2202 2meqr x4 ((/2)2  2meox (/14 (20/6)?

with the given line charge in position, find the force acting on an identical line charge that is
oriented along the x axis at £/2 < @ < 3(/2: The differential force on an element of the z-directed
line charge will be dF = dgE = {py dx)E, where E is the field as determined in part a. The net
force is then the integral of the differential force over the length of the horizontal line charge, or

/2 o 1
F = f Fo dr a,

t\:lll,l2 E'JI._EDJT v/ 1 — {EIJI'IF}Z

This can be re-written and then evaluated using integral tables as

. 38,2

pita, (7 da _—abtas (1 [42+ VIR !
dmea Jepp oz Sx? 4 (£/2)2 dmey (£/2) x .

_ —pbas [{F,f?) (1+ v’ﬁ}] _phas [3{1 +v2)| 0550

= — . N
omer - |3(6/2)(1+v2)|  2me0 | 1+ /10 ey
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2.21.

2,22,

2.23.

Two identical uniform line charges with gy = 75 nC/m are located in free space at @ =0, y = 0.4
. What force per unit length does each line charge exert on the other? The charges are parallel to
the = axis and are separated by 0.8 m. Thus the field from the charge at ¥ = —0.4 evaluated at the
location of the charge at y = +0.4 will be E = [p/(27e,(0.8))]a,. The force on a differential length
of the line at the positive i location is dF = dgE = pdzE. Thus the force per unit length acting on
the line at postive y arising from the charge at negative y is

1
B Cppdz Zdz B 1
F _[u Treg(0.8) B]I =1.26 x 107" a, N/m = 126a, uN/m

The force on the line at negative y is of course the same, but with —a,,.

Two identical uniform sheet charges with p, = 100 nC/m? are located in free space at z = 2.0 cm.
What force per unit area does each sheet exert on the other?

The field from the top sheet is E = —p, /(2¢ep) a, V/m. The differential force produced by this
field on the bottom sheet is the charge density on the bottom sheet times the differential area
there, multiplied by the electrie field from the top sheet: dF = p,daE. The force per unit area is
then just F = p,E = (100 > 107%)(—100 = 107")/(2ey) a. = —5.6 x 10~ a, N/m?.

Given the surface charge density, p. = 2 pC/m?, in the region p < 0.2 m, z = 0. Find E at:

a) Palp =0,z = 0.5): First, we recognize from symmetry that only a z component of E will be
present. Considering a general point z on the z axis, we have r = za.. Then, with ' = pa,, we
obtain r — r’ = za, — pa,. The superposition integral for the z component of E will be:

0.2
fz”f'” zpdpdo __ETI;J,,Z 1
-’-1?Tfu (p? + 22)10 dmeo | 22492,

’fu [,.,f’_ m]

With z = 0.5 m, the above evaluates as F. p, = 8.1 EV,/m.

zP_q,

b) Prl(p =10,z = —0.53). With z at —0.5 m, we evaluate the expression for E, to obtain E. p, =
—8.1 kV/m.

¢) Show that the field along the = axis reduces to that of an infinite sheet charge at small values of
z: In general, the field can be expressed as

o= [1 - ]
S 26 W22+ 0.04

At small z, this reduces to E. = p, /2y, which is the infinite sheet charge field.

dd) Show that the = axis field reduces to that of a point charge at large values of z: The development
is as follows:

Pa = s = . Pa 1
E=—rll—/—mm—m—| = |l  —/— = |1 -
- 2¢ [ Vvzd + [].ﬂ':l:| 2ep [ 2 1+ U.ﬂ4,r‘22] 2eq [ 1+ (1/2)(0.04) /22
where the last approximation is valid if = >> (04, Continuing:
0.04p,  w(0.2)%p,

. ﬁ'.-:
E.= 2o - y2)004)/:2) = leoz? — dmegs?

T 2 £
This the point charge field, where we identify g = 7(0.2)%p, as the total charge on the disk (which
now looks like a point),
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2.24. a) Find the electrie field on the z axis produced by an annular ring of uniform surface charge density
it in free space. The ring occupies the region z = 0, a < p < b, 0 < ¢ < 27 in eylindrical coordinates:

We find the field through
E= f/ p-‘ida’{r - ri}
dmeg|r — r'|?

where the integral is taken over the surface of the annular ring, and where r = za. and ' = pa,. The

integral then becomes
E— fzwfh ps pdpdo (za. — pa,)
o dmeg (22 + p*)3/2

In evaluating this integral, we first note that the term involving pa, integrates to zero over the ¢
integration range of 0 to 2. This is becanse we need to introduce the ¢ dependence in a, by writing
it as a, = cosda, +singda,, where a; and a,, are invariant in their orientation as ¢ varies. So the
integral now simplifies to

&
E_ 2mp, za. [ pdp p,‘zah
S dmey J (224 p7P7 0 V«’z

1

1
\/1+|{n;’z \fl (b/z)? l o

s
2[-0

b) from vour part a result, obtain the field of an infinite uniform sheet charge by taking appropriate
limits. The infinite sheet is obtained by letting a — 0 and b — o, in which case E — p./(2ey) a.
as expected.

2.25. Find E at the origin if the following charge distributions are present in free space: point charge, 12 nC

at P(2,0,6); uniform line charge density, 3nC/m at = = —2, y = 3; uniform surface charge density,
0.2nC/m? at z = 2. The sum of the fields at the origin from each charge in order is:

E=

(12 x107%) (~2a, — ﬁaxl] + [{3 x107%) (2a, — 33-1."}] _ [m.'z x 10-9}a;]
dey (4+ 36)1° 27ep (4+9) 260

22



4,41, \JIVETl TNE CLECTTIC e B = (4T — ZY )8y — | &T + 43 )ay, 0na:
a) the equation of the streamline that passes through the point P(2,3, —4): We write

@ _E, _ —(2x + 4y)

dr  E.  (4r —2y)

Thus
2awdy + ydr) = ydy — wde
or ) |
2d(zy) = - d(y?) — = d(z?)
2" 2
S0
| ) + 2ry = Lp la*g
“1 ?‘..III - Ey 2 +
or

Yy =zt =dxy + Cy
Evaluating at (2.3, —4), obtain:
G—d =244+, or 3 =—19
Finally, at P. the requested equation is

g — 2 = dxy — 19

b) a unit vector specifying the direction of E at (3, —2,5): Have Eqg = [4(3) + 2(2)]a, — [2(3) —
4(2)]a, = 16a, + 2a,. Then |E| = /167 + 4= 16.12 So

_ lba; + 2a,

= =1 .1
ag 1612 0.99a, + 0.12a,
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2.28 An electric dipole {discussed in detail in See. 4.7) consists of two point charges of equal and opposite
magnitude +} spaced by distance d. With the charges along the = axis at positions z = +d/2 (with
the positive charge at the positive z location), the electric field in spherical coordinates is given by
E(r. @) = [Qdf[d?rfgf'a]l] [2cosfa, + sinfag|, where r == d. Using rectangular coordinates, determine
expressions for the vector force on a point charge of magnitude g

a) at (0.0,z): Here, # =0, a, = a., and r = z. Therefore

_ qQda.
T dwenzt

F(0,0, 2)

by at (0,y.0): Here, # = 90°, ag = —a.., and r = y. The force is

_QQd Az N

F(0,9,0) = 255

2.29. If E = 20e " (cos hra, — sin dra,), find:
a) |E| at P(x/6,0.1,2): Substituting this point, we obtain Ep = —10.6a, — 6.1a,, and so |Ep| =
12.2,

b) a unit vector in the direction of Ep: The unit vector associated with E is (cos bra, — sin 5ra, ),
which evaluated at P becomes agp = —(1.87a, — 0.50a,.

¢} the equation of the direction line passing through P: Use

dy  —sinbx
— = — = —tandr = dy = —tandrdr
il cos D

Thus y = % Incos be + O Evaluating at P, we find ' = 0.13, and so

Incos b + 0.13

=

y:

2.30. For fields that do not vary with z in eyvlindrical coordinates, the equations of the streamlines are
obtained by solving the differential equation E,/E,; = dp(pdg). Find the equation of the line passing
through the point (2,307,0) for the field E = peos2¢a, — psin 20 ay:

E, dp —peos 2 _ idp ,
L= = = —cot2¢ = — = —cot2od
E, pdo psin 2 cobep P cot29do

Integrate to obtain

C c
2lnp =Insin2¢ 4+ InC =1 = p' =
np = Insin2d + In n[sini ¢] P sin 2¢

At the given point, we have 4 = ('/sin(60°) = (' = 4sin60° = 2/3. Finally, the equation for
the streamline is p* = 2¢/3/ sin 2.
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CHAPTER 3

3.1. Suppose that the Faraday concentric sphere experiment is performed in free space using a
central charge at the origin, @1, and with hemispheres of radius a. A second charge Q2 (this
time a point charge) is located at distance R from @7, where R >> a.

a)

b)

What is the force on the point charge before the hemispheres are assembled around Q17
This will be simply the force beween two point charges, or

P Q10

= a
dregR2 "

What is the force on the point charge after the hemispheres are assembled but before
they are discharged? The answer will be the same as in part a because induced charge
()1 now resides as a surface charge layer on the sphere exterior. This produces the same
electric field at the ()2 location as before, and so the force acting on ()2 is the same.

What is the force on the point charge after the hemispheres are assembled and after they
are discharged? Discharging the hemispheres (connecting them to ground) neutralizes the
positive outside surface charge layer, thus zeroing the net field outside the sphere. The
force on ()9 is now zero.

Qualitatively, describe what happens as 2 is moved toward the sphere assembly to the
extent that the condition R >> «a is no longer valid. )5 itself begins to induce negative
surface charge on the sphere. An attractive force thus begins to strengthen as the charge
moves closer. The point charge field approximation used in parts a through c is no longer
valid.

3.2. An electric field in free space is E = (522 /€g) &, V/m. Find the total charge contained within
a cube, centered at the origin, of 4-m side length, in which all sides are parallel to coordinate
axes (and therefore each side intersects an axis at +2.

The flux density is D = ¢gE = 5z2a,. As D is z-directed only, it will intersect only the
top and bottom surfaces (both parallel to the z-y plane). From Gauss’ law, the charge in
the cube is equal to the net outward flux of D, which in this case is

2 2 2 2
Qenel = 7{D ‘nda = / / 5(2)%a, - a, dx dy —|—/ / 5(—-2)%a, - (—a,)dzdy =0
—2J-2 —-2J-=2

where the first and second integrals on the far right are over the top and bottom surfaces
respectively.
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3.3. The cylindrical surface p = 8 cm contains the surface charge density, p, = 5e~2°1*l nC /m?2.
a) What is the total amount of charge present? We integrate over the surface to find:

=0.25nC

27 e
= 2/ / 5720 (.08)d¢ dz nC = 207 (.08) ( 201> e 207

0

b) How much flux leaves the surface p = 8cm, 1cm < z < 5em, 30° < ¢ < 90°7 We just
integrate the charge density on that surface to find the flux that leaves it.

90°
P=Q = /3 e~29%(.08) d¢dz nC = (9036030> 27(5)(.08) <2—3> e~ 207

.05

01
=9.45 x 1073 nC = 9.45pC

3.4. An electric field in free space is E = (52 /¢p) 4, V/m. Find the total charge contained within
a sphere of 3-m radius, centered at the origin. Using Gauss’ law, we set up the integral in free
space over the sphere surface, whose outward unit normal is a,.:

27 s
Qz%egE~nda:/ / 5z%a, - a, (3)%sinf df do
o Jo

where in this case z = 3cosf and (in all cases) a, - a, = cos . These are substituted to yield

27
= 9727

T 1
Q= 27r/ 5(3)° cos @sin 0dh = —2r(5)(3)° <5> cos” 0
0

0

3.5. Let D = 4zya, + 2(z% + 2%)a, + 4yza, C/m? and evaluate surface integrals to find the total
charge enclosed in the rectangular parallelepiped 0 < z < 2,0 <y < 3,0 < z < 5 m: Of the 6
surfaces to consider, only 2 will contribute to the net outward flux. Why? First consider the
planes at y = 0 and 3. The y component of D will penetrate those surfaces, but will be inward
at y = 0 and outward at y = 3, while having the same magnitude in both cases. These fluxes
will thus cancel. At the z = 0 plane, D, = 0 and at the z = 0 plane, D, = 0, so there will be
no flux contributions from these surfaces. This leaves the 2 remaining surfaces at x = 2 and
z = 5. The net outward flux becomes:

5 3 3 42
:/ / D‘x_z-azdydz—i-/ / D}z_5-azdxdy
0 Jo - 0 Jo -

3 3
:5/ 42y dy + 2/ A(5)y dy = 360 C
0

0
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3.6. In free space, volume charge of constant density p, = po exists within the region —oo < z < o0,
—00 <y < o0, and —d/2 < z < d/2. Find D and E everywhere.

From the symmetry of the configuration, we surmise that the field will be everywhere
z-directed, and will be uniform with x and y at fixed z. For finding the field inside the
charge, an appropriate Gaussian surface will be that which encloses a rectangular region
defined by —1 <z < 1, =1 <y < 1, and |z| < d/2. The outward flux from this surface
will be limited to that through the two parallel surfaces at +z:

1,1 2 1 el
®;, = ]{D -dS = 2/ / D, dxdy = Qenct = / / / po dxdydz’
—1J-1 —zJ1J1

where the factor of 2 in the second integral account for the equal fluxes through the
two surfaces. The above readily simplifies, as both D, and py are constants, leading to
D;, = poza, C/m? (]z| < d/2), and therefore E;, = (poz/€0)a, V/m (|z| < d/2).

Outside the charge, the Gaussian surface is the same, except that the parallel boundaries
at £z occur at |z| > d/2. As a result, the calculation is nearly the same as before, with
the only change being the limits on the total charge integral:

1,1 a/2 1 1
Dot = y{D -dS = 2/ / D. dxdy = Qenet = / / / po dxdydz’
—1J-1 —d2J-1J-1

Solve for D, to find the constant values:

Cf dfa. ) s f (eedf2)as (2> d/2)
D"“t‘{—@od/maz (= <djz) O mnd Bou {—(Pod/QGO)az (<ap)

3.7. Volume charge density is located in free space as p, = 2719907 nC/m? for 0 < r < 1 mm, and
pv = 0 elsewhere.
a) Find the total charge enclosed by the spherical surface 7 = 1 mm: To find the charge we

integrate:
27 ™ .001
Q= / / / 2100072 in 6 dr dB dop
0 o Jo

Integration over the angles gives a factor of 47. The radial integration we evaluate using
tables; we obtain

_2—10007

.001 9 10007 .001
1000 0

+———(—1000r — 1)‘ } = 4.0 x 10°°nC

@ =8m [ o 1000 (1000)2

b) By using Gauss’s law, calculate the value of D, on the surface r = 1 mm: The gaussian
surface is a spherical shell of radius 1 mm. The enclosed charge is the result of part a.
We thus write 472D, = @, or

. Q  40x107?
~ 4mr? - 47(.001)2

D, =3.2x 107* nC/m?
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3.8. Use Gauss’s law in integral form to show that an inverse distance field in spherical coordinates,
D = Aa,/r, where A is a constant, requires every spherical shell of 1 m thickness to contain
47 A coulombs of charge. Does this indicate a continuous charge distribution? If so, find the
charge density variation with r.

The net outward flux of this field through a spherical surface of radius r is

2m T
A
@:%D.dS:/ / “a,-a,r’sinfdfdo = 4nAr = Qenei
o Jo T

We see from this that with every increase in r by one m, the enclosed charge increases
by 47 A (done). It is evident that the charge density is continuous, and we can find the
density indirectly by constructing the integral for the enclosed charge, in which we already
found the latter from Gauss’s law:

27 ™ r r
Qenet = 4T Ar = / / / p(r') (") sin@ dr’ df dp = 47r/ p(r") (r")? dr’
o Jo Jo 0

To obtain the correct enclosed charge, the integrand must be p(r) = A/r?.

3.9. A uniform volume charge density of 80 uC/m? is present throughout the region 8 mm < r <
10mm. Let p, =0 for 0 < r < 8 mm.
a) Find the total charge inside the spherical surface » = 10 mm: This will be

27 pm 010 73 .010
Q= / / / (80 x 1075)72 sin O dr df do = 47 x (80 x 1075) —
0 o J.008 3 .08

=1.64 x 1071 C = 164 pC

b) Find D, at » = 10 mm: Using a spherical gaussian surface at r = 10, Gauss’ law is
written as 472D, = Q = 164 x 10712, or

164 x 10712

D,(10mm) = (01 1.30 x 1077 C/m? = 130nC/m?

c¢) If there is no charge for » > 10 mm, find D, at » = 20 mm: This will be the same
computation as in part b, except the gaussian surface now lies at 20 mm. Thus

164 x 1012

D,(20mm) = “an(022

=325 x 107®C/m? = 32.5nC/m?
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3.10. An infinitely long cylindrical dielectric of radius b contains charge within its volume of density
po = ap?, where a is a constant. Find the electric field strength, E, both inside and outside
the cylinder.

Inside, we note from symmetry that D will be radially-directed, in the manner of a line
charge field. So we apply Gauss’ law to a cylindrical surface of radius p, concentric with
the charge distribution, having unit length in 2z, and where p < b. The outward normal
to the surface is a,.

1 27 1 27 P
j{D ‘nda = / D,a,-a,pdpdz = Qene = / / / a(p)?p’ dp' do dz
o Jo o Jo Jo

in which the dummy variable p’ must be used in the far-right integral because the upper
radial limit is p. D, is constant over the surface and can be factored outside the integral.
Evaluating both integrals leads to

3 3

1
2n(1)pD, =2ma |~ | p* = D, = P o E;, = aw_ a, (p<b)
4 4 4eg

To find the field outside the cylinder, we apply Gauss’ law to a cylinder of radius p > b.
The setup now changes only by the upper radius limit for the charge integral, which is
now the charge radius, b:

1 27 1 27 b
%D-nda:/ Dpap-appdgzﬁdz:Qencl:/ / / ap’pdpdep dz
0 Jo o Jo Jo

where the dummy variable is no longer needed. Evaluating as before, the result is

ab* ab*

3.11. In cylindrical coordinates, let p, = 0 for p < 1 mm, p, = 2sin(20007p) nC/m? for 1 mm <
p < 1.5mm, and p, = 0 for p > 1.5mm. Find D everywhere: Since the charge varies only
with radius, and is in the form of a cylinder, symmetry tells us that the flux density will be
radially-directed and will be constant over a cylindrical surface of a fixed radius. Gauss’ law
applied to such a surface of unit length in z gives:

a) for p < 1 mm, D, = 0, since no charge is enclosed by a cylindrical surface whose radius
lies within this range.

b) for Imm < p < 1.5mm, we have

P

2npD, = 21 / 2 x 1079 sin (200070 ) p’ dp’

.001
P
_ : p
=47 x 107% | ———— sin(2 — 2
7w x 10 [(20007r)2 sin(20007p) 50007 cos(20007p) .
or finally,
10715
T [sin(20007rp) + 27 [1 — 10%pcos(20007p)] } C/m? (lmm < p < 1.5mm)
T

29



3.11c) for p > 1.5mm, the gaussian cylinder now lies at radius p outside the charge distribution, so
the integral that evaluates the enclosed charge now includes the entire charge distribution. To
accomplish this, we change the upper limit of the integral of part b from p to 1.5 mm, finally
obtaining:

2.5 x 1071°
D, = X7r—p C/m? (p>1.5mm)

3.12. The sun radiates a total power of about 3.86 x 10%¢ watts (W). If we imagine the sun’s surface
to be marked off in latitude and longitude and assume uniform radiation,

a)

What power is radiated by the region lying between latitude 50° N and 60° N and longi-
tude 12° W and 27° W?

50° N lattitude and 60° N lattitude correspond respectively to § = 40° and 6 = 30°.
12° and 27° correspond directly to the limits on ¢. Since the sun for our purposes is
spherically-symmetric, the flux density emitted by it is I = 3.86 x 1026/(47r?) a,, W/m?.
The required power is now found through
27 26
° 3.86 x 10
P1=/ / X2 a, -a,r’sinfdb do
30 4y
27

[cos(30°) — cos(40°)] (27° — 12°) <%> =8.1x102 W

_3.86 x 1026
- 47

What is the power density on a spherical surface 93,000,000 miles from the sun in W/m??
First, 93,000,000 miles = 155,000,000 km = 1.55 x 10! m. Use this distance in the flux
density expression above to obtain
3.86 x 1026
~ 4m(1.55 x 1011)2

a, = 1200a, W/m?

3.13. Spherical surfaces at r = 2, 4, and 6 m carry uniform surface charge densities of 20 nC/m?,
—4nC/m?, and pyg, respectively.

a)

Find D at » = 1, 3and5 m: Noting that the charges are spherically-symmetric, we
ascertain that D will be radially-directed and will vary only with radius. Thus, we apply
Gauss’ law to spherical shells in the following regions: r < 2: Here, no charge is enclosed,
and so D, = 0.

80 x 107°

r2

2<r<4: 4m’D, =47w(2)?(20x 107°%) = D, = C/m?

So D,(r =3)=8.9x 1072 C/m?.

4<r<6: 4nr’D, =47(2)%(20 x 107%) + 47(4)*(-4 x 107?) = D, =
So D,.(r =5) = 6.4 x 1071 C/m?.

Determine pyo such that D = 0 at » = 7 m. Since fields will decrease as 1/r2, the question
could be re-phrased to ask for psg such that D = 0 at all points where r > 6 m. In this
region, the total field will be
16 x 1072 pgo(6)?
2 + 2
r r

Requiring this to be zero, we find pso = —(4/9) x 1072 C/m?.

D,(r>6)=
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3.14. A certain light-emitting diode (LED) is centered at the origin with its surface in the xy plane.
At far distances, the LED appears as a point, but the glowing surface geometry produces a
far-field radiation pattern that follows a raised cosine law: That is, the optical power (flux)
density in Watts/m? is given in spherical coordinates by

2
cos“ 0 9
Pd = PO W a, WattS/m

where 0 is the angle measured with respect to the normal to the LED surface (in this case,
the z axis), and r is the radial distance from the origin at which the power is detected.

a) Find, in terms of Py, the total power in Watts emitted in the upper half-space by the
LED: We evaluate the surface integral of the power density over a hemispherical surface
of radius r:

2w pmw/2 29 P /2 P
Pt:/ / Po%ar'arﬁsin@cwdqﬁ:——000839 -0
0 0 2rr 3 0 i

b) Find the cone angle, 61, within which half the total power is radiated; i.e., within the
range 0 < 0 < 61: We perform the same integral as in part a except the upper limit for 6
is now #;. The result must be one-half that of part a, so we write:

P P P,
715:?0:—?000830

01 P 1
= ?0 (1 — cos® 01) = 6 =cos ! <—> =37.5°

0 21/3

c¢) An optical detector, having a 1 mm? cross-sectional area, is positioned at 7 = 1 m and at
6 = 45°, such that it faces the LED. If one nanowatt (stated in error as 1mW) is measured
by the detector, what (to a very good estimate) is the value of Py? Start with

cos?(45°) Py

P,(45°) = P, = )
a(457) 0 o2 a 47r7’2a

2

Then the detected power in a 1-mm* area at » = 1 m approximates as

PW]==x10°%=10"" = Py=4rx10* W

If the originally stated ImW value is used for the detected power, the answer would have
been 47 kW (!).

3.15. Volume charge density is located as follows: p, = 0 for p < 1 mm and for p > 2 mm,
po = 4p uC/m?3 for 1 < p < 2 mm.

a) Calculate the total charge in the region 0 < p < p1, 0 < z < L, where 1 < p; < 2 mm:
We find,

L 27 P1 8 L
o= [ [ [ appdpdods =" (5t - 10 uC
o Jo Joot 3

b) Use Gauss’ law to determine D, at p = p1: Gauss’ law states that 2mp; LD, = @, where
Q is the result of part a. So, with p; in meters,

4(p? —1077)

C/m?
o nC/

Dp(pl) =
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3.15¢) Evaluate D, at p = 0.8mm, 1.6mm, and 2.4mm: At p = 0.8 mm, no charge is enclosed by
a cylindrical gaussian surface of that radius, so D,(0.8mm) = 0. At p = 1.6 mm, we evaluate
the part b result at p; = 1.6 to obtain:

4[(.0016)% — (.0010)3]

D,(1.6 = =3.6 x 107° 4C/m?
p(1.6mm) 3(.0016) HC/m
At p = 2.4, we evaluate the charge integral of part a from .001 to .002, and Gauss’ law is
written as
8L

2npLD, = T[(.002)2 — (.001)%] uC
from which D,(2.4mm) = 3.9 x 1076 uC/m?.

3.16. An electric flux density is given by D = Dga,, where Dy is a given constant.

a) What charge density generates this field? Charge density is found by taking the diver-
gence: With radial D only, we have

Dy 3
pop=V-D=—-—(pDg) = — C/m
pdp p
b) For the specified field, what total charge is contained within a cylinder of radius a and
height b, where the cylinder axis is the z axis? We can either integrate the charge density
over the specified volume, or integrate D over the surface that contains the specified
volume:

b r2m ra b o
Q:/ / / —Opdpd¢dz:/ Doap.apad¢dZ:27TabDOC
0o Jo o P o Jo <mabLl’g

3.17. A cube is defined by 1 < z,y,2 < 1.2. If D = 22?ya, + 3z%y%a, C/m?:

a) apply Gauss’ law to find the total flux leaving the closed surface of the cube. We call the
surfaces at z = 1.2 and x = 1 the front and back surfaces respectively, those at y = 1.2
and y = 1 the right and left surfaces, and those at z = 1.2 and z = 1 the top and bottom
surfaces. To evaluate the total charge, we integrate D - n over all six surfaces and sum
the results. We note that there is no z component of D, so there will be no outward flux
contributions from the top and bottom surfaces. The fluxes through the remaining four

are
12 1.2 12 1.2
d=0Q= ?{D ‘nda = / / 2(1.2)%y dy dz+/ / —2(1)%y dy d=z
1 1 1 1

front b;;k
1.2 1.2 1.2 1.2
+/ / —33:2(1)2d:1:dz+/ / 32%(1.2)% dr dz = 0.1028 C
1 1 1 1
left right

b) evaluate V - D at the center of the cube: This is

VD = [day +62°y] ;) = 4(11)* +6(1.1)° = 12.83

c) Estimate the total charge enclosed within the cube by using Eq. (8): This is
Q=V-D| x Av =12.83 x (0.2)> = 0.1026 Close!

center
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3.18. State whether the divergence of the following vector fields is positive, negative, or zero:

a) the thermal energy flow in J/(m? — s) at any point in a freezing ice cube: One way to
visualize this is to consider that heat is escaping through the surface of the ice cube as it
freezes. Therefore the net outward flux of thermal energy through the surface is positive.
Calling the thermal flux density F, the divergence theorem says

j{F-dS:/V-de

and so if we identify the left integral as positive, the right integral (and its integrand)
must also be positive. Answer: positive.

b) the current density in A/m? in a bus bar carrying direct current: In this case, we have
no accumulation or dissipation of charge within any small volume, since current is dc;
this also means that the net outward current flux through the surface that surrounds any
small volume is zero. Therefore the divergence must be zero.

c) the mass flow rate in kg/(m? —s) below the surface of water in a basin, in which the
water is circulating clockwise as viewed from above: Here again, taking any small volume
in the water, the net outward flow through the surface that surrounds the small volume
is zero; i.e., there is no accumulation or dissipation of mass that would result in a change
in density at any point. Divergence is therefore zero.

3.19. A spherical surface of radius 3 mm is centered at P(4,1,5) in free space. Let D = za, C/m?.

Use the results of Sec. 3.4 to estimate the net electric flux leaving the spherical surface: We
use ® =V - DAw, where in this case V- D = (9/dz)z = 1 C/m3. Thus

4
o = §7r(.003)3(1) =1.13x1077C = 113nC

3.20. A radial electric field distribution in free space is given in spherical coordinates as:

TPo

E, = gar (r<a)
23_ 3

B, = OO T, sy
2a% — b3

E3 = (360—7‘2)p0ar (rr‘zb)

where pg, a, and b are constants.

a) Determine the volume charge density in the entire region (0 < r < oo) by appropriate
use of V- D = p,. We find p, by taking the divergence of D in all three regions, where
D = ¢E. As D has only a radial component, the divergences become:



3.20b) Find, in terms of given parameters, the total charge @, within a sphere of radius r where
r > b. We integrate the charge densities (piecewise) over the spherical volume of radius b:

27 2m
Q= / //por sin 0 dr df d¢p — / //por Sln@drd@dqﬁ——ﬂ(Qa —b3)p0

3.21. Calculate the divergence of D at the point specified if
a) D = (1/2?) [10zyz a, + 5a?z a, + (22° — ba?y) a.] at P(—2,3,5): We find

10 10z
V~D:[—y+0+2+ iy] — 8.96
z (—2,3,5)
b) D =5z%a, + 10pza, at P(3,—45°,5): In cylindrical coordinates, we have

vo=220p,)+ 18£b¢+aD :[5i+10p

pop p } (3,—45°,5)
c) D =2rsinfsin¢ga, + rcosfsingpag + rcospa, at P(3,45° —45°): In spherical coordi-
nates, we have

= 71.67

10, 10 1 oD,
VoD = 5o D)+ g e (0P + g a0
0052951nd>_ sin ¢

=2

[6 sin fsin ¢ +

sin 0 sm@] (3,45°,—45°)

3.22. (a) A flux density field is given as F; = ba,. Evaluate the outward flux of F; through the
hemispherical surface, r =a, 0 < 0 < 7/2, 0 < ¢ < 27.

The flux integral is

27
d = / F,.-dS= / / 5a,-a, a’sinfdfdp = —2m(5)a*—— = 5ma
hem. 0 0 ~—— 2

cos @

b) What simple observation would have saved a lot of work in part a? The field is constant,
and so the inward flux through the base of the hemisphere (of area ma?) would be equal
in magnitude to the outward flux through the upper surface (the flux through the base
is a much easier calculation).

¢) Now suppose the field is given by Fo = 5za,. Using the appropriate surface integrals,
evaluate the net outward flux of F5 through the closed surface consisting of the hemisphere
of part a and its circular base in the xy plane:

Note that the integral over the base is zero, since Fo = 0 there. The remaining flux
integral is that over the hemisphere:

27 27
P, = / / 5za, -a,a’sinfdf do = / / 5(a cos 0) cos 0 a® sin 0 df d¢

©/2 10
= —7ma®

1
= 10ma’ / cos?0sinfdf dp = —gwa3 cos> 3
0 o

d) Repeat part ¢ by using the divergence theorem and an appropriate volume integral:

The divergence of Fy is just dFy/dz = 5. We then integrate this over the hemisphere
volume, which in this case involves just multiplying 5 by (2/3)7a?, giving the same answer
as in part c.
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3.23. a) A point charge @ lies at the origin. Show that div D is zero everywhere except at the
origin. For a point charge at the origin we know that D = Q/(47r?)a,. Using the formula
for divergence in spherical coordinates (see problem 3.21 solution), we find in this case that

v.p=_L4 <r2 9 >:0

r2 dr 47?2

The above is true provided r > 0. When r = 0, we have a singularity in D, so its divergence
is not defined.

b) Replace the point charge with a uniform volume charge density p,o for 0 < r < a. Relate
puo 1o @ and a so that the total charge is the same. Find div D everywhere: To achieve
the same net charge, we require that (4/3)ma®p,0 = Q, so pyo = 3Q/(4ma®) C/m3. Gauss’
law tells us that inside the charged sphere

4 Qr3
2 _ 3 _
47r Dr = §7T7” Pv0 = ?
Thus 3
Qr 9 1 d [ Qr 3Q
D, = C dV-D=—— =
4dma3 /m” and V r2 dr \ 4ma3 4mra3

as expected. Outside the charged sphere, D = Q/(47r?) a,. as before, and the divergence
is zero.

3.24. In a region in free space, electric flux density is found to be:
D— po(z +2d)a, C/m? (—2d < z <0)
| —po(z —2d)a, C/m?2 (0<z<2d)
Everywhere else, D = 0.

a) Using V- D = p,, find the volume charge density as a function of position everywhere:
Use

) :V.D:dDZ:{pO (—2d < z2<0)

dz —po (0<2z<2d)
b) determine the electric flux that passes through the surface defined by z =0, —a <z < a,

—b <y < b: In the z-y plane, D evaluates as the constant D(0) = 2dpg a,. Therefore the
flux passing through the given area will be

a b
o = / / 2dpo dxdy = 8abd py C
—aJ—=b

c) determine the total charge contained within the region —a < z < a, —b <y < b,
—d < z < d: From part a, we have equal and opposite charge densities above and below
the z-y plane. This means that within a region having equal volumes above and below
the plane, the net charge is zero.

d) determine the total charge contained within the region —a < z < a, —b <y < b,
0 < z < 2d. In this case,

Q = —po (2a) (2b) (2d) = —8abd py C

This is equivalent to the net inward flux of D into the volume, as was found in part b.
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3.25. Within the spherical shell, 3 < r < 4 m, the electric flux density is given as

2)

b)

c)

d)

D = 5(r — 3)%a, C/m?

What is the volume charge density at r = 47 In this case we have
Ld , 5 2 3
pp=V-D= T—Q%(r D,) = ;(’I"—3) (5r —6) C/m

which we evaluate at r = 4 to find p,(r = 4) = 17.50 C/m3.

What is the electric flux density at r = 4?7 Substitute » = 4 into the given expression to
find D(4) = 5a, C/m?

How much electric flux leaves the sphere r = 47 Using the result of part b, this will be
® = 47(4)%(5) = 3207 C

How much charge is contained within the sphere, r = 47 From Gauss’ law, this will be
the same as the outward flux, or again, ) = 3207 C.

3.26. If we have a perfect gas of mass density p,, kg/m3, and assign a velocity U m/s to each
differential element, then the mass flow rate is p,, U kg/(m? —s). Physical reasoning then
leads to the continuity equation, V - (p,U) = —0py,/0t.

a)

Explain in words the physical interpretation of this equation: The quantity p,,, U is the
flow (or flux) density of mass. Then the divergence of p,, U is the outward mass flux per
unit volume at a point. This must be equivalent to the rate of depletion of mass per unit
volume at the same point, as the continuity equation states.

Show that ¢ p, U -dS = —dM/dt, where M is the total mass of the gas within the
constant closed surface, S, and explain the physical significance of the equation.

Applying the divergence theorem, we have

Opm _dM
j{me-dS—/UV-(me)dv—/v—de——E Upmdv——ﬁ

This states in large-scale form what was already stated in part a. That is — the net
outward mass flow (in kg/s) through a closed surface is equal to the negative time rate
of change in total mass within the enclosed volume.

3.27. Let D = 5.00r%a, mC/m? for r < 0.08 m and D = 0.205a,./r? uC/m? for r > 0.08 m (note
error in problem statement).

a)

b)

Find p, for r = 0.06 m: This radius lies within the first region, and so

d
(5.00r*) = 20r mC/m?

2 dr
which when evaluated at r = 0.06 yields p,(r = .06) = 1.20 mC/m?.

Find p, for r = 0.1 m: This is in the region where the second field expression is valid.
The 1/r? dependence of this field yields a zero divergence (shown in Problem 3.23), and
so the volume charge density is zero at 0.1 m.
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3.27c) What surface charge density could be located at r = 0.08 m to cause D = 0 for r > 0.08 m?

The total surface charge should be equal and opposite to the total volume charge. The
latter is

2m e .08
Q= / / / 20r(mC/m?) r?sin 0 dr df dp = 2.57 x 107> mC = 2.57 uC
o Jo Jo

So now

2.57
s=—|—F=| =— 2 2
P [47r(.08)2] =32pC/m”

3.28. Repeat Problem 3.8, but use V- D = p, and take an appropriate volume integral.
We begin by finding the charge density directly through

1 d A A
v = D:—— 2— = —
po=V r2dr(r r) 2

Then, within each spherical shell of unit thickness, the contained charge is

r+1
Q1) = 47‘[‘/ %(r’)2 dr' = 4rA(r +1—7r) = 47A

3.29. In the region of free space that includes the volume 2 < z,y, z < 3,

2
D= g(yzax +zza, —2zya,) C/m?

a) Evaluate the volume integral side of the divergence theorem for the volume defined above:
In cartesian, we find V - D = 8zy/23. The volume integral side is now

3 3 3 1 1
/ V-de:///Sx—ydxdydz:(9—4)(9—4) S ) =347C
vol o Jo Jo 2B 4 9

b. Evaluate the surface integral side for the corresponding closed surface: We call the surfaces
at © = 3 and x = 2 the front and back surfaces respectively, those at y = 3 and y = 2
the right and left surfaces, and those at z = 3 and z = 2 the top and bottom surfaces.
To evaluate the surface integral side, we integrate D - n over all six surfaces and sum the
results. Note that since the x component of D does not vary with x, the outward fluxes
from the front and back surfaces will cancel each other. The same is true for the left
and right surfaces, since D, does not vary with y. This leaves only the top and bottom
surfaces, where the fluxes are:

53 —dxy 53 —dxy 1 1
D.dS= - =(9—-4)(9-4) (- —=) =34
7{ ds /2 /2 2 dxdy /2 /2 52 dxdy = (9 —4)(9—4) <4 9) 3.47 C

v~

~
top bottom
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3.30 a) Use Maxwell’s first equation, V - D = p,, to describe the variation of the electric field
intensity with x in a region in which no charge density exists and in which a non-homogeneous
dielectric has a permittivity that increases exponentially with x. The field has an © component
only: The permittivity can be written as €(x) = €; exp(ajx), where €; and «; are constants.
Then

aE,) _

V-D=V":[e(z)E(z)] = di €1 €T EL(x)] = €1 |ag e T E, + M7 =0

€T dx

This reduces to
dE,

dzx

+o1E, =0 = Ew($) = Eo e~ T

where Ej is a constant.

b) Repeat part a, but with a radially-directed electric field (spherical coordinates), in which
again p, = 0, but in which the permittivity decreases exponentially with r. In this case,
the permittivity can be written as €(r) = ez exp(—aa 1), where €3 and a3 are constants.
Then

dE,
dr

1 d
V-D= V[E(T’)E<’F)] = T_Q % [7,262 e~ a2r Erj| — % |:2T'Er — o T'2ET + ,,,,2 e — )

This reduces to

E, 2
d —I—(—ag)ET:O
dr r

whose solution is

) E
E.(r) = Epexp {/ (; - Oé2> dT} = Epexp[—2Inr +azr] = r—gew

where Ey is a constant.

3.31. Given the flux density
1
D= 76 cos(260) ag C/m?,

use two different methods to find the total charge within the region 1 <r <2 m, 1 <6 < 2
rad, 1 < ¢ < 2 rad: We use the divergence theorem and first evaluate the surface integral
side. We are evaluating the net outward flux through a curvilinear “cube”, whose boundaries
are defined by the specified ranges. The flux contributions will be only through the surfaces
of constant @, however, since D has only a 6 component. On a constant-theta surface, the
differential area is da = r sin 8drdep, where 6 is fixed at the surface location. Our flux integral
becomes

2 2 2 2
%D-dS: —/1 /1 170—6(:08(2)rsin(l)alrdgb+/1 /1 ?cos(él)rsin@) drddi

=1 0=2
= —16[cos(2) sin(1) — cos(4) sin(2)] = —=3.91 C

We next evaluate the volume integral side of the divergence theorem, where in this case,

1
V-D= i(smeDg): — 25sin 26

rsinf do

im0 40 — cos20sin 6 5

1 d {16 ]_1_6 {cos?&cos&
r

T sin 0
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3.31 (continued) We now evaluate:

/ v de_/ / / {C%QGCOSG—Qsmw] r2 sin 0 drdfde
sin 6

The integral simplifies to

2
/ / / 16[cos 26 cos § — 2sin 20 sin 0] drdfd¢p = 8/ [3cos30 — cosf]df = —3.91 C
1
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CHAPTER 4

4.1. The value of E at P(p = 2, ¢ = 40°, z = 3) is given as E = 100a, — 200a, + 300a, V/m.

Determine the incremental work required to move a 20 4C charge a distance of 6 pm:

a) in the direction of a,: The incremental work is given by dW = —¢E - dL, where in this

case, dL = dpa, = 6 x 10" %a,. Thus

dW = —(20 x 1079 C)(100 V/m)(6 x 107 %m) = 12 x 107 J = —12nJ

b) in the direction of as: In this case dL = 2dgas =6 x 1075 a,, and so

dW = —(20 x 1075)(=200)(6 x 107%) = 2.4 x 1078J =24 nJ

c) in the direction of a,: Here, dL = dza, = 6 x 10~%a,, and so

dW = —(20 x 107°)(300)(6 x 107°) = —3.6 x 107°J = —36 nJ

d) in the direction of E: Here, dL = 6 x 10~%ap, where

o 100a, — 200ay + 300a,
P 7 11002 + 2002 + 3002]1/2

=0.267a, — 0.535a4 + 0.802a,

Thus

dW = —(20 x 10~%)[100a, — 200a, + 300a.] - [0.267 a, — 0.535a, + 0.802a,](6 x 10~°)

= —449nJ

e) In the direction of G =2a, — 3a, +4a,: In this case, dL = 6 x 10~%ag, where

2a, — 3a, +4a,
[22 + 32 4 42]1/2

ag = =0.37la,; —0.557a, +0.743 a,

So now

dW = —(20 x 107%)[100a, — 200a, + 300a.] - [0.371a, — 0.557 a, + 0.743a.](6 x 10~°)

=—(20x 107%)[37.1(a, - a,) — 55.7(a, - a,) — 74.2(a, - a,) + 111.4(a, - a,)
+ 222.9] (6 x 107%)

where, at P, (a, -a;) = (a4 - a,) = cos(40°) = 0.766, (a, - a,) = sin(40°) = 0.643, and

(ag - a;) = —sin(40°) = —0.643. Substituting these results in

dW = —(20 x 107°)[28.4 — 35.8 +47.7 + 85.3 + 222.9](6 x 107%) = —41.8nJ
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4.2.

4.3.

A positive point charge of magnitude ¢; lies at the origin. Derive an expression for the
incremental work done in moving a second point charge g2 through a distance dx from the
starting position (z,y, z), in the direction of —a,: The incremental work is given by

dW = _q2E12 - dL

where Ei5 is the electric field arising from ¢; evaluated at the location of ¢, and where
dL = —dx a,. Taking the location of g2 at spherical coordinates (r, 0, ¢), we write:

aw = 24, (—dz)a,

- T
Amegr?

where r? = 22 + 32 + 22, and where a, - a, = sinf cos ¢. So

dW q2q1 Va? +y? x G2q1 x dx

= d —
dmeg (22 + 42 +22) /22 + 2 + 22 /22 + o2 o Aeq (22 + y2 + 22)3/2

sin 6 cos ¢

If E=120a,V/m, find the incremental amount of work done in moving a 50 ym charge a
distance of 2 mm from:

a) P(1,2,3) toward Q(2,1,4): The vector along this direction will be Q@ — P = (1,—1,1)
from which apg = [a, — a, + a,]/v/3. We now write

(ay —a, +a,
V3

— (50 x 107%)(120) [(a, - ) — (a, - a,)] %(2 < 1079)

At P, ¢ = tan"1(2/1) = 63.4°. Thus (a, - a,) = co0s(63.4) = 0.447 and (a, - a,) =
sin(63.4) = 0.894. Substituting these, we obtain dW = 3.1 puJ.

b) Q(2,1,4) toward P(1,2,3): A little thought is in order here: Note that the field has only
a radial component and does not depend on ¢ or z. Note also that P and ) are at the
same radius (v/5) from the z axis, but have different ¢ and z coordinates. We could just
as well position the two points at the same z location and the problem would not change.
If this were so, then moving along a straight line between P and () would thus involve
moving along a chord of a circle whose radius is v/5. Halfway along this line is a point of
symmetry in the field (make a sketch to see this). This means that when starting from
either point, the initial force will be the same. Thus the answer is dW = 3.1 uJ as in part
a. This is also found by going through the same procedure as in part a, but with the
direction (roles of P and @) reversed.

dW = —q¢E - dL = —(50 x 107°%) | 120a,, - (2 x 1073)
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4.4. An electric field in free space is given by E = za, + ya, + za, V/m. Find the work done in
moving a 1uC charge through this field

a) from (1,1,1) to (0,0,0): The work will be

0 0 0
W:—q/E.dL = —1076 [/ zdr + / ydy + / zdz] J = 1.5ul]
1 1 1

b) from (p =2, ¢ = 0) to (p = 2, ¢ = 90°): The path involves changing ¢ with p and z
fixed, and therefore dL = pd¢pa,. We set up the integral for the work as

/2
W= 10—6/ (za, +ya, + za.) - pdoa,
0

where p = 2, a,-ay = —sing, a,-a, =cos¢, and a, -ag = 0. Also, x = 2cos ¢ and
y = 2sin ¢. Substitute all of these to get

/2
W = —10_6/ [—(2)2 cos ¢ sin ¢ + (2)2(:osd>sin¢] dp=0
0
Given that the field is conservative (and so work is path-independent), can you see a much
easier way to obtain this result?
¢) from (r =10, 8 = 6y) to (r =10, 6 = 6y + 180°): In this case, we are moving only in the

ag direction. The work is set up as

00+Tl'
W = —10_6/ (ray +ya, +za,) - rdfag
0o

Now, substitute the following relations: r = 10, x = rsinfcos¢, y = rsinfsing, z =
rcosf), a, -ag = cosblcos ¢, a,-ag=cosfsing, and a, -ap = —sinf. Obtain

00-‘,—71‘
W = —10_6/ (10)? [sin 6 cos 6 cos® ¢ + sin @ cos § sin? ¢ — cosfsind] df =0
0o

where we use cos? ¢ + sin? ¢ = 1.

4.5. Compute the value of ff G - dL for G = 2ya, with A(1,—1,2) and P(2,1,2) using the path:
a) straight-line segments A(1,—1,2) to B(1,1,2) to P(2,1,2): In general we would have

P P
/ G‘dL:/ 2y dx
A A

The change in = occurs when moving between B and P, during which y = 1. Thus

P P 2
/ G-dL:/ 2ydm:/ 2(1)dx =2
A B 1

b) straight-line segments A(1,—1,2) to C(2,—1,2) to P(2,1,2): In this case the change in
x occurs when moving from A to C, during which y = —1. Thus

P c 2
/ G'dL:/ 2ydx:/ 2(=1)dx = =2
A A 1
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4.6. An electric field in free space is given as E = x4, + 424, + 4ya,. Given V(1,1,1) =10 V.
Determine V'(3,3,3). The potential difference is expressed as

3,3,3
V(3,3,3) —V(1,1,1) = —/ (ra, +4za,+4ya,) - (dea, +dya, +dza,)

1,1,1

3 3 3
:—[/ acdx—i—/ 4zdy+/ 4ydz]
1 1 1

We choose the following path: 1) move along = from 1 to 3; 2) move along y from 1 to 3,
holding z at 3 and z at 1; 3) move along z from 1 to 3, holding = at 3 and y at 3. The integrals
become:

V(3,3,3) — V(1,1,1) = — Ulgxdx+/134(1)dy+/134(3)dz] ~ 36

So
V(3,3,3) =-36+V(1,1,1) = -36+10=—-26 V

4.7. Let G = 3zy®a, + 2za,. Given an initial point P(2,1,1) and a final point Q(4,3,1), find
| G - dL using the path:

a) straight line: y =z — 1, 2 = 1: We obtain:

4 3 4 3
/G-dL:/ 3xy2d:v+/ 2zdy:/ 3$(1:—1)2d$+/ 2(1)dy =90
2 1 2 1

b) parabola: 6y = 22 4+ 2, z = 1: We obtain:
4 3 49 3
/G-dL:/ 3xy2dx+/ 2zdy:/ Ex(x2+2)2dx+/ 2(1) dy = 82
2 1 2 1

4.8. Given E = —za, +ya,, a) find the work involved in moving a unit positive charge on a circular
arc, the circle centered at the origin, from 2 = a to z = y = a/V/2.

In moving along the arc, we start at ¢ = 0 and move to ¢ = w/4. The setup is

/4 /4
W:_q/E.dL:—/ E-ad¢a¢:—/ (_$ar'a¢+yay'a¢)ad¢
0 0 N—— ~—

— sin ¢ cos ¢
/4 /4 a? /4 a?
= —/ 2a” sin ¢ cos pdop = —/ a’sin(2¢) dp = 5 cos(2¢) s =73
0 0 _a

where g =1, x = acos ¢, and y = asin ¢.

Note that the field is conservative, so we would get the same result by integrating along
a two-segment path over x and y as shown:

a/V2 a/V2
W:—/E-dL:— / (—x)d:v—{—/ ydy| = —a®/2
a 0
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4.8b) Verify that the work done in moving the charge around the full circle from z = a is zero: In
this case, the setup is the same, but the integration limits change:

2 2m

27
W = —/0 a’sin(2¢) do = % cos(2¢) .= 0

4.9. A uniform surface charge density of 20 nC/m? is present on the spherical surface r = 0.6 cm
in free space.

a) Find the absolute potential at P(r = 1cm, 8 = 25°, ¢ = 50°): Since the charge density
is uniform and is spherically-symmetric, the angular coordinates do not matter. The
potential function for r > 0.6 cm will be that of a point charge of Q = 4ma?py, or

47 (0. 1072)2(2 1079 .081
V(r) = m(0-6 04 )(20 x 1077) _ 008 V with r in meters
TeQT r

At r = 1cm, this becomes V(r = 1cm) =8.14 V

b) Find V4 p given points A(r = 2cm, = 30°, ¢ = 60°) and B(r = 3cm, § = 45°, ¢ = 90°):
Again, the angles do not matter because of the spherical symmetry. We use the part a
result to obtain

1 1
Vap =Va—Vp =0.081 [— — —] =136V

4.10. A sphere of radius a carries a surface charge density of pso C/m?.

a) Find the absolute potential at the sphere surface: The setup for this is

VO:—/ E - dL

o0

where, from Gauss’ law:
2
a~pPso

E =
€or?

a, V/m

So

a 2 2
a”pso a”pso | apPs0
Vo=— ‘;ar-ardr:—s ==V
€or €or loo €0

(o]

b) A grounded conducting shell of radius b where b > a is now positioned around the charged

sphere. What is the potential at the inner sphere surface in this case? With the outer

sphere grounded, the field exists only between the surfaces, and is zero for » > b. The
potential is then

a 2 2
a~pso a~pPso
Vo=— Ca,-a,dr = —
2
b €oT €or

a:a2p50 1.1 AV
b €0 a b
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4.11. Let a uniform surface charge density of 5n1C/m? be present at the z = 0 plane, a uniform line
charge density of 8nC/m be located at x = 0, z = 4, and a point charge of 2 uC be present
at P(2,0,0). If V=0 at M(0,0,5), find V at N(1,2,3): We need to find a potential function
for the combined charges which is zero at M. That for the point charge we know to be

Vy(r) = —2

dmegr

Potential functions for the sheet and line charges can be found by taking indefinite integrals
of the electric fields for those distributions. For the line charge, we have

Pl Pl
W) == [ F2dp+ Co = —5P (o) + €

For the sheet charge, we have

%(z):—/%dz+02=—2p—;z+02

The total potential function will be the sum of the three. Combining the integration constants,

we obtain: 0
Pl Ps
V= — | - — C
dmegr  2Teq n(p) 2¢€0 “t

The terms in this expression are not referenced to a common origin, since the charges are at
different positions. The parameters r, p, and z are scalar distances from the charges, and will
be treated as such here. To evaluate the constant, C, we first look at point M, where Vp = 0.

At M, r=+22+52=+29, p=1, and z = 5. We thus have

~2x107%  8x107? _5x107°

= — In(1 5+4C = C=-193x10°V
4meg/29 2meg 1)

260

At point N, r = /1+4+9 =14, p = v/2, and z = 3. The potential at N is thus

2x107% 8x107? 5% 1072
In(v2) — =———(3)

— - n —1.93x 10> =1.98 x 103V = 1.98kV
Amegy/14 27eg 2¢e0

Vn
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4.12.

4.13.

4.14.

In spherical coordinates, E = 2r/(r? + a?)?a, V/m. Find the potential at any point, using
the reference

a) V =0 at infinity: We write in general

2r dr 1
V(T):_/(r?—i-cﬂ)2 +C:7’2+a2+c

With a zero reference at r — oo, C' = 0 and therefore V(r) = 1/(r? + a?).
b) V =0 at r = 0: Using the general expression, we find

1 1

Therefore )
1 1 —r

VvV S

(r) r2+a?> a®  a?(r?+a?)

c) V=100V at r = a: Here, we find

1 1
V(a) 542 +C 00 = C 00 5,2
Therefore ) )
1 1 a“—r
Viry)=—— - —4+100= ——————— + 100
(r) r2 a2 2qg? + 2a2%(r? + a?) +

Three identical point charges of 4 pC each are located at the corners of an equilateral triangle
0.5 mm on a side in free space. How much work must be done to move one charge to a point
equidistant from the other two and on the line joining them? This will be the magnitude of
the charge times the potential difference between the finishing and starting positions, or

i (dx 10712 [ 11

- —} x 10 = 5.76 x 10710 J = 576 pJ

27meq 25 5

Given the electric field E = (y + 1)a, + (z — 1)a, + 2a., find the potential difference between
the points
a) (2,-2,-1) and (0,0,0): We choose a path along which motion occurs in one coordinate
direction at a time. Starting at the origin, first move along x from 0 to 2, where y = 0;
then along y from 0 to —2, where x is 2; then along z from 0 to —1. The setup is

2 -2 -1
Vb—Va——/(y—i—l)‘ dx—/ (€ —1) dy—/ 2dz =2
0 y=0 0 z=2 0

b) (3,2,-1) and (-2,-3,4): Following similar reasoning,

3 2 —1
vb—vaz—/ (y+1) dx—/(x—l) dy—/ 2dz = 10
2 y=-3 _3 =3 4
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4.15. Two uniform line charges, 8 nC/m each, are located at z = 1, 2 = 2, and at x = —1, y = 2
in free space. If the potential at the origin is 100 V, find V' at P(4,1,3): The net potential
function for the two charges would in general be:

V= hl(Rl)

27T60 TEQ

IH(RQ) + C

At the origin, Ry = Ry = /5, and V = 100 V. Thus, with p; = 8 x 1079,

(8 x 1079

100 = —2 ) In(vV5)+C = C=331.6V

2meg
At P(4,1,3), Ry = |(4,1,3)—(1,1,2)] = V10 and Ry = |(4,1,3)—(—1,2,3)| = v/26. Therefore

Vp = _(8x1079) [m(\/ﬁ) + 1n(\/%)} +331.6 = —68.4V

2meg

4.16. A spherically-symmetric charge distribution in free space (with a < r < o0) — note typo
in problem statement, which says (0 < r < oo) — is known to have a potential function
V(r) = Vha?/r?, where V and a are constants.

a) Find the electric field intensity: This is found through

av a?

b) Find the volume charge density: Use Maxwell’s first equation:

. D — 14 9 a® _ a? 3
po=V- —V'(ﬁoE)—r—Qa r 250V0T_3 ——2€o%r—40/m

¢) Find the charge contained inside radius a: Here, we do not know the charge density inside
radius a, but we do know the flux density at that radius. We use Gauss’ law to integrate
D over the spherical surface at » = a to find the charge enclosed:

2
Qenct = j{ D - dS = 47a*D|,—, = 4ma® <260V0a—3) = 8megaly C
r=a a

d) Find the total energy stored in the charge (or equivalently, in its electric field) in the
region (a < r < 00). We integrate the energy density in the field over the region:

2m
W, = / =D Edv—/ // QEOVO r? sin 0 dr df d¢
76

= -81Viea = 8megaV@ /3 J

Yl
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4.17. Uniform surface charge densities of 6 and 2 nC/m? are present at p = 2 and 6 cm respectively,
in free space. Assume V =0 at p =4 cm, and calculate V" at:

a) p=>5 cm: Since V = 0 at 4 cm, the potential at 5 cm will be the potential difference
between points 5 and 4:

5 5 -9
V5:_/ E~dL:—/ “”S“dp:_('OQ)(me )ln(§) = —3.026 V
4 4

€0p €0 4

b) p =7 cm: Here we integrate piecewise from p =4 to p =T7:

6 7
V7:/ apsadp/ Mdﬂ
4 6

€op €op

With the given values, this becomes

(.02)(6 x 109)] n (6> B [(.02)(6 x 1079) + (.06)(2 x 109)} n <g)
€0

€0

- |

=—-9.678V

4

4.18. Find the potential at the origin produced by a line charge pr, = kx/(z? + a?) extending along
the z axis from x = a to +00, where a > 0. Assume a zero reference at infinity.

Think of the line charge as an array of point charges, each of charge dq = prdx, and each
having potential at the origin of dV = prdz/(4mepx). The total potential at the origin is
then the sum of all these potentials, or

v /OO pr dx /°° kdx k ton—1 (:U)OO k [7r 77} k
— — e n — e —_ — — | =
o Amegx o Ameg(2? 4+ a?)  dmepa a’a drepa L2 4 16€ega

4.19. The annular surface, 1cm < p < 3cm, z = 0, carries the nonuniform surface charge density
ps = 5pnC/m?. Find V at P(0,0,2cm) if V = 0 at infinity: We use the superposition integral

form:
=
dmeg|r — 1’|

where r = za, and r’ = pa,. We integrate over the surface of the annular region, with
da = pdpd¢. Substituting the given values, we find

v /2”/ (5 x 1079)p2 dp d¢
P 01 4megr/p? + 22

Substituting z = .02, and using tables, the integral evaluates as

260

_ 2 .03
ve - [E210) 9)} V07 - S G+ V2P| —osiv
.01
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4.20. In a certain medium, the electric potential is given by

V(z) = Lo (1 — e_‘w)

aep
where pg and a are constants.
a) Find the electric field intensity, E:
E==-VV = I (1 — e‘”) ag = L0 g a; V/m
dx | aeg €0

b) find the potential difference between the points z = d and = = 0:

Vao =V (d) = V(0) = Po (1 _ e—ad) v

aeg

c¢) if the medium permittivity is given by e(z) = €pe®*, find the electric flux density, D, and
the volume charge density, p,, in the region:

D = ¢E = ¢ge®” <—@ e W am> = —ppa, C/m?
€0 —

Then p, =V -D =0.
d) Find the stored energy in the region (0 <z <d), (0 <y <1), (0<z<1):

1 1 p1 pd 2 _2 d 2
We:/D-EdU:/ / / &e_azda:dydz: P x| &(l—e_ad) J
v 2 o Jo Jo 2e€o0 2epa 0 2ea

4.21. Let V = 229?23 +31n(22 4+ 2y*+32?) V in free space. Evaluate each of the following quantities
at P(3,2,—1):

a) V: Substitute P directly to obtain: V = —15.0V
b) |V|. This will be just 15.0 V.

c) E: We have
6x 12y
E‘ = —VV‘ = (2 + ——oi—— doyz® + —————2
P P [(yz +x2+2y2+3z2 A | Y +x2+2y2+3z2 A
182
2.2 _
=+ <6$y 25+ m) az:| b = 713:5 + 22.8ay — 71.1az V/m

d) |E|p: taking the magnitude of the part ¢ result, we find |E|p = 75.0V/m.
e) ay: By definition, this will be

E
aN’ = = 0.095a, — 0.304a, + 0.948a,
P |E|

f) D: This is D‘P - eOE‘P = 62.8a, + 202a, — 629a, pC,/m?.
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4.22. A line charge of infinite length lies along the z axis, and carries a uniform linear charge density
of ps C/m. A perfectly-conducting cylindrical shell, whose axis is the z axis, surrounds the
line charge. The cylinder (of radius b), is at ground potential. Under these conditions, the
potential function inside the cylinder (p < b) is given by

Pe
Vip) =k — ]
(p) Sms n(p)

where k is a constant.

a) Find k in terms of given or known parameters: At radius b,

Pe Pe
V(o) 2meg n(b) =0 27eq n(b)

b) find the electric field strength, E, for p < b:

d | pe pe pe
E;, = — =—— |— In(b) — 1 =
vV dp | 2meq n(b) 2meq n(p)| 2 2mepp a, V/m

c¢) find the electric field strength, E, for p > b: E,,; = 0 because the cylinder is at ground
potential.

d) Find the stored energy in the electric field per unit length in the z direction within the
volume defined by p > a, where a < b:

1 1 27 b pg p% b
W,= | =D-Edv = dpdpdz = " 1In|— ] J
/v 2 v /0 /0 /a 8mw2eqp? pdpdedz 47eg . <a)

4.23. It is known that the potential is given as V' = 80p% V. Assuming free space conditions, find:
a) E: We find this through

d
E=-VV = —d—‘;ap = —48p~*V/m

b) the volume charge density at p = .5m: Using D = ¢E, we find the charge density
through

— _ (1) d _ 14| _ 3
po| = [V-D]s= (p) i (pD,) ‘.5 = —28.8¢pp = 673 pC/m

c) the total charge lying within the closed surface p = .6, 0 < z < 1: The easiest way to do
this calculation is to evaluate D, at p = .6 (noting that it is constant), and then multiply
by the cylinder area: Using part a, we have Dp‘ = —48¢y(.6)~* = —521 pC/m?2. Thus

6

Q = —27(.6)(1)521 x 10712C = —1.96 nC.
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4.24. A certain spherically-symmetric charge configuration in free space produces an electric field
given in spherical coordinates by:

~ [ (por?)/(100e0) &, V/m  (r < 10)
50) = { ooy Vi (210

where pg is a constant.

a) Find the charge density as a function of position:

10 T N2
V(r<10) = —/ 10070 a,-a,dr — / po(r’) a, -a,dr’
10

10060
_ 100po |10 po(r')? 7 10pg

€0 loo  300€p 110 3eo [ ( r )]
V(r>10) = _/ 10000 a,-a.dr' = 100p0 " = 100p0 \V4
[e%e) 60(7/‘/)2 607"/ %) €oT

c¢) check your result of part b by using the gradient:

d [10p _ 10po - por’
By = -VV(r<10)=-— [ 3600 [4— (10 37-3)]} ar =3 (3r*)(107%) a, = 1006 2

r

d 100 100
E; =-VV(r>10) = - { 6050] ar = 60720

d) find the stored energy in the charge by an integral of the form of Eq. (42) (not Eq. (43)):

o 1 por [10p0 33 9 .
W, = /pUVdU—/ / / 305 [360 [4—(107%r )]} r°sinf dr df d¢

10
4rpg 5 1° Amp g7 5 P
_ 403 — 2| agr = 2ZP0 |t~ L | — 718 x 108 20
150¢, /O "7 100) T 150 | T 700, %

€o

e) Find the stored energy in the field by an integral of the form of Eq. (44) (not Eq. (45)).

1 1
We: —Dl-EldU+/ —DQ'EQdU
(r<10) (r>10)

27 10 27 4
1
/ / / 25017;)4 r 81n0drd6d¢+/ / / 20 pg 2 sin 0 dr df d¢
€T

2 2 2
04 {10 / rSdr + 104/ d_;“} _ 27 [—(103) + 103] —7.18x 103 20
€0 0 0 T € |7 €0
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4.25. Within the cylinder p = 2, 0 < z < 1, the potential is given by V = 100 + 50p + 150psin¢ V.
a) Find V, E, D, and p, at P(1,60°,0.5) in free space: First, substituting the given point,
we find Vp = 279.9 V. Then,

E:—VV:—a—Va LoV

5% a5 = [50 + 150 sin ¢] a, — [150 cos ¢] a

Evaluate the above at P to find Ep = —179.9a, — 75.0a4 V/m
Now D = ¢E, so Dp = —1.59a, — .664a, nC/m?2. Then

1\ d 10D, { 1 ) 1 ) 50
w=V-D=|(=-)—(pD,)+——— = |—=(50+ 150sin ¢) + —150sin¢| ¢g = ——¢x C
g (p> ap PPt 80 o' g R

At P, this is p,p = —443 pC/m3.

b) How much charge lies within the cylinder? We will integrate p,, over the volume to obtain:

Lo 2 opge
Q= / / / - pdpdpdz = —27(50)ep(2) = —=5.56 nC
o Jo Jo

4.26. Let us assume that we have a very thin, square, imperfectly conducting plate 2m on a side,
located in the plane z = 0 with one corner at the origin such that it lies entirely within the
first quadrant. The potential at any point in the plate is given as V = —e ®siny.

a) An electron enters the plate at x = 0, y = 7/3 with zero initial velocity; in what direction
is its initial movement? We first find the electric field associated with the given potential:

E=-VV =—e “sinya, —cosyay]

Since we have an electron, its motion is opposite that of the field, so the direction on
entry is that of —E at (0,7/3), or v3/2a, —1/2a,,.

b) Because of collisions with the particles in the plate, the electron achieves a relatively low
velocity and little acceleration (the work that the field does on it is converted largely into
heat). The electron therefore moves approximately along a streamline. Where does it
leave the plate and in what direction is it moving at the time? Considering the result
of part a, we would expect the exit to occur along the bottom edge of the plate. The
equation of the streamline is found through

E d
_y:_y:_Cf)Sy = x:—/tanydy—i—C:]n(Cosy)—FC
E, dzx siny

At the entry point (0,7/3), we have 0 = In[cos(7/3)] + C, from which C' = 0.69. Now,
along the bottom edge (y = 0), we find x = 0.69, and so the exit point is (0.69,0). From
the field expression evaluated at the exit point, we find the direction on exit to be —a,,.
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4.27. Two point charges, 1nC at (0,0,0.1) and —1nC at (0,0, —0.1), are in free space.
a) Calculate V at P(0.3,0,0.4): Use

Voo 4 __4a
dmeg|RT|  4meo|R|

where Rt = (.3,0,.3) and R~ = (.3,0,.5), so that |[R"| = 0.424 and |R~| = 0.583. Thus

10727 1 1
Vp = - —=5.78V
P dre [.424 .583}

b) Calculate |E| at P: Use

q(.3a; +.3a,) ¢(.3a, +.5a,) 107°
Ep = - - 2.42a, + 1.41a,] V
P e (217 dmeo(583)  dmey 1A%8aF1A4lac] V/m

Taking the magnitude of the above, we find |[Ep| = 25.2V/m.

¢) Now treat the two charges as a dipole at the origin and find V' at P: In spherical coor-
dinates, P is located at 7 = v/.32 + .42 = .5 and § = sin'(.3/.5) = 36.9°. Assuming a
dipole in far-field, we have

_qdcosf  1079(.2) cos(36.9°) 576V

Ve — —
P dregr? 4men(.5)?

4.28. Use the electric field intensity of the dipole (Sec. 4.7, Eq. (36)) to find the difference in
potential between points at 6, and 6, each point having the same r and ¢ coordinates. Under
what conditions does the answer agree with Eq. (34), for the potential at 6,7

We perform a line integral of Eq. (36) along an arc of constant r and ¢:

0 0
a d a d
Vab:_/ 9 [2cos€ar+sin0a9]-agrdﬁz—/ 1% singdo
o, Ameor3 b, 4meor?

qd

= Tmear? [cos B, — cos 6y

This result agrees with Eq. (34) if 6, (the ending point in the path) is 90° (the zy plane).
Under this condition, we note that if 8, > 90°, positive work is done when moving (against
the field) to the zy plane; if 6, < 90°, negative work is done since we move with the field.

4.29. A dipole having a moment p = 3a, —ba, + 10a, nC - m is located at Q(1,2, —4) in free space.
Find V at P(2,3,4): We use the general expression for the potential in the far field:

y )
4meg|r — r'|3
wherer —r' =P —Q = (1,1,8). So

(3a, — ba, + 10a,) - (a, +a, + 8a,) x 107

V f—
P Amep[12 + 12 + 82|15

=131V
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4.30. A dipole for which p = 10¢pa, C-m is located at the origin. What is the equation of the
surface on which F, = 0 but E # 07

First we find the z component:

E,=E-a, =

[2cosf (a,-a,)+sinf(ag-a,)] = [2 cos® @ — sin® 0]

473 273

This will be zero when [2 cos? f — sin? 0] = 0. Using identities, we write

2cos? 0 —sin? 0 = ~[1 + 3 cos(26)]

DN

The above becomes zero on the cone surfaces, § = 54.7° and § = 125.3°.

4.31. A potential field in free space is expressed as V = 20/(xyz) V.

a) Find the total energy stored within the cube 1 < x,y,z < 2. We integrate the energy
density over the cube volume, where wg = (1/2)eoE - E, and where

1
3 ay; +—-

1
E=-VV=20|——a, + —
x2yz Ty32 xyzz

]V/m
The energy is now
WE:20060/2/2/2[ 412 5 2142+ 212 4] dr dy dz
1 J1 J1 LYz Y=z TY“z
The integral evaluates as follows:
WE—QOOEO//[ <> =55 }12— 24]2dydz
x3y?z xytz xy?zt |,
o () () () e
1 1\ 17
“moo [ (i)~ (5) - (0) ],
2
= [ {(56) 3 (5) = (5) )

7
= 200€(3) {%} = 387pJ

b) What value would be obtained by assuming a uniform energy density equal to the value
at the center of the cube? At C(1.5,1.5,1.5) the energy density is

1
(1.5)4(1.5)2(1.5)2

This, multiplied by a cube volume of 1, produces an energy value of 207 pJ.

wg = 2006 (3) [ =2.07 x 1071 J/m?
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4.32. Using Eq. (36), a) find the energy stored in the dipole field in the region r > a:
We start with

d .
E(r,0) = 47rior3 [2cosfa, + sinf ag]

Then the energy will be

1 2m T 0o d2
We:/vOlgéoE'Edv:/O‘ /0 /a %[4COS29+SiH29]T2Sin9drd0d¢

3 cos? H+1
—27T(qd)2 1 oo [T 9 ) (qd)2 s -
= “S2n%es 35 s /0 [3cos® 0 + 1] sinfdf = Brled [— cos 9—cos0]0
4
_ (g
12mwega®

b) Why can we not let a approach zero as a limit? From the above result, a singularity in the
energy occurs as a — 0. More importantly, a cannot be too small, or the original far-field
assumption used to derive Eq. (36) (a >> d) will not hold, and so the field expression
will not be valid.

4.33. A copper sphere of radius 4 cm carries a uniformly-distributed total charge of 5uC in free
space.
a) Use Gauss’ law to find D external to the sphere: with a spherical Gaussian surface at
radius r, D will be the total charge divided by the area of this sphere, and will be a,.-
directed. Thus
Q 5x 1076

D= =
472 ar 42

a, C/m?

b) Calculate the total energy stored in the electrostatic field: Use

27
(5x 10~ ) .
WE—/ D -Edv= / // 3 T6rZegrt r? sin @ dr df d¢

1\ (5x10 d 25 x 10712 1
_ (4m) (1) G 1070F / X 981
2 1672€q o4 T2 8meg .04

c) Use Wg = Q?/(2C) to calculate the capacitance of the isolated sphere: We have

o @ _ (X107
C2WEp  2(2.81)

=4.45 x 10712 F = 4.45pF
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4.34. A sphere of radius a contains volume charge of uniform density pg C/m3. Find the total stored
energy by applying
a) Eq. (43): We first need the potential everywhere inside the sphere. The electric field
inside and outside is readily found from Gauss’s law:
3

T a
Elzplarr<a and Es = '00—2
or

€0

a- r>a

The potential at position r inside the sphere is now the work done in moving a unit
positive point charge from infinity to position r:

a s a 3
— _ E - a, d _ E -a, d / — _ poa d _ / por d r_ YU 2 _ 2
V(r) /Oo 2 apdr /a 1-apdr /Oo 3eg? ¥ 3 650 % (302 —1?)

Now, using this result in (43) leads to the energy associated with the charge in the sphere:

27 5,2
2 2y 2. _TPo _ _ 4dma’ pg
/ / / 660 3a r )r sinfdrdfd¢ = 3 /o (3a re—r ) dr They

b) Eq. (45): Using the given fields we find the energy densities

2.2 2 6
Po” 1 P
o1 = -6E; - E < d wer = ~egEy - Ey =

We1 260 1 b = 1860 TS a an We2 260 2 2 18607“4

We now integrate these over their respective volumes to find the total energy:

" 27r : 4ma’p3
W, = / //160 sm@drdeqb—i-/ // 18607“4 sm9drd0d¢_m
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4.35. Four 0.8 nC point charges are located in free space at the corners of a square 4 cm on a side.
a) Find the total potential energy stored: This will be given by

1 4
- 5 Z ann
n=1

where V,, in this case is the potential at the location of any one of the point charges that
arises from the other three. This will be (for charge 1)

¢ [1, 1 1
dmeg |04 .04 .04V/2
Taking the summation produces a factor of 4, since the situation is the same at all four
points. Consequently,
1 (.8 x 1079)2 1
Wg=-4)qgVL, = ———F—~— —
B =5Wavi =50 /2
b) A fifth 0.8 nC charge is installed at the center of the square. Again find the total stored
energy: This will be the energy found in part a plus the amount of work done in moving
the fifth charge into position from infinity. The latter is just the potential at the square
center arising from the original four charges, times the new charge value, or
4(.8 x 1079)2
4ren(.04v/2/2)

Vi=Vor4+ Va1 + V1 =

[2 + ] =779 %1077 =0.779 puJ

AWp = = 813 1]

The total energy is now

WEnet = Wg(parta) + AWg = .779 + .813 = 1.59 uJ

4.36 Surface charge of uniform density p; lies on a spherical shell of radius b, centered at the origin
in free space.

a) Find the absolute potential everywhere, with zero reference at infinity: First, the electric
field, found from Gauss’ law, is

b2 ps
E= »V
€or? ar V/m
Then T r b2 b2
V(r)——/ E-dL——/ Po g = 2Py
0o o 60(7’/)2 €oTr

b) find the stored energy in the sphere by considering the charge density and the potential
in a two-dimensional version of Eq. (42):

1 2m 271 02b3
W, = —/ps / / s = b sin 6 df do = 2mp.b
2 S €0

c¢) find the stored energy in the electric field and show that the results of parts b and ¢ are

identical.
1 27 s ool 4 9 213
We:/iD-Edv - / / / b's 7 sin 0 dr df dg — 2P0
v 0 0 b

2 607’4 €0
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CHAPTER 5

5.1. Given the current density J = —10%[sin(2z)e~*a, + cos(2z)e~*a,] kA /m?:

a) Find the total current crossing the plane y = 1 in the a, direction in the region 0 < z < 1,
0 < z < 2: This is found through

I—//Jn’da—//Jay

= -10°(2)3 s1n(2x)‘0 — —1.23MA

da:dz—/ / —10400523: 2drdz

b) Find the total current leaving the region 0 < z,x < 1, 2 < z < 3 by integrating J-dS over
the surface of the cube: Note first that current through the top and bottom surfaces will
not exist, since J has no z component. Also note that there will be no current through the
x = 0 plane, since J,, = 0 there. Current will pass through the three remaining surfaces,

and will be found through
da: dz + / / a,)

3 1
I—// —ay,) da:dz—l—//J
y=0 2 Jo
= 104/ / cos(2z)e”” — cos(2z)e?] d:vdz—104/ / sin(2)e %Y dy dz
2 Jo

= 10* (2> 51n(2x)’0(3 2) [1—e2] + 10° (%) sin(2)e*2y‘;(3 —92)=0

dy dz

c) Repeat part b, but use the divergence theorem: We find the net outward current through
the surface of the cube by integrating the divergence of J over the cube volume. We have

0J, 0Jy

voI= +8y

—107* [2cos(2z)e™? — 2cos(2z)e ?Y] =0 as expected

5.2. Given J = —10"*(ya, + za,) A/m?, find the current crossing the y = 0 plane in the —a,
direction between z = 0 and 1, and x = 0 and 2.

At y =0, J(z,0) = —10*za,, so that the current through the plane becomes

12
I:/J-dS = / / —~10*ra, - (—a,)dzdz=2x10"* A
o Jo
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5.3. Let

400 sin 6 )

a) Find the total current flowing through that portion of the spherical surface r = 0.8,
bounded by 0.17 < 8 < 0.37, 0 < ¢ < 27: This will be

2m 3 4 4 ) 22 3
I://J-n / / 00sm9 )%meaem:w/ sin® d
17 1

4.64
3 1
= 346.5/ 51— cos(20)]d = TT4A
Am

AT

b) Find the average value of J over the defined area. The area is

2
Area—/ / )2sin @ df dp = 1.46 m*
ir

The average current density is thus Jq,g = (77.4/1.46) a, = 53.0a, A/m?.

5.4. If volume charge density is given as p, = (coswt)/r? C/m? in spherical coordinates, find J. It
is reasonable to assume that J is not a function of 6 or ¢.

We use the continuity equation (5), along with the assumption of no angular variation to

write L 8 3 3 )
Dv coswt w sin wt
V-J==—=—(rJ)=—- =——= =
r2 Or (r00) ot ot ( r2 ) r?

So we may now solve

0

o ( 27, ) = wsinwt
by direct integration to obtain:

in wt
J=J,a, = W a, A/m?

where the integration constant is set to zero because a steady current will not be created
by a time-varying charge density.
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5.5. Let
25 20
J=—a,

—— = _a, A/m?
p 7001 & A

a) Find the total current crossing the plane z = 0.2 in the a, direction for p < 0.4: Use

= ol [

_ <>201n(01—{—p)‘ (27) = —207 In(17) = —178.0 A

b) Calculate dp, /0t: This is found using the equation of continuity:

Do gy 100k 10 0 (0
o~ VI g, G =0, P g, <,0+01>_O

¢) Find the outward current crossing the closed surface defined by p = 0.01, p = 0.4, z = 0,
and z = 0.2: This will be

1_/ /Qﬁ 25 —a,)(.01) dqﬁdz—i—/ /27r (4)do dz

27 27
— —20
————a, - (—a;) pdpd 2 (az)pdpdp =0
+/o /0 p2+.015l (—az) pdp ¢+/0 /0 o1 (@) pdpdd

since the integrals will cancel each other.

d) Show that the divergence theorem is satisfied for J and the surface specified in part b.
In part ¢, the net outward flux was found to be zero, and in part b, the divergence of J
was found to be zero (as will be its volume integral). Therefore, the divergence theorem
is satisfied.

5.6. In spherical coordinates, a current density J = —k/(rsinf)ay A/m? exists in a conducting
medium, where k is a constant. Determine the total current in the a, direction that crosses a
circular disk of radius R, centered on the z axis and located at a) z = 0; b) z = h.

Integration over a disk means that we use cylindrical coordinates. The general flux integral

assumes the form:
27 R —k
I:/J-dS:/ / - ag-a, pdpdg
s o Jo 7Tsing ~——

—sin 6

Then, using r = /p? + 22, this becomes

R
= 21ky\/p? + 22
0

27 R kp 5 5

At z =0 (part a), we have I(0) = 2rkR , and at z = h (part b): I(h) = 2k [V/R?> + h? — h].
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5.7. Assuming that there is no transformation of mass to energy or vice-versa, it is possible to
write a continuity equation for mass.

a)

If we use the continuity equation for charge as our model, what quantities correspond to J
and p,? These would be, respectively, mass flux density in (kg/m? — s) and mass density
in (kg/m?).

Given a cube 1 cm on a side, experimental data show that the rates at which mass is
leaving each of the six faces are 10.25, -9.85, 1.75, -2.00, -4.05, and 4.45 mg/s. If we
assume that the cube is an incremental volume element, determine an approximate value
for the time rate of change of density at its center. We may write the continuity equation
for mass as follows, also invoking the divergence theorem:

Opm v:—/V-dev:—j{Jm-dS
ot : ’

f Jm -dS =10.25 — 9.85 4+ 1.75 — 2.00 — 4.05 + 4.45 = 0.550 mg/s

S

(2

where

Treating our 1 cm?® volume as differential, we find

Opm . 0.550x1073g/s 3
ot 10-6 m3 - M

5.8. A truncated cone has a height of 16 cm. The circular faces on the top and bottom have radii
of 2mm and 0.1mm, respectively. If the material from which this solid cone is constructed
has a conductivity of 2 x 10 S/m, use some good approximations to determine the resistance
between the two circular faces.

Consider the cone upside down and centered on the positive z axis. The 1-mm radius end
is at distance z = ¢ from the z-y plane; the wide end (2-mm radius) lies at z = £+ 16 cm.
¢ is chosen such that if the cone were not truncated, its vertex would occur at the origin.
The cone surface subtends angle 6. from the z axis (in spherical coordinates). Therefore,

we may write

0.Imm d tand 2mm
= an anf, = ————
tand, 16044

Solving these, we find ¢ = 8.4 mm, tanf, = 1.19 x 1072, and so . = 0.68°, which gives
us a very thin cone! With this understanding, we can assume that the current density is
uniform with § and ¢ and will vary only with spherical radius, 7. So the current density
will be constant over a spherical cap (of constant r) anywhere within the cone. As the
cone is thin, we can also assume constant current density over any flat surface within the
cone at a specifed z. That is, any spherical cap looks flat if the cap radius, r, is large
compared to its radius as measured from the z axis (p). This is our primary assumption.

Now, assuming constant current density at constant r, and net current, I, we may write

27 0.
I:/ / J(r)a, -a,r?sin0df do = 2mr?J(r)(1 — cosf,.)
o Jo

or
I (1.42 x 1041

= a,r _= a’l‘

27r2(1 — cosf..) 2712

J(r)

61



5.8 (continued) The electric field is now

J(r) (142 x10H1 5
E(r) = = = (71x1
(") == = @ e & = (M1x107)

27?2 2, V/m

The voltage between the ends is now
Tin
Vo=-— / E-a,dr
Tout

where 1, = ¢/ cosf. = ¢ and where r,,+ = (160 4 ¢)/ cosf. = 160 + £. The voltage is

£x1073 o I o 1 1 1
Vo=— 7T1x107°) —a,-a,dr=(71x107")— | — — —=—
’ /(160+€)><103 ( )27T?”2 ar - apdr = )271' [.0084 .1684}
0.40
=—1

™
from which we identify the resistance as R = 0.40/7 = 0.128 ohms.

A second method uses the idea that we can construct the cone from a stack of thin circular
plates of linearly-increasing radius, p. Assuming each plate is of differential thickness, dz,
the differential resistance of a plate will be

dz
omp?

dR =

where p = ztanf. = 2(1.19 x 1072). The cone resistance will be the resistance of the
stack of plates (in series), found through

R_/dR_/(16o+£)x103 dz /(160+€)><103 dz
B " Jovi0-s omp®  Jivio-s (2 x 106)722(1.19 x 10-2)2

353x1073
N ™

1 1
- —0.127 oh
[.0084 .1684] 0.127 ohms

5.9. a) Using data tabulated in Appendix C, calculate the required diameter for a 2-m long nichrome
wire that will dissipate an average power of 450 W when 120 V rms at 60 Hz is applied to it:
The required resistance will be

Thus the diameter will be

1P 2(450) »
d=2a=2y— =2,/ 2% 9851074 m =028
¢ - (106)7(120)2 eom HH

b) Calculate the rms current density in the wire: The rms current will be I = 450/120 =

3.75A. Thus 5 75
J= ' 5 =6.0 x 10" A/m?
(2.8 x 1074/2)
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5.10. A large brass washer has a 2-cm inside diameter, a 5-cm outside diameter, and is 0.5 cm thick.
Its conductivity is ¢ = 1.5 x 107 S/m. The washer is cut in half along a diameter, and a
voltage is applied between the two rectangular faces of one part. The resultant electric field
in the interior of the half-washer is E = (0.5/p) a; V/m in cylindrical coordinates, where the
z axis is the axis of the washer.

a) What potential difference exists between the two rectangular faces? First, we orient the
washer in the z-y plane with the cut faces aligned with the x axis. To find the voltage,
we integrate E over a circular path of radius p inside the washer, between the two cut
faces:

0
0.5
VO:—/E-dL:—/ = ay-agpde =051 V
x P
b) What total current is flowing? First, the current density is J = oE, so

_ 15x107(0.5) 7.5 x 106

J ay = """ a, A/m?
P ¢ 5 s A/

Current is then found by integrating J over any transverse plane in the washer (the
rectangular cross-section):

0.5x1072 ;2.5%x1072 6
. 1
I_/J.ds_/ / THx107 ey dpds
s 0 10—2 P

2.
= 0.5 x 1072(7.5 x 10) In <T5> =34 x10* A

c) What is the resistance between the two faces?

Vo 0.5

R=T =37 x108

= 4.6 x 107° ohms

5.11. Two perfectly-conducting cylindrical surfaces of length [ are located at p = 3 and p = 5 cm.
The total current passing radially outward through the medium between the cylinders is 3 A
dc.

a) Find the voltage and resistance between the cylinders, and E in the region between the
cylinders, if a conducting material having ¢ = 0.05S/m is present for 3 < p < 5 cm:
Given the current, and knowing that it is radially-directed, we find the current density
by dividing it by the area of a cylinder of radius p and length I:

3
J=—"a, A/m?
P /

63



5.11a) (continued)
Then the electric field is found by dividing this result by o:

- 2mopl a = pl & V/m

The voltage between cylinders is now:

3 5
9.55 955 (5\ 4.88
V=— [ E-dL= | 24, adp="I(2) =221V
/5 /3 pl e A= n<3> A

Now, the resistance will be

V. 488 1.63
= —= — = — Q
R 1 3l l

b) Show that integrating the power dissipated per unit volume over the volume gives the
total dissipated power: We calculate

27 2
3 5 14.64
E -Jdv= dodod Inl-]=—W
P [Baa- (/ | /; cmﬂ2p pAOdE = o 0Bl n<3> l

We also find the power by taking the product of voltage and current:

P—VI— ""lﬁ(s) _ —1"}64 W

which is in agreement with the power density integration.

5.12. Two identical conducting plates, each having area A, are located at z = 0 and z = d. The re-
gion between plates is filled with a material having z-dependent conductivity, o(z) = ope %4,
where o( is a constant. Voltage Vj is applied to the plate at z = d; the plate at z = 0 is at
zero potential. Find, in terms of the given parameters:

a) the resistance of the material: We start with the differential resistance of a thin slab of
the material of thickness dz, which is

dz e?/ddz dez/dg, 1.72d
k cA O'oA 50 at = / r= / O'0A UoA( ) O'oA

b) the total current flowing between plates: We use

I — E . O'oA‘/O
R 1.72d

c¢) the electric field intensity E within the material: First the current density is

—ooV J .
s = Jgg e S0 that o) " Tq2d = V/m

I
J=-7
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5.13. A hollow cylindrical tube with a rectangular cross-section has external dimensions of 0.5 in by
1 in and a wall thickness of 0.05 in. Assume that the material is brass, for which o = 1.5 x 107
S/m. A current of 200 A dc is flowing down the tube.

a) What voltage drop is present across a 1m length of the tube? Converting all measurements
to meters, the tube resistance over a 1 m length will be:

1

(1.5 x 107) [(2.54)(2.54/2) x 104 — 2.54(1 — .1)(2.54/2)(1 — .2) x 10—4]
=738x107%Q

Ry =

The voltage drop is now V = IRy = 200(7.38 x 10~* = 0.147 V.

b) Find the voltage drop if the interior of the tube is filled with a conducting material for
which o = 1.5 x 10° S/m: The resistance of the filling will be:

! —2
= B 012 @50 < (o)) 0T e

The total resistance is now the parallel combination of R; and Rs:
Rr = RiRy/(R1 + R) = 7.19x10~* Q, and the voltage drop is now V = 200Rr = .144 V.

5.14. A rectangular conducting plate lies in the xy plane, occupying the region 0 < x < a, 0 < y < b.
An identical conducting plate is positioned directly above and parallel to the first, at z = d.
The region between plates is filled with material having conductivity o(x) = oge~%/*, where
0o is a constant. Voltage V|, is applied to the plate at z = d; the plate at z = 0 is at zero
potential. Find, in terms of the given parameters:

a) the electric field intensity E within the material: We know that E will be z-directed,
but the conductivity varies with . We therefore expect no z variation in E, and also
note that the line integral of E between the bottom and top plates must always give Vj.
Therefore E = —Vp/da, V/m.

b) the total current flowing between plates: We have

J=0(2)E = ¥ a;

Using this, we find

b pa —z/a b . .
I—/J.dS—//Maz_(_az)dxdy_aoavo(l_e1)_MA
0o Jo d d d

c) the resistance of the material: We use

poVo_ 4
I 0.63aboyg
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5.15. Let V =10(p+ 1)22cos ¢V in free space.

a) Let the equipotential surface V' = 20V define a conductor surface. Find the equation of
the conductor surface: Set the given potential function equal to 20, to find:

(p+1)2%cosp = 2

b) Find p and E at that point on the conductor surface where ¢ = 0.27 and z = 1.5: At
the given values of ¢ and z, we solve the equation of the surface found in part a for p,
obtaining p = .10. Then

1% 10V oV
E = —VV = ——ap — ;8—¢a¢ — Eaz

dp
p+1

= —10z%cos pa, + 10 Z?singag —20(p + 1)zcospa,

Then
E(.10,.27,1.5) = —18.2a, + 145a4 — 26.7a, V/m

c) Find |ps| at that point: Since E is at the perfectly-conducting surface, it will be normal
to the surface, so we may write:
E-E
= €En——
surface 0 |E|

ps = coE-n = ¢VE - E = ¢1/(18.2)2 + (145)2 + (26.7)2 = 1.32 nC/m?

5.16. A coaxial transmission line has inner and outer conductor radii a and b. Between conductors
(a < p < b) lies a conductive medium whose conductivity is o(p) = o¢/p, where ¢ is a
constant. The inner conductor is charged to potential V{y, and the outer conductor is grounded.

a) Assuming dc radial current I per unit length in z, determine the radial current density
field J in A/m?: This will be the current divided by the cross-sectional area that is normal
to the current direction:

1
J=——a, A/m?
2ro(1) 2 A
b) Determine the electric field intensity E in terms of I and other parameters, given or
known:
J Ip 1

E="

— a, = an
o 2mogp " o VI

2mog

c¢) by taking an appropriate line integral of E as found in part b, find an expression that
relates Vj to I:

“ @1 I(b—a)
Vo=— E-dL=- ca,dp=——""V
0 /b /b 27T0'0ap p 0P 2mog

d) find an expression for the conductance of the line per unit length, G:

I 2mog
G—VO -0 S/m
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5.17. Given the potential field V = 100zz/(z* +4) V. in free space:
a) Find D at the surface z = 0: Use

0 T 1002
E = —VV = —1002% <$2——|—4> Ay — an — x—az V/m

At z = 0, we use this to find D(z = 0) = ¢gE(z = 0) = —100¢pz /(22 + 4) a, C/m?.

b) Show that the z = 0 surface is an equipotential surface: There are two reasons for this:
1) E at z = 0 is everywhere z-directed, and so moving a charge around on the surface
involves doing no work; 2) When evaluating the given potential function at z = 0, the
result is 0 for all x and y.

c) Assume that the z = 0 surface is a conductor and find the total charge on that portion
of the conductor defined by 0 < z < 2, —3 < y < 0: We have

o 1006033
=0 1244

C/m?

ps:D‘az

So

O 12 100eyx 1 2
©= /_3/0 ~Ey =~ ()10 <§> In(a? +4)| = ~150e0In2 = ~0.92nC

5.18. Two parallel circular plates of radius a are located at z = 0 and z = d. The top plate (z = d)
is raised to potential V{; the bottom plate is grounded. Between the plates is a conducting
material having radial-dependent conductivity, o(p) = ogp, where o is a constant.

a) Find the p-independent electric field strength, E, between plates: The integral of E be-
tween plates must give V{, independent of position on the plates. Therefore, it must be

true that v
E:—goaz V/m (0<p<a)

b) Find the current density, J between plates:

c¢) Find the total current, I, in the structure:

27 a 3
2
I:/ / _ooVop a. (—a.)pdpdd = 2ma’ooVo
A A 3d

d) Find the resistance between plates:

Vo 3d

R = = —
I 2madog

ohms
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5.19. Let V = 2022%yz — 1022V in free space.

a) Determine the equations of the equipotential surfaces on which V' =0 and 60 V: Setting the
given potential function equal to 0 and 60 and simplifying results in:

AtOV: 222y —2=0
At 60V : 2.:52y—z:§
z

b) Assume these are conducting surfaces and find the surface charge density at that point
on the V=60 V surface where x = 2 and z = 1. It is known that 0 < V < 60 V is the
field-containing region: First, on the 60 V surface, we have

6 7
2x2y—z—; =0 = 2(2%(1)-1-6=0 = y=3
Now
E=-VV = —40ryza, — 202*za, — [20zy — 20z] a,
Then, at the given point, we have
D(2,7/8,1) = ¢oE(2,7/8,1) = —¢[70a, +80a, + 50a,] C/m?

We know that since this is the higher potential surface, D must be directed away from
it, and so the charge density would be positive. Thus

ps = VD -D = 10e9\/72 + 82 + 52 = 1.04nC/m?

¢) Give the unit vector at this point that is normal to the conducting surface and directed
toward the V = 0 surface: This will be in the direction of E and D as found in part b, or

B Ta, + 8a, + Ha,

VT2 182 52

= —[0.60a, -+ 0.68a, + 0.43a.]

a, =

5.20. Two point charges of —1007 puC are located at (2,-1,0) and (2,1,0). The surface x = 0 is a
conducting plane.
a) Determine the surface charge density at the origin. I will solve the general case first, in
which we find the charge density anywhere on the y axis. With the conducting plane in
the yz plane, we will have two image charges, each of +1007 uC, located at (-2, -1, 0)
and (-2, 1, 0). The electric flux density on the y axis from these four charges will be

_ —1007 |[(y—1)a, —2a,]  [(y+1)a, —2a,]
PO= T |l 1P a7 g 12 P

given charges

(y—1ay, +2a.] [(y+1ay,+2a,] 2
TG apr  (rapeape | MO

image charges
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5.20 a) (continued)
In the expression, all y components cancel, and we are left with

1 1

D(y) = 100 » 1C/m’
WO = T e ] e
We now find the charge density at the origin:
ps(0,0,0) =D - a, = 17.9 uC/m?
y—o —— =
b) Determine pg at P(0, h,0). This will be
1 1

ps(0,h,0) =D -a, ,uC/m2

=100 [[(h 1R 4PR T [ 12 1 4P

y=h

5.21. Let the surface y = 0 be a perfect conductor in free space. Two uniform infinite line charges
of 30 nC/m each are located at x =0,y =1, and z =0, y = 2.
a) Let V' =0 at the plane y = 0, and find V" at P(1,2,0): The line charges will image across
the plane, producing image line charges of -30 nC/m each at x =0, y = —1, and x = 0,
y = —2. We find the potential at P by evaluating the work done in moving a unit positive
charge from the y = 0 plane (we choose the origin) to P: For each line charge, this will
be:

final distance from charge
Ve —Vo0,0 = AL [ & ]

— n
27eq initial distance from charge

where V(0,0 = 0. Considering the four charges, we thus have

! 1 V2 V10 V17
Vp = —meo lln <§> +ln (T) ~In (T) “In (T)]

=2 e () 1 (V0 o (YT ) | < 2010 VIR
=1.20kV

b) Find E at P: Use

1% (1,2,0) — (0,1,0) (1,2,0) — (0,2,0)
Ep =
2meg (1,1,0)[? (1,0,0)
_ (1)270) B (07 _1)0) _ (17270) B (Oa _270)
(1,3,0)[? (1,4,0)]2
om0 [(LL,0) | (1,0,0) (1,3,0) (1,4,0)] -
= S [ 5 + : 10 7 =723a, —189a, V/m
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5.22. The line segment x = 0, —1 <y < 1, z = 1, carries a linear charge density p;, = 7|y| pC/m.
Let z = 0 be a conducting plane and determine the surface charge density at: (a) (0,0,0); (b)
(0,1,0).

We consider the line charge to be made up of a string of differential segments of length, dy’,
and of charge dq = pr, dy’. A given segment at location (0,y’, 1) will have a corresponding
image charge segment at location (0,y’, —1). The differential flux density on the y axis
that is associated with the segment-image pair will be

up - PrWlly—ylay —a] prdyily—y)a, +aj] _ —prdya.

Arl(y — y')% + 1372 Arlly— )2 +1P72 2wy —y)2 + 1372

In other words, each charge segment and its image produce a net field in which the y
components have cancelled. The total flux density from the line charge and its image is

now ‘
7T|y a,dy
dD =
0= [

/

__a y ,
B 2/0 [[(y—y) +1 ]3/2+[(y+y’)2+1]3/2} W
:%[ yy—y)+1 yy+y)+1 ]1

2 [[y—y)2+1]2  [y+y)?+1]12],
_a [ yly-1+1 yy+H)+1 1/2
-3 @ * Gerre - 20

Now, at the origin (part a), we find the charge density through

a 1 1
=2 | —4 —-2| =-0.29 uC/m?
y—0 2 [\/5 /2 ] —0.29 pC/m”

Then, at (0,1,0) (part b), the charge density is

ps(0,0,0) =D -a,

ps(0,1,0) =D - a,

) |:1+ i
y=1 2 \/5

- 2} = —0.24 uC/m?

5.23. A dipole with p = 0.1a, uC - m is located at A(1,0,0) in free space, and the = 0 plane is
perfectly-conducting.

a) Find V at P(2,0,1). We use the far-field potential for a z-directed dipole:

__pcost  p z
© Amegr?  dmeg [12 + y? + 22)L5

The dipole at x = 1 will image in the plane to produce a second dipole of the opposite
orientation at x = —1. The potential at any point is now:

b z B z
4o [[(z — 1249242215 [(z4+1)2 4+ y2 + 2215

Substituting P(2,0,1), we find

.1><106{1 1 ]
2v/2  10v/10
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5.23 b) Find the equation of the 200-V equipotential surface in cartesian coordinates: We just set the

5.24.

5.25.

5.26.

potential exression of part a equal to 200 V to obtain:

z z
[($ _ 1)2 +y2 +22]1'5 o [(.T—i— 1)2 +y2 +22]1.5

=0.222

At a certain temperature, the electron and hole mobilities in intrinsic germanium are given as
0.43 and 0.21 m?2/V - s, respectively. If the electron and hole concentrations are both 2.3 x 1019
m~3, find the conductivity at this temperature.

With the electron and hole charge magnitude of 1.6 x 107!? C, the conductivity in this
case can be written:

o = |pelpte + prpn = (1.6 x 1071)(2.3 x 10*)(0.43 + 0.21) = 2.36 S/m

Electron and hole concentrations increase with temperature. For pure silicon, suitable expres-
sions are p, = —pe = 620072 ~7000/T C/m3. The functional dependence of the mobilities
on temperature is given by u; = 2.3 x 10°T~27 m?/V -s and p, = 2.1 x 10°T~25 m?/V -5,
where the temperature, T, is in degrees Kelvin. The conductivity will thus be

T = —pefte + pppin, = 62007270001 21 % 1057725 4 2.3 x 10°T 7]

_ 130 x 1096,7000/T

= [141.095T*] S/m

Find o at:
a) 0° C: With T' = 273°K, the expression evaluates as o(0) = 4.7 x 107> S/m.

b) 40° C: With T = 273 + 40 = 313, we obtain ¢(40) = 1.1 x 103 S/m.

c¢) 80° C: With T = 273 + 80 = 353, we obtain ¢(80) = 1.2 x 1072 S/m.

A semiconductor sample has a rectangular cross-section 1.5 by 2.0 mm, and a length of 11.0
mm. The material has electron and hole densities of 1.8 x 10'® and 3.0 x 10! m~3, respectively.
If 1o = 0.082 m?/V - s and pp, = 0.0021 m?/V - s, find the resistance offered between the end
faces of the sample.

Using the given values along with the electron charge, the conductivity is
o= (1.6 x 107") [(1.8 x 10"®)(0.082) + (3.0 x 10'°)(0.0021)] = 0.0236 S/m

The resistance is then

¢ 0.011
R=—_— = = 155 kQ
oA~ (0.0236)(0.002)(0.0015)
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5.27. Atomic hydrogen contains 5.5 x 10?® atoms/m? at a certain temperature and pressure. When
an electric field of 4 kV/m is applied, each dipole formed by the electron and positive nucleus
has an effective length of 7.1 x 1079 m.
a) Find P: With all identical dipoles, we have

P = Ngd = (5.5 x 10%)(1.602 x 107'9)(7.1 x 107'%) = 6.26 x 107* C/m? = 6.26 pC/m?

b) Find ¢,: We use P = ¢yx.F, and so

P 6.26 x 10712

= =1. 1074
B ~ (885 x 10-2)(d x 107) _ 10x 10

Xe =

Then €, =14 x. = 1.000176.

5.28. Find the dielectric constant of a material in which the electric flux density is four times the
polarization.
First we use D = ¢E + P = ¢E + (1/4)D. Therefore D = (4/3)eoE, so we identify
e =4/3.

5.29. A coaxial conductor has radii ¢ = 0.8 mm and b = 3 mm and a polystyrene dielectric for
which €, = 2.56. If P = (2/p)a, nC/m? in the dielectric, find:
a) D and E as functions of p: Use

P (2/p) x 10~ %a, 144.9

E g = = V
a6 1)~ B8 x 10156~ p 2 V/m
Then
2 x107° 1 28 x 1079 2
D=¢E+P = x 1077a, 1 _ 3.28x10 apc/m2:3 8apnC/m2
) 1.56 p

b) Find Vg and x.: Use
0.8
144.
Vab:—/ —9 p=144.91n <i> =192V
3 P 0.8
Xe = € — 1 = 1.56, as found in part a.

c) If there are 4 x 10! molecules per cubic meter in the dielectric, find p(p): Use

P (2x107%/p)  50x107%

PN~ 4x10m0 *7 p

a, C-m
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5.30. Consider a composite material made up of two species, having number densities N; and Ny
molecules/m? respectively. The two materials are uniformly mixed, yielding a total number
density of N = N; 4+ N3. The presence of an electric field E, induces molecular dipole
moments p; and ps within the individual species, whether mixed or not. Show that the
dielectric constant of the composite material is given by €, = feq1 + (1 — f)er2, where f is the
number fraction of species 1 dipoles in the composite, and where €,1 and €, are the dielectric
constants that the unmixed species would have if each had number density N.

We may write the total polarization vector as

N N-
Ptot=N1P1+N2p2=N<W1P1+W2p2> =Nfpi+ 1A= fp2] = fPi+ (11— f)Ps

In terms of the susceptibilities, this becomes Pt = €g [fxe1 + (1 — f)xe2] E, where xe1
and .2 are evaluated at the composite number density, N. Now

D= €T€0E = 60E+Ptot = € [1 ‘|’er1 + (1 - f)XeQ]E

€r

Identifying €, as shown, we may rewrite it by adding and subracting f:

67“:[1+f_f+erl+(1_f)X62]:[f(1+X61)+(1_f)(1+X52)]
= [ferl + (1 — f)erg] QED

5.31. The surface = = 0 separates two perfect dielectrics. For x > 0, let €, = ¢, = 3, while €,0 =5
where z < 0. If E; = 80a, — 60a, — 30a, V/m, find:
a) Epni: This will be Eq - a, =80V /m.

b) Ezi. This has components of E; not normal to the surface, or Epy = —60a, — 30a, V/m.

¢) Ery = /(60)% + (30)% = 67.1V/m.

d) By = /(80)2 + (60)2 + (30)2 = 104.4 V /m.

e) The angle 6; between E; and a normal to the surface: Use

E -a, 80

_ 0, = 40.0°
B, T4 — =400

cosf; =

Dpo = Dy = €.160En1 = 3(8.85 x 10712)(80) = 2.12nC/m?.
Dro = €p9eg By = 5(885 X 10_12)(671) = 297HC/III2

P2 = D2 - 60E2 = D2 []_ - (1/67«2)] = (4/5)D2 = 17033; - 2.13ay — 1.06az HC/IH2.

)
)
h) Dy = €160En1as + €r260E = 2.12a, — 2.66a, — 1.33a, nC/m?.
)
)

j) the angle 65 between Es and a normal to the surface: Use
E;-a, Ds-a, 2.12
cosfly = 2 8 22 8 = .581
Es Do V/(2.12)2 = (2.66)2 + (1.33)2

Thus fy = cos~*(.581) = 54.5°.
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5.32. Two equal but opposite-sign point charges of 3uC are held z meters apart by a spring that
provides a repulsive force given by Fy, = 12(0.5 — z) N. Without any force of attraction, the
spring would be fully-extended to 0.5m.

a) Determine the charge separation: The Coulomb and spring forces must be equal in mag-
nitude. We set up

(3x107%)? 9 x 1012
dregr?  4m(8.85 x 10~12)x2

= 12(0.5 — z)

which leads to the cubic equation:
2® —0.52° + 6.74 x 107

whose solution, found using a calculator, is x = 0.136 m.
b) what is the dipole moment?
Dipole moment magnitude will be p = gd = (3 x 107)(0.136) = 4.08 x 107 C-m.

5.33. Two perfect dielectrics have relative permittivities €, = 2 and €, = 8. The planar interface
between them is the surface  —y+22z = 5. The origin lies in region 1. If E; = 100a, +200a,, —
50a, V/m, find Eo: We need to find the components of E; that are normal and tangent to
the boundary, and then apply the appropriate boundary conditions. The normal component
will be Fn1 = E;7 - n. Taking f = x — y 4+ 2z, the unit vector that is normal to the surface is

_ Vi _ 1
VI Ve

This normal will point in the direction of increasing f, which will be away from the origin, or
into region 2 (you can visualize a portion of the surface as a triangle whose vertices are on the
three coordinate axes at * = 5, y = —5, and z = 2.5). So En; = (1/v/6)[100 — 200 — 100] =
—81.7V/m. Since the magnitude is negative, the normal component points into region 1 from
the surface. Then

n [a, —a, + 2a,]

1
Eni = —81.65 (—> [a, —a, + 2a.] = —33.33a, + 33.33a, — 66.67a, V/m

V6

Now, the tangential component will be E7y = Eq — En; = 133.3a, + 166.7a, + 16.67a,. Our
boundary conditions state that Ero = Epq and Ene = (6,1/€2)En1 = (1/4)Eny. Thus

1
Es =Ep+Ene=Epr + ZENI = 133.3a, + 166.7a, + 16.67a, — 8.3a, + 8.3a, — 16.67a,

= 125a, + 175a, V/m
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5.34. Region 1 (x > 0) is a dielectric with €,; = 2, while region 2 (z < 0) has €2 = 5. Let
E, = 20a, — 10a, + 50a, V/m.

a) Find Dy: One approach is to first find E;. This will have the same y and z (tangential)

components as E;, but the normal component, F,, will differ by the ratio €,1/¢,2; this

arises from D,; = D,s (normal component of D is continuous across a non-charged

interface). Therefore Eo = 20(e,1/€,2) a, —10a, +50a, = 8a, —10a, + 50a,. The flux
density is then

Dy = ¢.260E = 40¢g a, — 50¢g a, + 250¢p a, = 0.35a, — 0.44a, + 2.21a, nC/m?

b) Find the energy density in both regions: These will be

1 1
Wer = S€meoBn - By = 5(2)60 [(20)* 4 (10)* + (50)*] = 3000€p = 26.6 nJ/m®

1 1
Wes = S€racoBa - By = 2 (5)eo [(8)% + (10) + (50)?] = 6660¢y = 59.0 nJ/m*

5.35. Let the cylindrical surfaces p = 4 cm and p = 9 c¢m enclose two wedges of perfect dielectrics,
er1 =2 for 0 < ¢ <m/2, and €9 =5 for m/2 < ¢ < 2. If E; = (2000/p)a, V/m, find:
a) Ey: The interfaces between the two media will lie on planes of constant ¢, to which E;
is parallel. Thus the field is the same on either side of the boundaries, and so Es = E;.

b) the total electrostatic energy stored in a 1m length of each region: In general we have
wp = (1/2)e,e0E?. So in region 1:

1 7T/2 9 1 2 2
Wt :/ / / 5(2)60( 000, dp des = — ~ €0(2000) In @) — 45.1 )
0 0 4

P2

In region 2, we have

2 157
Wga _/ / / —(5)e (2000)° pdpdpdz = %60(2000) In <i> =338 1uJ

P2
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CHAPTER 6.

6.1. Consider a coaxial capacitor having inner radius a, outer radius b, unit length, and filled with
a material with dielectric constant, €.. Compare this to a parallel-plate capacitor having plate
width, w, plate separation d, filled with the same dielectric, and having unit length. Express
the ratio b/a in terms of the ratio d/w, such that the two structures will store the same energy
for a given applied voltage.

Storing the same energy for a given applied voltage means that the capacitances will
be equal. With both structures having unit length and containing the same dielectric
(permittivity €), we equate the two capacitances:

= exp <27Tg>
w

2me _w N
In(b/a)  d

ISHERS

6.2. Let S =100mm?, d = 3 mm, and ¢, = 12 for a parallel-plate capacitor.

a)

Calculate the capacitance:

_eegA 1269(100 x 107°) _
C=—"— =3, 795  — Odeo=354pf

After connecting a 6 V battery across the capacitor, calculate £, D, @, and the total
stored electrostatic energy: First,

E=Vy/d=6/(3x107%) =2000 V/m, then D = e.coF = 2.4 x 10*¢y = 0.21 uC/m?
The charge in this case is
Q=D -n|,=DA=0.21 x (100 x 107%) = 0.21 x 107* uC = 21 pC

Finally, W, = (1/2)QVh = 0.5(21)(6) = 63 pJ.
With the source still connected, the dielectric is carefully withdrawn from between the

plates. With the dielectric gone, re-calculate F, D, ), and the energy stored in the
capacitor.

E=Vy/d=6/(3x107%) =2000 V/m, as before. D = ¢yE = 2000¢y = 17.7 nC/m?

The charge is now Q = DA = 17.7 x (100 x 107%) nC = 1.8 pC.

Finally, W, = (1/2)QV, = 0.5(1.8)(6) = 5.4 pJ.

If the charge and energy found in (c) are less than that found in (b) (which you should
have discovered), what became of the missing charge and energy? In the absence of

friction in removing the dielectric, the charge and energy have returned to the battery
that gave it.
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6.3.

6.4.

6.5.

Capacitors tend to be more expensive as their capacitance and maximum voltage, Vi,
increase. The voltage V4. is limited by the field strength at which the dielectric breaks
down, EFgp. Which of these dielectrics will give the largest C'V,,q, product for equal plate
areas: (a) air: ¢, = 1, Egp = 3 MV/m; (b) barium titanate: €. = 1200, Egp = 3 MV /m;
(¢) silicon dioxide: €. = 3.78, Egp = 16 MV/m; (d) polyethylene: €, = 2.26, Egp = 4.7
MV /m? Note that V.. = EBDd, where d is the plate separation. Also, C' = €,e0A/d, and
80 VinaeC = €,€0AEBp, where A is the plate area. The maximum CV,,,, product is found
through the maximum €. EFpp product. Trying this with the given materials yields the winner,
which is barium titanate.

An air-filled parallel-plate capacitor with plate separation d and plate area A is connected to
a battery which applies a voltage Vg between plates. With the battery left connected, the
plates are moved apart to a distance of 10d. Determine by what factor each of the following
quantities changes:

a) Vp: Remains the same, since the battery is left connected.

b) C: As C = ¢yA/d, increasing d by a factor of ten decreases C' by a factor of 0.1.

c) E: We require E' x d = Vj, where Vj has not changed. Therefore, E has decreased by a
factor of 0.1.

d) D: As D = ¢gF, and since E has decreased by 0.1, D decreases by 0.1.
e) @: Since @ = CVjp, and as C' is down by 0.1, @ also decreases by 0.1.

f) ps: As Q is reduced by 0.1, pg reduces by 0.1. This is also consistent with D having been
reduced by 0.1.

g) We: Use W, = 1/2CV{, to observe its reduction by 0.1, since C' is reduced by that factor.

A parallel plate capacitor is filled with a nonuniform dielectric characterized by €, = 2 + 2 x
10922, where x is the distance from one plate. If S = 0.02m?, and d = 1 mm, find C: Start by
assuming charge density ps on the top plate. D will, as usual, be x-directed, originating at the
top plate and terminating on the bottom plate. The key here is that D will be constant over
the distance between plates. This can be understood by considering the xz-varying dielectric as
constructed of many thin layers, each having constant permittivity. The permittivity changes
from layer to layer to approximate the given function of . The approximation becomes exact
as the layer thicknesses approach zero. We know that D, which is normal to the layers, will
be continuous across each boundary, and so D is constant over the plate separation distance,
and will be given in magnitude by ps. The electric field magnitude is now

D _ Ps
€oer  €0(2+ 2 x 10622)

FE =

The voltage beween plates is then

- 2 0 e2x103\4

v /103 ps dx _ps 1 tan—1 x4 x 106 ’103 ps 1 <7r>
7 Jo @2+ 2x10%22) € /4 x 100

Now @ = ps(.02), and so

Q  ps(.02)e0(2 x 10%)(4)

C:—:
Vo PsT

=4.51 x 1071°F = 451 pF
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6.6. Repeat Problem 6.4 assuming the battery is disconnected before the plate separation is in-
creased: The ordering of parameters is changed over that in Problem 6.4, as the progression
of thought on the matter is different.

a) @: Remains the same, since with the battery disconnected, the charge has nowhere to go.
) ps: As @ is unchanged, pg is also unchanged, since the plate area is the same.
) D: As D = pg, it will remain the same also.
d) E: Since E = D/ep, and as D is not changed, E will also remain the same.
)

Vo: We require E x d = Vj, where E has not changed. Therefore, V) has increased by a
factor of 10.

f) C: As C = egA/d, increasing d by a factor of ten decreases C by a factor of 0.1. The
same result occurs because C' = @Q/Vj, where V} is increased by 10, whereas @) has not
changed.

g) We: Use W, = 1/2CVZ = 1/2QVj, to observe its increase by a factor of 10.

6.7. Let ¢,y =25 for 0 < y < 1 mm, €9 =4 for 1 < y < 3 mm, and €,3 for 3 < y < 5 mm.
Conducting surfaces are present at y = 0 and y = 5 mm. Calculate the capacitance per square
meter of surface area if: a) .3 is that of air; b) €,3 = €.1; ¢) €,3 = €2; d) region 3 is silver:
The combination will be three capacitors in series, for which

25+4+ €r3

l i—i-i—i-i dy n ds n ds _10_3[1 2 2]
C C1 Cy O3 e1e(l)  €ae0(l)  €r360(1) €0

So that
(5 X 10_3)6067{),

10 + 4.5¢,3
Evaluating this for the four cases, we find a) C' = 3.05nF for ¢,3 = 1, b) C' = 5.21nF for
€3 = 2.5, ¢) C = 6.32nF for ¢,3 = 4, and d) C = 9.83nF if silver (taken as a perfect
conductor) forms region 3; this has the effect of removing the term involving €,3 from the
original formula (first equation line), or equivalently, allowing €,3 to approach infinity.
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6.8. A parallel-plate capacitor is made using two circular plates of radius a, with the bottom plate
on the xy plane, centered at the origin. The top plate is located at z = d, with its center on
the z axis. Potential Vj is on the top plate; the bottom plate is grounded. Dielectric having
radially-dependent permittivity fills the region between plates. The permittivity is given by
e(p) = eo(1 + p?/a?). Find:

a) E: Since € does not vary in the z direction, and since we must always obtain Vj when
integrating E between plates, it must follow that E = —V;/da, V/m.

b) D: D =¢E = —[eg(1 + p?/a®)Vp/d] a, C/m?.
¢) Q: Here we find the integral of the surface charge density over the top plate:

_ ' B 2m a_60(1+p2/a2)% o
Q—/SD ds_/0 /0 y a. - (—a;)pdpds

2megVo [ 3, 9 3mepa’
= d =
g /0 (p+p°/a”)dp = —5 —Vo

d) C: We use C' = Q/Vp and our previous result to find C' = 3¢y(ra?)/(2d) F.

6.9. Two coaxial conducting cylinders of radius 2 cm and 4 cm have a length of 1m. The region
between the cylinders contains a layer of dielectric from p = ¢ to p = d with ¢, = 4. Find the
capacitance if

a) ¢ =2 cm, d =3 cm: This is two capacitors in series, and so

1 1 1 1 1 3 4
= 4= = —In(= In( = = 143 pF
CT O TG T I [4n<2>+n<3)] - ¢ =1k

b) d =4 cm, and the volume of the dielectric is the same as in part a: Having equal volumes
requires that 32 — 22 = 42 — ¢2, from which ¢ = 3.32 cm. Now

11 1 1 332\ 1 4
CTC 0 2me {n< 2 >+4 n<3.32>} RO
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6.10. A coaxial cable has conductor dimensions of ¢ = 1.0 mm and b = 2.7 mm. The inner conductor
is supported by dielectric spacers (e, = 5) in the form of washers with a hole radius of 1 mm
and an outer radius of 2.7 mm, and with a thickness of 3.0 mm. The spacers are located every
2 ¢cm down the cable.

2)

By what factor do the spacers increase the capacitance per unit length? The net capac-
itance can be constructed as a composite quantity, composed of weighted contributions
from the air-filled and dielectric-filled regions:

2meg 2mer€q
(/o) "t T nb/a)

where fi = (2 —0.3)/2 and fo = 0.3/2 are the filling factors for air and dielectric.
Substituting these gives

Cnet =

f2

Coor= ey |3 |

> + 0.15¢,
f

where the bracketed term, f, is the capactance increase factor that we seek. Substituting

€. = b gives f = 1.6.

If 100V is maintained across the cable, find E at all points:

Method 1: We recall the expression for electric field in a coaxial line from Gauss’ Law:
E=

= a
ep

where py is the surface charge density on the inner conductor. We also note that electric
field will be the same both inside and outside the dielectric rings because the integral of
E between conductors must always give 100 V. Another way to justify this is through
the dielectric boundary condition that requires tangential electric field to be continuous
across an interface between two dielectrics. This again means that E in our case will be
the same inside and outside the rings. We can therefore set up the integral for the voltage:

Voz—/ E-dL:—/ s dp = L2 (b /a) = 100
b b €P €

Then 100 101
aps
; n(@.7) 01 = 5 a, V/m

Method 2: Solve Laplace’s equation. This was done for the cylindrical geometry in
Example 6.3, which gave the potential distribution between conductors, Eq. (35):

In(b/p)
V =
(0) = Vorb/a)
from which
av Vo 100 101
E=-VW=-""a =0 5 _ "7 4 - "4V
v dp & pln(b/a) A pln(2.7) A p 2, V/m

as before.
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6.11. Two conducting spherical shells have radii @ = 3 cm and b = 6 cm. The interior is a perfect
dielectric for which €, = 8.

a) Find C: For a spherical capacitor, we know that:

_ 4mereg 4m(8)eg
N R

= 1.92meg = 53.3pF

b) A portion of the dielectric is now removed so that ¢, = 1.0, 0 < ¢ < 7/2, and €, = 8,
/2 < ¢ < 2mw. Again, find C: We recognize here that removing that portion leaves
us with two capacitors in parallel (whose C’s will add). We use the fact that with the
dielectric completely removed, the capacitance would be C(e, = 1) = 53.3/8 = 6.67 pF.
With one-fourth the dielectric removed, the total capacitance will be

1 3
C = (6.67) + 5(53.4) = 41.7pF

6.12. a) Determine the capacitance of an isolated conducting sphere of radius a in free space (consider
an outer conductor existing at r — 00). If we assume charge @) on the sphere, the electric
field will be

Q

E:WaTV/m (a<7’<00)

The potential on the sphere surface will then be

Vo:—/aE.dL:—/a Qar _ @

2
oo oo dmegr dmepa

Capacitance is then

02%2471'600,F

b) The sphere is to be covered with a dielectric layer of thickness d and dielectric contant
€-. If ¢, = 3, find d in terms of a such that the capacitance is twice that of part a: Let
the dielectric radius be b, where b = d+ a. The potential at the conductor surface is then

b a
Q / Q Q [1 1 /1 1
—_ dr— | —%_dr = S
Vo /OO 4megr? " p Amereqr? " 4dmey | b + e \a b

Then, substituting capacitance, C' = Q/Vj, and solving for b, we find, after a little algebra:

a(e, — 1)
ae, (4mey/C) — 1

b=

Then, substitute €, = 3 and C' = 8mepa (twice the part a result) to obtain:

b=4a = d=b—a=3a
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6.13. With reference to Fig. 6.5, let b = 6 m, h = 15 m, and the conductor potential be 250 V.
Take € = ¢p. Find values for K1, pr, a, and C: We have

2
Klz =

h+Vh? + b2
b

We then have eV deo (250)
o TEQ VO _ TEQ _
PL= K;  In(23) 8.87nC/m

Next, a = VA% — b2 = /(15)2 — (6)2 = 13.8 m. Finally,

c=— 2T _ 2T _355pF
cosh™"(h/b)  cosh™ " (15/6) —— —

6.14. Two #16 copper conductors (1.29-mm diameter) are parallel with a separation d between
axes. Determine d so that the capacitance between wires in air is 30 pF/m.

We use
2meg

C
~ =60 pF/m = — 0
pF/m cosh ™ (h/b)

L
The above expression evaluates the capacitance of one of the wires suspended over a plane

at mid-span, h = d/2. Therefore the capacitance of that structure is doubled over that
required (from 30 to 60 pF/m). Using this,

h 2 2 .854
3 = cosh (Cﬂ/el?) = cosh <%§85> = 1.46

Therefore, d = 2h = 2b(1.46) = 2(1.29/2)(1.46) = 1.88 mm.

6.15. A 2 cm diameter conductor is suspended in air with its axis 5 cm from a conducting plane.
Let the potential of the cylinder be 100 V and that of the plane be 0 V. Find the surface
charge density on the:

a) cylinder at a point nearest the plane: The cylinder will image across the plane, producing
an equivalent two-cylinder problem, with the second one at location 5 cm below the
plane. We will take the plane as the zy plane, with the cylinder positions at =z = +5.
Now b = 1 cm, h =5 cm, and V5 = 100 V. Thus a = vh2 — b2 = 4.90 cm. Then
Ki =[(h+a)/b]? = 98.0, and pr, = (4megVp)/In K1 = 2.43nC/m. Now

pr [(z +a)a; +yay (z—a)a, +yay
D=¢E=-2t -
21 | (z+a)?+y? (x—a)?+y?

and

Ps, mazx = D. (_az)

_p_L[ h—b+a h—b—a

(h—b+a)? (h—b—a)J = 4730C/m’

x=h—by=0 2T
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6.15b) plane at a point nearest the cylinder: At z =y =0,

6.16.

D(0,0) =

Ag

a? a?

_pL |aay  —ad, _ _P_LZ
21 21w a

from which

ps =D(0,0) -a, = — 2L = ~15.8nC/m?
mTa -

c¢) Find the capacitance per unit length. This will be C' = pr/Vy = 2.43 [nC/m]/100 =
24.3 pF/m.

Consider an arrangement of two isolated conducting surfaces of any shape that form a capac-
itor. Use the definitions of capacitance (Eq. (2) in this chapter) and resistance (Eq. (14)
in Chapter 5) to show that when the region between the conductors is filled with either con-
ductive material (conductivity o) or with a perfect dielectric (permittivity €), the resulting
resistance and capacitance of the structures are related through the simple formula RC = ¢/o.
What basic properties must be true about both the dielectric and the conducting medium for
this condition to hold for certain?

Considering the two surfaces, with location a one surface, and location b on the other,
the definitions are written as:

_ §.eE-dS

LBy R
i

and
fs oE - dS

Note that the integration surfaces in the two definitions are (in this case) closed, because

each must completely surround one of the two conductors. The surface integrals would

thus yield the total charge on — or the total current flowing out of — the conductor inside.

The two formulas are muliplied together to give

B fSeE-dS €
RC_fSUE-dS_;

The far-right result is valid provided that € and o are constant-valued over the integration
surfaces. Since in prinicple any surface can be chosen over which to integrate, the safest
(and correct) conclusion is that € and o must be constants over the capacitor (or resistor)
volume; i.e., the medium must be homogeneous. A little more subtle points are that e
and o generally cannot vary with field orientation (isotropic medium), and cannot vary
with field intensity (linear medium), for the simple relation RC = ¢/o to work.

83



6.17 Construct a curvilinear square map for a coaxial capacitor of 3-cm inner radius and 8-cm outer
radius. These dimensions are suitable for the drawing.

a) Use your sketch to calculate the capacitance per meter length, assuming e = 1: The
sketch is shown below. Note that only a 9° sector was drawn, since this would then be
duplicated 40 times around the circumference to complete the drawing. The capacitance
is thus N 10

C = 60N_§ = o =59 pF/m

90

b) Calculate an exact value for the capacitance per unit length: This will be

2meq

C=nE3)

= 57 pF/m
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6.18 Construct a curvilinear-square map of the potential field about two parallel circular cylinders,
each of 2.5 cm radius, separated by a center-to-center distance of 13cm. These dimensions are
suitable for the actual sketch if symmetry is considered. As a check, compute the capacitance
per meter both from your sketch and from the exact formula. Assume eg = 1.

Symmetry allows us to plot the field lines and equipotentials over just the first quadrant, as
is done in the sketch below (shown to one-half scale). The capacitance is found from the
formula C' = (Ng/Nv)ey, where N is twice the number of squares around the perimeter
of the half-circle and Ny is twice the number of squares between the half-circle and the left
vertical plane. The result is

Nq 32

C = N—Veo = EEO = 2¢p = 17.7 pF/m

We check this result with that using the exact formula:

C=— "0 = T 95 =173 pF/m
cosh™"(d/2a)  cosh™(13/5) —

85



6.19. Construct a curvilinear square map of the potential field between two parallel circular cylin-
ders, one of 4-cm radius inside one of 8-cm radius. The two axes are displaced by 2.5 cm.
These dimensions are suitable for the drawing. As a check on the accuracy, compute the
capacitance per meter from the sketch and from the exact expression:

2me

¢= cosh™" [(a2 + b2 — D?)/(2ab)]

where a and b are the conductor radii and D is the axis separation.

The drawing is shown below. Use of the exact expression above yields a capacitance value of
C = 11.5¢p F/m. Use of the drawing produces:

99 x 2
c =X

eo = 1leg F/m

4
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6.20. A solid conducting cylinder of 4-cm radius is centered within a rectangular conducting cylinder
with a 12-cm by 20-cm cross-section.

a)

Make a full-size sketch of one quadrant of this configuration and construct a curvilinear-
square map for its interior: The result below could still be improved a little, but is
nevertheless sufficient for a reasonable capacitance estimate. Note that the five-sided
region in the upper right corner has been partially subdivided (dashed line) in anticipation
of how it would look when the next-level subdivision is done (doubling the number of field
lines and equipotentials).

[ 1] s

Assume € = ¢y and estimate C per meter length: In this case Ng is the number of squares
around the full perimeter of the circular conductor, or four times the number of squares
shown in the drawing. Ny is the number of squares between the circle and the rectangle,
or 5. The capacitance is estimated to be

N, 4% 13
O="9¢y=2""2¢ = 10.4¢o = 90 pF/m
Ny 5 P/

87



6.21. The inner conductor of the transmission line shown in Fig. 6.14 has a square cross-section
2a X 2a, while the outer square is 5a x 5a. The axes are displaced as shown. (a) Construct
a good-sized drawing of the transmission line, say with a = 2.5 c¢m, and then prepare a
curvilinear-square plot of the electrostatic field between the conductors. (b) Use the map to
calculate the capacitance per meter length if € = 1.6¢y. (c¢) How would your result to part b
change if a = 0.6 cm?

a) The plot is shown below. Some improvement is possible, depending on how much time
one wishes to spend.

N\
~~
F—
||
__{—

b) From the plot, the capacitance is found to be

16 x 2

C= 1

(1.6)ep = 12.8¢p = 110 pF/m

¢) If a is changed, the result of part b would not change, since all dimensions retain the same
relative scale.
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6.22.

6.23.

Two conducting plates, each 3 by 6 cm, and three slabs of dielectric, each 1 by 3 by 6 cm,
and having dielectric constants of 1, 2, and 3 are assembled into a capacitor with d = 3 cm.
Determine the two values of capacitance obtained by the two possible methods of assembling
the capactor.

The two possible configurations are 1) all slabs positioned vertically, side-by-side; 2) all
slabs positioned horizontally, stacked on top of one another. For vertical positioning, the
1x3 surfaces of each slab are in contact with the plates, and we have three capacitors in
parallel. The individual capacitances will thus add to give:

6[)(1 X 3)

Cvert201+02+03: 3

(1+2+3) = 6e

With the slabs positioned horizontally, the configuration becomes three capacitors in
series, with the total capacitance found through:

= — 4+ — + 14+4-4-= = Choriz =

1 1 1 1 - 3 1 1 - 11 6eg
Choriz=  C1 Ca O3 €(3) 2 3] 66 1

A two-wire transmission line consists of two parallel perfectly-conducting cylinders, each hav-
ing a radius of 0.2 mm, separated by center-to-center distance of 2 mm. The medium sur-
rounding the wires has ¢, = 3 and 0 = 1.5 mS/m. A 100-V battery is connected between the
wires. Calculate:

a) the magnitude of the charge per meter length on each wire: Use

. 1 —12
c—_ T _mxX3xESHXITT 5610 O/m
cosh™ " (h/b) cosh™ " (1/0.2)

Then the charge per unit length will be

Q= CVy = (3.64 x 10711)(100) = 3.64 x 107 C/m = 3.64nC/m

b) the battery current: Use

3 x 8.85x 10712
~ R— X X — 486

€
RC = =
o (1.5 x 10-3)(3.64 x 10— 11)

Then v 100
pu— —0 —_— ——— pu—
1= 7 = 186 0.206 A = 206 mA
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6.24. A potential field in free space is given in spherical coordinates as:

[ lpo/(6co)] Ba2 — 7] (r < a)
vin = { (@®p0)/(eor) (r > a)

where pg and a are constants.

a) Use Poisson’s equation to find the volume charge density everywhere: Inside r = a, we
apply Poisson’s equation to the potential there:

v 1 d dVy po 1 d £0
V2, = P o 2@ (28 P02 @ e gy = 0
! € rZdr (T dr ) 6eg 72 dr (T ( T)) €0

from which we identify p, = po (7 < a).

Outside r = a, we use

9 Pu 1 d [ 5dVs 1d [ 4(—apo
V = —_—-—— = — — _ = —— = O
ViV, e ridr <r dr r2 dr " 3eor?

from which p, =0 (r > a).

b) find the total charge present: We have a constant charge density confined within a spher-
ical volume of radius a. The total charge is therefore Q = (4/3)ma®py C.

6.25. Let V = 22?22 and € = ¢. Given point P(1,2, 1), find:
a) V at P: Substituting the coordinates into V, find Vp = —8 V.
b) E at P: We use E = —VV = —2y?23a, — 4zyz3a, — 6xy®z?a,, which, when evaluated
at P, becomes Ep = 8a, + 8a, —24a, V/m
c) py at P: Thisis p, = V- D = —¢ V2V = —4x2(2% + 3y?) C/m?

d) the equation of the equipotential surface passing through P: At P, we know V = —8V,
so the equation will be zy?z% = —4.

e) the equation of the streamline passing through P: First,

E, dy dryz3 2

E, dx 24223 gy
Thus 1
ydy = 2xdzx, and so §y2 =224+ C

Evaluating at P, we find C7; = 1. Next,

E, dz 6xy%2? 3z

E, dx 24223 2

Thus 3 1
3zdx = zdz, and so 5332 = 522 + Cs

Evaluating at P, we find Cy; = 1. The streamline is now specified by the equations:
y? — 222 =2 and 32% — 22 =2.

f) Does V satisfy Laplace’s equation? No, since the charge density is not zero.
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6.26. Given the spherically-symmetric potential field in free space, V' = Vye~"/®, find:

a) p, at 7 = a; Use Poisson’s equation, V2V = —p, /e, which in this case becomes
po 1 d [ 5dV —Vo d ( 2 wa) —Vo < 7") “r/a
_— = — — B = = — 2 _ —
e r2dr <r dr ar? dr \" © ar a)€

from which

‘2/0671 C/m?

Eovb r _ €0
,OU(T): ar <2_5>6 e = pv(a): a

b) the electric field at r = a; this we find through the negative gradient:

E(r)=-VV = _dv a, = Ee_r/“ a,

o = E(a)= —e¢ 'a, V/m

c) the total charge: The easiest way is to first find the electric flux density, which from part
bis D = ¢E = (eVp/a)e"/*a,. Then the net outward flux of D through a sphere of
radius r would be

(I)(T) = Qencl(r) = d4mr?D = 4776(]V[)7‘26_T/a C

As r — 00, this result approaches zero, so the total charge is therefore Q,; = 0.

6.27. Let V(z,y) = 4e%* + f(z) — 3y? in a region of free space where p, = 0. It is known that both

E, and V are zero at the origin. Find f(z) and V(x,%): Since p, = 0, we know that V2V = 0,
and so

o?vV. 0%V d?f
2 2x
V=—+—=16 — —6=0
v ox? + 0y? o dx?
Therefore 2 p
TS g +6 = ar_ —8e** + 6z + C4
dz? dx
Now av af
E, = —— =8+ —
ox dx
and at the origin, this becomes
d,
E.(0) =8+ % T O(as given)

Thus df /dz |,—0 = —8, and so it follows that C; = 0. Integrating again, we find
flz,y) = —4e** 4 32% 4+ Cy
which at the origin becomes f(0,0) = —4 + C5. However, V(0,0) = 0 = 4 4+ f(0,0). So

f(0,0) = —4 and Cy = 0. Finally, f(z,y) = —4e*® + 322, and V(z,y) = 4€>* — 4e*® + 322 —
3y? = 3(2? — y?).
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6.28. Show that in a homogeneous medium of conductivity o, the potential field V' satisfies Laplace’s
equation if any volume charge density present does not vary with time: We begin with the
continuity equation, Eq. (5), Chapter 5:

dpy
vV.-J=—
ot
where J = oE, and where, in our homogeneous medium, ¢ is constant with position. Now
write 5
V-J=V-(E) =0V (-VV)=—0VV = — a’;”

This becomes
V2V =0 (Laplace’s equation)

when p, is time-independent. Q.E.D.

6.29. Given the potential field V = (Ap* + Bp~?) sin 4¢:
a) Show that V2V = 0: In cylindrical coordinates,

10 (VN 10V
2 _ - - _
viV= pdp ('Oap) e
10 s 1 Ca
= 25, (440" —4Bp™)) sindg — 516(Ap" + Bp™*) sindg

1 1
— FG(ApS + Bp~°)sind¢ — p_S(AP4 +Bp~ ) sind¢ =0

b) Select A and B so that V =100 V and |E| = 500 V/m at P(p = 1,¢ = 22.5°,z = 2):

First,

ov 10V

E=-VV=——a,— ——
op " pog
=—4 [(Ap3 — Bp~®)sind¢a, + (Ap® + Bp~°) cos 4¢ ag|
and at P, Ep = —4(A — B)a,. Thus |[Ep| = £4(A — B). Also, Vp = A+ B. Our two
equations are:
A(A — B) = £500

and
A+ B =100

We thus have two pairs of values for A and B:

A=112.5, B=-125 or A=-12.5, B=1125
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6.30. A parallel-plate capacitor has plates located at z = 0 and z = d. The region between plates
is filled with a material containing volume charge of uniform density py C/m?, and which has
permittivity €. Both plates are held at ground potential.

a) Determine the potential field between plates: We solve Poisson’s equation, under the
assumption that V varies only with z:

dZV _ 2
VQV:W:—% = V= ’;iz O+ Cy

At =0,V =0, and so Cy = 0. Then, at z =d, V =0 as well, so we find C; = pod/2e.
Finally, V(2) = (poz/2¢)[d — z].

b) Determine the electric field intensity, E between plates: Taking the answer to part a, we
find E through

dv d [poz
E:— = ——a, = —— | —
vV a dz [26

Po
- (d— z)] =222~ d)a. V/m

c) Repeat a and b for the case of the plate at z = d raised to potential Vj, with the z =0
plate grounded: Begin with

_ —poz’
2¢

V(z) +Ciz+ Oy

with Cy = 0 as before, since V(z = 0) = 0. Then

)
Vi=d) =Vy= 2T L g » ¢ = Yo ool
2¢ d 2¢
So that v
_ 0 POE g
V(z)—dz—i- 2€(d z)

We recognize this as the simple superposition of the voltage as found in part a and the
voltage of a capacitor carrying voltage Vy, but without the charged dielectric. The electric

field is now d
V VW Po
el e S + % (2z —d)a, V/m
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6.31.

Let V' = (cos2¢)/p in free space.
a) Find the volume charge density at point A(0.5,60°,1): Use Poisson’s equation:

10 oV 1 0%V
o= (G (5) 55

pop \"op) " 2 04?
(1 0 (—coquS) 4 cos2q§> 3€p cos 20
= —€ _8_ _— - = 3
pdp p P> p p
So at A we find:
 3egcos(120°)

PvA = = —12¢g = —106 pC/m?

0.53

b) Find the surface charge density on a conductor surface passing through B(2,30°,1): First,
we find E:

ov 10V
E=-VV=——a,———a
op " poo ?
cos 2¢ 2sin 2¢
- p2 P 2 as

At point B the field becomes

60° 2sin 60°
B, = cos4 a, + % as = 0.125a, +0.433 a,

The surface charge density will now be
psB = £|Dp| = +e|Ep| = +£0.451¢p = +0.399 pC/m?

The charge is positive or negative depending on which side of the surface we are consid-
ering. The problem did not provide information necessary to determine this.
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6.32. A uniform volume charge has constant density p, = pg C/m?, and fills the region r < a, in
which permittivity € as assumed. A conducting spherical shell is located at r = a, and is held
at ground potential. Find:

a) the potential everywhere: Inside the sphere, we solve Poisson’s equation, assuming radial
variation only:

1 d dVv — —por?  C
VQV = —— 7‘2— = ﬁ = V(T) = poT + =1 + CQ
T dr € 6¢€o T

We require that V' is finite at the orgin (or as r — 0), and so therefore C; = 0. Next,
V =0 at r = a, which gives Cy = ppa®/6e. Outside, r > a, we know the potential must
be zero, since the sphere is grounded. To show this, solve Laplace’s equation:

1
VQV:r—i(r2ﬂ>: = V(r)z%—i—(]z

Requiring V' = 0 at both r = ¢ and at infinity leads to C; = C5 = 0. To summarize

20(g2 —r2) r<a
V(T):{ﬁe 0 r>a

b) the electric field intensity, E, everywhere: Use

Ee vy= W P g
dr 3e

Outside (r > a), the potential is zero, and so E = 0 there as well.

6.33. The functions Vi (p, ¢, z) and Va(p, ¢, z) both satisfy Laplace’s equation in the region a < p < b,
0 <¢<2m, —L < z < L; each is zero on the surfaces p = b for —L < z < L; z = —L for
a < p<b;and z =L for a < p < b; and each is 100 V on the surface p = a for —L < z < L.

a) In the region specified above, is Laplace’s equation satisfied by the functions V; + V5,
Vi— Vs, V143, and V1 V57 Yes for the first three, since Laplace’s equation is linear. No
for V1 V5.

b) On the boundary surfaces specified, are the potential values given above obtained from
the functions V; + V5, V1 — Vo, V1 +3, and V1 V52?7 At the 100 V surface (p = a), No for all.
At the 0 V surfaces, yes, except for V; + 3.

c) Are the functions Vi + Vo, Vi — Vo, Vi + 3, and V4 V5 identical with V437 Only Vj is,
since it is given as satisfying all the boundary conditions that V; does. Therefore, by the
uniqueness theorem, Vo = Vi. The others, not satisfying the boundary conditions, are
not the same as V;.
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6.34. Consider the parallel-plate capacitor of Problem 6.30, but this time the charged dielectric
exists only between z = 0 and z = b, where b < d. Free space fills the region b < z < d. Both
plates are at ground potential. No surface charge exists at z = b, so that both V and D are
continuous there. By solving Laplace’s and Poisson’s equations, find:

a) V(z)for 0 < z < d: In Region 1 (z < b), we solve Poisson’s equation, assuming z variation
only: ,
PV _—p | G e
dz? € dz €

In Region 2 (z > b), we solve Laplace’s equation, assuming z variation only:

+Cl (Z<b)

d*Vs dvs ,
_ = _— = b
7 0 = 7 Cy (z>0)

At this stage we apply the first boundary condition, which is continuity of D across the
interface at z = b. Knowing that the electric field magnitude is given by dV/dz, we write

dvi Vs ) . —pob €
L =2 = —pob+€eCy = €C cl = ~c
‘ dz lz=b €0 dz lz=b pod+ €01 ©tr = ! €0 + €0 !

Substituting the above expression for C7, and performing a second integration on the
Poisson and Laplace equations, we find

_0022

Vi(z) = 5 +Ciz+Cy (2<Db)
and )
Va(z) = B L e Cy (2>0)
260 €0
Next, requiring V3 = 0 at z = 0 leads to Cy = 0. Then, the requirement that Vo = 0 at
z = d leads to
bd bd
0=-2 1 Coatroy = =" ‘o
€0 €0 €0 €0
With Cy and C4 known, the voltages now become
poz” pob €
Vi(z) = — +Cyz and Va(z) = —(d—2) — —C1(d — 2)
2e €0 €0

Finally, to evaluate C7, we equate the two voltage expressions at z = b:

B ~ pob [b+2¢.(d—b)
Vils=p = Valo=p = C1 = P [b—l—er(d—b)

where ¢, = €/€y. Substituting C; as found above into Vi and V5 leads to the final
expressions for the voltages:

_ pobz Kb+2€7~(d—b)> 2

i) =5 35— _E] (z <)

pob? d—z
Va(2) = 5o [b%—er(d—b)] (2>0)
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6.34b) the electric field intensity for 0 < z < d: This involves taking the negative gradient of the final
voltage expressions of part a. We find

dVl Po b b + 2€r (d — b)
BEi=—"Pa =22 (2TE0 ) g, b
1 2 ; {z 2(b+6r(d—b> a, V/m (z<0b)
dV2 p0b2 1
Es=——"Z"a, = . b
27T T 2q [b%—er(d—b)}a V/im (z>b)

6.35. The conducting planes 2x + 3y = 12 and 2z 4+ 3y = 18 are at potentials of 100 V and O,
respectively. Let ¢ = ¢y and find:
a) V at P(5,2,6): The planes are parallel, and so we expect variation in potential in the
direction normal to them. Using the two boundary condtions, our general potential
function can be written:

V(z,y) = A2z + 3y — 12) + 100 = A(2z + 3y — 18) + 0

and so A = —100/6. We then write

100 100
V(z,y) = —?(Qx +3y —18) = -5 50y + 300

and Vp = —13%(5) — 100 + 300 = 33.33 V.
b) Find E at P: Use

100
E=-VV = Tam+50ay V/m

6.36. The derivation of Laplace’s and Poisson’s equations assumed constant permittivity, but there
are cases of spatially-varying permittivity in which the equations will still apply. Consider the
vector identity, V- (¢ G) = G - V¢ + 9V - G, where 1) and G are scalar and vector functions,
respectively. Determine a general rule on the allowed directions in which € may vary with
respect to the electric field.

In the original derivation of Poisson’s equation, we started with V-D = p,,, where D = €¢E.

Therefore
V-D=V.(E)=-V-(eVV)=-VV . Ve—eV?V = p,

We see from this that Poisson’s equation, V2V = —p, /e, results when VV - Ve = 0. In
words, € is allowed to vary, provided it does so in directions that are normal to the local
electric field.
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6.37. Coaxial conducting cylinders are located at p = 0.5 cm and p = 1.2 cm. The region between
the cylinders is filled with a homogeneous perfect dielectric. If the inner cylinder is at 100V
and the outer at 0V, find:

a) the location of the 20V equipotential surface: From Eq. (35) we have

B In(.012/p)
Vip) = 1003 0157.005)

We seek p at which V' =20 V, and thus we need to solve:

In(.012/p) 012

20 =1 -
0=1007 5 P= 24y

=1.01 cm

b) E,maz: We have
oV dv 100

E = —-— = —— = —
r dp dp  pln(2.4)

whose maximum value will occur at the inner cylinder, or at p = .5 cm:

100

E par = ————— =228 x 10* =228k
, 0051n(2.4) 8x107V/m =228 kV/m

c¢) €. if the charge per meter length on the inner cylinder is 20 nC/m: The capacitance per

meter length is
_ 2meoe, Q@

¢ In(2.4) W

We solve for €,.: .
. = (20 x 1077)In(2.4) 315
27ep(100)

6.38. Repeat Problem 6.37, but with the dielectric only partially filling the volume, within 0 < ¢ <
7, and with free space in the remaining volume.

We note that the dielectric changes with ¢, and not with p. Also, since E is radially-
directed and varies only with radius, Laplace’s equation for this case is valid (see Problem
6.36) and is the same as that which led to the potential and field in Problem 6.37.
Therefore, the solutions to parts a and b are unchanged from Problem 6.37. Part c,
however, is different. We write the charge per unit length as the sum of the charges along
each half of the center conductor (of radius a)

Q = e€r€0E) maz(ma) + €0Ep maz(10) = €0E) maz(ma)(1 +€,) C/m
Using the numbers given or found in Problem 6.37, we obtain

20 x 1072 C
X /m —631 = ¢ =531

1+e =
e = 8852 x 10-12)(22.8 x 108 V/m) (0.5 x 10-2 m)7 o

We may also note that the average dielectric constant in this problem, (e, + 1)/2, is the
same as that of the uniform dielectric constant found in Problem 6.37.
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6.39. The two conducting planes illustrated in Fig. 6.14 are defined by 0.001 < p < 0.120 m,
0 <2z2<01m, ¢ =0.179 and 0.188 rad. The medium surrounding the planes is air. For
region 1, 0.179 < ¢ < 0.188, neglect fringing and find:

a)

b)

c)
d)

e)

V(¢): The general solution to Laplace’s equation will be V' = C;¢ + Cs, and so
20 = C1(.188) + Cy and 200 = C1(.179) + Cs
Subtracting one equation from the other, we find
—180 = C1(.188 — .179) = C; = —2.00 x 10*

Then
20 = —2.00 x 10*(.188) + Cy = Co =3.78 x 10°

Finally, V(¢) = (=2.00 x 10*)¢ + 3.78 x 103 V.
E(p): Use

1dV 2.00 x 10*
E(p)=-VV=—=C—_—_="""""3,V/m
() o ; o V/

D(p) = eoE(p) = (2.00 x 10%*¢y/p) ag C/m?.

ps on the upper surface of the lower plane: We use

2. 10* 2. 10*
Ps:D-nsurface:wawa(b:w C/m?

(Q on the upper surface of the lower plane: This will be

120 4
2.00 x 1
Qi = / / 200 10°€0 1, 4. = 2,00 x 10%6(.1) In(120) = 8.47 x 105 C = 84.7 nC
00

Repeat a) to ¢) for region 2 by letting the location of the upper plane be ¢ = .188 — 27,
and then find p; and @ on the lower surface of the lower plane. Back to the beginning,
we use

20 = C1(.188 — 2m) + C% and 200 = C{(.179) + C}
Subtracting one from the other, we find
—180 = C7(.009 — 27r) = (4§ =28.7

Then 200 = 28.7(.179) + C5; = C45 = 194.9. Thus V(¢) = 28.7¢ + 194.9 in region 2.

Then 98.7 98.7
E=—-—a;, V/m and D= — €0
p

ad, C/m2

ps on the lower surface of the lower plane will now be

28.760

ag - (—ag) = C/m?

The charge on that surface will then be Q; = 28.7¢(.1) In(120) = 122 pC.
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6.39g) Find the total charge on the lower plane and the capacitance between the planes: Total charge
will be Qnet = Q¢ + Qp = 84.7 nC + 0.122 nC = 84.8 nC. The capacitance will be

_ Qnet o 84.8

¢= AV 200 —20

= 0.471 nF =471 pF

6.40. A parallel-plate capacitor is made using two circular plates of radius a, with the bottom plate
on the zy plane, centered at the origin. The top plate is located at z = d, with its center on
the z axis. Potential V} is on the top plate; the bottom plate is grounded. Dielectric having
radially-dependent permittivity fills the region between plates. The permittivity is given by
e(p) = eo(1 + p?/a?). Find:

a) V(z): Since € varies in the direction normal to E, Laplace’s equation applies, and we
write 2V
V2V = T =0 = V(z) = Crz + Cy
z

With the given boundary conditions, Cy = 0, and Cy; = Vp/d. Therefore V(z) = Vpz/d V.
b) E: This will be E = -VV = —dV/dza, = —(Vp/d)a, V/m.
c¢) Q: First we find the electric flux density: D = €E = —¢y(1+ p?/a?)(Vo/d) a, C/m?. The

charge density on the top plate is then p; = D - —a, = ¢y(1 + p?/a?)(Vp/d) C/m?. From
this we find the charge on the top plate:

3ra®egVp

2d ¢

Q= /02” /O eo(1+ p2/a®)(V/d) pdp dip =

d) C. The capacitance is C' = Q/Vy = 3ma’ey/(2d) F.

6.41. Concentric conducting spheres are located at = 5 mm and r = 20 mm. The region between
the spheres is filled with a perfect dielectric. If the inner sphere is at 100 V and the outer
sphere at 0 V:

a) Find the location of the 20 V equipotential surface: Solving Laplace’s equation gives us

where Vp = 100, @ = 5 and b = 20. Setting V(r) = 20, and solving for r produces
r=12.5mm.

b) Find E, 4. Use

av Vo a,

dr
Vi 100
Ermas = B(r = a) = 27— ?a/b)) = Sy — 267 V/mm =26.TkV/m

c¢) Find e, if the surface charge density on the inner sphere is 1.0 uC/m?: p, will be equal
in magnitude to the electric flux density at » = a. So ps, = (2.67 x 10* V/m)e,€9 =
1076 C/m?2. Thus ¢, = 4.23. Note, in the first printing, the given charge density was
100 £C/m?, leading to a ridiculous answer of ¢, = 423.
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6.42. The hemisphere 0 < r < a, 0 < 6 < 7/2, is composed of homogeneous conducting material of
conductivity . The flat side of the hemisphere rests on a perfectly-conducting plane. Now,
the material within the conical region 0 < 6 < «, 0 < r < a, is drilled out, and replaced with
material that is perfectly-conducting. An air gap is maintained between the r = 0 tip of this
new material and the plane. What resistance is measured between the two perfect conductors?
Neglect fringing fields.

With no fringing fields, we have 6-variation only in the potential. Laplace’s equation is

therefore: ) J o
21, b 4 AV
v V_TQSiHQdH <Sm0 ) 0

This reduces to
v _
df  sinf
We assume zero potential on the plane (at § = 7/2), which means that Cy = 0. On the

cone (at = «), we assume potential Vj, and so V) = C Intan(a/2)
= (7 = V,/Intan(a/2) The potential function is now

V() = CyIntan (6/2) + Cy

Intan(6/2)
V(o) =Vy——-= 0 2
() “Intan(a/2) a<f<nf
The electric field is then
1
E:—VV:——d—Va = Vo ag V/m

rdo ~ rsinfIntan(a/2)

The total current can now be found by integrating the current density, J = oE, over any
cross-section. Choosing the lower plane at § = /2, this becomes

1—/%/&— Al ag - agrdrdp = ——r27V0_
Jo Jo rsin(r/2)Intan(a/2) o ~ Intan(a/2)

The resistance is finally

R— Vo _ _ Intan(a/2) ohmms
I 2mac

Note that R is in fact positive (despite the minus sign) since In tan(a/2) is negative when
a < 7/2 (which it must be).
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6.43. Two coaxial conducting cones have their vertices at the origin and the z axis as their axis.
Cone A has the point A(1,0,2) on its surface, while cone B has the point B(0,3,2) on its
surface. Let V4 =100 V and Vg = 20 V. Find:

a) «a for each cone: Have ay = tan~1(1/2) = 26.57° and ap = tan=1(3/2) = 56.31°.

b) V at P(1,1,1): The potential function between cones can be written as
V() = C1Intan(0/2) + Cs

Then
20 = Cy Intan(56.31/2) + Co and 100 = Cy Intan(26.57/2) + Cs

Solving these two equations, we find C; = —97.7 and Cy = —41.1. Now at P, 6 =
tan=1(v/2) = 54.7°. Thus

Vp = —97.7Intan(54.7/2) — 41.1 = 23.3V

6.44. A potential field in free space is given as V' = 1001ntan(6/2) + 50 V.
a) Find the maximum value of |Eg| on the surface § = 40° for 0.1 < r < 0.8 m, 60° < ¢ <
90°. First

1dV 100 100 100

rde T  2rtan(6/2) cos2(0/2) a0 =75, sin(0/2) cos(9/2)ae T rsing ™

This will maximize at the smallest value of r, or 0.1:

100

Emaac<9 = 400) = E(’f’ = 01,9 = 400) = —m

ag = 1.56ap kV/m

b) Describe the surface V' = 80 V: Set 100Intané/2 + 50 = 80 and solve for #: Obtain
Intanf/2 = 0.3 = tanf/2 =3 =135 = 0 =107° (the cone surface at § = 107
degrees).
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6.45. In free space, let p, = 20060/7’2’4.

a) Use Poisson’s equation to find V (r) if it is assumed that r?E, — 0 when r — 0, and also
that V' — 0 as r — oco: With r variation only, we have

1 d av p _
Cz[/ = —= 2— = __'U = — 2.4
r2dr (T dr) € 200r

o d av
el 277 - _9 —.4
o <r e ) 00r
Integrate once:

av 200
rP—— ) =%+ =-3333r° + 4
dr .6

or

dV
—— = —3333r ' ¢
dr

Our first boundary condition states that r?E, — 0 when r — 0 Therefore C; = 0.

Integrate again to find:

%1 = VV (in this case) = —F,
,

333.3
=1

From our second boundary condition, V' — 0 as r — oo, we see that C; = 0. Finally,

V(T‘) + CQ

V(r) =8333r—*V

b) Now find V (r) by using Gauss’ Law and a line integral: Gauss’ law applied to a spherical
surface of radius r gives:

" 200¢ r6
471'7’2DT = 471'/0 (r/)QBI (T/)ZdT = 80071'6()?
Thus .
E,=—=————-=3333r "*V
€0 -6(4m)er? " /m
Now

V(r) = —/ 333.3(r") " 1dr’ =833.3r—4 V

o0
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6.46. By appropriate solution of Laplace’s and Poisson’s equations, determine the absolute potential
at the center of a sphere of radius a, containing uniform volume charge of density pp. Assume
permittivity €y everywhere. HINT: What must be true about the potential and the electric
field at r =0 and at r = a?

With radial dependence only, Poisson’s equation (applicable to r < a) becomes

2
— -+ <
VIV = 2 I = Vi(r) + Cy (r<a)

€0 660 r

1d <r2dV1) ) por?  Ch

For region 2 (r > a) there is no charge and so Laplace’s equation becomes

1d dv: C
= <r2d_r2>:0 = %(T):73+C4 (T’ZCL)

Now, as r — oo, Vo — 0, so therefore C4 = 0. Also, as » — 0, V4 must be finite, so
therefore C'y = 0. Then, V must be continuous across the boundary, r = a:

2 C C 2

Vl‘_ :‘/2‘_ = —poa +02:—3 = 02:—3+p0a

r=a r=a 660 a a 660
So now o o
Vi(r) = é%(a2 —r?) + ?3 and Va(r) = 73

Finally, since the permittivity is ¢y everywhere, the electric field will be continuous at
r = a. This is equivalent to the continuity of the voltage derivatives:

dVl Cﬂ/z pPoa Cg p0a3
dr lr=a dr lr=a 360 a? 3 360
So the potentials in their final forms are
PO a2 2 poa’
Vi(r) = £2(3a% - d Va(r) =
(1) = 2 (302 =1%) and Va(r) = 25

The requested absolute potential at the origin is now Vi (r = 0) = pga?/(2¢) V.
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CHAPTER 7

7.1la. Find H in cartesian components at P(2,3,4) if there is a current filament on the z axis carrying

7.2.

8 mA in the a, direction:
Applying the Biot-Savart Law, we obtain

H - /Oo IdL x ap /°° Idza, x [2a, + 3a, + (4 — z)a.] /°° Idz[2a, — 3a,)]
“ 4TR2 ) 4r(22 — 8z + 29)3/2 ) Am(22 — 82 +29)3/2

— 00

Using integral tables, this evaluates as

I [2(22 —8)(2a, — 3ax)]i° B 2(;

a = S5 =—(2 —3a,
ar | 52(22 — 82 + 29)1/2 (2a, - 3a,)

Then with I = 8 mA, we finally obtain H, = —294a, + 196a, pA/m

Repeat if the filament is located at *+ = —1, y = 2: In this case the Biot-Savart integral
becomes

H. — /°° Idza, x [(2+ 1)a; + (3 —2)a, + (4 — z)a.] /°° Idz[3a, — a,]
b A7 (22 — 8z + 26)3/2 ~ ) Am(22 — 82+ 26)3/2

—00

Evaluating as before, we obtain with / = 8 mA:

= = —(3a, — = —127 382 A
47_‘, 40(z2_8z+26)1/2 e 207T( ay aI) a$+ ay ILI/ /Hl

I [2(2z—8)(3ay—ax) * I

Find H if both filaments are present: This will be just the sum of the results of parts ¢ and
b, or
Hr =H, +H, = —42la, + 578a, pA/m

This problem can also be done (somewhat more simply) by using the known result for H from
an infinitely-long wire in cylindrical components, and transforming to cartesian components.
The Biot-Savart method was used here for the sake of illustration.

A filamentary conductor is formed into an equilateral triangle with sides of length ¢ carrying
current /. Find the magnetic field intensity at the center of the triangle.

I will work this one from scratch, using the Biot-Savart law. Consider one side of the
triangle, oriented along the z axis, with its end points at z = +£/2. Then consider a
point, xg, on the x axis, which would correspond to the center of the triangle, and at
which we want to find H associated with the wire segment. We thus have IdL = Idza,,
R = /2?2 + 23, and ag = [z¢ga, — za,]/R. The differential magnetic field at z is now

dH_IdeaR_Idzazx(xoax—zaz) Idzxga,

AmR? Am(xd +22)3/2 dm(ad 4 22)3/2

where a, would be normal to the plane of the triangle. The magnetic field at z¢ is then

¢/2 Idzxga, Iza, ’5/2 Ila,

H = = =
—2/2 Am(xf + 22)3/2 drzo/ad + 22102 2mmon/02 + 423
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7.2.

7.3.

(continued). Now, z lies at the center of the equilateral triangle, and from the geometry of
the triangle, we find that xop = (£/2)tan(30°) = ¢/(2v/3). Substituting this result into the
just-found expression for H leads to H = 31/(27n/) a,,. The contributions from the other two
sides of the triangle effectively multiply the above result by three. The final answer is therefore
H,. =9I/(2r¢)a, A/m. It is also possible to work this problem (somewhat more easily) by

using Eq. (9), applied to the triangle geometry.

Two semi-infinite filaments on the z axis lie in the regions —oco < z < —a (note typographical
error in problem statement) and a < z < co. Each carries a current I in the a, direction.
a) Calculate H as a function of p and ¢ at z = 0: One way to do this is to use the field from

an infinite line and subtract from it that portion of the field that would arise from the
current segment at —a < z < a, found from the Biot-Savart law. Thus,

I /“ Idza, x [pa, —za,]
ay —
~ 2mp o dm[p? 4 2232

The integral part simplifies and is evaluated:

/a Idzpay Ip z a la

=———a
—a  2mp\/p? + a?

i —
o Amp? + 2232 Arm ¢ p2\/p? + 22

Finally,

Hzill_L 2y A/m

2mp p? + a?

b) What value of a will cause the magnitude of H at p = 1, z = 0, to be one-half the value

obtained for an infinite filament? We require

1 N a 1
2 V1i+a? 2

a
|
[ /p2+a2

p=1

7.4. Two circular current loops are centered on the z axis at z = +h. Each loop has radius a and

carries current I in the a4 direction.

a) Find H on the z axis over the range —h < z < h: As a first step, we find the magnetic

field on the z axis arising from a current loop of radius a, centered at the origin in the
plane z = 0. It carries a current I in the a, direction. Using the Biot-Savart law, we have
IdL = Iadpay, R = Va? + 22, and agp = (za, — aa,)/va? + 22. The field on the z axis
is then

H— /2“ Tadpay x (za, — aa,) _ /2“ Ia%d¢ a, _ a’l a. A/m
A7 (a2 + 22)3/2 o Ar(a2 + 22)3/2 T 2(a2 + 22)3/2

In obtaining this result, the term involving a4 x za, = za, has integrated to zero, when
taken over the range 0 < ¢ < 27. Substitute a, = a, cos ¢ 4 a, sin ¢ to show this.

We now have two loops, displaced from the z-y plane to z = +h. The field is now the
superposition of the two loop fields, which we can construct using displaced versions of
the H field we just found:

a?l 1 1
HZT 2 23/2+ 2 213/2 a; A/m
[(z—h)? + a? [(z 4+ h)? + a?]
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7.4 (continued) We can rewrite this in terms of normalized distances, z/a, and h/a:
3/2

! ((g_g>2+1> +((g+g)2+1) a A

Take I =1 A and plot |H| as a function of z/a if:

—3/2

b) h = a/4, c) h=a/2:
10~ . . N 1.0
aH aH
08" 1 08+
06 06
04 04
02 02
h=a/4 h=a/2
0.0 0.0
~02 -01 00 01 02 ~04 Z02 00 02 04
z/a z/a
d)h=a
10—
aH

08+
0.6

02

h=a

00

z/a

Which choice for h gives the most uniform field? From the results, h = a/2 is evidently the
best. This is the Helmholtz coil configuration — in which the spacing is equal to the coil radius.
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7.5. The parallel filamentary conductors shown in Fig. 8.21 lie in free space. Plot |H| versus
Yy, —4 < y < 4, along the line x = 0, z = 2: We need an expression for H in cartesian
coordinates. We can start with the known H in cylindrical for an infinite filament along the
z axis: H = 1/(2mp)a,, which we transform to cartesian to obtain:

—Iy Iz
H = az — a
2@ +y) " 2nla? )
If we now rotate the filament so that it lies along the x axis, with current flowing in positive
x, we obtain the field from the above expression by replacing x with y and y with z:

-1z Iy
H=—"F"—- — 7 ___a,
om (2 + 22) * 2r(y? + 22)

Now, with two filaments, displaced from the x axis to lie at y = +1, and with the current
directions as shown in the figure, we use the previous expression to write

H:[ Iz Iz ]aﬁ[ Ily—1) Ily+1) ]az

2n((y + 12 + 22 2af(y — 1)% + 27 2n((y =12 +22]  2nf(y +1)% + 27

We now evaluate this at z = 2, and find the magnitude (vVH - H), resulting in

1/2
1

H = —

H| = o~

< 2 B 2 >2+< -1  (+1) )2
2 +2y+5 y2—2y+5 yv?2—2y+5 y2+2y+5

This function is plotted below

0.1 1 T T

0.075 [~ -

[H(y)|

0.05

0.025

y

7.6. A disk of radius a lies in the xy plane, with the z axis through its center. Surface charge of
uniform density p; lies on the disk, which rotates about the z axis at angular velocity 2 rad/s.
Find H at any point on the z axis.

We use the Biot-Savart law in the form of Eq. (6), with the following parameters: K =
psV = pspQagy, R =+/22+p?, and ar = (za, — pa,)/R. The differential field at point
z is
psp2(za, +pa.)
A (22 + p2)3/2

JEL — Kda xar  pspQay x (za, —pay,)
- 4nR2 A(22 + p2)3/2

pdpdd = pdpde
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7.6. (continued). On integrating the above over ¢ around a complete circle, the a, components
cancel from symmetry, leaving us with

27
pspSlpa, ps Qp®a,
/ / 4m(22 + p?) dn(z2 1 p)p2 P40 = / 2(2% + p?) 2(2 1 g2y
0.0 a? + 222 (1—\/1—1—@2/22)
V22 +p2 + a, =
2/,2
o 2z V1+a?/z

2

Ny

_ psQ
2

a, A/m

7.7. A filamentary conductor carrying current I in the a, direction extends along the entire negative
z axis. At z = 0 it connects to a copper sheet that fills the > 0, y > 0 quadrant of the zy
plane.

a)

Set up the Biot-Savart law and find H everywhere on the z axis (Hint: express a, in terms
of a, and a, and angle ¢ in the integral): First, the contribution to the field at z from
the current on the negative z axis will be zero, because the cross product, IdL x ag =0
for all current elements on the z axis. This leaves the contribution of the current sheet in
the first quadrant. On exiting the origin, current fans out over the first quadrant in the
a, direction and is uniform at a given radius. The surface current density can therefore
be written as K(p) = 2I/(mp)a, A/m? over the region (0 < ¢ < m/2). The Biot-Savart
law applicable to surface current is written as

KxaR

H=
s AmR?

dA

where R = /22 + p? and ar = (za. — pa,)/+/2? + p? Substituting these and integrating
over the first quadrant yields the setup:

™/2 oo 2la, x (za, — pa,) /2 pos —Iza
H = = P20l hdpdg = ° ___dpd
/ / 4772 2+ g P09 /0 /o 2r2 (2 + pryrz P10

Following the hint, we now substitute a, = a, cos ¢ — a; sin ¢, and write:

/2 (a, cos ¢ — a, sin @) Iz e d
. Yy x _ _ P
"= / / 1 WA= g ay)/o (22 + p2)3/?

s -5

_277'2( _ay)z‘/22+p20 :27'('22

(az —ay) A/m

repeat part a, but with the copper sheet occupying the entire xy plane. In this case, the
¢ limits are (0 < ¢ < 2m). The cos ¢ and sin ¢ terms would then integrate to zero, so the
answer is just that: H = 0.
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7.8. For the finite-length current element on the z axis, as shown in Fig. 8.5, use the Biot-Savart
law to derive Eq. (9) of Sec. 8.1: The Biot-Savart law reads:

o /22 IdL x ap /Pta“% Idza, x (pa, — za,) /Ptana2 Ipay dz
47TR2 ptan o 47T(p2 + Z2)3/2 ptan oy 47T(p2 + 22)3/2

The integral is evaluated (using tables) and gives the desired result:

Iza¢
Ampr/p? + 22

I . .
= m(sm as —sinay)ag

ptan ag I

H=

tan as tan oy ]

1+ tan? ay V14 tan? ay

ptan o 47Tp

7.9. A current sheet K = 8a, A/m flows in the region —2 < y < 2 in the plane z = 0. Calculate
H at P(0,0,3): Using the Biot-Savart law, we write

K x agdxdy > Saz —za, — ya, + 3a;)
Hp = . dzd
F / - 47R? / / :Jc2+y + 9)3/2 v

Taking the cross product gives:

/ / —ya, — 3ay) dz dy
Hp =
Am(x? + y2 +9)3/2
We note that the z component is anti-symmetric in y about the origin (odd parity). Since the
limits are symmetric, the integral of the z component over y is zero. We are left with

724aydxdy 6 2 x 00
He :/ / 2 9)3/2 ~ ——ay/ 2 2 .2 )_ dy
m(z? +y* +9) ™ 7)o (y2+9)/22 +y2 + 9l

2 12 1 2 4
:—;ay/_w gy =——ay g tan ! (§> ‘_2:—;(2)(0.59)ay:—1.50ay A/m

7.10. A hollow spherical conducting shell of radius ¢ has filamentary connections made at the top
(r =a, # =0) and bottom (r = a, § = ). A direct current I flows down the upper filament,
down the spherical surface, and out the lower filament. Find H in spherical coordinates (a)
inside and (b) outside the sphere.

Applying Ampere’s circuital law, we use a circular contour, centered on the z axis, and
find that within the sphere, no current is enclosed, and so H = 0 when r < a. The same
contour drawn outside the sphere at any z position will always enclose I amps, flowing
in the negative z direction, and so

I I
H=——a,=—

27 ag A/m (r > a)

27r sin 0
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7.11. An infinite filament on the z axis carries 20m mA in the a, direction. Three uniform cylindrical

7.12.

current sheets are also present: 400 mA/m at p =1 cm, —250 mA/m at p = 2 cm, and —300
mA/m at p =3 cm. Calculate Hy at p = 0.5, 1.5, 2.5, and 3.5 cm: We find H at each of the
required radii by applying Ampere’s circuital law to circular paths of those radii; the paths
are centered on the z axis. So, at p; = 0.5 cm:

7{ H-dL =27mp1Hyp1 = Iepe = 207 x 1072 A

Thus
10x 1072 10 x 1073

p1 05x10°2

At p = pa = 1.5 cm, we enclose the first of the current cylinders at p = 1 cm. Ampere’s law
becomes:

Hy =

=2.0A/m

10 + 4.00
Following this method, at 2.5 cm:
~ 1044.00 — (2 x 1072)(250)
Hys = 5F % 102 = 360 mA/m
and at 3.5 cm,
10 + 4.00 — 5.00 — (3 x 1072)(300)
Hyy = =0

3.5 x 102

In Fig. 8.22, let the regions 0 < z < 0.3 m and 0.7 < z < 1.0 m be conducting slabs carrying
uniform current densities of 10 A/m? in opposite directions as shown. The problem asks you
to find H at various positions. Before continuing, we need to know how to find H for this type
of current configuration. The sketch below shows one of the slabs (of thickness D) oriented
with the current coming out of the page. The problem statement implies that both slabs are of
infinite length and width. To find the magnetic field inside a slab, we apply Ampere’s circuital
law to the rectangular path of height d and width w, as shown, since by symmetry, H should
be oriented horizontally. For example, if the sketch below shows the upper slab in Fig. 8.22,
current will be in the positive y direction. Thus H will be in the positive x direction above
the slab midpoint, and will be in the negative x direction below the midpoint.




7.12. (continued). In taking the line integral in Ampere’s law, the two vertical path segments will
cancel each other. Ampere’s circuital law for the interior loop becomes

j{H'dLZZmew:Iencl:JXWXd = Hin:%

The field outside the slab is found similarly, but with the enclosed current now bounded by
the slab thickness, rather than the integration path height:

JD
QHOUtXQU:JX’wXD = HoutZT
where H,,; is directed from right to left below the slab and from left to right above the slab
(right hand rule). Reverse the current, and the fields, of course, reverse direction. We are now
in a position to solve the problem. Find H at:

a) z = —0.2m: Here the fields from the top and bottom slabs (carrying opposite currents)
will cancel, and so H = 0.

b) z = 0.2m. This point lies within the lower slab above its midpoint. Thus the field will
be oriented in the negative x direction. Referring to Fig. 8.22 and to the sketch on the
previous page, we find that d = 0.1. The total field will be this field plus the contribution
from the upper slab current:

o 1001, 1003)
2 2

[

a, = —2a, A/m

lower slab upper slab

c¢) z = 0.4m: Here the fields from both slabs will add constructively in the negative z
direction:

10(0.3)
2

H=-2 a, = —3a, A/m

d) z = 0.75m: This is in the interior of the upper slab, whose midpoint lies at z = 0.85.
Therefore d = 0.2. Since 0.75 lies below the midpoint, magnetic field from the upper
slab will lie in the negative x direction. The field from the lower slab will be negative
z-directed as well, leading to:

_ —10(0.2)  10(03)
2 * 2
upp;;slab lowe:"rslab

H a, = —2.5a, A/m

z = 1.2m: This point lies above both slabs, where again fields cancel completely: Thus
H=0.
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7.13. A hollow cylindrical shell of radius a is centered on the z axis and carries a uniform surface
current density of K,ag.

a)

Show that H is not a function of ¢ or z: Consider this situation as illustrated in Fig.
8.11. There (sec. 8.2) it was stated that the field will be entirely z-directed. We can see
this by applying Ampere’s circuital law to a closed loop path whose orientation we choose
such that current is enclosed by the path. The only way to enclose current is to set up
the loop (which we choose to be rectangular) such that it is oriented with two parallel
opposing segments lying in the z direction; one of these lies inside the cylinder, the other
outside. The other two parallel segments lie in the p direction. The loop is now cut by the
current sheet, and if we assume a length of the loop in z of d, then the enclosed current
will be given by Kd A. There will be no ¢ variation in the field because where we position
the loop around the circumference of the cylinder does not affect the result of Ampere’s
law. If we assume an infinite cylinder length, there will be no z dependence in the field,
since as we lengthen the loop in the z direction, the path length (over which the integral
is taken) increases, but then so does the enclosed current — by the same factor. Thus H
would not change with z. There would also be no change if the loop was simply moved
along the z direction.

Show that Hy and H), are everywhere zero. First, if Hy were to exist, then we should be
able to find a closed loop path that encloses current, in which all or or portion of the path
lies in the ¢ direction. This we cannot do, and so Hy must be zero. Another argument is
that when applying the Biot-Savart law, there is no current element that would produce
a ¢ component. Again, using the Biot-Savart law, we note that radial field components
will be produced by individual current elements, but such components will cancel from
two elements that lie at symmetric distances in z on either side of the observation point.

Show that H, = 0 for p > a: Suppose the rectangular loop was drawn such that the
outside z-directed segment is moved further and further away from the cylinder. We
would expect H, outside to decrease (as the Biot-Savart law would imply) but the same
amount of current is always enclosed no matter how far away the outer segment is. We
therefore must conclude that the field outside is zero.

Show that H, = K, for p < a: With our rectangular path set up as in part a, we have no
path integral contributions from the two radial segments, and no contribution from the
outside z-directed segment. Therefore, Ampere’s circuital law would state that

fH-dL:sz:Ieml:Kad = H,=K,

where d is the length of the loop in the z direction.

A second shell, p = b, carries a current Kyag. Find H everywhere: For p < a we would
have both cylinders contributing, or H, (p < a) = K, + K. Between the cylinders, we are
outside the inner one, so its field will not contribute. Thus H,(a < p < b) = K. Outside
(p > b) the field will be zero.
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7.14. A toroid having a cross section of rectangular shape is defined by the following surfaces: the
cylinders p = 2 and p = 3 cm, and the planes z = 1 and z = 2.5 cm. The toroid carries a
surface current density of —50a, A/m on the surface p = 3 cm. Find H at the point P(p, ¢, 2):
The construction is similar to that of the toroid of round cross section as done on p.239. Again,
magnetic field exists only inside the toroid cross section, and is given by

Ienc
H:Fpla‘b (2<p<3)em, (1<z<25)cm

where I, is found from the given current density: On the outer radius, the current is
Louter = _50(271' X 3 X 10_2) =31 A

This current is directed along negative z, which means that the current on the inner radius
(p = 2) is directed along positive z. Inner and outer currents have the same magnitude. It is
the inner current that is enclosed by the circular integration path in a, within the toroid that
is used in Ampere’s law. So I.,q = +37 A. We can now proceed with what is requested:

a) Pa(1.5cm,0,2cm): The radius, p = 1.5 cm, lies outside the cross section, and so Hy = 0.

b) Pp(2.1cm,0,2cm): This point does lie inside the cross section, and the ¢ and z values do
not matter. We find

Iencl Sa(i)

H = =
B= omp® T 221 x 1072)

=T7l4ay A/m

¢) Pc(2.7cm, /2,2cm): again, ¢ and z values make no difference, so

3a¢

He=-—— 0
¢ 227 %x10°2)

—55.6a, A/m

d) Pp(3.5cm,7/2,2cm). This point lies outside the cross section, and so Hp = 0.
7.15. Assume that there is a region with cylindrical symmetry in which the conductivity is given by
o = 1.5e7 199 kS/m. An electric field of 30a, V/m is present.
a) Find J: Use
J =0E = 45¢ "% a_ kA/m?

b) Find the total current crossing the surface p < pg, z = 0, all ¢:

2w rpo 27(45) PO
150p 150p _
I—// -dS = / / 45e pdpdo = (150)26 [—150p — 1] o kA

=126 1+150p0)e120] A

c) Make use of Ampere’s circuital law to find H: Symmetry suggests that H will be ¢-
directed only, and so we consider a circular path of integration, centered on and perpen-
dicular to the z axis. Ampere’s law becomes: 2mpHy = Icpcr, Where Loy is the current
found in part b, except with pg replaced by the variable, p. We obtain

2.00

H, = [1—(1+150p)e~'°°?] A/m
P
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7.16. A current filament carrying I in the —a, direction lies along the entire positive z axis. At the
origin, it connects to a conducting sheet that forms the xy plane.

a)

Find K in the conducting sheet: The current fans outward radially with uniform surface
current density at a fixed radius. The current density at radius p will be the total current,
1, divided by the circumference at radius p:

I
K:%ap A/m

Use Ampere’s circuital law to find H everywhere for z > 0: Circular lines of H are
expected, centered on the z axis — in the —ay direction. Ampere’s law is set up by
considering a circular path integral taken around the wire at fixed z. The enclosed current
is that which passes through any surface that is bounded by the line integration path:

%H -dL = 27['pH¢ = Iencl

If the surface is that of the disk whose perimeter is the integration path, then the enclosed
current is just I, and the magnetic field becomes

1 1
¢ 2mp 2mp a Ajm

But the disk surface can be “stretched” so that it forms a balloon shape. Suppose the
“balloon” is a right circular cylinder, with its open top circumference at the path integral
location. The cylinder extends downward, intersecting the surface current in the z-y
plane, with the bottom of the cylinder below the z-y plane. Now, the path integral is
unchanged from before, and the enclosed current is the radial current in the z-y plane
that passes through the side of the cylinder. This current will be I = 27p[I/(27p)] = I,
as before. So the answer given above for H applies to anywhere in the region z > 0.

Find H for z < 0: Consider the same cylinder as in part b, except take the path inte-
gral of H around the bottom circumference (below the z-y plane). The enclosed current
now consists of the filament current that enters through the top, plus the radial current
that exits though the side. The two currents are equal magnitude but opposite in sign.
Therefore, the net enclosed current is zero, and thus H=0 (2 < 0).
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7.17. A current filament on the z axis carries a current of 7 mA in the a, direction, and current
sheets of 0.5a, A/m and —0.2a, A/m are located at p = 1 cm and p = 0.5 cm, respectively.
Calculate H at:

a) p = 0.5 cm: Here, we are either just inside or just outside the first current sheet, so
both we will calculate H for both cases. Just inside, applying Ampere’s circuital law to
a circular path centered on the z axis produces:

7x1073
27TIOH¢ =7X 10_3 = H(Just inSide) = ma¢ =22x 10_1a¢ A/m

Just outside the current sheet at .5 cm, Ampere’s law becomes

2npHy =7 x 1072 — 27(0.5 x 1072)(0.2)
7.2 x 1074

= H(JuSt OHtSide) = W

as =23 x 10"%as A/m

b) p = 1.5 cm: Here, all three currents are enclosed, so Ampere’s law becomes

21(1.5 x 1072)Hy = 7 x 1073 — 6.28 x 1072 + 27(1072)(0.5)
= H(p=15)=34x10""'ag A/m

¢) p=4 cm: Ampere’s law as used in part b applies here, except we replace p = 1.5 cm with
p =4 cm on the left hand side. The result is H(p = 4) = 1.3 x 10~ 'a, A/m.

d) What current sheet should be located at p = 4 cm so that H = 0 for all p > 4 cm? We
require that the total enclosed current be zero, and so the net current in the proposed
cylinder at 4 cm must be negative the right hand side of the first equation in part b. This
will be —3.2 x 1072, so that the surface current density at 4 cm must be

—3.2x 1072

=2t 4 =-13x10"a, A
27r(4><10_2)a 3x10""a, A/m

7.18. A wire of 3-mm radius is made up of an inner material (0 < p < 2 mm) for which o = 107
S/m, and an outer material (2mm < p < 3mm) for which o = 4 x 107 S/m. If the wire carries
a total current of 100 mA dc, determine H everywhere as a function of p.

Since the materials have different conductivities, the current densities within them will
differ. Electric field, however is constant throughout. The current can be expressed as

I =m(.002)%J; + w[(.003)* — (.002)%].J = 7 [(.002)%0 + [(.003)* — (.002)%]0s] E

Solve for E to obtain

0.1

B = =133x107%V
7[(4 x 10=6)(107) 4 (9 x 106 — 4 x 10-6)(4 x 107)] % /m

We next apply Ampere’s circuital law to a circular path of radius p, where p < 2mm:

0'1Ep

2npHy = np*Jy = np’ B = Hy = =663 A/m
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7.18 (continued) . Next, for the region 2mm < p < 3mm, Ampere’s law becomes

2npHygo = 7[(4 x 107%)(107) + (p* — 4 x 107%)(4 x 107)|E

0x1073
= Hyy=27x10% — 80X 1077 A/m
p

Finally, for p > 3mm, the field outside is that for a long wire:

I 1 1.6 x 1072
by o L 01 _16x107
2mp  2mp p

7.19. In spherical coordinates, the surface of a solid conducting cone is described by § = 7/4 and a
conducting plane by § = 7/2. Each carries a total current I. The current flows as a surface
current radially inward on the plane to the vertex of the cone, and then flows radially-outward
throughout the cross-section of the conical conductor.

a)

Express the surface current density as a function of r: This will be the total current
divided by the circumference of a circle of radius r in the plane, directed toward the
origin:

(6 =m/2)

Express the volume current density inside the cone as a function of r: This will be the
total current divided by the area of the spherical cap subtending angle § = x/4:

27 pw/4 -1
Jr)y=1 [/0 /0 r? sin @’ df’ d¢] a, = 27TT2(1IiT1/\/§) A/m? (0<60<7/4)

Determine H as a function of  and 6 in the region between the cone and the plane: From
symmetry, we expect H to be ¢-directed and uniform at constant r and . Ampere’s
circuital law can therefore be stated as:

%H‘dLZQ’T{'TSiHQH(b:I = H= ag A/m (n/4<60<m/2)

27rr sin 0

Determine H as a function of r and 6 inside the cone: Again, ¢-directed H is anticipated,
so we apply Ampere’s law in the following way:

27 0
%H-dL:2ﬂrsin9H¢:/J-dS:/ / fa, ca, r2sin 6 db’ do
s 0 0 271'7‘2(1—1/\/5)

This becomes

27rsing Hy = —27r; cos '
2r(1 —1/V/2) 0
o I (1 — cos0)
— COS
H = : A 0<f<m/d
2rr(1 — 1/v/2) [ sin 6 ] 2 A/m /4

As a test of this, note that the inside and outside fields (results of parts ¢ and d) are equal
at the cone surface (6 = 7/4) as they must be.
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7.20. A solid conductor of circular cross-section with a radius of 5 mm has a conductivity that varies
with radius. The conductor is 20 m long and there is a potential difference of 0.1 V dc between
its two ends. Within the conductor, H = 10°p%a, A/m.

a) Find o as a function of p: Start by finding J from H by taking the curl. With H
¢-directed, and varying with radius only, the curl becomes:

1d 1d
J=VxH=-— (pHy) a, = -— (10°p%) a, =3 x 10°pa, A/m?
pdp( 5) pdp( ) /

Then E = 0.1/20 = 0.005a, V/m, which we then use with J = ¢E to find

J 3x10% 7
= ——= —F— = 1
°=F~ o005 ~ox100p S/m

b) What is the resistance between the two ends? The current in the wire is
“ 1
I= /J -dS = 27r/ (3 x 10°p) pdp = 67 x 10° <§a3) = 271 x 10°(0.005)® = 0.079 A
s 0

Finally, R = V{,/I = 0.1/0.079 = 1.3 Q
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7.21. A cylindrical wire of radius a is oriented with the z axis down its center line. The wire carries
a non-uniform current down its length of density J = bpa, A/m?, where b is a constant.

a) What total current flows in the wire? We integrate the current density over the wire

cross-section:
27 a 3
2
o= [3-a5= [ ["vpa. a.pdpdo = T o
s 0 0

b) find H;, (0 < p < a), as a function of p: From the symmetry, ¢-directed H (= Hyay)
is expected in the interior; this will be constant at a fixed radius, p. Apply Ampere’s
circuital law to a circular path of radius p inside:

e 21bp®
j{Hin dL = 27pHy in, = /J -dS = / / bp'a, -a,p dp dp = ng
s 0 0

So that
bp?

c¢) find H,,:(p > a), as a function of p Same as part b, except the path integral is taken at
a radius outside the wire:

27 a 3

27h
fHout-dL—mHmt—/J-dS—/ /bpaz~azpdpd¢— —
S 0 0

So that

H, =", A/m (p>a)
out = o m a
‘=3, 8 p

d) verify your results of parts b and ¢ by using V x H =J: With a ¢ component of H only,
varying only with p, the curl in cylindrical coordinates reduces to

1d
J=VxH=-—(pHy)a,
pdp( ¢)

Apply this to the inside field to get

For the outside field, we find

as expected.
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7.22. A solid cylinder of radius a and length L, where L >> a, contains volume charge of uniform
density po C/m3. The cylinder rotates about its axis (the z axis) at angular velocity 2 rad/s.

a)

b)

Determine the current density J, as a function of position within the rotating cylinder:
Use J = pov = popQla, A/m?.

Determine the magnetic field intensity H inside and outside: It helps initially to obtain
the field on-axis. To do this, we use the result of Problem 8.6, but give the rotating
charged disk in that problem a differential thickness, dz. We can then evaluate the on-
axis field in the rotating cylinder as the superposition of fields from a stack of disks which
exist between +1/2. Here, we make the problem easier by letting L — oo (since L >> a)
thereby specializing our evaluation to positions near the half-length. The on-axis field is
therefore:

SIPNe a? 4 222 (1—\/1—1—a2/22)
H.(p=0)=
(p ) /—oo 2z \/l—l—a2/,22

[e’e] Q 2 2 2
—2/ po [ a4 + z —22] dz
o 2 |Vz2+a2 V22+a?
2 oo

CL2 z a2 z
=2p0Q | = In(z+ V22 +a?)+ V22 +a? — —In(z+ V22 +a?) — —
2 2 2 2
oo
= pof [zx/ 2?2 +a?— 22} = pof2 [zx/ 22 +a?— 22}
0

Using the large z approximation in the radical, we obtain

2 2
o 9 a 2| pofa
H,(p=0) = po2 [z <1+—222>—z] =

0

Z—00

To find the field as a function of radius, we apply Ampere’s circuital law to a rectangular
loop, drawn in two locations described as follows: First, construct the rectangle with one
side along the z axis, and with the opposite side lying at any radius outside the cylinder.
In taking the line integral of H around the rectangle, we note that the two segments that
are perpendicular to the cylinder axis will have their path integrals exactly cancel, since
the two path segments are oppositely-directed, while from symmetry the field should not
be different along each segment. This leaves only the path segment that coindides with
the axis, and that lying parallel to the axis, but outside. Choosing the length of these
segments to be £, Ampere’s circuital law becomes:

0 a
%H-dL:HZ(p:O)€+HZ(p>a)€:Iencl:/J'dS:/ / popQlay -agsdpdz
s 0 0

_ €P09a2
2
But we found earlier that H,(p = 0) = poQa?/2. Therefore, we identify the outside field,
H.(p > a) = 0. Next, change the rectangular path only by displacing the central path

component off-axis by distance p, but still lying within the cylinder. The enclosed current
is now somewhat less, and Ampere’s law becomes

4 a
]{H-dL:HZ(p)£+HZ(p>a)ﬁz[eml:/J-dS:/ / pop'Qay - aydpdz
0 Jp

s

Q Q
=B~ p?) = H(p)=H-(a®—pPa. A/m
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7.22c) Check your result of part b by taking the curl of H. With H z-directed, and varying only with
p, the curl in cylindrical coordinates becomes

dH,
VxH= mrn ay = poQlpay, A/m? =J

as expected.

7.23. Given the field H = 20p% a; A/m:
a) Determine the current density J: This is found through the curl of H, which simplifies
to a single term, since H varies only with p and has only a ¢ component:

1d
— (20p%) a, = 60pa. A/m?
D dp pdp( ) 7/

b) Integrate J over the circular surface p = 1, 0 < ¢ < 27, z = 0, to determine the total
current passing through that surface in the a, direction: The integral is:

27 1
I://J'dS:/ / 60pa, - pdpdoa, = 40m A
o Jo

c¢) Find the total current once more, this time by a line integral around the circular path
p=1,0<¢ <2m 2=0:

27
0

27
I= j{H -dL = / 20> a¢‘p:1 - (1)dgay = / 20d¢ = 40 A
0
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7.24. Infinitely-long filamentary conductors are located in the y = 0 plane at x = n meters where
n =0,+x1,£2,... Each carries 1 A in the a, direction.

a)

Find H on the y axis. As a help,

We can begin by determining the field on the y axis arising from two wires only, located
at x = +n. We start from basics, using the Biot-Savart law:

IdL x ag
H= / 47 R2

where R = (n2 +9y% + 22)2 for both wires, and where, for the wire at x = +n

+ _ —nag +yay, + za,

na; + ya, + za,
aRr 2 2 2\1/2
(n? + 1y + 2?)

(n2 + y2 + 22)'/2

and ap =

for the wire located at © = —n. Then with IdL = dza, (I = 1) for both wires, the
Biot-Savart construction becomes

H— /OO dza, x [(—na, +ya, + za.) + (na, +ya, +za.)] —ya, /°° dz
oo _

4dm (n? + y% + z2)3/2 2m oo (N2 442 + 22)3/2

This evaluates as

H:_l % a; A/m
()

T A\n?+y

Now if we include all wire pairs, the result is the superposition of an infinite number of
fields of the above form. Specifically,

1 & Y
Hne:__ GG a?A
= 2 () e am

Using the given closed form of the series expansion, our final answer is

1 1 1

Hnet = |:§ - % + 4627‘—3/ — 1:| ay A/m

Compare your result of part a to that obtained if the filaments are replaced by a current
sheet in the y = 0 plane that carries surface current density K = la, A/m: This is found
through Eq. (11):
1 1 1

H—§KxaN—§azxay——§az
Our answer of part a approaches this value as y — oo, demonstrating that at large
distances, the parallel wires act like a current sheet. Interestingly, at close-in locations,
such that 27y << 1, we may expand e?™ = 1 4 27y, leading to the cancellation of the
last two terms in the part a result, and again, H,.; = —1/2a,.

122



7.25. When z, y, and z are positive and less than 5, a certain magnetic field intensity may be
expressed as H = [2%yz/(y + 1)]a, + 32%2%a, — [ry2?/(y+1)]a.. Find the total current in the
a, direction that crosses the strip, . =2, 1 <y <4, 3 < z <4, by a method utilizing:

a) a surface integral: We need to find the current density by taking the curl of the given H.
Actually, since the strip lies parallel to the yz plane, we need only find the £ component
of the current density, as only this component will contribute to the requested current.

This is ; ; ,
H, OH
JI:(VXH)x:( - y):—<L+6x2z> a,

dy 0z (y+1)2
The current through the strip is then

4

d (L dyd (2 d
I:/J-az a:—// <7+24z> yz:—/ <—+24zy> z
s 3 J1 \(y+1)2 3 \(y+1) 1
4 3 1 4
:—/ (—z2+72z> dz:—<—23+3622) = —259
5 \5 5 s

b) a closed line integral: We integrate counter-clockwise around the strip boundary (using
the right-hand convention), where the path normal is positive a,. The current is then

_ i b o2 a2 to2(4)2 b ionzy 2 ?2(1)
f_j{H dL—/13(2) 3) dy+/3 (4+1)dz+[l 3(2)2(4) dy+/4 g
8

1
= 108(3) — 1o (4° = 3%) + 192(1 — 4) — 5(3° — 4%) = ~259

7.26. Consider a sphere of radius r = 4 centered at (0,0,3). Let S; be that portion of the spherical
surface that lies above the zy plane. Find [, 5,(VxH) -dSif H = 3pa, in cylindrical
coordinates: First, the intersection of the sphere with the z-y plane is a disk in the plane of
radius pg = v42 — 32 = /7. The curl of the given field (having a ¢ component that varies
only with p) is

Since this is a constant field, its flux through S7 will simply be the flux through the disk,
which in turn is simply the product of the field with the disk area:

d=6xn(V7)* =42z

Another way to solve the problem is to use Stokes’ theorem and write the flux as

<I>:7{H~dL

where the path integral is taken around the disk perimeter. Doing this gives:

O = 2mpyaHyl,, = 2nV7T x 3V7 = 421
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7.27. The magnetic field intensity is given in a certain region of space as

T+ 2y

H= P

2
a, + ;az A/m

a) Find V xH: For this field, the general curl expression in rectangular coordinates simplifies

to
_ 0H, a, + 0H, a, — 2(x + 2y)

VX H = 0z ox - 23

1
a, + pois A/m

b) Find J: This will be the answer of part a, since V. x H = J.

c¢) Use J to find the total current passing through the surface z =4, 1 <z < 2,3 <y <5,
in the a, direction: This will be

5 2
1
IZ//J\224'azd:cdy=/ / pledy=1/8 4
3 1

d) Show that the same result is obtained using the other side of Stokes’ theorem: We take
¢ H - dL over the square path at z = 4 as defined in part ¢. This involves two integrals of
the y component of H over the range 3 < y < 5. Integrals over z, to complete the loop,
do not exist since there is no x component of H. We have

5 3

242y 1+ 2y 1 1
I_—%H -dL = d dy=-2)— —=(2)=1/8 A
‘2:4 /3 16 y+/5 16 Y 8() 16() /84
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7.28. Given H = (3r?/sinf)ay + 54r cosfas A/m in free space:

a)

find the total current in the ag direction through the conical surface § = 20°, 0 < ¢ < 27,
0 < r <5, by whatever side of Stokes’ theorem you like best. I chose the line integral
side, where the integration path is the circular path in ¢ around the top edge of the cone,
at r = 5. The path direction is chosen to be clockwise looking down on the xy plane.
This, by convention, leads to the normal from the cone surface that points in the positive
ay direction (right hand rule). We find

2
7{H - dL = / [(3r%/sinB)ag + 5dr cosfay| _ , . - 5sin(20°) do (—ay)
; o=

= —27(54)(25) cos(20°) sin(20°) = —2.73 x 10> A

This result means that there is a component of current that enters the cone surface in
the —ag direction, to which is associated a component of H in the positive a4 direction.

Check the result by using the other side of Stokes’ theorem: We first find the current
density through the curl of the magnetic field, where three of the six terms in the spherical
coordinate formula survive:

1 0 _ 10 5 1o (3
VxH= 5090 (54r cosfsin b)) a, — - (542 cos6) ag + e <sin9) ag=J

Thus

9
J =54cotfa, — 108cosfag + — a,
sin 6

The calculation of the other side of Stokes’ theorem now involves integrating J over the
surface of the cone, where the outward normal is positive ag, as defined in part a:

27 5
/(V x H)-dS = / / [54cot0ar — 108 cosf ag + ﬂ ag -ag rsin(20°) dr d¢
g 0 0 sin @ 200

27 5
=— / / 108 cos(20°) sin(20°)rdrde = —2m(54)(25) cos(20°) sin(20°)
o Jo

=-273x10% A
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7.29. A long straight non-magnetic conductor of 0.2 mm radius carries a uniformly-distributed
current of 2 A dc.
a) Find J within the conductor: Assuming the current is +z directed,

2

J— =
(0.2 x 10-3)2

a, =159 x10"a, A/m?

b) Use Ampere’s circuital law to find H and B within the conductor: Inside, at radius p, we
have

J
2npHy =7p*J = H= %a¢ =7.96 x 10°pa, A/m
Then B = poH = (47 x 1077)(7.96 x 10%)pa, = 10pa, Wb/m?.
¢) Show that V x H = J within the conductor: Using the result of part b, we find,

1d 1d (1.59 x 107 p?

VxH=>-— = -
pdp pdp 2

(pHy)a,

) a,=159%x10"a, A/m* =17

d) Find H and B outside the conductor (note typo in book): Outside, the entire current is
enclosed by a closed path at radius p, and so
I 1

= — = — A
320 = 7p 20 /m

Now B = puoH = po/(7p) a5 Wh/m?.

e) Show that V x H = J outside the conductor: Here we use H outside the conductor and
write:

1d

1d 1
VxH=—-—(pHy)a, = —— <p—> a, =0 (as expected
pdp( 6) odp ( )

T

7.30. (an inversion of Problem 8.20). A solid nonmagnetic conductor of circular cross-section has
a radius of 2mm. The conductor is inhomogeneous, with o = 105(1 + 10%p2) S/m. If the
conductor is 1m in length and has a voltage of 1mV between its ends, find:

a) H inside: With current along the cylinder length (along a,, and with ¢ symmetry, H
will be ¢-directed only. We find E = (Vy/d)a, = 107%a, V/m. Then J = oE =
103(1+10%p?)a, A/m?2. Next we apply Ampere’s circuital law to a circular path of radius
p, centered on the z axis and normal to the axis:

2 P
fH dL = 2npHy = // J.ds = / / 103(1 + 10%(p")?)a, - a.p'dp'do
S 0 0

Thus
103 p
Hy=— [ p'+10°(p")°dp’
P Jo P
Finally, H = 500p(1 + 5 x 10°p%*)as A/m (0 < p < 2mm).

103 [p? 10 ,
——{ﬁ?’

b) the total magnetic flux inside the conductor: With field in the ¢ direction, a plane normal
to B will be that in the region 0 < p < 2 mm, 0 < z < 1 m. The flux will be

1 p2x1073
P = // B-dS = Mo/ / (5000 + 2.5 x 10°p?) dpdz = 87 x 10" Wb = 2.5nWb
S 0 0
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7.31. The cylindrical shell defined by 1 cm < p < 1.4 c¢m consists of a non-magnetic conducting
material and carries a total current of 50 A in the a, direction. Find the total magnetic flux
crossing the plane ¢ =0, 0 < z < 1:

a) 0 < p < 1.2cm: We first need to find J, H, and B: The current density will be:

50
J 7T[(1.4 X 10_2)2 — (1_0 % 10_2>2] a 66 x 10° a /m

Next we find Hy at radius p between 1.0 and 1.4 cm, by applying Ampere’s circuital law,
and noting that the current density is zero at radii less than 1 cm:

27
2pHy = Iopel = / / 1.66 x 10°p" dp’ do
10—2

p> =107

= Hy=8.30x 104( A/m (107?m < p<1.4x10?m)

Then B = pgH, or
2

— 1074
B = 01047 =107 o Wh/m?
p

Now,

1.2x10™ 10—4
// -dS = // 0.104 [p— ; ]dpdz
1

12 % 1072)2 — 1 1.2
—0.104 [( X107 2 URSPTIN <ﬁ>] —3.92 x 107 Wb = 0.392 uWb

b) 1.0cm < p < 1.4cm (note typo in book): This is part a over again, except we change the
upper limit of the radial integration:

1.4x10™ 10—4
oy — //B ds — / / 0.104 [p— ]dpdz
P
1.4 % 1072)2 — 1 1.4
_0104[( < 107 2 UBETSYEM (1())} — 1.49 x 1075 Wb = 1.49 5z Wb

c) l.4cem < p < 20cm: This is entirely outside the current distribution, so we need B there:
We modify the Ampere’s circuital law result of part a to find:

1.4 x1072)2 - 104 10~°
By — 0104 (LA =107 0 1077 Whm?
p
We now find

1 20x1072 1n—5

10 20

P, = / / dpdz = 10~ 1In <—> =27x107°Wb = 27 uWh

o Ji.4x10-2 P 1.4
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7.32. The free space region defined by 1 < z < 4 cm and 2 < p < 3 c¢m is a toroid of rectangular
cross-section. Let the surface at p = 3 cm carry a surface current K = 2a, kA /m.

a) Specify the current densities on the surfaces at p = 2 cm, z = lem, and z = 4cm.

All surfaces must carry equal currents. With this requirement, we find: K(p = 2) =

—3a, kA/m. Next, the current densities on the z = 1 and z = 4 surfaces must transistion

between the current density values at p = 2 and p = 3. Knowing the the radial current

density will vary as 1/p, we find K(z = 1) = (60/p)a, A/m with p in meters. Similarly,
K(z=4)=—-(60/p)a, A/m.

b) Find H everywhere: Outside the toroid, H = 0. Inside, we apply Ampere’s circuital law
in the manner of Problem 8.14:

27

j[H -dL = 27pHy = K(p=2)-a,(2x107%)d¢
0

27(3000)(.02)
p

= H=- ay, = —60/pas A/m (inside)

c) Calculate the total flux within the toriod: We have B = —(60u0/p)a, Wb/m?. Then

:/0 /0 60“0 o (—ay)dpdz = (.03)(60)uo In (%) — 0.92 Wb

7.33. Use an expansion in rectangular coordinates to show that the curl of the gradient of any scalar
field G is identically equal to zero. We begin with

0G 0G oG

and
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7.34. A filamentary conductor on the z axis carries a current of 16A in the a, direction, a conducting
shell at p = 6 carries a total current of 12A in the —a, direction, and another shell at p = 10
carries a total current of 4A in the —a, direction.

a) Find H for 0 < p < 12: Ampere’s circuital law states that 55 H - dL = I.,., where the
line integral and current direction are related in the usual way through the right hand
rule. Therefore, if I is in the positive z direction, H is in the a, direction. We proceed
as follows:

0<p<6: 2mpHy =16 = H=16/(2mp)ay

6<p<10: 2mpH, =16—-12 = H=4/(2mp)ay
p>10: 2mpH,=16—12-4=0 = H=0

b) Plot Hy vs. p:

L5 T T T T T
125 F -
. .
T o075 -
05 F —
025 =

0 I T T B
0 2 4 6 8 10 12

rho

c) Find the total flux ® crossing the surface 1 < p <7, 0 < z < 1: This will be

1 7
Ap1g 2
/ / 6’”‘0d dz +/ / O dpdz = =0 [41n 6 + In(7/6)] = 5.9 LWb
o Jo 2mp ™ -
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7.35. A current sheet, K =20a, A/m, is located at p = 2, and a second sheet, K = —10a, A/m is
located at p = 4.

a.)

Let V,, =0 at P(p =3,¢ =0,z = 5) and place a barrier at ¢ = 7. Find V,,,(p, ¢, z) for
—7 < ¢ < 7: Since the current is cylindrically-symmetric, we know that H = I/(27p) a4,
where [ is the current enclosed, equal in this case to 27(2)K = 80m A. Thus, using the
result of Section 8.6, we find

I
V= — 4= 0T 40 A
7'[' 2 -

which is valid over the region 2 < p < 4, — 1 < ¢ < 7, and —o0 < z < 00. For p > 4, the
outer current contributes, leading to a total enclosed current of

Iner = 27m(2)(20) — 2w(4)(10) =0

With zero enclosed current, Hy = 0, and the magnetic potential is zero as well.

Let A = 0 at P and find A(p, ¢, z) for 2 < p < 4: Again, we know that H = Hy(p),
since the current is cylindrically symmetric. With the current only in the z direction, and
again using symmmetry, we expect only a z component of A which varies only with p.
We can then write:

dAz MOI
A = — = B —_ —
V X dp ay 27T,Oa¢
Thus 4
dA, pol ol
= —— AZ = —— C
dp 27p 2m n(p) +

We require that A, = 0 at p = 3. Therefore C' = [(10I)/(27)]In(3), Then, with I = 80,
we finally obtain

110 (80m)
2

A=—

[In(p) — In(3)] a, = 40410 In <%> a. Wh/m

7.36. Let A = (3y — z)a, + 2xza, Wb/m in a certain region of free space.

a)

b)

Show that V- A = 0:
V‘A—E(S —z)+g2xz—0
~ 9z Y oy -

At P(2,-1,3), find A, B, H, and J: First Ap = —6a, + 12a,. Then, using the curl
formula in cartesian coordinates,

B=VxA=-2za, —a,+ (22 —3)a, = Bp=—4a, —a,+ 3a, VVb/m2

Now
Hp = (1/p10)Bp = —3.2 x 10°a, — 8.0 x 10°a, + 2.4 x 10°%a, A/m

Then J =V xH = (1/10)V x B =0, as the curl formula in cartesian coordinates shows.

130



7.37. Let N =1000, I =0.8 A, pg = 2 cm, and a = 0.8 c¢m for the toroid shown in Fig. 8.12b. Find
Vin in the interior of the toroid if V,,, = 0 at p = 2.5 cm, ¢ = 0.37. Keep ¢ within the range
0 < ¢ < 2m: Well-within the toroid, we have

NI 1dV,,
H = — = — m —_— ———
27rpa¢ VY, P d¢ ay
Thus NI
27
Then,
1 . .
0= _ 000(0.8)(0.37) L
27
or C = 120. Finally
400
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7.38. A square filamentary differential current loop, dL on a side, is centered at the origin in the
z = 0 plane in free space. The current I flows generally in the a4 direction.

a) Assuming that r >> dL, and following a method similar to that in Sec. 4.7, show that

ol (dL)? sin 0
dA = ——————
42 A

We begin with the expression for the differential vector potential, Eq. (48):

Lo dL

A =
d 4R

where in our case, we have four differential elements. The net vector potential at some
distant point will consist of the vector sum of the four individual potentials. Referring to
the figures below, the net potential at the indicated point is initially constructed as:

poldL 11 11
dA — (= - = -
A {a <R2 R1> tay <Rg R4>]

The challenge is to determine the four distances, R; through Ry, in terms of spherical
coordinates, r, #, and ¢, thus referencing the four potentials to a common origin. This is
where the treatment in Sec. 4.7 is useful, although it is more complicated here because
the problem is three-dimensional.

The diagram for the y-displaced elements is shown in the left-hand figure. The three
distance lines, r, R, and R,, are approximately parallel because the observation point is
in the far zone. Therefore, beyond the blue line segment that crosses the three lines, the
lengths are essentially equal. The difference in lengths between r and R;, for example,
is the length of the line segment along r, from the origin to the blue line. This length
will be the projection of the distance vector dL/2a, along a,., or dL/2a, - a,. As a look
ahead, this principle is discussed with illustrations in Sec. 14.5, which handles antenna
arrays of two elements.

132



7.38a) (continued). We now may write:

dL dL
Rlir—[—ay-ar] and Rgir—i-{?ayar}

Referring to the right-hand figure and applying similar reasoning there leads to
dL dL
Rgir—[7am-ar] and R4ir+[7ax-aT}

where we know that a, - a, = sinflcos¢ and a, - a, = sinf/sin ¢ We now substitute all
these relations into the original expression for dA:

L - L -
<<r+%sinesin¢> —(r—%sin@singﬂ)) ) ag
L - L -
+ <<r—d7sin9(:os¢> —<T+%Sin9005¢> > ay]
-1 —1
ZMOIdL <<1+%sin03inq§> —(1—@sin08inq§> ) a,
4mr 2r 2r
1 —1
+ ((1—d—Lsin9czos¢> —<1+d—Lsin6’cos¢> > ay]
or 2r
Now, since dL/r << 1, this simplifies to
dA = poldL [(<1 — % sinesin¢> — <1 + %sinﬂsimb)) ag
47r 2r 2r

+ <<1+d—Lsinecos¢> — (1 d—Lsiné’cosgb>> ay]
2r 2r

I(dL)?sin®
:%[—sinqﬁax+cos¢ay]
_ mol(dL)?sing

a
472 ¢

,LLQIdL
™

dA =

b) Show that
I(dL)?
dH = (L) (2cosfa, +sinfay)
473

Using the part a expression, we construct dH = (1/10)V xdA, where in this case, we have
a ¢-directed dA that varies with » and . The curl expression in spherical coordinates

reduces to: | O(dAsing) L 9(rdA)
sin T
dA = o= =
VX rsin 6 00 & v or ¢

or

1 9 (I(dL)*sin*6 10 (I(dL)?sin6

VXdA_rsinH %( dr? A ror 4mr a0
2
= Iiiig (2cosfa, +sinfay)
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7.39. Planar current sheets of K = 30a, A/m and —30a, A/m are located in free space at = 0.2
and x = —0.2 respectively. For the region —0.2 < x < 0.2:
a) Find H: Since we have parallel current sheets carrying equal and opposite currents, we
use Eq. (12), H = K x ay, where ay is the unit normal directed into the region between
currents, and where either one of the two currents are used. Choosing the sheet at z = 0.2,
we find
H =30a, x —a, = —30a, A/m

b) Obtain and expression for V,, if V,,, = 0 at P(0.1,0.2,0.3): Use

AV
H= -30a, = -VV,, = _dLyay

So aV
— =30 = V,=30y+C
dy
Then
0=30002)+C; = Ci=-6 = V,=30y—6A

¢) Find B: B = poH = —30p0a, Wb/m?.

d) Obtain an expression for A if A = 0 at P: We expect A to be z-directed (with the
current), and so from V x A = B, where B is y-directed, we set up

B dA,
dx

=30y = A, =30ux + Cy

Then 0 = 3010(0.1) + Co = Co = —3pp. So finally A = (302 — 3)a, Wh/m.

7.40. Show that the line integral of the vector potential A about any closed path is equal to the
magnetic flux enclosed by the path, or § A-dL = [ B -dS.

We use the fact that B =V x A, and substitute this into the desired relation to find

j{A'dL:/VxA'dS

This is just a statement of Stokes’ theorem (already proved), so we are done.
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7.41. Assume that A = 50p?a, Wb/m in a certain region of free space.
a) Find H and B: Use

0A,

B = A=-—
V x o

as = —100pa, Wb/m?

Then H = B/po = —100p/po ap A/m.

b) Find J: Use

10 10 —100p2> 200 5
J=VxH=-—(pH az:——< a,=———a, A/m
pap( 2 pOp \ o o /

c) Use J to find the total current crossing the surface 0 < p < 1,0 < ¢ < 2w, z = 0: The
current is

27T 1 _2 _
I://J-dS:/ / 0. . pdpds = —2297 A = 500 MA
0 o Mo Ko

d) Use the value of Hy at p =1 to calculate § H - dL for p =1, z = 0: Have

2m
1 )
]éH-dL:I:/ 00 s - 2 (1)de = —220T A — 500 MA
0 o Ko

7.42. Show that VQ(l/ng) = —Vl(l/ng) = Rgl/R?Q. First

. _
Va <R—12> = Vs [(332 —21)? + (y2 — v1)? + (22 — 21)2] 2
1 [2(3:2 —x1)ag +2(y2 — y1)ay +2(22 — 21)a, _ “Riz _ Ra
20 [(w2—x1)2+ (y2 —v1)? + (22 — 21)?]3/2 Ri R,

Also note that V1(1/R12) would give the same result, but of opposite sign.
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7.43. Compute the vector magnetic potential within the outer conductor for the coaxial line whose
vector magnetic potential is shown in Fig. 8.20 if the outer radius of the outer conductor
is 7a. Select the proper zero reference and sketch the results on the figure: We do this by
first finding B within the outer conductor and then “uncurling” the result to find A. With
—z-directed current I in the outer conductor, the current density is

I I
Jou - - 2 — T &5, o9z
LT TR Ta)? — w2 T 24ma®

Since current I flows in both conductors, but in opposite directions, Ampere’s circuital law
inside the outer conductor gives:

27 2 2
I [49a” —»p
27TPH¢ =1- / /5a 2 2p dp d(b = H¢ 27Tp [W}

Now, with B = pgH, we note that V x A will have a ¢ component only, and from the direction
and symmetry of the current, we expect A to be z-directed, and to vary only with p. Therefore

VxA=

= poH

dp

and so

- 2402

dA, ~ pol 49a? — p?
dp 2mp

Then by direct integration,

— ol (49) / polp pol
A, = [ 2Ry Ldp+C =E 12 _gg) C
/ 8rp P Bra2 P TC T g6r nept

As per Fig. 8.20, we establish a zero reference at p = 5a, enabling the evaluation of the
integration constant:

 pol
967

wol | (p 5a
A, =— || = -2 In(— W
%6 [( 5>+98n<p>] b/m

A plot of this continues the plot of Fig. 8.20, in which the curve goes negative at p = 5a, and
then approaches a minimum of —.09u0l/7 at p = 7a, at which point the slope becomes zero.

C= [25 — 981n(5a)]

Finally,
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7.44. By expanding Eq.(58), Sec. 8.7 in cartesian coordinates, show that (59) is correct. Eq.
can be rewritten as

VZA=V(V-A) -V xVxA

We begin with
0A 0A 0A
A — T Y z
v oz + oy * 0z

Then the x component of V(V - A) is

0?A,  0*A,  O%A,
+ +
ox?  O0xdy 0x0z

_ (0A. 04, 0A, O0A, 04, 04,
VXA_<0y 8z>ax+<8z 8x)ay+(8$ 3y>az

and the z component of V x V x A is

V(V- AL, =

2A, OPA,  9PA,  9%A
Al — y z T z
VXV AL =5 ~ B2 a2 a0y

Then, using the underlined results

0%A, 0%A, 0%°A, 5
[V(V-A) -V xVxA] = 52 + e + 7 =V?2A4,

Similar results will be found for the other two components, leading to

V(V-A)-VxVxA=V?4,a, + V*4,a, + V*4.a, =V’A  QED
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CHAPTER 8

8.1. A point charge, Q = —0.3 uC and m = 3 x 10716 kg, is moving through the field E = 30a, V/m.
Use Eq. (1) and Newton’s laws to develop the appropriate differential equations and solve them,
subject to the initial conditions at ¢t = 0: v = 3 x 10° a, m/s at the origin. At t = 3 us, find:

a) the position P(z,y, z) of the charge: The force on the charge is given by F = ¢E, and Newton’s
second law becomes:
d’z

_ _ _ T -6
F =ma= Mmooy = qE = (—-0.3 x 107°)(30a,)

describing motion of the charge in the z direction. The initial velocity in x is constant, and
so no force is applied in that direction. We integrate once:

dz qF
— =v,=—t+C
dt v m T

The initial velocity along z, v,(0) is zero, and so C; = 0. Integrating a second time yields the

z coordinate: g
Z = q—t2 + CQ
2m

The charge lies at the origin at ¢ = 0, and so Cs = 0. Introducing the given values, we find

(—0.3 x 1079)(30) , 1042
_ 2 = 1.5 x 100
T T X3x10 16 % m

At t =3 pus, 2 = —(1.5 x 1019)(3 x 1075)2 = —.135cm. Now, considering the initial constant
velocity in z, the charge in 3 us attains an x coordinate of x = vt = (3x10°)(3x107%) = .90 m.
In summary, at t = 3 us we have P(z,y,z) = (.90,0, —.135).

b) the velocity, v: After the first integration in part a, we find

E
v =124 = (3% 1019)(3 x 1076) = —9 x 10* m/s
m

Including the intial z-directed velocity, we finally obtain v = 3 x 10°a, — 9 x 10%a, m/s.

c¢) the kinetic energy of the charge: Have

1
K.E. = —mv]* =

5 (3x 10719)(1.13 x 10°)* = 1.5 x 107° J

1
2
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8.2. Compare the magnitudes of the electric and magnetic forces on an electron that has attained a

8.3.

velocity of 107 m/s. Assume an electric field intensity of 105 V/m, and a magnetic flux density
associated with that of the Earth’s magnetic field in temperate latitudes, 0.5 gauss. We use the
Lorentz Law, F = F, + F,,, = ¢(E + v x B), where |B| = 0.5 G = 5.0 x 107> T. We find

IF.| = (1.6 x 107 C)(10°V/m) = 1.6 x 10" N

IF,,| = (1.6 x 107 C) (10" m/s)(5.0 x 1075 T) = 8.0 x 10~ *" N = 0.005|F |

A point charge for which Q = 2 x 1076 C and m = 5 x 10726 kg is moving in the combined fields
E = 100a, — 200a, + 300a, V/m and B = —3a, + 2a, — a, mT. If the charge velocity at ¢t =0 is
v(0) = (2a, — 3a, —4a.) x 10° m/s:

a) give the unit vector showing the direction in which the charge is accelerating at t = 0: Use

F(t =0) = ¢[E + (v(0) x B)], where

v(0) x B = (2a, — 3a, — 4a,)10° x (-3a, + 2a, —a,)10~® = 1100a, + 1400a, — 500a,
So the force in newtons becomes
F(0) = (2x 107 %)[(100+1100)a,, + (1400 — 200)a,, + (300 —500)a.] = 4 x 10~ '*[6a, +6a, —a,]
The unit vector that gives the acceleration direction is found from the force to be

_ ba, +6a, —a,

apr =
F \/ﬁ

= .70a; + .70a, — .12a,

b) find the kinetic energy of the charge at ¢t = 0:

1 1
KE. = 5m|v(0)|2 = 5(5x 10720 kg)(5.39 x 10°m/s)? = 7.25 x 10717 J = 7.25 ]

8.4. Show that a charged particle in a uniform magnetic field describes a circular orbit with an orbital

period that is independent of the radius. Find the relationship between the angular velocity and
magnetic flux density for an electron (the cyclotron frequency).

A circular orbit can be established if the magnetic force on the particle is balanced by the
centripital force associated with the circular path. We assume a circular path of radius R, in
which B = By a, is normal to the plane of the path. Then, with particle angular velocity €2, the
velocity is v = Rl as. The magnetic force is then F,,, = qvxB = qRQayx Bya, = qRQBj a,,.
This force will be negative (pulling the particle toward the center of the path) if the charge
is positive and motion is in the —ay direction, or if the charge is negative, and motion is in
positive a,. In either case, the centripital force must counteract the magnetic force. Assuming
particle mass m, the force balance equation is gRQ2By = mQ2R, from which Q = ¢By/m. The
revolution period is T' = 27/Q = 2wm/(¢By), which is independent of R. For an electron, we
have ¢ = 1.6 x 1072 C, and m = 9.1 x 10®! kg. The cyclotron frequency is therefore

O, = LB, =176 x 10" B, s
m

139



8.5. A rectangular loop of wire in free space joins points A(1,0,1) to B(3,0,1) to C(3,0,4) to D(1,0,4)
to A. The wire carries a current of 6 mA, flowing in the a, direction from B to C. A filamentary

current of 15 A flows along the entire z axis in the a, direction.
a) Find F on side BC:

c
Fpc = / Iloode X Birom wire at BC
B

Thus

4
1
Fpc = /1 (6 x107%)dza, x 27‘:’2% a, = —1.8 x 107%a, N = —18a, nN

b) Find F on side AB: The field from the long wire now varies with position along the loop
segment. We include that dependence and write

3 -3
15 45 x 10
Fap = / (6 x 1073 dowa, x 10 a, = . poln3d a, = 19.8a, nN
1 2rx T -

c¢) Find Fiua on the loop: This will be the vector sum of the forces on the four sides. Note that
by symmetry, the forces on sides AB and CD will be equal and opposite, and so will cancel.
This leaves the sum of forces on sides BC (part a) and DA, where

4
_ 1500
FDA:/l —(6><10 3)dzazxmay:54aan

The total force is then Fipta1 = Fpa + Fpo = (54 — 18)a, = 36a, nN

8.6. Show that the differential work in moving a current element /dL through a distance dl in a magnetic
field B is the negative of that done in moving the element Idl through a distance dL in the same
field:  The two differential work quantities are written as:

dW = (IdL x B)-dl and dW’' = (Idl x B) - dL
We now apply the vector identity, Eq.(A.6), Appendix A: (A x B)-C = (B x C) - A, and write:
(IdL x B) -dl = (B x dl) - IdL = —(Idl x B)-dL.  QED

8.7. Uniform current sheets are located in free space as follows: 8a, A/m at y =0, —4a, A/m at y = 1,
and —4a, A/m at y = —1. Find the vector force per meter length exerted on a current filament
carrying 7 mA in the ay, direction if the filament is located at:

a) x =0,y =0.5, and a;, = a,: We first note that within the region —1 < y < 1, the magnetic
fields from the two outer sheets (carrying —4a, A/m) cancel, leaving only the field from the
center sheet. Therefore, H = —4a, A/m (0 < y < 1) and H = 4a, A/m (-1 < y < 0).
Outside (y > 1 and y < —1) the fields from all three sheets cancel, leaving H = 0 (y > 1,
y < —1). So at z =0, y = .5, the force per meter length will be

F/m=1Ta, x B=(7x10"%)a, x —4uoa, = —35.2a, nN/m

b.) y=0.5,2=0, and ay = a,: F/m = Ia, x —4ppa, = 0.

c) x=0,y=1.5,a; =a,: Since y = 1.5, we are in the region in which B = 0, and so the force
is zero.
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8.8. Two conducting strips, having infinite length in the z direction, lie in the xz plane. One occupies
the region d/2 < x < b+ d/2 and carries surface current density K = Kpa,; the other is situated
at —(b+d/2) < x < —d/2 and carries surface current density —Koa..

a) Find the force per unit length in z that tends to separate the two strips:

We begin by evaluating the magnetic field arising from the left-hand strip (in the region x < 0)
at any location on the x axis. Because the source strip is infinite in z, this field will not depend
on z and will be valid at any location in the x-z plane. We use the Biot-Savart law and find
the field at a fixed point xy on the x axis. The Biot-Savart law reads:

KxaR

47 R? da

H(zo) =

s

where the integral is taken over the left strip area, and where R is the distance from point
(x, z) on the strip to the fixed observation point, xg. Thus R = /(z — x¢)? + 22, and

—(x —zp)a, —za,

(x —x0)? + 22

aRr —

so that

=5 —(z — _
H (o) :/ / Kopa, x [—(x xo)az3/2zaz] di ds
—oo J—(£+b) 47 [(x — x0)? + 22|

Taking the cross product leaves only a y component:

o ot B
H(z) :/ / i Koay(z — zo) 577 dwdz
—oo J—(4+4b) A7 [(x — x)? + 22]

It is easiest to evaluate the z integral first, leading to

d d
K Tz z o K Tz dx
Hi= e, [ = - N
—(2+4b) (x — @)/ (T — w0)? + 22 |- ™ —(d4p) (T — o)

Evaluate the x integral to find:

vl

K
H, = 2—;ay In(z — xo)’

4+ b+ zg

Ky
——1In 3
2 +330

= A
—(4+b) 2w B Afm

Now the force acting on the right-hand strip per unit length is
F= / K xBda
S

where K is the surface current density in the right-hand strip, and B is the magnetic flux
density (uoH) arising from the left strip, evaluated within the right strip area (over which the
integral is taken). Over a unit lengh in z, the force integral is written:

1 r(b+9) P °¢
F :/ / koa, x —HO0 1,
0 % 27T
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8.8a (continued)
The z integration yields a factor of 1, the cross product gives an x-directed force, and we can
rewrite the expression as:

K2 [t /4 d
F:MO Oax/ i In{=+b+xzg) —In{ =—+2xq ]| dayg
2 d 2 2

KZ d d d d (b+4)
= Ho Qa, [{=+b+ao)In( = +b+axg) —20—(=4z0)In{ =+ ) +20
27 2 2 2 2 4

Evaluating this result over the integration limits and then simplifying results in the following
expression, which is one of many ways of writing the result:

K} 2 1+ 2
F:MOd 9 a, 1—|——b In +‘Z —In l—l—é
27 d L+3 d

b) let b approach zero while maintaining constant current, I = Kyb, and show that the force per
unit length approaches pol?/(27d) N/m.

As b gets small, so does the ratio b/d. We may then write:

N AT
14+5 d ' \d

The force expression now becomes:

Pt [ ) u 02 (- (3))] o

The product in the natural log function is expanded:

dK? 2b b v 2 2% 2b? b
F:Maw{<1+—>1n[1——+—+———+—]—ln{l—f—E”

2m d d d*> d d? d?

All terms in the natural log functions involve 1 + f(b/d) where f(b/d) << 1. Therefore, we
may expand the log functions in power series, keeping only the first terms: i.e., In(1+ f) = f,
if f << 1. With this simplification, the force becomes:

. HodK2 B\ /b b2 2P\ b
F = IR A
o @ ta)\a 2T E)

Expanding and simplifying, the final result is

. po(bKy)? b
F_727rd a; N/m d<<1

where the term, 4b*/d*, has been neglected.
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8.9.

8.10.

A current of —100a, A/m flows on the conducting cylinder p = 5 mm and +500a, A/m is present
on the conducting cylinder p = 1 mm. Find the magnitude of the total force acting to split the
outer cylinder apart along its length: The differential force acting on the outer cylinder arising
from the field of the inner cylinder is dF = Kgyter X B, where B is the field from the inner cylinder,
evaluated at the outer cylinder location:

2m(1)(500) 10

B=—05

Ay = 100#0 ay T

Thus dF = —100a, x 100ppas = 104u0ap N/m?2. We wish to find the force acting to split the outer
cylinder, which means we need to evaluate the net force in one cartesian direction on one half of
the cylinder. We choose the “upper” half (0 < ¢ < 7), and integrate the y component of dF over
this range, and over a unit length in the z direction:

1 T T
F, = /O /0 10*uoa, - a, (5 x 1073) dp dz = /0 5010 sin ¢ dp = 100pg = 47 x 107° N/m

Note that we did not include the “self force” arising from the outer cylinder’s B field on itself.
Since the outer cylinder is a two-dimensional current sheet, its field exists only just outside the
cylinder, and so no force exists. If this cylinder possessed a finite thickness, then we would need
to include its self-force, since there would be an interior field and a volume current density that
would spatially overlap.

A planar transmission line consists of two conducting planes of width b separated d m in air,
carrying equal and opposite currents of I A. If b >> d, find the force of repulsion per meter of
length between the two conductors.

Take the current in the top plate in the positive z direction, and so the bottom plate current
is directed along negative z. Furthermore, the bottom plate is at y = 0, and the top plate is
at y = d. The magnetic field stength at the bottom plate arising from the current in the top
plate is H = K/2a, A/m, where the top plate surface current density is K = I/ba, A/m.
Now the force per unit length on the bottom plate is

1 b
F://Kbede
0o Jo

where K, is the surface current density on the bottom plate, and B; is the magnetic flux
density arising from the top plate current, evaluated at the bottom plate location. We obtain

1 b 2
I pol pol
F— a0 g as = N
/0/0 p A X o S oy & /m
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8.11. a) Use Eq. (14), Sec. 8.3, to show that the force of attraction per unit length between two
filamentary conductors in free space with currents l1a, at x = 0, y = d/2, and lra, at © = 0,
y = —d/2, is poli12/(2wd): The force on I is given by

I1[2 aprie X dL1
Fo = pig—2 SR12 200 4L
2 dm [7{ R3, } * e

Let z; indicate the z coordinate along I, and 25 indicate the z coordinate along I,. We then have
Ris = /(22 — 21)? + d? and
(22 — zl)az — day
(2’2 — 21)2 + d?
Also, dLy = dz1a, and dLs = dzsa, The “inside” integral becomes:
%3312 X dLl B % [(2’2 — zl)az — day] X leaZ . /OO —dle A,
R N LR - - S EA I

The force expression now becomes

F I 15 f /OO —ddzl a, % dzoal I 15 / / dle dZQ ay
= —_— Z z =
2= Mo oo (22 — 21)? + d?]15 2 e (22 — 21)2 + d?]15

Note that the “outside” integral is taken over a unit length of current I>. Evaluating, obtain,

Illzda L /.Lolllz
F2:MOMJ(2)/O dZ2: omd ay N/m

aRi12 =

as expected.

b) Show how a simpler method can be used to check your result: We use dFy = IodLs X Bia,
where the field from current 1 at the location of current 2 is

so over a unit length of I, we obtain
F2 = Igaz X —

This second method is really just the first over again, since we recognize the inside integral of
the first method as the Biot-Savart law, used to find the field from current 1 at the current 2
location.

8.12. Two circular wire rings are parallel to each other, share the same axis, are of radius a, and are
separated by distance d, where d << a. Each ring carries current I. Find the approximate force
of attraction and indicate the relative orientations of the currents.

With the loops very close to each other, the primary force on each “segment” of current in
either loop can be assumed to arise from the local B field from the immediately adjacent
segment in the other loop. So the problem becomes essentially that of straightening out both
loops and considering them as two parallel wires of length L = 27wa. The magnetic induction
at points very close to either current loop is approximately that of an infinite straight wire,
or B = ugl/(2wd). The force is therefore found using Eq. (11) to be

)MOI _ ,anI2
ord _ d

If the force is attractive, then the currents must be in the same direction.

F=I1LB=1(2ma
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8.13. A current of 6A flows from M (2,0,5) to N(5,0,5) in a straight solid conductor in free space. An
infinite current filament lies along the z axis and carries 50A in the a, direction. Compute the
vector torque on the wire segment using:

a) an origin at (0,0,5): The B field from the long wire at the short wire is B = (uol,ay)/(2mx) T.
Then the force acting on a differential length of the wire segment is

I, 1,1,
dF = I,dL x B = Iydra, x 22, = F0w2 g a0 N
2nx 2nx
Now the differential torque about (0,0, 5) will be
I,1, 1,1,
dT:RTxdF:xaIxMO dwaZ:—deay
2nx 2

The net torque is now found by integrating the differential torque over the length of the wire
segment:

- y = o a,=-18x10"%a, N-m

5
o / Cmoluls o 3u0(6)(50)
2

b) an origin at (0,0,0): Here, the only modification is in Ry, which is now Ry = za, + 5a, So
now

L,I )
dT = Ry x dF = [za, + Ha,] X Mdmaz — _Howe dx a,
21x 27
Everything from here is the same as in part a, so again, T = —1.8 x 1074 a, N-m.

c¢) an origin at (3,0,0): In this case, Ry = (x — 3)a, + 5a., and the differential torque is

,UfOIwIz NOIwIz(x - 3)
T = — N e A A
d [(z — 3)a, + ba,| x 5 dra, 5 dx a,
Thus
5
IwIz - — —
T:/ _Holule@=3) o 6.0 %107 [3—3111 <§>] a,=—15x10"a, N-m
9 2mx 2
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8.14. A solenoid is 25cm long, 3cm in diameter, and carries 4 A dc in its 400 turns. Its axis is perpendic-
ular to a uniform magnetic field of 0.8 Wbh/m? in air. Using an origin at the center of the solenoid,
calculate the torque acting on it.

First, we consider the torque, referenced to the origin, of a single wire loop of radius a in the
plane z = zy. This is one loop of the solenoid. We will take the applied magnetic flux density
as in the a, direction and write it as B = Bpa,. The differential torque associated with a
differential current element on this loop, referenced to the origin, will be:

dT =R x dF

where R is the vector directed from the origin to the current element, and is given by R =
2pa, + aa,, and where

dF = IdL x B = ladpay x Bypa, = —IaBycospdpa,
So now
dT = (202, + aa,) X (—IaBycospdpa,) = a’I By cos ¢ do ag

Using ag = cos ¢ a, — sin ¢ a,, the differential torque becomes
dT = a*IBycos ¢ (cospa, —sinpa,) dp

Note that there is no dependence on z3. The net torque on the loop is now

2T
T = /dT = / a’*IB, (C082 pa, — cosgzﬁsingbaw) d¢ = ma”IBy a,
0

But we have 400 identical turns at different z locations (which don’t matter), so the total
torque will be just the above result times 400, or:

T = 400ma*I By a,, = 4007m(1.5 x 1072)%(4)(0.8)a, = 0.91a, N -m

8.15. A solid conducting filament extends from x = —b to © = b along the line y = 2, z = 0. This
filament carries a current of 3 A in the a, direction. An infinite filament on the z axis carries 5
A in the a, direction. Obtain an expression for the torque exerted on the finite conductor about
an origin located at (0,2,0): The differential force on the wire segment arising from the field from
the infinite wire is

1 d 1 d
dF=3dmaxxgﬂa¢:_M Spox dv
Tp

a,=—-—F-5—-a
orvrZ +4 2m(x2 +4) °
So now the differential torque about the (0,2,0) origin is

150z dx 15p02? dz
— a. —
2m(z2 +4) ° 2n(22 +4)

dT =Ry x dF = xa, X a,

The torque is then

b 2
1 1 b
T = 1opor” dr du a, = 15¢0 a, [w —2tan~! (E)}
_p 2m(x?2 +4) 27 271

= (6 x 1079) [b— 2tan ! (g)} a, N-m
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8.16. Assume that an electron is describing a circular orbit of radius a about a positively-charged nucleus.

a)

By selecting an appropriate current and area, show that the equivalent orbital dipole moment
is ea’w/2, where w is the electron’s angular velocity: The current magnitude will be I = L
where e is the electron charge and T' is the orbital period. The latter is T' = 27 /w, and so
I = ew/(27). Now the dipole moment magnitude will be m = I'A, where A is the loop area.

Thus .
m = ;—iﬂaQ = §ea2w //

Show that the torque produced by a magnetic field parallel to the plane of the orbit is ea?w B /2:
With B assumed constant over the loop area, we would have T = m x B. With B parallel to
the loop plane, m and B are orthogonal, and so T'= mB. So, using part a, T = ea’wB/2.

by equating the Coulomb and centrifugal forces, show that w is (4megmea®/e?)~1/2, where m,
is the electron mass: The force balance is written as

62

e2

Aregmea® -1/2
4mega? //

= mwla = w:(

Find values for the angular velocity, torque, and the orbital magnetic moment for a hydrogen
atom, where a is about 6 x 107! m; let B = 0.5 T: First

(1.60 x 10719)2

1/2
_ 16
Am(3.85 x 10-12)(9.1 x 10-31)(6 x 10—11)3] =342 x 107 rad/s

w =

1
T = 5(3.42 X 1016)(1,60 X 10_19)(0.5)(6 « 10—11)2 C493%x10-% N.m

Finally,
m = % =9.86 x 1072 A . m?
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8.17. The hydrogen atom described in Problem 16 is now subjected to a magnetic field having the same
direction as that of the atom. Show that the forces caused by B result in a decrease of the angular
velocity by eB/(2m.) and a decrease in the orbital moment by e2a?B/(4m.). What are these
decreases for the hydrogen atom in parts per million for an external magnetic flux density of 0.5
T? We first write down all forces on the electron, in which we equate its coulomb force toward the
nucleus to the sum of the centrifugal force and the force associated with the applied B field. With
the field applied in the same direction as that of the atom, this would yield a Lorentz force that is
radially outward — in the same direction as the centrifugal force.

2
€ 2
Fe:Fcent+FB = 4W€0a2:mewa+w§
QuB
With B = 0, we solve for w to find:
€2
w=w
0 dmeomea’
Then with B present, we find
9 e? ewB 5 ewB
w = 3 = wo —_
dmegmea Me Me

Therefore

ewB . ewB
w=woy/l—— =wo|1l—5=
WiMe 2wime

) eB eB
oun (1= 50 ) —wn - 5/

But w = wy, and so

2woMme

As for the magnetic moment, we have

1 B 1 1e%a’B
m:ISzg—jwaQ——wea = —ea < 0—26m6>—§w06a2—16726 //
Finally, for a = 6 x 107" m, B = 0.5 T, we have
Aw eB1 . eB 1 1.60 x 1071 x 0.5 13 10-6
w  2mew  2mewy  2x9.1x10731 x 3.4 x 1016 T
where wy = 3.4 x 10'6 sec™! is found from Problem 16. Finally,
2.2
Am:eaB>< 2 . eB 13 %10~
m 4m, wea?  2mewo T
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8.18. Calculate the vector torque on the square loop shown in Fig. 8.16 about an origin at A in the field
B, given:
a) A(0,0,0) and B = 100a, mT: The field is uniform and so does not produce any translation
of the loop. Therefore, we may use T = IS x B about any origin, where I = 0.6 A and
S = 16a, m?. We find T = 0.6(16)a, x 0.100a, = —0.96a, N—m.

b) A(0,0,0) and B = 200a, + 100a, mT: Using the same reasoning as in part a, we find

T = 0.6(16)a, x (0.200a, + 0.100a,) = —0.96a, + 1.92a, N—m

c) A(1,2,3) and B = 200a, + 100a, — 300a, mT: We observe two things here: 1) The field is
again uniform and so again the torque is independent of the origin chosen, and 2) The field
differs from that of part b only by the addition of a z component. With S in the z direction,

this new component of B will produce no torque, so the answer is the same as part b, or
T = —0.96a, + 1.92a, N—m.

d) A(1,2,3) and B = 200a, + 100a, — 300a, mT for x > 2 and B = 0 elsewhere: Now, force is
acting only on the y-directed segment at x = +2, so we need to be careful, since translation
will occur. So we must use the given origin. The differential torque acting on the differential
wire segment at location (2,y) is dT = R(y) x dF, where

dF = IdL x B =0.6dya, x [0.2a, + 0.1a, — 0.3a.] = [-0.18a, — 0.12a.] dy
and R(y) = (2,,0) — (1,2,3) = a; + (y — 2)a, — 3a,. We thus find

dT = R(y) x dF = [a, + (y — 2)a, — 3a,] x [-0.18a, — 0.12a,] dy
= [-0.12(y — 2)a, + 0.66a, + 0.18(y — 2)a.| dy

The net torque is now

2
T= / [—0.12(y — 2)a, + 0.66a, + 0.18(y — 2)a.]| dy = 0.96a, + 2.64a, — 1.44a, N—m
—2

8.19. Given a material for which y,, = 3.1 and within which B = 0.4ya, T, find:
a) H: We use B = 1o(1 + xm)H, or

= 77.6ya, kA/m
b) p=(1431)up=>5.15x10"° H/m.
) e =(1+31)=41.
d) M = x,,H = (3.1)(77.6ya,) = 241ya, kA/m
)
)
)

C

e) J=V xH=(dH,)/(dy)a, = T7.6a, kA/m?.

f) Jp, =V xM = (dM.)/(dy) a, = 241 a, kA/m?.

g) Jr =V x B/up = 318a, kA/m?.
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8.20. Find H in a material where:
a) pr = 4.2, there are 2.7 x 102 atoms/m3, and each atom has a dipole moment of 2.6 x 10~3° a,
A -m?. Since all dipoles are identical, we may write M = Nm = (2.7 x 10%?)(2.6 x 10~3%,) =
0.70a, A/m. Then
M  0.70a,

H: =
ie—1 42-1

=0.22a, A/m

b) M =270a, A/m and p = 2 pH/m: Have p, = pu/po = (2 x 1076) /(47 x 10~7) = 1.59. Then
H =270a,/(1.59 — 1) = 456a, A/m.

¢) Xm =0.7and B = 2a, T: Use

B 2a
H-= = £ =936a, kA
poll T xm) (i x 10-T)(17) 220 kA/m

d) Find M in a material where bound surface current densities of 12a, A/m and —9a, A/m
exist at p = 0.3 m and p = 0.4 m, respectively: We use § M - dL = I,, where, since currents
are in the z direction and are symmetric about the z axis, we chose the path integrals to be
circular loops centered on and normal to z. From the symmetry, M will be ¢-directed and
will vary only with radius. Note first that for p < 0.3 m, no bound current will be enclosed
by a path integral, so we conclude that M = 0 for p < 0.3m. At radii between the currents
the path integral will enclose only the inner current so,

3.6
7{1\/[ -dL =2mpMy =2m(0.3)12 = M= " ag A/m (0.3 < p < 0.4m)

Finally, for p > 0.4 m, the total enclosed bound current is I 1o+ = 27(0.3)(12)—27(0.4)(9) = 0,
so therefore M =0 (p > 0.4m).

8.21. Find the magnitude of the magnetization in a material for which:
a) the magnetic flux density is 0.02 Wb/m? and the magnetic susceptibility is 0.003 (note that
this latter quantity is missing in the original problem statement): From B = po(H + M) and
from M = x,,H, we write

B /(1 ! B 0.02
M=—|—+1) = = =477 A
Ho (Xm * > po(334)  (4m x 1077)(334) A7.7 A/m

b) the magnetic field intensity is 1200 A/m and the relative permeability is 1.005: From B =
po(H + M) = pop,-H, we write

M = (p, — 1)H = (.005)(1200) = 6.0 A/m

c) there are 7.2 x 10?® atoms per cubic meter, each having a dipole moment of 4 x 10739 A - m?
in the same direction, and the magnetic susceptibility is 0.0003: With all dipoles identical the
dipole moment density becomes

M =nm= (72 x 10*®)(4 x 1073%) = 0.288 A/m
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8.22. Under some conditions, it is possible to approximate the effects of ferromagnetic materials by
assuming linearity in the relationship of B and H. Let u, = 1000 for a certain material of which
a cylindrical wire of radius 1mm is made. If I =1 A and the current distribution is uniform, find
a) B: We apply Ampere’s circuital law to a circular path of radius p around the wire axis, and
where p < a:

I 1 I 10%)47 x 1077(1
p . B_ 0000 pa (10°)4m x 10~ (1)p

orpH=""T = H
T = — = =
p ma? 2ma? 2ma? ¢ 21 x 106

¢

= 200pa, Wb/m?

b) H: Using part a, H = B/u,uo = p/(27) x 10°a, A/m.

c) M:
2000 — 2
M:B/MO—HZ(OOZJ><106a¢,:1.59><108pa¢, A/m
/I
d) J:
1 d(pH,
J:VxH:—MaZ:3.18x1o5aZA/m
p dp
e) Jp within the wire:
1d(pM,
J,,:mez—%azzs.mxmgaz A/m?
p dp

8.23. Calculate values for Hy, By, and My at p = c for a coaxial cable with a = 2.5 mm and b = 6 mm
if it carries current I = 12 A in the center conductor, and g = 3 pH/m for 2.5 < p < 3.5 mm,
p=>5 pH/m for 3.5 < p < 4.5 mm, and p = 10 gH/m for 4.5 < p < 6 mm. Compute for:

a) ¢ =3 mm: Have

I 12
2p  2m(3 x 10-3)
Then By = uHy = (3 x 107%)(637) = 1.91 x 1073 Wb/m?.

Finally, My = (1/p0)By — Hy = 884 A/m.
b. ¢ =4 mm: Have

I 12
2rp  2m(4 x 1073)
Then By = puHy = (5 x 107%)(478) = 2.39 x 1073 Wb/m?.
Finally, My = (1/p0)By — Hp = 1.42 x 103 A/m.

Hy =

=478 A/m

¢) ¢ =5 mm: Have
I 12
Hy = = =382 A
©= 2mp T I x10-7) _ So2A/m
Then By = puHy = (10 x 1079)(382) = 3.82 x 1072 Wb/m?.
Finally, M¢ = (1/Mo)B¢ — H¢ = 2.66 x 103 A/m
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8.24. Two current sheets, Kpa, A/m at z =0 and —Kpa, A/m at z = d, are separated by an inhomo-
geneous material for which p,. = az + 1, where «a is a constant.

a) Find expressions for H and B in the material: The z variation in the permeability leaves the
H field unaffected, and so we may find this using Ampere’s circuital law. This is done in
Chapter 7, culminating in Eq. (12) there. Applying this to the conductor in the z = 0 plane,
we find

H=Kxa, =Kya, xa, =Kpa; A/m

b) find the total flux that crosses a 1m? area on the yz plane: Because the permeability varies
with z, the flux will depend on the location and dimensions of the 1m? area. Choose a rectangle
located in the range 0 < y < y1, and 21 < z < zo, where we require that (22 — z1)y1 = 1.
Therefore, y1 = 1/(z2 — 21). The flux through this area is now

z2 1/(z2—21) K. 22
@m:/,uH-dS:/ / ,uoKo(aszl)am-azdydz:M/ (az+1)dz
s z1 JO (ZQ - Zl) z1

— % [g(zg — 2+ (2 — zl)} = oKy [g(zg +21) + 1} Whb/m?

8.25. A conducting filament at z = 0 carries 12 A in the a, direction. Let u, =1 for p < 1 cm, . =6
for 1 < p<2cm, and p,. =1 for p > 2 cm. Find
a) H everywhere: This result will depend on the current and not the materials, and is:
I 1.91

H=—a;=—A
27rpa¢ p /m (0 < p<o0)

b) B everywhere: We use B = p,.ioH to find:
B(p <lcm) = (1)uo(1.91/p) = (2.4 x 107%/p)a, T
B(l <p<2cm)=(6)up(1.91/p) = (1.4 x 107°/p)a, T
B(p>2cm) = (1)uo(1.91/p) = (2.4 x 107%/p)a, T where p is in meters.

8.26. A long solenoid has a radius of 3cm, 5,000 turns/m, and carries current I = 0.25 A. The region
0 < p < a within the solenoid has p, = 5, while u,, =1 for a < p < 3 cm. Determine a so that

a) a total flux of 10 uWb is present: First, the magnetic flux density in the coil is written in
general as B = unla, Wb/m?. Using b = 0.03m as the outer radius, the total flux in the coil

becomes ) ) )
@m:/B‘dS:/ / 5,uonI,od,od¢>+/ / ponl pdpde
s 0 0 0 a

= ponl [5a*> + (b* — a*)] = ponl [4a® — b°]
Substituting the given numbers, we have
®,,, = (47 x 1077)(5000)(0.25) [4a® — 0.03°] = 107> Wb (as required)

Solve for a to find a = 2.7 cm.

b) Find a so that the flux is equally-divided between the regions 0 < p < a and a < p < 3 cm:
Using the expression for the flux in part a, we set
b 3
50> =b"—a®> = a=—=-—==122cm

V6o V6 T
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8.27. Let 1 = 2inregion 1, defined by 2x+3y—4z > 1, while p,.0 = 5 in region 2 where 2x+3y—4z < 1.
In region 1, H; = 50a, — 30a, + 20a, A/m. Find:

a)

Hpy1 (normal component of H; at the boundary): We first need a unit vector normal to the
surface, found through

V (2x + 3y — 4z) 2a, + 3a, —4a,
= = = .37a, + .56a, — .74a,
|V (22 + 3y — 42| V29 !

an

Since this vector is found through the gradient, it will point in the direction of increasing
values of 2x + 3y — 4z, and so will be directed into region 1. Thus we write ay = ay9;. The
normal component of H; will now be:

Hy: = (H: - ay21)an2:
= [(50a, — 30a, + 20a.) - (.37a, + .56a, — .74a,)] (.37a, + .56a, — .74a,)
= —4.83a, — 7.24a, + 9.66a, A/m

Hp; (tangential component of Hy at the boundary):

Hr =H; —Hm
= (50a, — 30a, + 20a,) — (—4.83a, — 7.24a, + 9.66a.)
= 54.83a, — 22.76a, + 10.34a, A/m

Hpo (tangential component of Hy at the boundary): Since tangential components of H are
continuous across a boundary between two media of different permeabilities, we have

Hpry; = Hpy = 54.83a, — 22.76a, + 10.34a, A/m

Hpy2 (normal component of Hy at the boundary): Since normal components of B are contin-
uous across a boundary between media of different permeabilities, we write 1 Hy1 = poHpyo
or

. 2
Hy, = 5 12HN1 = =(~4.83a, — 7.24a, + 9.66a.) = ~1.93a, — 2.90a, + 3.86a. A/m
R

01, the angle between H; and apyo1: This will be

H, __ [50a, —30a, + 20a.
[Hy| "Y' | (502 + 302 + 202)1/2

cosf; = - (.37a, + .56a, — .74a,) = —0.21

Therefore 6; = cos™!(—.21) = 102°.

02, the angle between Hs and apyo;: First,

Hy = Hrs + Hyo = (54.83a, — 22.76a, + 10.34a.) + (—1.93a, — 2.90a, + 3.86a.)
= 52.90a, — 25.66a, + 14.20a, A/m

H, _ [52.90a, — 25.60a, +14.20a
Hy| "V 60.49

Therefore 3 = cos™1(—.09) = 95°.

cos Oy = - (.37a, + .56a, — .74a,) = —0.09
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8.28. For values of B below the knee on the magnetization curve for silicon steel, approximate the curve
by a straight line with g = 5 mH/m. The core shown in Fig. 8.17 has areas of 1.6 cm? and lengths
of 10 cm in each outer leg, and an area of 2.5 cm? and a length of 3 cm in the central leg. A coil
of 1200 turns carrying 12 mA is placed around the central leg. Find B in the:

2)

center leg: We use mmjf = ®R, where, in the central leg,

L; 3x 1072
e = — — =24x10*H
Re = o = Bx10-9(25 x 1079 x 10

In each outer leg, the reluctance is

Low 10 x 102
b 010 195 % 10° O

B = (Agu: (5 x 1073)(1.6 x 10-4)

The magnetic circuit is formed by the center leg in series with the parallel combination of the
two outer legs. The total reluctance seen at the coil location is Ry = R.+(1/2)R, = 8.65x 10*
H. We now have

mmf 14.4 4
b = = =1.66 x 107" Wb
Rr 8.5 x 104 8
The flux density in the center leg is now
o 1. 1074
p=2 L0 6661

A 25x10-4

center leg, if a 0.3-mm air gap is present in the center leg: The air gap reluctance adds to the
total reluctance already calculated, where

0.3 x 1073

=9. 10° H
(dr x 10725 x 104y — 00> 10

Rair =

Now the total reluctance is Ryt = Ry + Rair = 8.56 x 10* 4+ 9.55 x 10° = 1.04 x 10%. The
flux in the center leg is now

14.4

104 x 100 13810
and 5
1.38 x 10—
B= 20X esa T
95 x 101 22
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8.29. In Problem 8.28, the linear approximation suggested in the statement of the problem leads to a flux
density of 0.666 T in the center leg. Using this value of B and the magnetization curve for silicon
steel, what current is required in the 1200-turn coil? With B = 0.666 T, we read H;,, = 120 A - t/m
in Fig. 8.11. The flux in the center leg is ® = 0.666(2.5 x 10~%) = 1.66 x 10~* Wb. This divides
equally in the two outer legs, so that the flux density in each outer leg is

1Y\ 1.66 x 10~*
Byt = [ = | =——"—"— =0.52 Wb/m?
' <2> L6 x10% 092 WY

Using Fig. 8.11 with this result, we find Hyy,: = 90 A - t/m We now use
7{ H-dL=NI

to find

(120)(3 x 1072) + (90)(10 x 1072)
1200

1
I = — (Hanzn + HoutLout) =

N = 10.5 mA
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8.30. A rectangular core has fixed permeability u, >> 1, a square cross-section of dimensions a X a, and
has centerline dimensions around its perimeter of b and d. Coils 1 and 2, having turn numbers Ny
and Na, are wound on the core. Consider a selected core cross-sectional plane as lying within the
xy plane, such that the surface is defined by 0 <z < a, 0 <y < a.

a) With current I; in coil 1, use Ampere’s circuital law to find the magnetic flux density as
a function of position over the core cross-section: Along the midline of the core (at which
x = d/2), the path integral for H in Ampere’s law becomes

fH-dL = (204 2d)H
At all other points in the core interior, but off the midline, the path integral becomes
?{H-dL =[2(d+a—2z)+2b+a—22)|H = Ipna= N1

The flux density magnitudes are therefore

o N1y
(d+b+2a —4z)

3112312=MH=2

in which we are assuming no y variation.

b) Integrate your result of part a to determine the total magnetic flux within the core: This will
be the integral of B over the core cross-section:

a a ” NI 1 a
(I>m:/B'dS:/ / 2 HrHo 171 dedy = —=prpoN1Iialn [d + b + 2a — 4x]
s 0 0

d+b+2a —4x) 8 0
1 d+b+2a
= —prpoN11aln | ————
gHrtolN1 1an{d b—2a] Wb
c¢) Find the self-inductance of coil 1:
NlBll 1 2 d+b+2a
Ly = = —p,poN2aln | ———
Y R L I g 7
d) find the mutual inductance between coils 1 and 2.
N2B12 1 d+b+2a
My =M = = < prptoN1Noaln | ————
12 I, SMMO 1 2an{d—i—b—2a]
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8.31. A toroid is constructed of a magnetic material having a cross-sectional area of 2.5 cm? and an
effective length of 8 cm. There is also a short air gap 0.25 mm length and an effective area of 2.8
cm?. An mmf of 200 A - t is applied to the magnetic circuit. Calculate the total flux in the toroid

if:
a)

the magnetic material is assumed to have infinite permeability: In this case the core reluctance,
R. =1/(nA), is zero, leaving only the gap reluctance. This is

d 0.25 x 1073
= = =71x10°H
Ry = oA, = r x 107)(25 x 109 10

Now
mmf 200

R,  T1x10°

o = =28 x10"* Wb

the magnetic material is assumed to be linear with p, = 1000: Now the core reluctance is no
longer zero, but

8 x 102
R. = =26x10°H
(1000) (47 x 10-7)(2.5 x 10-4) %
The flux is then 500
mmf —921x10~* Wb

T R.+R, 97x10°

the magnetic material is silicon steel: In this case we use the magnetization curve, Fig. 8.11,
and employ an iterative process to arrive at the final answer. We can begin with the value of
® found in part a, assuming infinite permeability: ®() = 2.8 x 10~* Wb. The flux density

in the core is then B = (2.8 x 1074)/(2.5 x 107%) = 1.1 Wh/m?2. From Fig. 8.11, this

corresponds to magnetic field strength Hc(l) = 270 A/m. We check this by applying Ampere’s
circuital law to the magnetic circuit:

7{H +dL=H" L.+ HMd

where HY L, = (270)(8 x 10~2) = 22, and where H{"d = ®MDR, = (2.8 x 10~4)(7.1 x 10°) =
199. But we require that

%H-dL:QOOAw
whereas the actual result in this first calculation is 199 + 22 = 221, which is too high. So, for

a second trial, we reduce B to BY =1 Whb/m?2. This yields a7% =200 A/m from Fig. 8.11,
and thus ®?) = 2.5 x 10~* Wb. Now

7{H dL = HP L, + PR, =200(8 x 1072) + (2.5 x 107%)(7.1 x 10°) = 194

This is less than 200, meaning that the actual flux is slightly higher than 2.5 x 10~ Whb.
I will leave the answer at that, considering the lack of fine resolution in Fig. 8.11.
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8.32. a) Find an expression for the magnetic energy stored per unit length in a coaxial transmission line
consisting of conducting sleeves of negligible thickness, having radii a and b. A medium of relative
permeability pu, fills the region between conductors. Assume current I flows in both conductors,
in opposite directions.

Within the coax, the magnetic field is H = I /(27p) a,. The energy density is then

1 NTUOI2 3
Wm = §BH: 87T2p2 J/m

The energy per unit length in z is therefore

2T 2
firpio I o prod b
Wi /wmdv—/ / / S pdpdpdz = yp In (a) J/m

b) Obtain the inductance, L, per unit length of line by equating the energy to (1/2)LI>.

2Wm Moy [0 b
L= = In(-) H
I? or <a> /m

8.33. A toroidal core has a square cross section, 2.5 cm < p < 3.5 cm, —0.5 cm < z < 0.5 cm. The
upper half of the toroid, 0 < z < 0.5 cm, is constructed of a linear material for which u, = 10,
while the lower half, —0.5 cm < z < 0, has p, = 20. An mmf of 150 A -t establishes a flux in the
a, direction. For z > 0, find:

a) Hy(p): Ampere’s circuital law gives:

150
2rpHy = NI =150 = Hy = 3 =23.9/p A/m

b) By(p): We use By = prpoHg = (10)(4r x 1077)(23.9/p) = 3.0 x 107*/p Wb/m?.
c) ®.~0: This will be

.005 .035 4

3.0 x 10~ 035

Q.50 = // -dS = / / . L dpdz = (.005)(3.0 x 107%)1n <025>
0 .

=5.0x 107 Wb

d) Repeat for z < 0: First, the magnetic field strength will be the same as in part a, since the
calculation is material-independent. Thus Hy, = 23.9/p A/m. Next, By is modified only by the
new permeability, which is twice the value used in part a: Thus B, = 6.0 x 107*/p Wb/m?.
Finally, since By is twice that of part a, the flux will be increased by the same factor, since
the area of integration for z < 0 is the same. Thus ®,.¢ = 1.0 x 1075 Wh.

e) Find ®ota: This will be the sum of the values found for z < 0 and z > 0, or ®yopa =
1.5 x 1076 Wh.
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8.34. Determine the energy stored per unit length in the internal magnetic field of an infinitely-long
straight wire of radius a, carrying uniform current I.

We begin with H = Ip/(2ma?) as, and find the integral of the energy density over the unit

length in z:
27 2
pop*I pol
—poH? dv = =
W, = / poH” dv = / / / = 4Pdpd¢5d2 167

8.35. The cones § = 21° and 0 = 159° are conducting surfaces and carry total currents of 40 A, as shown
in Fig. 8.18. The currents return on a spherical conducting surface of 0.25 m radius.

a) Find H in the region 0 < r < 0.25, 21° < 6 < 159°, 0 < ¢ < 2m: We can apply Ampere’s
circuital law and take advantage of symmetry. We expect to see H in the a4 direction and it
would be constant at a given distance from the z axis. We thus perform the line integral of
H over a circle, centered on the z axis, and parallel to the zy plane:

2T
\%HdL: H¢a¢rslnea¢d¢zlencl:4OA
0

Assuming that H, is constant over the integration path, we take it outside the integral and
solve:

40 20
Ho = 27rsin - H= 7r7’sin9a¢ Ajm

b) How much energy is stored in this region? This will be

27 159° .25 159°
2 1 do
Wy = / o HZ2 = / / / 00“0 5 sin0drd dg = 0040 / Y
21 7272 sin? T Joro sinf

B 100,u01 tan(159/2)
- . [ tan(21/2)

] =1.35x107*J

™

8.36. The dimensions of the outer conductor of a coaxial cable are b and ¢, where ¢ > b. Assuming u = py,
find the magnetic energy stored per unit length in the region b < p < ¢ for a uniformly-distributed
total current I flowing in opposite directions in the inner and outer conductors.

We first need to find the magnetic field inside the outer conductor volume. Ampere’s circuital
law is applied to a circular path of radius p, where b < p < ¢. This encloses the entire center
conductor current (assumed in the positive z direction), plus that part of the —z-directed
outer conductor current that lies inside p. We obtain:

2 2 2 2
p=—b c=p

So that

I [(c¢c—p
H_27rp[ bz]a¢A/m (b<p<ec)

The energy within the outer conductor is now

W, / H2d //%/ pol” PR dpdé,d
Ko V= 8'/T CQ—bQ p2 c P pap , A%

ol [ ey L
T An(1— b2/ 2)2 [l(/b) (1-b6%/ )+4(1 b/ )]J
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8.37.

8.38.

Find the inductance of the cone-sphere configuration described in Problem 8.35 and Fig. 8.18.
The inductance is that offered at the origin between the vertices of the cone: From Problem 8.35,
the magnetic flux density is By = 20u0/(7mrsinf). We integrate this over the crossectional area
defined by 0 < r < 0.25 and 21° < 6 < 159°, to find the total flux:

1597 025 9 5 tan(159/2)] _ 5
/ / MO gy = 210y, [BRUS9/2) | B0 g 0y 674 o 1076 Wi
21 77 sin 0 T tan(21/2) T

Now L =®/I =6.74 x 1075/40 = 0.17 uH.
Second method: Use the energy computation of Problem 8.35, and write

2Wy  2(1.35x 1074

I = -
I2 (40)2

) _oa7 pH

A toroidal core has a rectangular cross section defined by the surfaces p =2 cm, p =3 cm, z =4
cm, and z = 4.5 cm. The core material has a relative permeability of 80. If the core is wound with
a coil containing 8000 turns of wire, find its inductance: First we apply Ampere’s circuital law to
a circular loop of radius p in the interior of the toroid, and in the a4 direction.

NI

fH dL_27TpH¢—NI = H¢—2
TP

The flux in the toroid is then the integral over the cross section of B:

.045
rioNT o NT )
// -dL = / / peioNT g — (oos)ylrtoN Ty (03
04 02 27Tp 2 .02

The flux linkage is then given by N®, and the inductance is

N®  (.005)(80) (4w x 1077)(8000)2
I 2

L= In(1.5) = 2.08 H
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8.39. Conducting planes in air at z = 0 and z = d carry surface currents of +Kpa, A/m.
a) Find the energy stored in the magnetic field per unit length (0 < z < 1) in a width w (0 <
y < w): First, assuming current flows in the +a, direction in the sheet at z = d, and in —a,
in the sheet at z = 0, we find that both currents together yield H = Kpa, for 0 < z < d and
zero elsewhere. The stored energy within the specified volume will be:

1 1 1
Wy = / — o H?dv :/ / / —po K3 drdydz = ~wdpeKZ J/m
v 2 o Jo Jo 2 2

b) Calculate the inductance per unit length of this transmission line from Wy = (1/2)LI?, where
I is the total current in a width w in either conductor: We have I = wKj, and so

2 wd 2 dw tod
L:—i K2:77 K2:7H

c¢) Calculate the total flux passing through the rectangle 0 < x < 1, 0 < z < d, in the plane
y = 0, and from this result again find the inductance per unit length:

d pl d 1
= / / poHay -a, drvdz = / / woKodx dy = podKy
o Jo o Jo

S podKo _ pod H/m

Then

L=—=
I '(UK(] w

8.40. A coaxial cable has conductor radii @ and b, where a < b. Material of permeability u, # 1 exists in
the region a < p < ¢, while the region ¢ < p < b is air-filled. Find an expression for the inductance
per unit length.

In both regions, the magnetic field will be H = I/(27p)ag A/m. So the flux per unit length
between conductors will be the sum of the fluxes in both regions. We integrate over a plane
surface of constant ¢, unit length in z, and between radii ¢ and b:

/B dS = // “r“old dz +/ / ol 4 ‘;"I [,urln< )+m(i>} Wh/m

The inductance per unit length is then L = &,,/I (with one turn), or

L= ;”0 [,urln( )—I—ln(i)} H/m
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8.41. A rectangular coil is composed of 150 turns of a filamentary conductor. Find the mutual inductance
in free space between this coil and an infinite straight filament on the z axis if the four corners of
the coil are located at

a) (0,1,0), (0,3,0), (0,3,1), and (0,1,1): In this case the coil lies in the yz plane. If we assume that
the filament current is in the +a, direction, then the B field from the filament penetrates the
coil in the —a, direction (normal to the loop plane). The flux through the loop will thus be

1 3
—pol 1
<I>:/ / Ho az-(—aw)dydz:&ln?)
0 27

The mutual inductance is then

NO® 150
M= =50

In3 =33 uH

b) (1,1,0), (1,3,0), (1,3,1), and (1,1,1): Now the coil lies in the x = 1 plane, and the field from
the filament penetrates in a direction that is not normal to the plane of the coil. We write the
B field from the filament at the coil location as

polag

2my/y? + 1

B=

The flux through the coil is now

1 1
/ / Ho a¢> ( a, dy dz = / / MO Sln¢ y dz
27 y +1 2 y +1

poly pol ‘ 7
dz = 2901 1 1 1 I
//27ry+1 dy dz 27 n( +)1 (1.6 >1077)

The mutual inductance is then

N®
M = == = (150)(1.6 x 1077) = 24 uH

8.42. Find the mutual inductance between two filaments forming circular rings of radii a and Aa, where
Aa << a. The field should be determined by approximate methods. The rings are coplanar and
concentric.

We use the result of Problem 8.4, which asks for the magnetic field at the origin, arising from
a circular current loop of radius a. That solution is reproduced below: Using the Biot-Savart

law, we have IdL = ladrag, R = a, and agr = —a,. The field at the center of the circle is
then ) )
H,. _/ Iadpay, x (—a,) _/ Idpa, I a. A/m
0 4mra? o 4ma 2.

We now approximate that field as constant over a circular area of radius Aa, and write the
flux linkage (for the single turn) as

Im(Aa)? ®,, Aa)2
(I)m = 7-‘-(A(]J)Q-Bauter — m = M=—= M
2a I 2%
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8.43.

8.44.

a) Use energy relationships to show that the internal inductance of a nonmagnetic cylindrical wire
of radius a carrying a uniformly-distributed current I is po/(87) H/m. We first find the magnetic
field inside the conductor, then calculate the energy stored there. From Ampere’s circuital law:

2
2pr¢:%f = H,=

A/m

27ra2

27 ,UOI2
WH—/ MOH¢dv—// / 824pd pdpdz = 67

Now, with Wy = (1/2)LI1?, we find L;,; = p0/(87) as expected.

Now

Find the internal inductance if the portion of the conductor for which p < ¢ < a is removed: The
hollowed-out conductor still carries current I, so Ampere’s circuital law now reads:

7(p? — c?) I [p?-¢?
2mpHy = a2 — @) = Hy= 3 |2 = A/m

and the energy is now

27 2 c2)2 2 a 4

,u,()I ) ,U/OI / 3 2 C
= dpdopdz = ———— -2 —\ d
Wi = // [ st aprivtots= 2 [ -2t T

_ Moip 1 4 4\ 2,2 2 4 (ﬂ)
= In(a? — ) [4(@ c)—c*(a®—c*)+c'In . J/m
The internal inductance is then

2Wy _ Mo a* —4a*c? + 3c¢* + 4ctIn(a/c) H/m
I? 8 (a? — ¢2)?

Lint =

Show that the external inductance per unit length of a two-wire transmission line carrying equal
and opposite currents is approximately (u/7)In(d/a) H/m, where a is the radius of each wire and
d is the center-to-center wire spacing. On what basis is the approximation valid?

Suppose that one line is positioned along the z axis, with the other in the x-z plane at
x = d. With equal and opposite currents, I, and with the z axis wire current in the positive
z direction, the magnetic flux density in the z-z plane (arising from both currents) will be

ul
B(z) = P Wb/m? (a<z<d-—a)

The flux per unit length in z between conductors is now:

(d=a) I d—
o, / -dS = // —ay ayda:dz—'u—ln< a)
7T a

Now, the external inductance will be L = ®,, /I, which becomes

L="mn <‘—i> H/m
™ a

under the assumption that a << d.
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CHAPTER 9

9.1. In Fig. 9.4, let B = 0.2cos 1207t T, and assume that the conductor joining the two ends of the
resistor is perfect. It may be assumed that the magnetic field produced by I(t) is negligible.
Find:

a) Vap(t): Since B is constant over the loop area, the flux is ® = 7(0.15)2B = 1.41 x
1072 cos 120t Wb. Now, emf = Vipo(t) = —d®/dt = (1207)(1.41 x 1072)sin 1207t.
Then Vo (t) = —Via(t) = —5.33sin 1207t V.

b) I(t) = Vha(t)/R = 5.33sin(1207t) /250 = 21.3 sin(1207¢) mA

9.2. In the example described by Fig. 9.1, replace the constant magnetic flux density by the time-
varying quantity B = Bysinwt a,. Assume that v is constant and that the displacement y of
the bar is zero at t = 0. Find the emf at any time, t.

The magnetic flux through the loop area is

vt d
@m:/B~dS:/ / Bysinwt (a, -a,)drdy = Byvtdsinwt
s 0 0

Then the emf is

d®,,
emf = j(I{E -dL = % = —Bydv [sinwt + wtcoswt] V

9.3. Given H = 300a, cos(3 x 10% — y) A/m in free space, find the emf developed in the general
a, direction about the closed path having corners at
a) (0,0,0), (1,0,0), (1,1,0), and (0,1,0): The magnetic flux will be:

1 1
o= / / 30040 cos(3 x 103 — y) dx dy = 3000 sin(3 x 103t — y)|3
0 0
= 300u0 [sin(3 x 10% — 1) — sin(3 x 10%¢)] Wb

Then

d®
emf = ——- = —300(3 x 10%)(4m x 1077) [cos(3 x 108 — 1) — cos(3 x 10°¢)]

= —1.13 x 10° [cos(3 x 108 — 1) — cos(3 x 10°)] V

b) corners at (0,0,0), (27,0,0), (27,27,0), (0,27,0): In this case, the flux is
® = 27 x 30040 sin(3 x 103 — y)|2™ =0

The emf is therefore 0.
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9.4. A rectangular loop of wire containing a high-resistance voltmeter has corners initially at
(a/2,b/2,0), (—a/2,b/2,0), (—a/2,-b/2,0), and (a/2,—b/2,0). The loop begins to rotate
about the x axis at constant angular velocity w, with the first-named corner moving in the
a, direction at ¢ = 0. Assume a uniform magnetic flux density B = Bpa,. Determine the
induced emf in the rotating loop and specify the direction of the current.

The magnetic flux though the loop is found (as usual) through
®,, = /B-dS, where S = nda

Because the loop is rotating, the direction of the normal, n, changing, and is in this case
given by
n = coswta, —sinwta,

Therefore,

b/2
/ / Bypa., - (coswta, —sinwt a,) drdy = abBj cos wt
b/2J—a/2

The integral is taken over the entire loop area (regardless of its immediate orientation).
The important result is that the component of B that is normal to the loop area is varying
sinusoidally, and so it is fine to think of the B field itself rotating about the x axis in the
opposite direction while the loop is stationary. Now the emf is

emf = ]{ dL———t—awaosmth

The direction of the current is the same as the direction of E in the emf expression.
It is easiest to picture this by considering the B field rotating and the loop fixed. By
convention, dL will be counter-clockwise when looking down on the loop from the upper
half-space (in the opposite direction of the normal vector to the plane). The current will
be counter-clockwise whenever the emf is positive, and will be clockwise whenever the
emf is negative.

9.5. The location of the sliding bar in Fig. 9.5 is given by x = 5¢ + 2t3, and the separation of the
two rails is 20 cm. Let B = 0.8z%a, T. Find the voltmeter reading at:
a) t = 0.4 s: The flux through the loop will be

0.2 px 1 1
:/ / 0.8(2")% da’ dy = H$3 = H(575 +2t3)3 Wb
0 0 3 3
Then
d® 0.16 312 5 312 9
emf = == = =2 (3)(5426)2(5+6%) = —(0.16)[5(4) +2(4)**[5+6(4)?) = —4.82 V

b) z = 0.6 m: Have 0.6 = 5¢ + 2t3, from which we find ¢ = 0.1193. Thus
emf = —(0.16)[5(.1193) + 2(.1193)3]?[5 4 6(.1193)%] = —.293 V
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9.6. Let the wire loop of Problem 9.4 be stationary in its ¢ = 0 position and find the induced emf
that results from a magnetic flux density given by B(y,t) = By cos(wt — fy) a,, where w and
[ are constants.

We begin by finding the net magnetic flux through the loop:

b/2 a/2
@m:/B-dS:/ / By cos(wt — By) a, - a, dx dy
s —-b/2J—a/2

B
- 70“ [sin(wt + 8b/2) — sin(wt — 4b/2)]
Now the emf is
dd,,
= E . L = — = —
emf f d 7

Using the trig identity, cos(a £ b) = cosa cosb F sin a sin b, we may write the above result
as

Boaw

[cos(wt + Bb/2) — cos(wt — Bb/2)]

emf =+2Bya % sin(wt) sin(5b/2) V

9.7. The rails in Fig. 9.7 each have a resistance of 2.2 2/m. The bar moves to the right at a
constant speed of 9 m/s in a uniform magnetic field of 0.8 T. Find I(t), 0 < ¢ < 1 s, if the bar
isatz =2m at¢t=0and

a) a 0.3 § resistor is present across the left end with the right end open-circuited: The flux
in the left-hand closed loop is

&, = B x area = (0.8)(0.2)(2 + 9¢)

Then, emf;, = —d®;/dt = —(0.16)(9) = —1.44 V. With the bar in motion, the loop
resistance is increasing with time, and is given by R;(¢) = 0.3+2[2.2(249¢)]. The current
is now ¢ 144

Il(t) . emiy; . —1.

CORi(t) 9.1 4 39.6t

Note that the sign of the current indicates that it is lowing in the direction opposite that
shown in the figure.

b) Repeat part a, but with a resistor of 0.3 Q across each end: In this case, there will be
a contribution to the current from the right loop, which is now closed. The flux in the
right loop, whose area decreases with time, is

@, = (0.8)(0.2)[(16 — 2) — 9¢]

and emf, = —d®, /dt = (0.16)(9) = 1.44 V. The resistance of the right loop is R, (t) =
0.3 + 2[2.2(14 — 9¢t)], and so the contribution to the current from the right loop will be

—1.44
IL(t) = ————
r(®) 61.9 — 39.6¢
The minus sign has been inserted because again the current must flow in the opposite
direction as that indicated in the figure, with the flux decreasing with time. The total
current is found by adding the part a result, or

1 1
Ip(t) = —1.44
r(?) 61.0 —39.6t 9.1+ 30.6

166



9.8. A perfectly-conducting filament is formed into a circular ring of radius a. At one point a
resistance R is inserted into the circuit, and at another a battery of voltage Vj is inserted.
Assume that the loop current itself produces negligible magnetic field.

a) Apply Faraday’s law, Eq. (4), evaluating each side of the equation carefully and inde-
pendently to show the equality: With no B field present, and no time variation, the
right-hand side of Faraday’s law is zero, and so therefore

j{E-dL:O

This is just a statement of Kirchoff’s voltage law around the loop, stating that the battery
voltage is equal and opposite to the resistor voltage.

b) Repeat part a, assuming the battery removed, the ring closed again, and a linearly-
increasing B field applied in a direction normal to the loop surface: The situation now
becomes the same as that shown in Fig. 9.4, except the loop radius is now a, and the
resistor value is not specified. Consider the loop as in the z-y plane with the positive
z axis directed out of the page. The ay direction is thus counter-clockwise around the
loop. The B field (out of the page as shown) can be written as B(t) = Bota,. With the
normal to the loop specified as a,, the direction of dL is, by the right hand convention,
a,. Since the wire is perfectly-conducting, the only voltage appears across the resistor,
and is given as Vi. Faraday’s law becomes

dd d
= —/Botaz -a,da = —7ma’By

fE'dL:VR:‘W—‘dt

S

This indicates that the resistor voltage, Vz = ma® By, has polarity such that the positive
terminal is at point a in the figure, while the negative terminal is at point b. Current
flows in the clockwise direction, and is given in magnitude by I = ma?By/R.

9.9. A square filamentary loop of wire is 25 ¢cm on a side and has a resistance of 125 2 per meter
length. The loop lies in the z = 0 plane with its corners at (0,0,0), (0.25,0,0), (0.25,0.25,0),
and (0,0.25,0) at ¢ = 0. The loop is moving with velocity v, = 50 m/s in the field B, =
8cos(1.5x 108t —0.5x) uT. Develop a function of time which expresses the ohmic power being
delivered to the loop: First, since the field does not vary with y, the loop motion in the y
direction does not produce any time-varying flux, and so this motion is immaterial. We can
evaluate the flux at the original loop position to obtain:

.25 .25
d(t) = / / 8 x 107 % cos(1.5 x 103 — 0.5x) dx dy
0 0

= —(4 x 107%) [sin(1.5 x 10% — 0.13) — sin(1.5 x 10%)] Wb

Now, emf = V(t) = —d®/dt = 6.0 x 10? [cos(1.5 x 108 — 0.13) — cos(1.5 x 10%¢)], The total
loop resistance is R = 125(0.25 + 0.25 + 0.25 4+ 0.25) = 125Q. Then the ohmic power is

_ V2
TR

P(t) — 2.9 x 10° [cos(1.5 x 103 — 0.13) — cos(1.5 x 10%¢)]* Watts
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9.10 a) Show that the ratio of the amplitudes of the conduction current density and the displacement
current density is o/we for the applied field E = E,, coswt. Assume p = pg. First, D =
€E = eFE,, coswt. Then the displacement current density is 0D /0t = —weF,, sinwt. Second,
J. = 0FE = oE,, coswt. Using these results we find |J.|/|J4| = o/we.

b) What is the amplitude ratio if the applied field is E = E,,e /7, where 7 is real? As before,
find D = €E = eE,e™ /7, and so Jg = D /0t = —(¢/T)Epe /7. Also, J. = 0E,e™t/7.
Finally, |J.|/|Jd| = o7 /€.

9.11. Let the internal dimension of a coaxial capacitor be ¢ = 1.2 cm, b = 4 cm, and [ = 40 cm.
The homogeneous material inside the capacitor has the parameters e = 107! F/m, p = 107°
H/m, and 0 = 107° S/m. If the electric field intensity is E = (10°/p) cos(10°t)a, V/m, find:

a) J: Use

J=0E = <E> cos(10°t)a, A/m?
p

b) the total conduction current, I., through the capacitor: Have

I = //J -dS = 27pl.J = 207l cos(10°t) = 87 cos(10°t) A

c¢) the total displacement current, I, through the capacitor: First find

5 —11 6
oD _ 0 g (10)(1071)(10%)

Jg=" =2
YT o T ot P

1
sin(10°t)a, = ——sin(10°¢) A/m
p

Now
Iy = 2mplJy = —2nlsin(10°t) = —0.87sin(10°t) A

d) the ratio of the amplitude of I to that of I., the quality factor of the capacitor: This will

be L 08
d .

_ 0% o1

el 8
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9.12. Find the displacement current density associated with the magnetic field (assume zero con-
duction current):

H = A, sin(4z) cos(wt — (z) a, + As cos(4z) sin(wt — fz) a,
The displacement current density is given by

88—It) =V x H = (44, + BA;) sin(4z) cos(wt — B2) a, A/m?

9.13. Consider the region defined by |z|, |y|, and |z| < 1. Let ¢, = 5, u = 4, and 0 = 0. If
Ji = 20cos(1.5 x 108 — bz)a, pA/m?;

a) find D and E: Since J4 = 0D/0t, we write

20 x 106
D—/Jddt+C— TE 2105
=1.33 x 10~ ¥ sin(1.5 x 105t — bz)a, C/m?

sin(1.5 x 10% — bz)a,

where the integration constant is set to zero (assuming no dc fields are present). Then

D 1.33 x 10713
E = — = . 1‘ 1 S _
e (5x8.85x10712) sin(1.5 x 105t — bz)a,

= 3.0 x 1073 sin(1.5 x 10% — bz)a, V/m

b) use the point form of Faraday’s law and an integration with respect to time to find B and
H: In this case,

0B

E
VxE= &az = —b(3.0 x 1073) cos(1.5 x 10%t — bx)a, = Y

ox

Solve for B by integrating over time:

b(3.0 x 1073)

B =
1.5 x 108

sin(1.5 x 10% — bx)a, = (2.0)b x 10~ sin(1.5 x 108 — bx)a, T

Now
g B_ (200bx 10~
op 4 xd4rx 107

= (4.0 x 107%)bsin(1.5 x 103 — bx)a, A/m

sin(1.5 x 103 — bx)a,

c) use VX H =J;+J to find J4: Since o = 0, there is no conduction current, so in this

case
H,
VxH= aa—xay = 4.0 x 1075% cos(1.5 x 10%t — bz)a, A/m? = J,

d) What is the numerical value of b? We set the given expression for J; equal to the result
of part ¢ to obtain:

20x107%=40x10"%? = b=+v50m"'
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9.14.

9.15.

A voltage source, Vysinwt, is connected between two concentric conducting spheres, r = a
and r = b, b > a, where the region between them is a material for which € = €,.¢g, u = g, and
o = 0. Find the total displacement current through the dielectric and compare it with the
source current as determined from the capacitance (Sec. 6.3) and circuit analysis methods:
First, solving Laplace’s equation, we find the voltage between spheres (see Eq. 39, Chapter

6):
(1/r)—(@1/b) ., .
V(t) = ———~Vysinwt
(1/a) = (1/b)
Then Vi sin wt Vo sinwt
sinw €r€0Vp sinw
E=-VV=—_""""_a D= 22" " a
21ja 1) 7 2(1/a—1/b)"
Now
I 8_D _ &eowlp coswta
1T 0t T (1 Ja—1/b) "
The displacement current is then
4reeqwVy coswt dVv
Iy =4mr?J, = — o2
N YY) dt

where, from Eq. 6, Chapter 6,
4mer€q

(1/a—1/b)

Let p =3x107° H/m, e = 1.2x 107 !% F/m, and o = 0 everywhere. If H = 2 cos(10'°t — 3z)a,
A/m, use Maxwell’s equations to obtain expressions for B, D, E, and : First, B = yH =
6 x 1075 cos(101% — Bx)a, T. Next we use

C =

_ OH_ . 10 _ 9D
VvV xH-= 5 a, = 24sin(10"t — fzr)a, = ot

from which

D = /Zﬁ sin(10'°t — Bz) dt + C = _28 cos(10*°t — Bx)a, C/m?

where the integration constant is set to zero, since no dc fields are presumed to exist. Next,

D 2ﬁ 10 10
E = - = ~ T2 X 10-19)(101) cos(10™"t — fx)a, = —1.678 cos(10"t — fx)a, V/m
Now 5E OB
_ by 2 10, __9b
VxE= o & 1.675°sin(10™°t — fBx)a, 5
So

B=- / 1.673% sin(10"°t — Bz)a.dt = (1.67 x 1071°)5% cos(10't — Bx)a,
We require this result to be consistent with the expression for B originally found. So
(167 x 107132 =6 x 107° = [ = £600 rad/m
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9.16.

9.17.

Derive the continuity equation from Maxwell’s equations: First, take the divergence of both
sides of Ampere’s circuital law:

V.VxH=V.J+2v.D=v.34+
N—— ot ot

=0

0

where we have used V - D = p,,, another Maxwell equation.

The electric field intensity in the region 0 < z < 5, 0 < y < 7/12, 0 < z < 0.06 m in free
space is given by E = C'sin(12y)sin(az) cos(2 x 10'°t)a, V/m. Beginning with the V x E
relationship, use Maxwell’s equations to find a numerical value for a, if it is known that a is
greater than zero: In this case we find

OF, OF,
VXE= g a, — a—y a,
. . 10 8B
= C'[asin(12y) cos(az)a, — 12 cos(12y) sin(az)a,] cos(2 x 107t) = ~ 5

Then

1
0
C . . . 10
= ~ @ X 1010 [asin(12y) cos(az)a, — 12 cos(12y) sin(az)a,]sin(2 x 10°°t) A/m
0

where the integration constant, C; = 0, since there are no initial conditions. Using this result,
we now find

OH, OH, C(144 + a?) . . 10 dD
VxH= [ 5 W] a, = (@ 1010) sin(12y) sin(az) sin(2 x 10°°t) a, = e
Now
D 1 C(144 + a®) | . 10
E = o= %V x H dt + Cy = (2 X 10102 sin(12y) sin(az) cos(2 x 10°°t) a,

where C; = 0. This field must be the same as the original field as stated, and so we require

that
C(144 + a?)

Ho€o(2 x 1010)2

=1

Using poeo = (3 x 108)72, we find

1/2

2 1102
X107 1l — 66 m!

(3 x 108)2
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9.18. The parallel plate transmission line shown in Fig. 9.7 has dimensions b = 4 cm and d = 8 mm,
while the medium between plates is characterized by ., = 1, ¢, = 20, and 0 = 0. Neglect fields
outside the dielectric. Given the field H = 5 cos(10% — 3z)a, A/m, use Maxwell’s equations
to help find:

a) 0, if > 0: Take

H, E
VxH= —a—am = —56sin(10% — Bz2)a, = 20608
0z ot
So 55 5
= [ = sin(10% — B2)a, dt = —————— cos(10%t — fz)a,
/ 50¢, sin(10 Bz)a (@ x 109eg cos(10 Bz)a
Then OF 5 OH
E = z = 1 1 9 — = — _—
V x 5, I 109 sin(10”t — Bz)a, Ho~py
So that
H= / 5 sin(10% — B2)a, dt = _r cos(10% — Bz)
4 x 10?) upeo (4 x 1018) ppeg

= 5cos(10% — Bz)a,
where the last equality is required to maintain consistency. Therefore
ﬁQ

S — =149 m~!
(@ % 101960 5 = [=149m

b) the displacement current density at z = 0: Since o = 0, we have
V xH =J; = -583sin(10°t — 8z) = —74.5sin(10% — 14.92)a,
= —74.5s5in(10%)a, A/m at z =0

c¢) the total displacement current crossing the surface x = 0.5d, 0 < y < b, and 0 < z < 0.1
m in the a, direction. We evaluate the flux integral of J; over the given cross section:

0.1
Iy = —T74.5b / sin(10%t — 14.92) a, - a, dz = 0.20 [cos(10°t — 1.49) — cos(10°t)] A
0

9.19. In the first section of this chapter, Faraday’s law was used to show that the field E =
—%kBo pekta¢ results from the changing magnetic field B = Bye*ta

a) Show that these fields do not satisfy Maxwell’s other curl equation: Note that B as stated
is constant with position, and so will have zero curl. The electric field, however, varies
with time, and so VxH = Would have a zero left-hand side and a non-zero right-hand
side. The equation is thus not valid with these fields.

b) If we let Bo = 1 T and k = 10° s7! we are establishing a fairly large magnetic flux
density in 1 ps. Use the V x H equation to show that the rate at which B, should (but
does not) change with p is only about 5 x 107¢ T/m in free space at ¢t = 0: Assuming
that B varies with p, we write

VxH= = 20kt = = ——¢k’B
X ap ayp 10 dp € €0 —F= ot 260 ope
Thus p 121)
By 1 ) 1012(1)p e
— = k*pBy = ————=—5 = 5.6 x 10
dp MO PO = 9T 08y S

which is near the stated value if p is on the order of 1m.
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9.20. Given Maxwell’s equations in point form, assume that all fields vary as e®® and write the
equations without explicitly involving time: Write all fields in the general form A(r,t) =
Ap(r)e®t, where r is a position vector in any coordinate system. Maxwell’s equations become:

V x Eg(r) e’ = —% (Bo(r) e*) = —sByo(r) e

V x Ho(r) est = Jo(r)BSt + 0

pn (Do(r) e**) = Jo(r)e** + sDy(r) e**

V - Dy(r) e = po(r) e
V- Bo(r) GSt =0
In all cases, the e*! terms divide out, leaving:
V x Eo(r) = —sBy(r)

V X Ho(I') = Jo(r) + SD()(I')
V- Do(r) = po(r)
V- Bo(I‘) =0

9.21. a) Show that under static field conditions, Eq. (55) reduces to Ampere’s circuital law. First
use the definition of the vector Laplacian:

VZA=-VXxVXxA+V(V-A)=—uJ

which is Eq. (55) with the time derivative set to zero. We also note that V- A = 0 in steady
state (from Eq. (54)). Now, since B =V x A, (55) becomes

~-VxB=—-puJ = VxH=J
b) Show that Eq. (51) becomes Faraday’s law when taking the curl: Doing this gives

VxE:—VxVV—%VxA

The curl of the gradient is identially zero, and V x A = B. We are left with

V x E = —0B/ot
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9.22. In a sourceless medium, in which J = 0 and p,, = 0, assume a rectangular coordinate system in
which E and H are functions only of z and ¢. The medium has permittivity € and permeability

-
a)

c)

If E= F,a, and H = Hya,, begin with Maxwell’s equations and determine the second
order partial differential equation that £, must satisfy.

First use 5B OE SH
VxE=-—"" = g —_,—%Y
ot 0z T Mo M
in which case, the curl has dictated the direction that H must lie in. Similarly, use the
other Maxwell curl equation to find

oD 0H OF.
VxH="— = ——Ya,=¢e—%a

ot 0z " ot "

Now, differentiate the first equation with respect to z, and the second equation with
respect to t:

0*E, 0?H, 0?H, 0*E,
02~ Moo M G T o
Combining these two, we find
O*E, O*E,
022 "o

Show that E, = Ejcos(wt — [3z) is a solution of that equation for a particular value of f:
Substituting, we find

0°E, 0°E,

52 = —3?Eqcos(wt — Bz) and pue 2 = —w?peEy cos(wt — 2)

These two will be equal provided the constant multipliers of cos(wt — #z) are equal.

Find @ as a function of given parameters. Equating the two constants in part b, we find

B = w/pe.
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9.23. Inregion 1, 2 < 0, ¢ = 2 x 107" F/m, py = 2 x 107% H/m, and o7 = 4 x 1073 S/m; in
region 2, z > 0, €2 = €1/2, po = 21, and oy = 01 /4. It is known that E; = (30a, + 20a, +
10a,) cos(10°t) V/m at P;(0,0,07).

a) Find Eyq, E¢, Dy, and Dyy: These will be

Exni = 10cos(10%)a, V/m E; = (30a, + 20a,) cos(10°t) V/m

Dy = e1Eni = (2 x 10711)(10) cos(10%)a, C/m? = 200 cos(10°t)a, pC/m?

Dy = 1By = (2 x 1071)(30a, + 20a,) cos(10%t) = (600a, + 400a,,) cos(10%¢) pC/m?

b) Find Jy; and J4; at Py:

Jni1 =01 Eny = (4 x 1072)(10cos(10%¢))a, = 40 cos(10%t)a, mA /m?

Ji = 01Ey = (4 x 107%)(30a,, + 20a,) cos(10°t) = (120a, + 80a,,) cos(10%¢) mA /m?

¢) Find E2, Dy, and J42 at P;: By continuity of tangential E,

Ei;» = Ey; = (30a, + 20a,) cos(10°t) V/m

Then

Di2 = 2E4p = (10711)(30a,, + 20a,) cos(10°t) = (300a,, + 200a,) cos(10¢) pC/m?

Jio = 09E4 = (107%)(30a, + 20a,) cos(10%¢) = (30a,, + 20a,) cos(10%t) mA /m?

d) (Harder) Use the continuity equation to help show that Jy1 —Jy2 = 0Dn2/0t—0DN1 /0t
and then determine Epyo, Dyo, and Jyo: We assume the existence of a surface charge
layer at the boundary having density p, C/m?. If we draw a cylindrical “pillbox” whose
top and bottom surfaces (each of area Aa) are on either side of the interface, we may use
the continuity condition to write

0ps
— IvD)Aa = 2P
(Jn2 — JIn1)Aa 5 Aa

where ps = Dno — Dyy1. Therefore,

0
IN1 — INn2 = E(DN2 — Dn1)

In terms of the normal electric field components, this becomes
01EN1 — 09ENy = - (e2EN2 — €1 En1)

ot

Now let Eng = Acos(10°t) 4+ Bsin(10°¢), while from before, Ex1 = 10 cos(10%t).
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9.23d (continued)
These, along with the permittivities and conductivities, are substituted to obtain
(4 x 1073)(10) cos(10%t) — 1073[A cos(10°t) 4 Bsin(10°t)]
= % [107 "' [A cos(10°t) 4+ Bsin(10%t)] — (2 x 107'1)(10) cos(10%¢)]
= — (1072 Asin(10%) + 1072 B cos(10%t) + (2 x 107 1) sin(10%¢)
We now equate coeflicients of the sin and cos terms to obtain two equations:
4x1072-107°A=10"°B
~10?B=—-10"2A+2x 107!
These are solved together to find A = 20.2 and B = 2.0. Thus

En2 = [20.2cos(10%) + 2.0sin(10°t)] a, = 20.3 cos(10%t + 5.6°)a, V/m

Then
Do = e2En2 = 203 cos(10°¢ + 5.6°)a, pC/m?

and
Jn2 = 0oEpN2 = 20.3 cos(109t +5.6%)a, mA/m2
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9.24. A vector potential is given as A = Aj cos(wt — kz) a,. a) Assuming as many components as
possible are zero, find H, E, and V;

With A y-directed only, and varying spatially only with z, we find

H= lV X A= _1o4, a; = —k—AOsin(wt—k‘z)az A/m
I w0z 2

Now, in a lossless medium we will have zero conductivity, so that the point form of
Ampere’s circuital law involves only the displacement current term:

oD OE

VXH:EZEE

Using the magnetic field as found above, we find

VxH= %ay = #cos(wt— kz)a, = 6%—]? = E= k:;io sin(wt — kz)a, V/m
Now,
E:—VV—%—? = VV =- {88—?+E]
. 2 ov
VV = Apw [1 — WQMJ sin(wt — kz)a, = Ty a,

Integrating over y we find

2

V:Aowy{l— ]sin(a)t—kz)—i—C

w2 pe

where C, the integration constant, can be taken as zero. In part b, it will be shown that
k = w,/ue, which means that V= 0.

b) Specify k in terms of Ay, w, and the constants of the lossless medium, € and p. Use the
other Maxwell curl equation:

0B OH
VxE=——=—pu—
X a . Mo
so that oH O 1A
1 10E, 0
E:—EVXE: ;Wax:_w'u?e Cos(wt_kz)az

Integrate over ¢ (and set the integration constant to zero) and require the result to be
consistant with part a:

k3 A k
——— sin(wt — kz)a, = —70 sin(wt — kz) a,

H=-
w?ple

from part a

We identify
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9.25. In a region where u, = ¢, = 1 and o = 0, the retarded potentials are given by V = z(z — ct)
V and A = z[(z/c) — tla, Wb/m, where ¢ = 1/,/poé€o.

a) Show that V- A = —ue(0V/0t):

First,

Second,

ov T

= —cr = —

ot v/ Ho€o

so we observe that V- A = —p0€9(0V/0t) in free space, implying that the given statement
would hold true in general media.

b) Find B, H, E, and D:

Use 94
v (4%
BZVXA:—an—<t C>ayT
Then B )
B () am
Mo Mo c
Now,
0A
E=-VV - i —(z —ct)a, —ra, + va, = (¢t — z)a, V/m

Then

D = ¢E = ¢y(ct — 2)a, C/m?

c¢) Show that these results satisfy Maxwell’s equations if J and p, are zero:
i. V-D=V-¢lct—2z2)a, =0
i. V.B=V-(t—=z/c)a, =0
iii. . .
VxH=—-—"Ya,=—a, = e—oaﬁj
0z HocC Ko
which we require to equal 0D /0t:

8D €0
— =e€pca; =/ —a
ot oty 110 T
iv. 5E
VxE= 8;ay:—ay
which we require to equal —0B/0t:

0B

— = a

ot Y

So all four Maxwell equations are satisfied.
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9.26. Write Maxwell’s equations in point form in terms of E and H as they apply to a sourceless
medium, where J and p, are both zero. Replace ¢ by u, u by ¢, E by H, and H by —E,
and show that the equations are unchanged. This is a more general expression of the duality
principle in circuit theory.

Maxwell’s equations in sourceless media can be written as:

oH

51
VXH—GE (2)
V-eE =0 (3)
V-uH=0 (4)

In making the above substitutions, we find that (1) converts to (2), (2) converts to (1),
and (3) and (4) convert to each other.
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CHAPTER 10

10.1.

10.2.

The parameters of a certain transmission line operating at w = 6 x 10® rad/s are L =
0.35 pH/m, C = 40 pF/m, G = 75 pS/m, and R = 17 Q/m. Find v, «, 8, A\, and Zy:
We use

Y =VZY = \/(R+ jwL)(G + jwC)
= /[17 + 5(6 x 108)(0.35 x 10=6)][75 x 106 + j(6 x 108)(40 x 10~12)]
=0.094+ 5225 m ! = a +jf

Therefore, « = 0.094 Np/m, (= 2.25 rad/m, and \ = 27/8 = 2.79 m. Finally,
Z R+ jwL 17 4 j2.1 x 102 .
““Vy \@+jC \/75 X106 1 j24x 102~ B0-J3648

A sinusoidal wave on a transmission line is specified by voltage and current in phasor form:

Vi(2) = Voe® el and  I,(z) = Iye™* €757 e1?

where V; and I are both real.

a) In which direction does this wave propagate and why? Propagation is in the backward z
direction, because of the factor et

b) It is found that o = 0, Zy = 509, and the wave velocity is v, = 2.5 x 10® m/s, with
w = 10%s7!. Evaluate R, G, L, C, A\, and ¢: First, the fact that & = 0 means that the
line is lossless, from which we immediately conclude that R =G = 0. As this is true it
follows that Zy = 1/L/C and v, = 1/v/LC, from which

1 1

C = = =8.0x 107" F =80 pF
Zovy  50(2.5 x 10°) 8 SER
Then
L=CZ2=(8.0x107')(50)2 =2.0 x 1077 = 0.20 uH
Now,
v, 2mv, 2m(2.5 x 10%)
A 7 » 108 5.7 m

Finally, the current phase is found through

; Vo
Tnel® = 2
0€ Zo

Since Vy, Iy, and Z; are all real, it follows that ¢ = 0.
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10.3. The characteristic impedance of a certain lossless transmission line is 72 Q. If L = 0.5 yH/m,

find:
a) C: Use Zy = +/L/C, or
L 5x1077
C 7 72)? 9.6 x 10 /m = 96 pF/m
Upt
1 1
vp = = 1.44 x 10°® m/s

VIC /(5% 10-7)(9.6 x 10-11)

c) pif f =80 MHz:
27 x 80 x 10°

f=wVLC ==

= 3.5 rad/m

d) The line is terminated with a load of 60 Q. Find I and s:

60 — 72 140 14.09
= = —0.09 = = =12
60 + 72 STIon T 1-.09 =

10.4. A sinusoidal voltage wave of amplitude Vj, frequency w, and phase constant, 3, propagates in
the forward z direction toward the open load end in a lossless transmission line of characteristic
impedance Zy. At the end, the wave totally reflects with zero phase shift, and the reflected
wave now interferes with the incident wave to yield a standing wave pattern over the line
length (as per Example 10.1). Determine the standing wave pattern for the current in the
line. Express the result in real instantaneous form and simplify.

In phasor form, the forward and backward waves are:
Vir(2) = Voe 7% + Voe!

The current is found from the voltage by dividing by Zy (while incorporating the proper
sign for forward and backward waves):

Vo e _ Vo gse _ Vo e ey = 20 g
Iior(2) = Zoe Zoe = (e e 7)) = —j Z sin(fz)

The real instantaneous current is now

I(z,t) = Re {Lsr(2)e’'} = Re _j27V0 sin(fz)[cos(wt) + j sin(wt)]

0 ~\~

_ sin((z) sin(wt)
Z
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10.5. Two characteristics of a certain lossless transmission line are Z5 = 50 Q and v = 0+50.27r m~!

at f =60 MHz.
a) Find L and C for the line: We have § = 0.27 = wv LC and Zy = 50 = y/L/C. Thus
8 I} 0.2m 1 10
Z, YT wZ0 (21 x 60 x 100)(50) _ 3 " 33.3 pF/m

Then L = CZ2 = (33.3 x 10712)(50)? = 8.33 x 107® H/m = 83.3 nH/m.

b) A load, Z;, = 60+ j80 Q is located at z = 0. What is the shortest distance from the load
to a point at which Z;,, = R;, + j07 I will do this using two different methods:

The Hard Way: We use the general expression

Zr+3jZo tan(ﬁl)]
Zo +jZL tan(ﬂl)

Z; :ZO[

We can then normalize the impedances with respect to Zy and write

o Z; _ [ (ZL/Z()) —|—jtan(ﬁl) :| _ [ 2L —I—jtan(ﬂl) :|
7y 1+ 35(ZL/Zy) tan(Bl) 1+ jzr tan(p)

where z7, = (60 + j80)/50 = 1.2 + j1.6. Using this, and defining « = tan(/l), we find

- [BE] [dm

The second bracketed term is a factor of one, composed of the complex conjugate of the
denominator of the first term, divided by itself. Carrying out this product, we find
1.2(1 — 1.62) + 1.22(1.6 + x) — j[(1.2)%2 — (1.6 + z)(1 — 1.62)]
Zin =
(1—1.60)% + (1.2)222

We require the imaginary part to be zero. Thus

(1.2)% — (1.6 +2)(1 —1.62) =0 = 1.62°+3x—-1.6=0

So z = tan(8l) = 3 2‘ (91.—2)4(1'6)2 = (.433,-2.31)

We take the positive root, and find

~0.409
027

Bl =tan"'(433) =0.409 = [ =0.65 m = 65 cm

The Fasy Way: We find

_ 60+ 580 — 50

= I T OV ().405 + 0.432 = 0.59/0.818
60 + 80 + 50 TJ

Thus ¢ = 0.818 rad, and we use the fact that the input impedance will be purely real at
the location of a voltage minimum or maximum. The first voltage maximum will occur
at a distance in front of the load given by

¢ 0.818

Zmax = % - 2(0271’) = 0.65 m
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10.6. A 50-ohm load is attached to a 50m section of the transmission line of Problem 10.1, and a
100-W signal is fed to the input end of the line.

a) Evaluate the distributed line loss in dB/m: From Problem 10.1 (or from the answer in
Appendix F) we have a = 0.094 Np/m. Then

Loss[dB/m] = 8.69« = 8.69(0.094) = 0.82 dB/m

b) Evaluate the reflection coefficient at the load: We need the characteristic impedance of
the line. Again, in solving Problem 10.1 (or looking up the answer in the appendix), we
have Zy = 93.6 — j3.64 ohms. The reflection coefficient is

Zr—Zy 50— (93.6 — j3.64
_Zr=2%0 _ ( J )——0.304—|—j0.0176 — 0.305/177°

T = - -
YT Z0+ 20 50+ (93.6 — j3.64)

c) Evaluate the power that is dissipated by the load resistor: This will be

Py =100W x e 2L x (1 — |z |?) = 100 e~ 200960 [1 — (0.305)%] = 7.5 mW

d) What power drop in dB does the dissipated power in the load represent when compared
to the original input power? This we find as a positive number through

P 1
Py[dB] = 101og;q [E} — 101og;, {i] —41.2dB

e) on partial reflection from the load, how much power returns to the input and what dB
drop does this represent when compared to the original 100-W input power? After one
round trip plus a reflection at the load, the power returning to the input is expressed as

Py = Piy x e729CH) 5 112 = 100 29000099 (0.305)2 = 6.37 x 1071 W = 637 pW

As a decibel reduction from the original input power, this becomes

=112 dB

Pin
Pout[dB] = 101og, [P—} = 10logy [

out

100
6.37 x 10—10

10.7. A transmitter and receiver are connected using a cascaded pair of transmission lines. At the
operating frequency, Line 1 has a measured loss of 0.1 dB/m, and Line 2 is rated at 0.2 dB/m.
The link is composed of 40m of Line 1, joined to 25m of Line 2. At the joint, a splice loss of
2 dB is measured. If the transmitted power is 100mW, what is the received power?

The total loss in the link in dB is 40(0.1) +25(0.2) + 2 = 11 dB. Then the received power
is P, = 100mW x 1070100 = 7.9 mW.
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10.8. An absolute measure of power is the dBm scale, in which power is specified in decibels relative
to one milliwatt. Specifically, P(dBm) = 10log;, [P(mW)/1 mW]. Suppose that a receiver is
rated as having a sensitivity of —20 dBm, indicating the mimimum power that it must receive
in order to adequately interpret the transmitted electronic data. Suppose this receiver is at
the load end of a 50-ohm transmission line having 100-m length and loss rating of 0.09 dB/m.
The receiver impedance is 75 ohms, and so is not matched to the line. What is the minimum
required input power to the line in a) dBm, b) mW?

Method 1 — using decibels: The total loss in dB will be the sum of the transit loss in the
line and the loss arising from partial transmission into the load. The latter will be

1
Lossioaq [dB] = 101ogy, <m>

where I', = (75 — 50) /(75 4 50) = 0.20. So

1
Lossieaq = 101og; (1

The transit loss will be
1
Losstrans = 101logy, (W) = (0.09dB/m)(100m) = 9.0dB

The total loss in dB is then Loss¢: = 9.0 + 0.18 = 9.2 dB. The minimum required input
power is now

Py, [dBm] = —20dBm + 9.2dB = —10.8 dBm

In milliwatts, this is

Pip mW] =10"2% =83 x 1072 mW = 83 yW

Method 2 — using loss factors: The 0.09 dB/m line loss corresponds to an exponential
voltage attenuation coefficient of o = 0.09/8.69 = 1.04 x 1072 Np/m. Now, the power
dropped at the load will be

Proad = Pipe ?*H(1 — [T|?) = Py exp [—2(1.04 x 107)(100)] [1 — (0.2)%] = 0.12P;,

Since the minimum power at the load of -20 dBm in mW is 1072, the minimum input
power will be

-2

10
P, [mW] =

012 = 8.3 x 1072mW = 83 uW as before

In dBm this is P;, = 10log;, (8.3 x 107%) = —10.8 dBm.
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10.9. A sinusoidal voltage source drives the series combination of an impedance, Z, = 50 — j50 €2,
and a lossless transmission line of length L, shorted at the load end. The line characteristic
impedance is 50 €2, and wavelength A is measured on the line.

a)

Determine, in terms of wavelength, the shortest line length that will result in the voltage
source driving a total impedance of 50 2: Using Eq. (98), with Z;, = 0, we find the input
impedance, Z;, = jZytan(SL), where Zy = 50 ohms. This input inpedance is in series
with the generator impedance, giving a total of Z;,; = 50 — j50 + j50 tan(3L). For this
impedance to equal 50 ohms, the imaginary parts must cancel. Therefore, tan(5L) = 1,
or fL = 7 /4, at minimum. So L = 7/(45) = 7/(4 x 2w /) = \/8.

Wil other line lengths meet the requirements of part a? If so what are they? Yes, the
requirement being SL = 7 /4 + mm, where m is an integer. Therefore

m/d+mr  w(1+4m) A A
L= = =<+mz
3 ix2m/A 8™

10.10. Two lossless transmission lines having different characteristic impedances are to be joined end-
to-end. The impedances are Zy; = 100 ohms and Zy3 = 25 ohms. The operating frequency is
1 GHz.

a)

Find the required characteristic impedance, Zys, of a quarter-wave section to be inserted

between the two, which will impedance-match the joint, thus allowing total power trans-

mission through the three lines: The required inpedance will be Zps = /Zg1Zp3 =
(100)(25) = 50 ohms.

The capacitance per unit length of the intermediate line is found to be 100 pF/m. Find
the shortest length in meters of this line that is needed to satisfy the impedance-matching
condition: For the lossless intermediate line,

L
Z()Q = 62 = Lo = CQZ022 Then ,82 = wy/ LQCQ = 27Tf 02 Z02
2

The line length at A\/4 (the shortest length that will work) is then

ol Lemy 1 ! =0.05m
T4 4\ B)  4fCoZyy (A x 109)(10-10)(50)

With the three-segment setup as found in parts a and b, the frequency is now doubled to
2 GHz. Find the input impedance at the Line 1-to-Line 2 junction, seen by waves incident
from Line 1: With the frequency doubled, the wavelength is cut in half, which means that
the intermediate section is now a half-wavelength long. In that case, the input impedance
is just the impedance of the far line, or Z;,, = Zy3 = 25 ohms.

Under the conditions of part ¢, and with power incident from Line 1, evaluate the standing
wave ratio that will be measured in Line 1, and the fraction of the incident power from Line
1 that is reflected and propagates back to the Line 1 input. The reflection coefficient at the
junction is I';,, = (25—100)/(25+100) = —3/5. So the VSWR = (1+3/5)/(1—-3/5) = 4.
The fraction of the power reflected at the junction is |T'|? = (3/5)? = 0.36, or 36%.
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10.11. A transmission line having primary constants L, C; R, and G, has length ¢ and is terminated
by a load having complex impedance Ry + jXr. At the input end of the line, a DC voltage
source, Vj, is connected. Assuming all parameters are known at zero frequency, find the steady
state power dissipated by the load if

2)

b)

R = G = 0: Here, the line just acts as a pair of lossless leads to the impedance. At zero
frequency, the dissipated power is just Py = VZ/Ry.

R # 0, G = 0: In this case, the load is effectively in series with a resistance of value R/.
The voltage at the load is therefore Vi, = VoR/(R{ + Ry), and the dissipated power is
Py =V?/R, =VZRL/(Rl+ Rp)%

R =0, G # 0: Now, the load is in parallel with a resistance, 1/(G¥), but the voltage at
the load is still Vj. Dissipated power by the load is Py = VZ/Ry.

R # 0, G # 0: One way to approach this problem is to think of the power at the load
as arising from an incident voltage wave of vanishingly small frequency, and to assume
that losses in the line are sufficient to allow steady state conditions to be reached after
a single reflection from the load. The “forward-traveling” voltage as a function of z is
given by V(z) = Vyexp (—vyz), where v = /(R + jwL)(G + jwC) — Vv RG as frequency
approaches zero. Considering a single reflection only, the voltage at the load is then
Vi =1 +T)Vyexp (—\/ RG £>. The reflection coeflicient requires the line characteristic

impedance, given by Zy = [(R + jwL)/(G + jouC)}l/2 — /R/G as w — 0. The reflection
coefficient is then I' = (R, — \/R/G) /(R + v/ R/G), and so the load voltage becomes:

2R,
V= — =" oxp (—VERGE
"Ry JRIG T ( )

The dissipated power is then

V2 AR, V2
Py = 2L _ L0 exp (—2\/RG€> W

7 (e ve)
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10.12. In a circuit in which a sinusoidal voltage source drives its internal impedance in series with a
load impedance, it is known that maximum power transfer to the load occurs when the source
and load impedances form a complex conjugate pair. Suppose the source (with its internal
impedance) now drives a complex load of impedance Z;, = Ry, + j X that has been moved to
the end of a lossless transmission line of length ¢ having characteristic impedance Zy. If the
source impedance is Z; = R, + jX,, write an equation that can be solved for the required
line length, ¢, such that the displaced load will receive the maximum power.

The condition of maximum power transfer will be met if the input impedance to the line
is the conjugate of the internal impedance. Using Eq. (98), we write

(RL + jX1)cos(BL) + jZysin(BL)
Zycos(Bl) + j(Rr + jX1)sin(8Y¢)

Zin:ZO :Rg_ng
This is the equation that we have to solve for £ — assuming that such a solution exists.

To find out, we need to work with the equation a little. Multiplying both sides by the
denominator of the left side gives

Zo(Rr, + jX1) cos(BC) + j Z3 sin(BE) = (Ry — 7X,)[Zo cos(BE) + j(Rr + 7 X1) sin(30)]

We next separate the equation by equating the real parts of both sides and the imaginary
parts of both sides, giving

(R — Rg) cos(pl) = % sin(¢) (real parts)
0

and
R,R; — 7}
(X1 + Xg4)cos(Bl) = % sin(f¢) (imaginary parts)
0

Using the two equations, we find two conditions on the tangent of G¢:

Zo(RL — Ry) _ Zo(Xp + Xy)

1, /) = =
an(6t) X, X1 R Ry — 72

For a viable solution to exist for ¢, both equalities must be satisfied, thus limiting the
possible choices of the two impedances.
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10.13. The incident voltage wave on a certain lossless transmission line for which Z; = 502 and
vp =2 % 10® m/s is V*(z,t) = 200 cos(wt — 7z) V.
a) Find w: We know 8 =7 = w/v,, so w = 7(2 x 10%) = 6.28 x 108 rad/s.
b) Find It (z,t): Since Z, is real, we may write

Vt(z,t)

0

It (z,t) = = 4cos(wt —7z) A

The section of line for which z > 0 is replaced by a load Z;, =50+ 530 Q2 at z = 0. Find
¢) I'p: This will be

50 + j30 — 50
) — 0825 + j0.275 = 0.287/1.28 rad

LT 50430 +50

d) Vi (2) =TV (2)e??% = 0.287(200)ei™#e71-28 = 57 57 (r=+128)

S

e) Vsat z=—-22m:

Vo(=2.2) = ViF(=2.2) + V. (=2.2) = 200e7%2™ 4 57.5¢7(2:27=1.28) — 957 55063
— 257.5/36°
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10.14. A lossless transmission line having characteristic impedance Z; = 50 ohms is driven by a
source at the input end that consists of the series combination of a 10-V sinusoidal generator
and a 50-ohm resistor. The line is one-quarter wavelength long. At the other end of the line,
a load impedance, Z;, = 50 — j50 ohms is attached.

a) Evaluate the input impedance to the line seen by the voltage source-resistor combination:
For a quarter-wave section,
Z3 (50)2
Zip = 2% = = =25+ j25 ohms
Zr 50— j50 20 + j20 ohms
b) Evaluate the power that is dissipated by the load: This will be the same as the power

dissipated by Z;,, assuming we replace the line-load section by a lumped element of

impedance Z;,,. The voltage across Z;, will be
Z; 25 + j25
Vin = Vo = { i

Cin___ g |2 94 s
°Zy + Zin 50+25+j25] *J

The power will be

1 Vin Vi 1 (10 + 55)(10 — j5)
P,=P, == o L — - =12
L 2Re{ Z } 2Re{ 25 — j25 oW

c) Evaluate the voltage amplitude that appears across the load: The phasor voltage at any
point in the line is given by the sum of forward and backward waves:

VS(Z) _ Vo-i-e—jﬁz 4 Vo—e-i-jﬁz
where V;~ =TV, and where

 Zp—2Zy 50— 350 —50
 Zr+2Zy 50— 550 4+ 50

T, =0.2—50.4

By our convention, the load is located at z = 0. The voltage at the line input, V;,, is
therefore given by the above voltage expression evaluated at z = —¢, where { = —\/4.
Thus ¢ = /2, and

Vin = V(=) = Vit [P+ Tpe 7] = Vi [+ (0.2 — j0.4)(—5)] = Vi (0.4 + j0.8)

Using V;,, from part b, we have

— (10 + 55)
0 7 (0.4 4+ j0.8)
Now, the voltage at the load will be
10 + j5) ) .
Vi =V 4T __(0+j5) 140.2—3504)=—-5+415V
p=Vo(1+T) Coa+jos T j04)=5+jI5V
As a check,
1 VLV 1 (=54 j15)(=5 — j15)
Pr=-R =-R =125 W
L=3 e{ Zr } 2 e{ 50 + 50

which is in agreement with part b.
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10.15. For the transmission line represented in Fig. 10.29, find Vj o if f =:

a)

60 Hz: At this frequency,

w 2m % 60
= . T —19x10 %rad l=(1.9%x107° =15x107" << 1
B o = 2/3)3 X 109 9x 107" rad/m So Sl = (1.9x107°)(80) 5x107°% <<

The line is thus essentially a lumped circuit, where Z;,, = Z; = 80 2. Therefore

80
12+ 80

V:G,out =120 |: :| = M

500 kHz: In this case

2 10°
g 2m X O X0 e 1072 rad/s So Bl = 1.57 x 10-2(80) = 1.26 rad
2 x 108
Now 80 cos(1.26) + j50sin(1.26)
cos(1. + 700simn(1. .
Zin = 50 i = 33.17 — jO.57 = 34.5/ — .28
[50 cos(1.26) + 580 sm(1.26)] J

The equivalent circuit is now the voltage source driving the series combination of Z;,, and
the 12 ohm resistor. The voltage across Z;,, is thus

33.17 — j9.57
12 + 33.17 — j9.57

Vin = 120 [L} =120 [

=89.5 — j6.46 = 89.7/ — .071
2+ 7 ] 89.5 — j6.46 = 89.7 07

The voltage at the line input is now the sum of the forward and backward-propagating
waves just to the right of the input. We reference the load at z = 0, and so the input is
located at z = —80 m. In general we write V;, = Vy"e™9%* 4V e7P% where

80 — 50 v 3 vt

80+50 ¢ 130

Vo =TV =

At z = —80 m we thus have

89.5 — j6.46
€126 1 (3/13)e 7126

. 3 .
Vin = Vg QI126 4 O —j126| Vit =

— 427~ 5100 V
13 J

Now
Viout = Vo (14+T1) = (42.7 — §100)(1 4+ 3/(13)) = 134/ — 1.17rad = 52.6 — j123 V
As a check, we can evaluate the average power reaching the load:

1| Vs out|? 134)2
Py = WWooul® _ 10134

1
— =112 W
2 Rp 2 80

This must be the same power that occurs at the input impedance:

1 1
Puvg.in = 5Re{VinI},} = 5Re{(89.5 — j6.46)(2.54 + j0.54)} = 112 W
where Iy, = Vin /Zin = (89.5 — j6.46)/(33.17 — j9.57) = 2.54 + j0.54.
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10.16. A 100-L2 lossless transmission line is connected to a second line of 40-2 impedance, whose
length is A/4. The other end of the short line is terminated by a 25-€ resistor. A sinusoidal
wave (of frequency f) having 50 W average power is incident from the 100-§2 line.

a) Evaluate the input impedance to the quarter-wave line: For the quarter-wave section,
Zg, _ (40)?

Zin, = = = 64 oh
7, 9% 64 ohms

b) Determine the steady state power that is dissipated by the resistor: This will be the same
as the power dropped across a lumped element of impedance Z;, at the junction, which
replaces the termimated 40-ohm line. The reflection coefficient at the junction is

r ~ Zin—Zn _ 64-100 9
ez Zo1 644100 41

The dissipated power there is then

9 2
Py = P, =50 (1 — [Ty, [*) = 50 <1 - (H) ) — 47.6 W

¢) Now suppose the operating frequency is lowered to one-half its original value. Determine
the new input impedance, Z/,, for this case: Halving the frequency doubles the wave-

length, so that now the 40-ohm section is of length ¢ = A\/8. 3¢ is now /4, and the input
impedance, from Eq. (98) is:

25 cos(m/4) + j40sin(7/4)

Z! =40
b 40 cos(m/4) + j25sin(m/4)

= 36.0 + j17.5 ohms

d) For the new frequency, calculate the power in watts that returns to the input end of the
line after reflection: The new reflection coefficient is

, Zj, — Zo1 _ 36.0+3j17.5 — 100

- Zin = Lot _ = —0.447 + j0.186
n Tz Zo1  36.0+ 417.5+ 100 I

The reflected power (all of which returns to the input) is

Prey = 50T, |* = 50(0.234) = 11.7 W
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10.17. Determine the average power absorbed by each resistor in Fig. 10.30: The problem is made
easier by first converting the current source/100 ohm resistor combination to its Thevenin
equivalent. This is a 50/0 V voltage source in series with the 100 ohm resistor. The next
step is to determine the input impedance of the 2.6 length line, terminated by the 25 ohm
resistor: We use 5l = (27/A)(2.6\) = 16.33 rad. This value, modulo 27 is (by subtracting 27
twice) 3.77 rad. Now

25 cos(3.77) + j50sin(3.77)

50 cos(3.77) + j25sin(3.77)

= 33.7+j24.0

The equivalent circuit now consists of the series combination of 50 V source, 100 ohm resistor,
and Z;,, as calculated above. The current in this circuit will be

50

I = =0.3684 — .178
100 + 33.7 4+ 524.0

The power dissipated by the 25 ohm resistor is the same as the power dissipated by the real
part of Z;,, or
1 1
Pys = P33.7 = 5\1121% = 5(.368)2(33.7) =228 W

To find the power dissipated by the 100 ohm resistor, we need to return to the Norton config-
uration, with the original current source in parallel with the 100 ohm resistor, and in parallel
with Z;,. The voltage across the 100 ohm resistor will be the same as that across Z;,, or

V =1Z;, = (.368/ — .178)(33.7 + j24.0) = 15.2/0.44. The power dissipated by the 100 ohm
resistor is now

Pioo = = =
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10.18 The line shown in Fig. 10.31 is lossless. Find s on both sections 1 and 2: For section 2, we
consider the propagation of one forward and one backward wave, comprising the superposition
of all reflected waves from both ends of the section. The ratio of the backward to the forward
wave amplitude is given by the reflection coefficient at the load, which is

50 — 7100 — 50 —9 1 .
50 — 5100 + 50 1—3 2
Then [T'r| = (1/2)y/(1 — j)(1 +j) = 1/+/2. Finally
1 T 1+1/4/2
Sp = +10el _ +/\[—5.83

1= 112 T

For section 1, we need the reflection coefficient at the junction (location of the 100 € resistor)
seen by waves incident from section 1: We first need the input impedance of the .2\ length of
section 2:

7, — 50 | BV = 7100) cos(fhl) 4 750 Sin(ﬂzl)] 50 {(1 — j2)(0.309) + j0.951

50 cos(Bal) + (50 — j100) sin(Ba1) 0.309 + j(1 — 52)(0.951)
= 8.63 + j3.82 = 9.44/0.42rad

Now, this impedance is in parallel with the 1002 resistor, leading to a net junction impedance
found by

L S S
Zinr 100 8.63 + 53.82

=  Zinr = 8.06 4+ 73.23 = 8.69/0.38 rad

The reflection coefficient will be

Zinr — 50
;=229 0717+ j0.096 = 0.723/3.0rad
7= Zimr + 50 i ra

and the standing wave ratio is s; = (1 +0.723)/(1 — 0.723) = 6.22.
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10.19. A lossless transmission line is 50 cm in length and operating at a frequency of 100 MHz. The
line parameters are L = 0.2 pH/m and C' = 80 pF/m. The line is terminated by a short
circuit at z = 0, and there is a load, Z;, = 50 + j20 ohms across the line at location z = —20
cm. What average power is delivered to Zj, if the input voltage is 100/0 V? With the given
capacitance and inductance, we find

L 2 x 107
Z fry —_— = _— = Q
o=V T Vsx10n 50
1 1

PTVIC T J2x107)(0 x 10-1)

Now 3 = w/v, = (2 x 108)/(2.5 x 108) = 2.5 rad/s. We then find the input impedance to
the shorted line section of length 20 cm (putting this impedance at the location of Zp, so
we can combine them): We have 5l = (2.5)(0.2) = 0.50, and so, using the input impedance
formula with a zero load impedance, we find Z;,; = j50tan(0.50) = j27.4 ohms. Now, at
the location of Zj, the net impedance there is the parallel combination of Z; and Z;,1:
Znet = (504 320)||(527.4) = 7.93+ 719.9. We now transform this impedance to the line input,
30 cm to the left, obtaining (with 8l = (2.5)(.3) = 0.75):

and
=2.5x10° m/s

(7.93 + 719.9) cos(.75) + 750 sin(.75)

2 50 cos(.75) + j(7.93 + j19.9) sin(.75)

=35.9+7598.0 =104.3/1.22

The power delivered to Zp, is the same as the power delivered to Z;,2: The current magnitude
is |[I| = (100)/(104.3) = 0.96 A. So finally,

1 1
P= 5\112}2 = 5(0.96)2(35.9) =165 W
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10.20 a) Determine s on the transmission line of Fig. 10.32. Note that the dielectric is air: The
reflection coeflicient at the load is

40+ j30 — 50 1+.333
IOV 50.333 = 0.333/1.57rad  Then s —
40+ j30+50 7 ra T 333

L =20

b) Find the input impedance: With the length of the line at 2.7\, we have gl = (27)(2.7) = 16.96
rad. The input impedance is then

(40 4 730) cos(16.96) + j50sin(16.96) | —1.236 — j5.682

50 cos(16.96) + 5(40 + j30)sin(16.96) | 1.308 — 53.804

Zin = 50 =61.8—737.5Q

c) If wL =109, find I;: The source drives a total impedance given by Z,; = 20+ jwL + Z;,, =
20 + 510 + 61.8 — 537.5 = 81.8 — 527.5. The current is now I, = 100/(81.8 — j27.5) =
1.10 + 50.37T A.

d) What value of L will produce a maximum value for |I;| at w = 1 Grad/s? To achieve this,
the imaginary part of the total impedance of part ¢ must be reduced to zero (so we need an
inductor). The inductor impedance must be equal to negative the imaginary part of the line
input impedance, or wL = 37.5, so that L = 37.5/w = 37.5nH. Continuing, for this value of
L, calculate the average power:

e) supplied by the source: Ps = (1/2)Re{V,If} = (1/2)(100)(1.10) = 55.0 W.

f) delivered to Zy, = 40 4 j30Q: The power delivered to the load will be the same as the power
delivered to the input impedance. We write

1 1
Py = 5Re{Zm}yIs|2 = 5(61.8)[(1.10 +7.37)(1.10 — 5.37)] = 41.6 W

10.21. A lossless line having an air dielectric has a characteristic impedance of 400 2. The line is
operating at 200 MHz and Z;,, = 200 — 5200 2. Use analytic methods or the Smith chart (or
both) to find: (a) s; (b) Zy, if the line is 1 m long; (c) the distance from the load to the nearest
voltage maximum: I will first use the analytic approach. Using normalized impedances, Eq.
(13) becomes

. Zin _ [zrcos(BL) +jsin(BL)| [ 2z +jtan(BL)
Ty T [cos(ﬁL) ¥z sin(ﬁL)] = | T+ jzr tan(BL)

Solve for zp,:

O — jtan(BL) ]
S tan(GL) |
where, with A = ¢/f = 3 x 108/2 x 10® = 1.50 m, we find BL = (27)(1)/(1.50) = 4.19, and so
tan(BL) = 1.73. Also, z;,, = (200 — 5200)/400 = 0.5 — 50.5. So
~ 05-40.5—-71.73
~ 1—4(0.5—50.5)(1.73)

2L = 2.61 + j0.174

Finally, Z; = z1(400) = 1.04 x 103 + j69.8 . Next

Zr, —Zy  6.42 x 10% + j69.8 , = 5
_ _ — 446+ j2.68 x 1072 = .447/6.0 x 1072 rad
70+ Z0 144 x 10° + j69.8 + 208 x % e
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10.21. (continued) Now
4T 14447

TTAID T 1- 447

2.62
Finally

¢ _ Ap _ (6.0x1077)(1.50)

Fmaz = o8 T Tp T A

=-72%x10"° m=—-7.2mm

We next solve the problem using the Smith chart. Referring to the figure below, we first
locate and mark the normalized input impedance, z;, = 0.5 — j0.5. A line drawn from the
origin through this point intersects the outer chart boundary at the position 0.0881 A\ on the
wavelengths toward load (WTL) scale. With a wavelength of 1.5 m, the 1 meter line is 0.6667
wavelengths long. On the WTL scale, we add 0.6667A, or equivalently, 0.1667X (since 0.5\ is
once around the chart), obtaining (0.0881 + 0.1667)A) = 0.2548\, which is the position of the
load. A straight line is now drawn from the origin though the 0.2548\ position. A compass
is then used to measure the distance between the origin and z;,. With this distance set, the
compass is then used to scribe off the same distance from the origin to the load impedance,
along the line between the origin and the 0.2548\ position. That point is the normalized load
impedance, which is read to be z;, = 2.6 + j0.18. Thus Z; = z1,(400) = 1040 + j72. This is
in reasonable agreement with the analytic result of 1040 + j69.8. The difference in imaginary
parts arises from uncertainty in reading the chart in that region.

In transforming from the input to the load positions, we cross the r > 1 real axis of the chart at
r=2.6. This is close to the value of the VSWR, as we found earlier. We also see that the r > 1
real axis (at which the first V;,,4, occurs) is a distance of 0.0048\ (marked as .005\ on the chart)
in front of the load. The actual distance is 24, = —0.0048(1.5) m = —0.0072m = —7.2 mm.

z1. location

[ =26+ 718 25481 (WTL)
l g 2 < > / 812 L-

onenT{-fL), OR CONDUCTANCE Com (- - ;
- s=2.6 Vimax location:

1672 250A

667 (.00481
| from load)
Zin=.5-j.5

o

o

3,
sta

A,

Zin location
0.811 (WTL)

Problem 10.21
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10.22. A lossless 75-ohm line is terminated by an unknown load impedance. A VSWR of 10 is
measured, and the first voltage minimum occurs at a 0.15 wavelengths in front of the load.
Using the Smith chart, find

a)

V,.in location o
= pl «Q = b 2 3 e} 2= i b Q Rl 2 2 2 = < o’
(N E S=H e s gl g2l o = elals sHHshis Sl
.

The load impedance: Referring to the Smith chart section below, first mark the VSWR
on the positive real axis and set the compass to that length. The voltage minimum will
be located on the negative real axis and will have normalized impedance of the reciprocal
of the VSWR, or 0.1. This value is marked and is labled as the V,,;, location. Now,
move toward the load by a distance of 0.15 wavelenths (using the wavelenths toward load
scale). The dashed line is drawn from the origin through the 0.15A mark on the scale.
Use the compass (set to the VSWR length) to scribe the point on the dashed line that is
labled zr. We identify that as the normalized load impedance, z;, = 0.28 — j1.34. The
load impedance is then Z; = 75z = 21.0 — 5100 ohms

The magnitude and phase of the reflection coefficient: The magnitude of I';, can be found
by measuring the compass span on the linear “Ref. coeff. E or I” scale on the bottom of
the chart. Set the compass point at the center position, and then scribe on the scale to
the left to find |I'z| = 0.82. The phase is the angle of the dashed line from the positive
real axis, which is read from the “angle of reflection coefficient” scale as ¢ = —72°. In
summary, I'y, = 0.82/ — 72°

The shortest length of line necessary to achieve an entirely resistive input impedance: In
moving toward the generator from the load, we look for the first real axis crossing. This
occurs simply at the Vi,;, location, and so we identify the shortest length as just 0.15\.

@
=]

0.7
sT0
ST0

=
2
NEIDI40D NOTLOA'L

RESISTANCE COMPONENT (R/ Zo), OR CONDUCTANCE COMPONENT (G/ Yok \
u

)
8

NLINAIDLITE0D NOISSINSY

GERY e} NI

\ 0

SEOIN
S5

= ; Segment length = VSWR = 10 |

Load location: 0.154
v toward load from V,,,
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10.23. The normalized load on a lossless transmission line is z;, = 2+ j1. Let A = 20 m Make use of
the Smith chart to find:

a)

c)

the shortest distance from the load to the point at which z;, = r;, + 50, where r;,, > 1
(not greater than 0 as stated): Referring to the figure below, we start by marking the
given zy, on the chart and drawing a line from the origin through this point to the outer
boundary. On the WTG scale, we read the 2z location as 0.213\. Moving from here
toward the generator, we cross the positive I'p axis (at which the impedance is purely
real and greater than 1) at 0.250\. The distance is then (0.250 — 0.213)A = 0.037\ from
the load. With A = 20 m, the actual distance is 20(0.037) = 0.74 m.

Find z;, at the point found in part a: Using a compass, we set its radius at the distance
between the origin and z;. We then scribe this distance along the real axis to find
Zin — Tin — 2.61.

o ' ISNECNNN

0
Load position: o
2130 (WTG)
) 9 X
X CRACY
Problem 10.23 .
: AR
93 =
"O ZL = 2 + J .037)\. =4
21212t
z%“’
30 %
g1
3 ©] g < = ! - |3 g g o9
I a 3
() _ rip =5 = 2.61 rin position: 3
2501 (WTG) 113/, 1,
STE[ 88
) N

The line is cut at this point and the portion containing zy is thrown away. A resistor
r = r;n of part a is connected across the line. What is s on the remainder of the line?
This will be just s for the line as it was before. As we know, s will be the positive real
axis value of the normalized impedance, or s = 2.61.

What is the shortest distance from this resistor to a point at which z;, = 2 4+ j1?7 This
would return us to the original point, requiring a complete circle around the chart (one-
half wavelength distance). The distance from the resistor will therefore be: d = 0.500 A —
0.037 X = 0.463 . With A\ = 20 m, the actual distance would be 20(0.463) = 9.26 m.
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10.24. With the aid of the Smith chart, plot a curve of |Z;,| vs. [ for the transmission line shown
in Fig. 10.33. Cover the range 0 < [/\ < 0.25. The required input impedance is that at the
actual line input (to the left of the two 2012 resistors. The input to the line section occurs just
to the right of the 20€) resistors, and the input impedance there we first find with the Smith
chart. This impedance is in series with the two 20 resistors, so we add 402 to the calculated
impedance from the Smith chart to find the net line input impedance. To begin, the 2052
load resistor represents a normalized impedance of z; = 0.4, which we mark on the chart (see
below). Then, using a compass, draw a circle beginning at z;, and progressing clockwise to
the positive real axis. The circle traces the locus of z;, values for line lengths over the range

0<l<A/4
o L 038 o.’
o~°'_‘ @ 8 O
w > Xy a5,
4 2 NGy \
& ? Problem 10.24 a3
€ o %
% b
2&
y
sl Lo X
8 ‘o'
4 (. X ‘
:3 ) Xy
B3 TR )
f &
3 ‘ !
f 428 Haun : . : k P
! PR ;) — 0.4 :

On the chart, radial lines are drawn at positions corresponding to .025\ increments on the
WTG scale. The intersections of the lines and the circle give a total of 11 z;,, values. To these
we add normalized impedance of 40/50 = 0.8 to add the effect of the 40(2 resistors and obtain
the normalized impedance at the line input. The magnitudes of these values are then found,
and the results are multiplied by 50€2. The table below summarizes the results.

l/_)\ Zini (to right of 409) Zin = Zinl + 0.8 | Zin| = 50|2in]
0 0.40 1.20 60
025 0.41 + j.13 1.21 + j.13 61
.050 0.43 + j.27 1.23 +j.27 63
.075 0.48 + j.41 1.28 + j.41 67
.100 0.56 + j.b7 1.36 + j.57 74
125 0.68 + j.73 1.48 +j.73 83
.150 0.90 + j.90 1.70 + .90 96
175 1.20 + j1.05 2.00 + j1.05 113
.200 1.65 + j1.05 2.45 + j1.05 134
.225 2.2 4+ 3.7 3.0+ j.7 154
.250 2.5 3.3 165
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10.24. (continued) As a check, the line input input impedance can be found analytically through

Zin = 40 + 50 [20 cos(2rl/) + 50 sin(2ml/ A)] _ [60 cos(271/A) + j66 sin(27l/))

50 cos(2ml/X) + j20sin(27l/\) 50 cos(2ml/X) + j20sin(27l /)

from which

Zun| = 50 [36 cos? (27l /) + 43.6 sin2(27rl//\)} 1z
e 25 cos2 (27l /\) 4 4sin? (21l /\)

This function is plotted below along with the results obtained from the Smith chart. A fairly
good comparison is obtained.

Problem 10.24
165 T T T T T T T T s

1545 - &=
4l -
1335 - -
23 -

1125 -1

| Zin|

102~ 4 -
95~ -
811 -

70.5 [~ =

1 i { 1 1 1 |
0 0025 005 0075 01 013 015 018 02 023 025

length/wavelength

60

— Smith Chart
- Analytic
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10.25. A 300-ohm transmission line is short-circuited at z = 0. A voltage maximum, |V|;,q. = 10V,
is found at z = —25 c¢m, and the minimum voltage, |V|min = 0, is found at z = —50 cm. Use
the Smith chart to find Z, (with the short circuit replaced by the load) if the voltage readings

are:

a)

|V |maz =12 V at z = =5 cm, and |V | = 5 V: First, we know that the maximum and
minimum voltages are spaced by A/4. Since this distance is given as 25 cm, we see that
A =100 cm = 1 m. Thus the maximum voltage location is 5/100 = 0.05\ in front of the
load. The standing wave ratio is s = |V|maz/|V |min = 12/5 = 2.4. We mark this on the
positive real axis of the chart (see next page). The load position is now 0.05 wavelengths
toward the load from the |V|,,4, position, or at 0.30 A on the WTL scale. A line is drawn
from the origin through this point on the chart, as shown. We next set the compass to
the distance between the origin and the z = r = 2.4 point on the real axis. We then scribe
this same distance along the line drawn through the .30 A position. The intersection is
the value of 2z, which we read as z;, = 1.65 + 5.97. The actual load impedance is then
Zr, = 300z = 495 + 5290 Q.

|V |maz = 17 V at z = —20 cm, and |V, = 0. In this case the standing wave ratio is
infinite, which puts the starting point on the » — oo point on the chart. The distance of
20 cm corresponds to 20/100 = 0.20 A\, placing the load position at 0.45A on the WTL
scale. A line is drawn from the origin through this location on the chart. An infinite
standing wave ratio places us on the outer boundary of the chart, so we read z;, = j0.327
at the 0.45 X WTL position. Thus Z;, = 7300(0.327) = j98 ).

&% . ’
K : N

2L = j.327
) % (part b) &%
¥ & Problem 10.25
e " , &
/% : : \
1 .
i) | i : - : 050 h\a)
’ fidsiss » 0.201 (part b) 120 =1.65+ j.97 @l (part a)
; 8 (parta) %H AL
T A - g
f x r" ‘!’g_l_ ' 2 o g
‘ T ThHRusisTance componanT(R-), R CoNpucTANCE Go! (#) . =124 (pan a) % § —> gO ‘
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10.26. A 50-ohm lossless line is of length 1.1\, It is terminated by an unknown load impedance. The
input end of the 50-ohm line is attached to the load end of a lossless 75-ohm line. A VSWR of
4 is measured on the 75-ohm line, on which the first voltage maximum occurs at a distance of
0.2\ in front of the junction between the two lines. Use the Smith chart to find the unknown
load impedance.
First, mark the VSWR on the positive real axis, which gives the magnitude of I" as deter-
mined on the 75-ohm line. The starting point is thus » = 4, x = 0, which is the location
of the first voltage maximum. From there, move toward the load by 0.2 wavelengths,
and note the normalized impedance there, marked as z;,; = 0.28 4+ 70.30. This is the
normalized load impedance at the junction, as seen by the 75-ohm line.

The next step is to re-normalize z;,1 to the 50-ohm line to find z;,5. This will be
75
Zin2 = Zinl 55 = 0.42 4 j0.45

which is marked on the chart as shown. Now, this point is translated toward the load
by 1.1\ (equivalent to 0.1)\) to obtain the normlized load impedance, z;, = 0.35 — j0.135,
marked on the chart. The load impedance is thus

Zp, = 50(0.35 — j0.135) = 17.5 — j6.8 ohms

Renormalized junction
location (referenced to
50-ohm line)

Junction location: 0.24
toward load from ¥,

08

z,,= 042+ j0.45

~ X

2
2

N
N,
&0
N S
- z,,=028+,0.30 A /7335 X .y
~ N 2] Segment length = VSWR =4 A

0.6
0.7
0.8

= n
S =

5|2 Load location, 1.14
toward load on 50-ohm line

‘ or
4 i 5 )
AR S S TN

) Y “‘
) “ ‘:‘. < ..
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10.27. The characteristic admittance (Yp = 1/Zj) of a lossless transmission line is 20 mS. The line is
terminated in a load Y7, = 40 — 720 mS. Make use of the Smith chart to find:

a)

s: We first find the normalized load admittance, which is y;, = Y7,/Yy = 2 — j1. This is
plotted on the Smith chart below. We then set on the compass the distance between yr,
and the origin. The same distance is then scribed along the positive real axis, and the
value of s is read as 2.6.

Y, if { = 0.15 A: First we draw a line from the origin through z;, and note its intersection
with the WTG scale on the chart outer boundary. We note a reading on that scale of
about 0.287 A. To this we add 0.15 A\, obtaining about 0.437 A, which we then mark on
the chart (0.287 A is not the precise value, but I have added 0.15 A to that mark to obtain
the point shown on the chart that is near to 0.437 A. This “eyeballing” method increases
the accuracy a little). A line drawn from the 0.437 X position on the WTG scale to the
origin passes through the input admittance. Using the compass, we scribe the distance
found in part a across this line to find y;,, = 0.56 — j0.35, or Y;,, = 20y;,, = 11 — j7.0 mS.

the distance in wavelengths from Y7, to the nearest voltage maximum: On the admittance
chart, the V,,,, position is on the negative I', axis. This is at the zero position on the
WTL scale. The load is at the approximate 0.213 A point on the WTL scale, so this
distance is the one we want.

M
i §=§.
HH Problem 10.27 ;%
t o3 c ! < 121515 E
- . | z
TEr | e g i A, s=26 3
3 : Vinax occurs
here 0.151 e 3|8
11
3
5
0 ' : Yin = .56 — j.35 g
)
)
N / ] (
R / ~ 02131
S wtL) |/
"’a 4 - (57(
A 2.
NN &
() é"bvqba é
A 2 .so /
X RN {;v" 2

203



10.28. The wavelength on a certain lossless line is 10cm. If the normalized input impedance is
Zin = 1 4+ j2, use the Smith chart to determine:

a)

s: We begin by marking z;, on the chart (see below), and setting the compass at its
distance from the origin. We then use the compass at that setting to scribe a mark on
the positive real axis, noting the value there of s = 5.8.

zr,, if the length of the line is 12 cm: First, use a straight edge to draw a line from the origin
through z;,,, and through the outer scale. We read the input location as slightly more than
0.312X on the WTL scale (this additional distance beyond the .312 mark is not measured,
but is instead used to add a similar distance when the impedance is transformed). The
line length of 12cm corresponds to 1.2 wavelengths. Thus, to transform to the load, we
go counter-clockwise twice around the chart, plus 0.2), finally arriving at (again) slightly
more than 0.012X\ on the WTL scale. A line is drawn to the origin from that position,
and the compass (with its previous setting) is scribed through the line. The intersection
is the normalized load impedance, which we read as zy, = 0.173 — 70.078.

xr, if z;, = 24 jxr, where z;, > 0. For this, use the compass at its original setting to
scribe through the r = 2 circle in the upper half plane. At that point we read xj = 2.62.

PP s SISy ] N
096? .%‘,“dﬁ 0. axe
A = \
73K Problem 10.28
7 &\.g AN Input Location:
4 A3 Zin =14 j2 0.312% (WTL)
7
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7 £/ : ¥ _ : 2%
1 / ‘ 5 : 1\
4 5 ; v ; 2L =2+ j2.62 CXNgke\uf
o] [ $ ’ (part c) 3
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0.012F A (WTL) A il
. | cour ) om 278|818
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10.29. A standing wave ratio of 2.5 exists on a lossless 60 €2 line. Probe measurements locate a voltage
minimum on the line whose location is marked by a small scratch on the line. When the load
is replaced by a short circuit, the minima are 25 ¢m apart, and one minimum is located at
a point 7 cm toward the source from the scratch. Find Zj;: We note first that the 25 cm
separation between minima imply a wavelength of twice that, or A = 50 cm. Suppose that the
scratch locates the first voltage minimum. With the short in place, the first minimum occurs
at the load, and the second at 25 cm in front of the load. The effect of replacing the short
with the load is to move the minimum at 25 cm to a new location 7 cm toward the load, or at
18 cm. This is a possible location for the scratch, which would otherwise occur at multiples of
a half-wavelength farther away from that point, toward the generator. Our assumed scratch
position will be 18 cm or 18/50 = 0.36 wavelengths from the load. Using the Smith chart (see
below) we first draw a line from the origin through the 0.36A point on the wavelengths toward
load scale. We set the compass to the length corresponding to the s = r = 2.5 point on the
chart, and then scribe this distance through the straight line. We read z; = 0.79 4+ j0.825,
from which Zj = 47.4+ j49.5 Q. As a check, I will do the problem analytically. First, we use

1 4(18
zmm:—18cm=—ﬁ(¢+ﬂ) = ¢= [%—1] m = 1.382rad = 79.2°
Now 1 25-1
S — 0 —
Il = — — (0.4286
ITrl s+1 2541

and so I';, = 0.4286/1.382. Using this, we find

. 1+T1,

= =0. 10.82
1T, 0.798 + 70.823

2L

and thus Z;, = z1,(60) = 47.8 + j49.3 Q.

- o o3
0:; ) 0-28 = 2.3 ;ua
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7z = .79 + j.825
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10.30. A 2-wire line, constructed of lossless wire of circular cross-section is gradually flared into a
coupling loop that looks like an egg beater. At the point X, indicated by the arrow in Fig.
10.34, a short circuit is placed across the line. A probe is moved along the line and indicates
that the first voltage minimum to the left of X is 16cm from X. With the short circuit
removed, a voltage minimum is found 5cm to the left of X, and a voltage maximum is located
that is 3 times voltage of the minimum. Use the Smith chart to determine:

a)

f: No Smith chart is needed to find f, since we know that the first voltage minimum in
front of a short circuit is one-half wavelength away. Therefore, A = 2(16) = 32cm, and
(assuming an air-filled line), f = ¢/A = 3 x 10%/0.32 = 0.938 GHz.

s: Again, no Smith chart is needed, since s is the ratio of the maximum to the minimum
voltage amplitudes. Since we are given that V.. = 3Vinin, we find s = 3.

the normalized input impedance of the egg beater as seen looking the right at point
X: Now we need the chart. From the figure below, s = 3 is marked on the positive
real axis, which determines the compass radius setting. This point is then transformed,
using the compass, to the negative real axis, which corresponds to the location of a voltage
minimum. Since the first V,,,;,, is 5em in front of X, this corresponds to (5/32)A = 0.1563\
to the left of X. On the chart, we now move this distance from the V,,,;, location toward
the load, using the WTL scale. A line is drawn from the origin through the 0.1563\ mark
on the WTL scale, and the compass is used to scribe the original radius through this line.
The intersection is the normalized input impedance, which is read as z;, = 0.86 — 51.06.

Vimin position

[

3K COMPONER -g—),ouconwc? col e ()
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radius at this point

Transform .1563A
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10.31. In order to compare the relative sharpness of the maxima and minima of a standing wave,
assume a load z;, = 4 + j0 is located at z = 0. Let |V, = 1 and A = 1 m. Determine the
width of the

a) minimum, where |V| < 1.1: We begin with the general phasor voltage in the line:

Vi(z) = V—i—(e—jﬁz + FejﬁZ)

With z;, = 4 + j0, we recognize the real part as the standing wave ratio. Since the load
impedance is real, the reflection coefficient is also real, and so we write

The voltage magnitude is then
V()| =/ V(2)V*(z) = VT [(e‘jﬁz + TelP?) (7P + Fe‘jﬂz)]1/2
= VT [1+ 2@ cos(28z) + I 12

Note that with cos(23z) = £1, we obtain |[V]| = V(1 £T) as expected. With s = 4 and
with [V |min = 1, we find |V |nae = 4. Then with T' = 0.6, it follows that VT = 2.5. The
net expression for |V (z)| is then

V(z) = 2.51/1.36 + 1.2 cos(2(3z)

To find the width in z of the voltage minimum, defined as |V| < 1.1, we set |V (z)| = 1.1
and solve for z: We find

1.1\?
(2—5> =1.36 4 1.2cos(2062) = 2Bz = cos ' (—0.9726)

Thus 25z = 2.904. At this stage, we note the the |V, point will occur at 26z = m. We
therefore compute the range, Az, over which |V| < 1.1 through the equation:

—2.904
28(Az) = 2(r — 2.904) = Az= Wzﬁ = 0.0378m = 3.8cm
T

where A = 1 m has been used.

Determine the width of the maximum, where |V| > 4/1.1: We use the same equation for
|V (2)|, which in this case reads:

4/1.1 = 2.51/1.36 + 1.2cos(26z) = cos(2832) = 0.6298

Since the maximum corresponds to 28z = 0, we find the range through

0.8896

— -1 —
2BAz =2cos” (0.6298) = Az= o /1

=0.142m = 14.2cm
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10.32. In Fig. 10.7, let Z; = 250 ohms, Zy = 50 ohms, find the shortest attachment distance d and
the shortest length, d; of a short-circuited stub line that will provide a perfect match on the
main line to the left of the stub. Express all answers in wavelengths.

The first step is to mark the normalized load admittance on the chart. This will be y;, =
1/zr, = 50/250 = 0.20. Its location is noted as 0.0 on the wavelengths toward generator
(WTG) scale. Next, from the load, move clockwise (toward generator) until the admittance
real part is unity. The first instance of this is at the point y;,7 = 1 + j1.8, as shown. Moving
farther, the second instance is at the point y;,2 = 1.0 — 51.8. The distance in wavelenghs
between y;, and y;,1 is noted on the WTG scale, or d, = 0.183)\. The distance in wavelenghs
between yr, and y;,2 is again noted on the WTG scale, or d, = 0.317A. These are the two
possible attachment points for the shorted stub. The shortest of these is d, = 0.183A. The
corresponding stub length is found by transforming from the short circuit (load) position on
the stub, P;. toward generator until a normalized admittance of ys = by = —j1.8 occurs. This
is marked on the chart as the point ys1, located at 0.331\ (WTG). The (shortest) stub length
is thus di, = (0.331 — 0.250)\ = 0.81\.

2nd stub input location:
0.169 wtg

Ist g=1 location:
0.183 wtg

Z { P, location:

2| 025wig

FEr---

2nd g =1 location:
0.317 wtg

1st stub input location:
0.331 wtg

8€0
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10.33. In Fig. 10.17, let Z;, =40 — 510 Q, Zy = 50 2, f = 800 MHz, and v = c.

a) Find the shortest length, dy, of a short-circuited stub, and the shortest distance d that it may
be located from the load to provide a perfect match on the main line to the left of the stub:

The Smith chart construction is shown on the next page. First we find z; = (40 —
j10)/50 = 0.8 — j0.2 and plot it on the chart. Next, we find y;, = 1/z1 by transforming
this point halfway around the chart, where we read y; = 1.17 + j0.30. This point is
to be transformed to a location at which the real part of the normalized admittance is
unity. The g = 1 circle is highlighted on the chart; y; transforms to two locations on it:
Yin1 = 1 —70.32 and y;no = 14 50.32. The stub is connected at either of these two points.
The stub input admittance must cancel the imaginary part of the line admittance at that
point. If 9,2 is chosen, the stub must have input admittance of —;j0.32. This point is
marked on the outer circle and occurs at 0.452 X on the WTG scale. The length of the stub
is found by computing the distance between its input, found above, and the short-circuit
position (stub load end), marked as Ps.. This distance is d; = (0.452—0.250)\ = 0.202 \.
With f = 800 MHz and v = ¢, the wavelength is A = (3 x 10%)/(8 x 10%) = 0.375 m.
The distance is thus d; = (0.202)(0.375) = 0.758 m = 7.6cm. This is the shortest of
the two possible stub lengths, since if we had used ¥;,1, we would have needed a stub
input admittance of +30.32, which would have required a longer stub length to realize.
The length of the main line between its load and the stub attachment point is found on
the chart by measuring the distance between y;, and y;,2, in moving clockwise (toward
generator). This distance will be d = [0.500 — (0.178 — 0.138)] A\ = 0.46 A\. The actual
length is then d = (0.46)(0.375) = 0.173m = 17.3 cm.

b) Repeat for an open-circuited stub:

In this case, everything is the same, except for the load-end position of the stub, which
now occurs at the P,. point on the chart. To use the shortest possible stub, we need
to use Yin1 = 1 — 70.32, requiring ys = +70.32. We find the stub length by moving
from P,. to the point at which the admittance is j0.32. This occurs at 0.048 A on the
WTG scale, which thus determines the required stub length. Now d; = (0.048)(0.375) =
0.18m = 1.8cm. The attachment point is found by transforming yr to y;n1, where the
former point is located at 0.178 A on the WTG scale, and the latter is at 0.362 A on the
same scale. The distance is then d = (0.362 — 0.178)A = 0.184\. The actual length is
d = (0.184)(0.375) = 0.069 m = 6.9 cm.
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o
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10.34. The lossless line shown in Fig. 10.35 is operating with A = 100cm. If d; = 10cm, d = 25cm,
and the line is matched to the left of the stub, what is Z;? For the line to be matched, it
is required that the sum of the normalized input admittances of the shorted stub and the
main line at the point where the stub is connected be unity. So the input susceptances of the
two lines must cancel. To find the stub input susceptance, use the Smith chart to transform
the short circuit point 0.1\ toward the generator, and read the input value as by = —1.37
(note that the stub length is one-tenth of a wavelength). The main line input admittance
must now be y;;, = 1 + 51.37. This line is one-quarter wavelength long, so the normalized
load impedance is equal to the normalized input admittance. Thus z;, = 1 + 51.37, so that
Zr, = 300z, = 300 + 5411 Q.

Problem 10.34 il
3 ‘ , o
Ps.: Location of shorted
end of stub line
. R
Transform 0.1A WTG to obtain
admittance of stub input
_ T
Read stub input
susceptance as
] - by = —1.37
9¢° )2
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10.35. A load, Z; = 25+ j75 €, is located at z = 0 on a lossless two-wire line for which Zy; = 50
and v = c.

a) If f =300 MHz, find the shortest distance d (z = —d) at which the input impedance has
a real part equal to 1/Zy and a negative imaginary part: The Smith chart construction
is shown below. We begin by calculating zy, = (25 + j75)/50 = 0.5 4 j1.5, which we then
locate on the chart. Next, this point is transformed by rotation halfway around the chart
to find y, = 1/z1, = 0.20 — j0.60, which is located at 0.088 A on the WTL scale. This
point is then transformed toward the generator until it intersects the g = 1 circle (shown
highlighted) with a negative imaginary part. This occurs at point y;, = 1.0 — j2.23,
located at 0.308 X\ on the WTG scale. The total distance between load and input is then
d = (0.088 4+ 0.308)\ = 0.396\. At 300 MHz, and with v = ¢, the wavelength is A = 1 m.
Thus the distance is d = 0.396 m = 39.6 cm.

b) What value of capacitance C' should be connected across the line at that point to provide
unity standing wave ratio on the remaining portion of the line? To cancel the input
normalized susceptance of -2.23, we need a capacitive normalized susceptance of +2.23.
We therefore write

2.23 2.23
c=" = C= =24x 107" F =24 pF
YT (50) (27 x 3 x 10°) =P
o0, o;' L °" n“
s oA X A%
00..’ o 7 3 = B
(5% 2\ o) - &3
ni, ﬂ‘,t"w q‘;o
8 5 %
5/ )
37 ,@" 2L =054+ j1.5 o &
) o J
7y f QA

% o>
- Q‘”’ar«,
80
e
ot

e

)
FowARO LOAD =2

e

»z0

9

) g=1
% ) %X circle Yin = 1- ]223
o -
'%I ; <J
AW y yL = 0.2 - ]06 ¢ °‘°
P W‘% Input admittance},
N A el . location:
& , Y, 3/0.308% (WTG)
a2 ~/}| Load admittance “:
Ny location: .088A (WTL)
== NS Problem 10.35




10.36. The two-wire lines shown in Fig. 10.36 are all lossless and have Zy; = 200€). Find d and the
shortest possible value for d; to provide a matched load if A = 100cm. In this case, we have
a series combination of the loaded line section and the shorted stub, so we use impedances
and the Smith chart as an impedance diagram. The requirement for matching is that the
total normalized impedance at the junction (consisting of the sum of the input impedances
to the stub and main loaded section) is unity. First, we find z;, = 100/200 = 0.5 and mark
this on the chart (see below). We then transform this point toward the generator until we
reach the r = 1 circle. This happens at two possible points, indicated as z;,1 = 1 + 5.71 and
Zinga = 1 — 5.71. The stub input impedance must cancel the imaginary part of the loaded
section input impedance, or z;,s = £75.71. The shortest stub length that accomplishes this is
found by transforming the short circuit point on the chart to the point z;,s = +70.71, which
yields a stub length of d; = .098\ = 9.8 cm. The length of the loaded section is then found by
transforming zy = 0.5 to the point z;,0 = 1 — j.71, so that z;,s + zin2 = 1, as required. This
transformation distance is d = 0.347\ = 37.7 cm.

= ol 2 o3 3
o & & J
. 1 S
~ ~\aa £
) “f ;‘M o8 %”
>, 2
o’ 3N
4 . /
7 \i‘ | \3
Yt 7% :
WA N
11 L8
Transform short to stub input Yo PR zim =1+ /.71 H L\
|to obtain d; = .098A LS\
13t LAY i
i H : ‘ : Transform load impedance to
T R —— T ) o et cooer() ]| 11 main line input impedance
Rt to obtain d = .347A
°i ; zL = 0.5 SNEY
: e
BN ; iz = 1= j.71 /1]
RN , : .
Problem 10.36 /e
X %’«, e
.’%,(’
&) %
a‘%*’m %
o 3 o -
L 0 - - » 35e
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10.37.

10.38.

In the transmission line of Fig. 10.20, R, = Zy = 50 €2, and R = 25 Q. Determine and
plot the voltage at the load resistor and the current in the battery as functions of time by
constructing appropriate voltage and current reflection diagrams: Referring to the figure,
closing the switch launches a voltage wave whose value is given by Eq. (119):

VoZ, 50 1
- 070 Ty Ty
V' " Ry+2Z, 100" 277

Now, I', = (25 —50)/(25 + 50) = —1/3. So on reflection from the load, the reflected wave is
of value V| = —V;/6. On returning to the input end, the reflection coefficient there is zero,
and so all is still. The voltage reflection diagram would be that shown in Fig. 10.21a, except
that no waves are present after time ¢ = 2{/v. Likewise, the current reflection diagram is that
of Fig. 10.22a, except, again, no waves exist after t = [/v. The voltage at the load will be
Vi = V{7 (1 +T1) = Vi/3 for times beyond [/v. The current through the battery is initially
Ig = Vi'/Zy = V;/100 for times (0 < t < 2I/v). When the reflected wave from the load
returns to the input end (at time ¢ = 2[/v), the reflected wave current, I; = V;/300, adds to
the original current to give Ip = V/75 A for (t > 2{/v).

Repeat Problem 37, with Zy = 5082, and Ry, = R, = 25Q2. Carry out the analysis for the time
period 0 < t < 8//v. At the generator end, we have I'y = —1/3. At the load end, we have
[, = —1/3 as before. The initial wave is of magnitude V* = (2/3)V;. Using these values,
voltage and current reflection diagrams are constructed, and are shown below:

t t
(3) v (3)° v/s0
8l/v 8l/v
— (W v+ ()7 v+/50
. ) 71/v . 7/v
B°v+ (1)°v+/50
6l/v 6l/v
-(3)’ v+ (4’ v+/50
51/v 5l/v
(v (B ve/s0
41 /v 4l /v
-3 v+ (3)’ v+/s0
31jv 3l/v
(v (4)?v+/50
21 /v 2/
—ly+ Lv+/s0
v /v
vt V*/50
Iz Iz
Voltage Current
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10.38. (continued) From the diagrams, voltage and current plots are constructed. First, the load
voltage is found by adding voltages along the right side of the voltage diagram at the indicated
times. Second, the current through the battery is found by adding currents along the left side
of the current reflection diagram. Both plots are shown below, where currents and voltages
are expressed to three significant figures. The steady state values, V;, = 0.5V and I = 0.02A,
are expected as t — oo.

VL A
0.499 Vo 0.500
0.494 V, )
. 0.444 Vy
! | | —
I/v 3l/v 51/v 71/
IB“
0.0193 v
0.0133 Vp
| l | » | ! I 7
2l/v 41 /v 6l/v 8l/v

10.39. In the transmission line of Fig. 10.20, Zy = 50 and Ry = R, = 25€). The switch is closed
at t = 0 and is opened again at time ¢ = [/4v, thus creating a rectangular voltage pulse in
the line. Construct an appropriate voltage reflection diagram for this case and use it to make
a plot of the voltage at the load resistor as a function of time for 0 < t < 8//v (note that
the effect of opening the switch is to initiate a second voltage wave, whose value is such that
it leaves a net current of zero in its wake): The value of the initial voltage wave, formed by
closing the switch, will be

Z, 50 2
- Vo=V

vt = Vo=
Ry+Zo ° 25+50 3

On opening the switch, a second wave, V1, is generated which leaves a net current behind
it of zero. This means that V' = —V+ = —(2/3)V5. Note also that when the switch is
opened, the reflection coefficient at the generator end of the line becomes unity. The reflection
coefficient at the load end is I'y, = (25 — 50)/(25 4 50) = —(1/3). The reflection diagram is
now constructed in the usual manner, and is shown on the next page. The path of the second
wave as it reflects from either end is shown in dashed lines, and is a replica of the first wave
path, displaced later in time by [/(4v).a All values for the second wave after each reflection are
equal but of opposite sign to the immediately preceding first wave values. The load voltage as
a function of time is found by accumulating voltage values as they are read moving up along
the right hand boundary of the chart. The resulting function, plotted just below the reflection
diagram, is found to be a sequence of pulses that alternate signs. The pulse amplitudes are
calculated as follows:
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10.39. (continued)

VL

l 5[ 1
—<t< —: Vi=(1=-2)VT =04V,
) 4v 3
3l 131 1 1
Tt —: Vo=—(1-=|VT=-0.15V,
w' P 3 < 3> 0
5 211 1\? 1
—<t< = Vy=|(= 1—= ) VT =0.049V,
4v 3 <3) < 3> 0
7l 291 n\* 1
—<t< = Vy=—|= 1—= ) VT =-0.017V,
4v 4 <3> < 3) 0
t
8251 fufpmzz= T Ly v+
T S
(v s
______________ < Tfv
6251 vfe=TT -3 vt
Gl/of el
OB TTTels s
—————————————— Sljv
4251 fofamzm T (3 v
Ao T
@ v+ R LI
_____________ 31/v
2251/ ufem T —v+
AU T
o e ~1.251/v
T I/v
251 pp-=m"""""" vt
1z
— 0.44V}
251/
31{v o 0.049v, "
| [ —=0.017Vp ¢
I —0asv, MV
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10.40. In the charged line of Fig. 10.25, the characteristic impedance is Zy = 10052, and R, = 30012.
The line is charged to initial voltage Vy = 160 V, and the switch is closed at ¢t = 0. Determine
and plot the voltage and current through the resistor for time 0 < ¢ < 8//v (four round trips).
This problem accompanies Example 11.12 as the other special case of the basic charged line
problem, in which now R, > Zy. On closing the switch, the initial voltage wave is

7 100
Vt=-Vo—— =-160— = —40V
"Ry + Zo 400
Now, withT'y = 1/2 and ', = 1, the voltage and current reflection diagrams are constructed as
shown below. Plots of the voltage and current at the resistor are then found by accumulating
values from the left sides of the two charts, producing the plots as shown.

t t
75 -2.5 —.025 —.025
8/v -5 8l/v 05
15 -5 e —-05 —05 /v
61/v —10 6l /v .1
30 _10 Sl/v -1 -1 St/v
4l /v —20 4l/v 2
60 -20 31/v -2 -2 31/v
21/v —40 2l/v 4
120 40 v -4 —4 /v
Vo = 160 ) Z Z
Voltage Current
Vie 120
60
30
15 75
1 I | l T T
2l/v 4l /v 6l/v 8l/v
Irg
21 /v 4l/v 6l /v 8l/v
| | | ] ] |
05 —-025 ¢
—.1
—2
-4
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10.41.

In the transmission line of Fig. 10.37, the switch is located midway down the line, and is
closed at t = 0. Construct a voltage reflection diagram for this case, where R; = Z. Plot
the load resistor voltage as a function of time: With the left half of the line charged to Vj,
closing the switch initiates (at the switch location) two voltage waves: The first is of value
—Vb/2 and propagates toward the left; the second is of value V;/2 and propagates toward the
right. The backward wave reflects at the battery with I'y = —1. No reflection occurs at the
load end, since the load is matched to the line. The reflection diagram and load voltage plot
are shown below. The results are summarized as follows:

[

O<t<—: V=0
2v
l 3l Vo
—<t< —: VL =—
w 'St BT
3l
t>—: V=W
2v
t r 3
-31/2v
Vo/2
, -1/v
~1/2v
<Vo/2 Vo/2
12 1 b4
VL
Vo
Vo/2
1/2v I}v 31)21) t
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10.42. A simple frozen wave generatoris shown in Fig. 10.38. Both switches are closed simultaneously
at t = 0. Construct an appropriate voltage reflection diagram for the case in which Ry = Zj.
Determine and plot the load voltage as a function of time: Closing the switches sets up a total
of four voltage waves as shown in the diagram below. Note that the first and second waves
from the left are of magnitude Vj, since in fact we are superimposing voltage waves from the
—Vb and +Vj charged sections acting alone. The reflection diagram is drawn and is used to
construct the load voltage with time by accumulating voltages up the right hand vertical axis.

I I I
—Vo T :“‘“‘ Yo | o o
—T% T T
zZ I I v/ | i V/
° I 0 I | Zo ﬁ] 0
Te=1 | — —_— | — ry=0
Vo -V —Vo/2  Vo/2

Vis

Vo/2-

_.Vo/z._

| | I
/v 20 /v 3l/v 4l/v
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10.43.

In Fig. 10.39, Ry, = Zp and Ry = Zy/3. The switch is closed at ¢ = 0. Determine and plot as
functions of time: a) the voltage across Ry ; b) the voltage across Ry; c) the current through
the battery.

r,=-172

1
VO _~— : t=0 1—‘L =0
+ 1
- 1
v ) Ve % R =Zy/3 !
G - Z Vi=-Vy2 R, =7,
T 0 :
0 ' I Z
—~— 1
1

With the switch at the opposite end from the battery, the entire line is initially charged to
Vo. So, on closing the switch, the initial wave propagates backward, originating at the switch,
and is of value V=~ = =V Zy/(RL + Zy) = —Vp/2. On reaching the left end, the wave reflects
with reflection coefficient I'¢ = (Rg — Zo)/(Ra + Zo) = —1/2. The reflected wave returns to
the switch end, sees a matched load there, and there is no further reflection. The resulting
voltage and current reflection diagrams are shown below.

ta N
2lv 2lv
V /4 V,/4Z,
Iy v
Vo2 Vo/22Z,
V0 1 i< l "z
voltage current

The load voltage is read from the right side of the voltage diagram, and is plotted as V7, below.
The voltage across the entire left end is read from the left side of the voltage diagram, and is
plotted as Vg below. The voltage across the resistor, Rg, will be Vi = Vg — Vi (choosing
the resistor voltage polarity as positive), which leads to the Vi plot below. Finally, the battery
current is read from the left side of the current diagram, and is plotted as Ig below.

V, a 3V,/4 Vi A v,
Vg2 | — 3,4
| | | |
% | | | , i | ! !
2y i
Vi 4 Iy 4 3V,/47,
v, /4
| | |
| | | | | |
Iy t i
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CHAPTER 11

11.1. Show that E,, = Ae/*0**¢ is a solution to the vector Helmholtz equation, Sec. 11.1, Eq. (30),
for kg = w\/Ho€g and any ¢ and A: We take

2
& AT = (jhg P AT = 3B,
z

11.2. A 100-MHz uniform plane wave propagates in a lossless medium for which ¢, = 5 and p, = 1.
Find:

a) vyt vp =c/\/& =3 x 108//5 =1.34 x 10° m/s.

b) B: B =w/v, = (2 x 10%)/(1.34 x 10%) = 4.69 m~".
c) A A=2n/f =1.34 m.

d)

E,: Assume real amplitude Ej, forward z travel, and x polarization, and write
E; = Eyexp(—jfz)a, = Epexp(—j4.69z) a, V/m.

e) H,: First, the intrinsic impedance of the medium is n = 1o/ /€ = 377/\/5 = 169 Q.
Then H, = (Ey/n) exp(—3jBz) ay = (Ey/169) exp(—;4.692) a, A/m.

f) <S>=(1/2)Re{Es; x H:} = (E3/337)a, W/m?

12.3. An H field in free space is given as H(z,¢) = 10cos(10%¢ — Bz)a, A/m. Find
a) f3: Since we have a uniform plane wave, 3 = w/c, where we identify w = 10% sec™!. Thus
B =10%/(3 x 10%) = 0.33 rad/m.

b) A\: We know A\ = 27/4 = 18.9 m.

c) E(x,t) at P(0.1,0.2,0.3) at t = 1 ns: Use E(x,t) = —noH (z,t) = —(377)(10) cos(108¢ —
Bx) = —3.77 x 103 cos(103t — Bx). The vector direction of E will be —a,, since we require
that S = E x H, where S is z-directed. At the given point, the relevant coordinate is
x = 0.1. Using this, along with ¢ = 10~ sec, we finally obtain

E(x,t) = —3.77 x 10% cos[(10®)(107?) — (0.33)(0.1)]a, = —3.77 x 10% cos(6.7 x 10" ?)a,
= —3.76 x 10%3a, V/m

11.4. Small antennas have low efficiencies (as will be seen in Chapter 14) and the efficiency increases
with size up to the point at which a critical dimension of the antenna is an appreciable fraction
of a wavelength, say /8.

a) An antenna is that is 12cm long is operated in air at 1 MHz. What fraction of a wavelength
long is it? The free space wavelength will be

¢ 3.0x10°m/s

Aair =7 =
f 106 g—1

1.2
=300 m, so that the fraction = — = 4.0 x 1073
300 ————
b) The same antenna is embedded in a ferrite material for which e, = 20 and p, = 2,000.
What fraction of a wavelength is it now?

Aai 300 1.2
Aferrite = = = 1.bm = fraction = — = 0.8

Virer — /(20)(2000) L5
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11.5. A 150-MHz uniform plane wave in free space is described by Hy = (4 + 510)(2a, +jay)e_jfﬁz
A/m.

a) Find numerical values for w, A, and 3: First, w = 2rx150x 10% = 37 x 108 sec”!. Second,
for a uniform plane wave in free space, A = 2rc/w = ¢/f = (3 x 10%)/(1.5 x 108) = 2m.
Third, f = 27 /X = wrad/m.

b) Find H(z,t) at t = 1.5 ns, z = 20 cm: Use

H(z,t) = Re{He/*'} = Re{(4 + j10)(2a, + ja,)(cos(wt — Bz) + jsin(wt — Bz)}
= [8cos(wt — Bz) — 20sin(wt — Bz)] a; — [10 cos(wt — [z) + 4sin(wt — [z)] a,

. Now at the given position and time, wt — 3z = (37 x 108)(1.5 x 107%) — 7(0.20) = 7 /4.
And cos(/4) = sin(r/4) = 1/+/2. So finally,

1
H(z = 20cm, t = 1.5ns) = ——= (12a, + 14a,) = —8.5a, — 9.9a, A/m

V2
c) What is |E|maz? Have |E|mar = 10| H | maz, where

| Hlmaw = /Hy - HE = [4(4 + j10)(4 — j10) + (5)(—)(4 + j10)(4 — j10)]"/* = 24.1 A/m

Then |E|maee = 377(24.1) = 9.08 kV /m.

11.6. A uniform plane wave has electric field E; = (Eypa, — E.pa,) e " e~ IB= V/m. The intrinsic
impedance of the medium is given as 7 = || e/?, where ¢ is a constant phase.

a) Describe the wave polarization and state the direction of propagation: The wave is linearly
polarized in the y-z plane, and propagates in the forward x direction (from the e~75%
factor).

b) Find H: Each component of Eg, when crossed into its companion component of H?,
must give a vector in the positive-x direction of travel. Using this rule, we find

EyO EzO

E E,
H, = [—yaz—i——ay} = [—a2+
7 n ul il

a,| e e %78 A /m

¢) Find E(z,t) and H(z,t): E(x,t) = Re {Ee/“'} = [Eypa, — Ega.] e cos(wt — fx)
H(z,t) = Re {H,e’'} = [Eypa. + E.qay) e cos(wt — Bz — @)

where all amplitudes are assumed real.
d) Find < S > in W/m?:

1
<S8 >= 57?,6 {E; xH:} = (E;O + Efo) e 2% cos pa, W/m?

N | =

e) Find the time-average power in watts that is intercepted by an antenna of rectangular
cross-section, having width w and height h, suspended parallel to the yz plane, and at a
distance d from the wave source. This will be

1
P = // <S>-dS=|<S>|z=q Xarea= i(wh) (Ego + E%) e cosp W
plate
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11.7. The phasor magnetic field intensity for a 400-MHz uniform plane wave propagating in a
certain lossless material is (2a, — jba,)e /?** A/m. Knowing that the maximum amplitude
of E is 1500 V/m, find 3, n, A, vp, €, ptr, and H(z,y, 2,t): First, from the phasor expression,
we identify 3 = 25 m~! from the argument of the exponential function. Next, we evaluate
Hy = [H = vVH -H* = /22 + 52 = /29. Then n = Ey/Hy = 1500/+/29 = 278.5 Q. Then
A =27/ =2m/25= .25 m =25 cm. Next,

w 27 x 400 x 10°

vp:—:2—5:1.01><108m/s
Now we note that
n=2185=377, /" = I _ 0546
€ €
And
v, = 1.01 x 10° = = i€ = 8.79

Moy €r

We solve the above two equations simultaneously to find €, = 4.01 and p, = 2.19. Finally,
H(.Z‘, Y, z, t) = Re {(2ay — j5az)€_j25mej‘~dt}

= 2cos(2m x 400 x 10°¢ — 25x)a, + 5sin(27 x 400 x 10 — 257)a,
= 2cos(8 x 10% — 25x)a, + 5sin(87 x 10% — 25x)a, A/m

11.8. An electric field in free space is given in spherical coordinates as E,(r) = Eg(r)e %" ay V/m.

a) find H,(r) assuming uniform plane wave behavior: Knowing that the cross product of E;
with the complex conjugate of the phasor H; field must give a vector in the direction of
propagation, we obtain,

H,(r)= E;—ér)e_jkr ap A/m

b) Find < S >: This will be

E3(r)
210

1
<8S>= §R€ {E; xH:} = a, W/m?

c) Express the average outward power in watts through a closed spherical shell of radius r,
centered at the origin: The power will be (in this case) just the product of the power
density magnitude in part b with the sphere area, or

P:47rr2E0—(r)W

where Fy(r) is assumed real.

d) Establish the required functional form of Ey(r) that will enable the power flow in part ¢
to be independent of radius: Evidently this condition is met when Egy(r) o< 1/r
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11.9. A certain lossless material has p,, = 4 and €,, = 9. A 10-MHz uniform plane wave is propagating
in the a,, direction with E;p =400 V/m and E,, = E.o = 0 at P(0.6,0.6,0.6) at t = 60 ns.

a) Find (3, A, vp, and n: For a uniform plane wave,

w s 7
B =wyie = =/l = %\/(4)(9) = 0.47 rad/m
Then A = (27)/0 = (27)/(0.47) = 5m. Next,

w 21 x 107 .
Up:BIWZE)XlO Hl/S

n_\/g_no,/ﬁ_?ﬁ?\/g_zmg
€ € 9

b) Find E(t) (at P): We are given the amplitude at ¢ = 60 ns and at y = 0.6 m. Let the
maximum amplitude be E,, ., so that in general, E, = E,,4, cos(wt — By). At the given
position and time,

Finally,

E, =400 = By, cos[(2m x 107)(60 x 107%) — (47 x 1071)(0.6)] = Epnaz cos(0.967)
= —0.99E, 4z

S0 Ermar = (400)/(—0.99) = —403 V/m. Thus at P, E(t) = —403 cos(2r x 107) V /m.

c) Find H(t): First, we note that if E' at a given instant points in the negative x direction,
while the wave propagates in the forward y direction, then H at that same position and
time must point in the positive z direction. Since we have a lossless homogeneous medium,
7 is real, and we are allowed to write H(t) = E(t)/n, where 7 is treated as negative and
real. Thus

03
= —3r1 cos(2m x 107 7t) = 1.61 cos(2m x 10~ ¢) A/m
77 J—

11.10. In a medium characterized by intrinsic impedance = ||e’?, a linearly-polarized plane wave
propagates, with magnetic field given as Hy = (Hoya, + Ho.a.) e~ eI Find:

a) Eg: Requiring orthogonal components of E, for each component of Hy, we find
E, = |77| [HOZ Ay — HOy az] e * e_jﬂx ejd)

b) E(z,t) = Re{Esel“'} = |n| [Ho. ay — Hoy a,] e cos(wt — Sz + ¢).
¢) H(z,t) = Re {Hyel“'} = [Hoy a, + Ho, a,] e~ % cos(wt — Bz).

1 1
d) <S>= 3 Re{Es x H} = §|77| [Hgy + Hj,] e7?** cospa, W/m?
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11.11. A 2-GHz uniform plane wave has an amplitude of E,g = 1.4 kV/m at (0,0,0,¢ = 0) and is
propagating in the a, direction in a medium where ¢’ = 1.6 x 107! F/m, ¢ = 3.0 x 10711
F/m, and p = 2.5 yH/m. Find:

a) E, at P(0,0,1.8cm) at 0.2 ns: To begin, we have the ratio, €’/¢’ = 1.6/3.0 = 0.533. So

1/2
ILLE/ 6// 2 /
2.5 x 10-6)(3.0 x 1011 1/2
_ (27 % 2 x 109)\/( 5 x 10 );3 0x 1071) [\/1 +(533)2 — 1} = 28.1 Np/m

Then

1/2
e’ e’ 2
0 =w\— 1+<?> +1 = 112rad/m
Thus in general,

E,(z,t) = Lde 2% cos(4m x 10%t — 112z) kV/m

Evaluating this at ¢t = 0.2 ns and z = 1.8 cm, find

E,(1.8cm,0.2ns) = 0.74 kV/m

b) H, at P at 0.2 ns: We use the phasor relation, H,s = —FE,,/n where

I 1 2.5 x 10-6 1 . .
N = 263 + j65.7 = 271/ 14° Q
TN i @) 3.0 x 1071 /1 — j(.533) ’
So now
Eys (1.4 x 10%)e 28 12¢ 71122 —928.1z —j112z —j14°
H,. = — " = — 71 oi 10 = —5.16¢ e’ e A/m
Then

H,(z,t) = —5.16e 2% cos(4m x 107 — 112z — 14°)

This, when evaluated at ¢ = 0.2 ns and z = 1.8 cm, yields

H,(1.8cm,0.2ns) = —3.0A/m
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11.12.

11.13.

Describe how the attenuation coefficient of a liquid medium, assumed to be a good conductor,
could be determined through measurement of wavelength in the liquid at a known frequency.
What restrictions apply? Could this method be used to find the conductivity as well? In a
good conductor, we may use the approximation:

2
aiﬁiwlgﬂwhereﬁzg

Therefore, in the good conductor approximation, a = 27w /A. From the above formula, we

could also find
4

o =
A fu
which would work provided that again, we are certain that we have a good conductor, and
that the permeability is known.

Let jk = 0.2+ 3j1.5m~! and n = 450 + j60 Q for a uniform plane wave propagating in the a,
direction. If w = 300 Mrad/s, find y, €/, and €”: We begin with

7 1 .
=,/ — —————= =450+ 560
Ve T !
and
Jjk = jw\/ue /1 —j(e'/e) =02+ j1.5
Then ]
* K . . 5
= - —— = (4504 560)(450 — 560) = 2.06 x 10 1
(s ( 760)( j60) (1)
and
(k) (jk)* = w?pe /1 + (€"/€)2 = (0.2 4 j1.5)(0.2 — j1.5) = 2.29 (2)
Taking the ratio of (2) to (1),
(]k)(]k)* 20 .1\2 1"y 1N\2 2.29 -5
MM 1 =——=111x1
A A A Y S Ti: 10
Then with w = 3 x 108,
() 1.11 x 1075 1.23 x 10722 3)
€ - =
(3x10%)2 (14 (e"/€)?) (1 +("/€)?)

Now, we use Egs. (35) and (36). Squaring these and taking their ratio gives

o 14 (¢"/€)?  (0.2)

? - /1+ (6”/6/)2 (1.5)2

We solve this to find €”’/¢’ = 0.271. Substituting this result into (3) gives ¢ = 1.07 x 107!
F/m. Since €” /¢’ = 0.271, we then find ¢’ = 2.90 x 1072 F/m. Finally, using these results in
either (1) or (2) we find p = 2.28 x 107% H/m. Summary: p = 2.28 x 1076 H/m,

€ =1.07x 107" F/m, and €’ = 2.90 x 10712 F /m.
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11.14. A certain nonmagnetic material has the material constants €. = 2 and €¢”/¢’ = 4 x 107 at
w = 1.5 Grad/s. Find the distance a uniform plane wave can propagate through the material
before:

a) it is attenuated by 1 Np: First, ¢’ = (4 x 10%)(2)(8.854 x 107!2) = 7.1 x 10715 F/m.
Then, since €”/¢’ << 1, we use the approximate form for «, given by Eq. (51) (written
in terms of €”):

cwe’ [ (15 x10%)(7.1 x 1071%) 377
2 Ve 2 V2

The required distance is now z; = (1.42 x 1073)~! = 706 m

=1.42 x 1072 Np/m

b) the power level is reduced by one-half: The governing relation is e~ 2%*1/2 = 1/2, or
z172 =In2/2a =1n2/2(1.42 x 1073) = 244 m.

c) the phase shifts 360°: This distance is defined as one wavelength, where A = 27/
(2me) /(wr/€,) = [2m(3 x 10%)]/[(1.5 x 10°)v/2] = 0.89 m.

11.15. A 10 GHz radar signal may be represented as a uniform plane wave in a sufficiently small
region. Calculate the wavelength in centimeters and the attenuation in nepers per meter if
the wave is propagating in a non-magnetic material for which

a) e, =1 and €/ = 0: In a non-magnetic material, we would have:

- S 72
! "
a = wy | HO0Er 1+<€i> —1
2 /
I
and
- L
€ 6/ 6//
B =57 H(_j) o

With the given values of €. and €, it is clear that § = w,/€p = w/c, and so

A=27/3=2nc/w =3 x 1019/101° = 3 cm. It is also clear that a = 0.

b) €. =1.04and €/ = 9.00x10~*: In this case €/ /e, << 1, and so f = w/€,./c =2.13 cm ™!
Thus A = 27/5 = 2.95 cm. Then

oo w € 21 x 1019 (9.00 x 107%)

Je 2 /g 2x3x10° 104

=9.24 x 1072 Np/m

c) €. =25 and €/ = 7.2: Using the above formulas, we obtain

- —-1/2
21 x 1019v/2.5 (7 2>
=22 Va1 +1| =471cm™!
v (3 x 1010)/2 2.5
and so A = 27/ = 1.33 cm. Then
- 5 -1/2
27 x 10104/2] 2
_ 2 x10 v25 1+<7—> 1| =335 Np/m
(3 x 105)v/2 2.5 o




11.16. Consider the power dissipation term, [E - Jdv in Poynting’s theorem (Eq. (70)). This gives
the power lost to heat within a volume into which electromagnetic waves enter. The term
pq = E - J is thus the power dissipation per unit volume in W/m3. Following the same
reasoning that resulted in Eq. (77), the time-average power dissipation per volume will be
<pg>=(1/2)Re{E; - J*}.

a)

Show that in a conducting medium, through which a uniform plane wave of amplitude Fjy
propagates in the forward z direction, < py >= (0/2)|Eg|?e~2%*: Begin with the phasor
expression for the electric field, assuming complex amplitude Ey, and z-polarization:

E, = Eye %?e 9% a, V/m?

Then '
J. = 0E, = 0Eje e P%q, A/m2
So that
< pa>= (1/2)Re {Eoe_o‘ze_jﬁz a, - oEje e tibz a,} = (0/2)|Eo[’e™***
Confirm this result for the special case of a good conductor by using the left hand side of

Eq. (70), and consider a very small volume. In a good conductor, the intrinsic impedance
is, from Eq. (85), n. = (14 j)/(0d), where the skin depth, 6 = 1/a. The magnetic field

phasor is then
FE, o

—a, = ———
ne V(14 j)a

The time-average Poynting vector is then

H, = Epe™“*e¢™9P%a, A/m

1
<8 >= SRe{E, x H}} = %]Eol%_z“z a, W/m?

Now, consider a rectangular volume of side lengths, Az, Ay, and Az, all of which are
very small. As the wave passes through this volume in the forward z direction, the power
dissipated will be the difference between the power at entry (at z = 0), and the power
that exits the volume (at z = Az). With small z, we may approximate e~ 2%* = 1 — 2az,
and the dissipated power in the volume becomes

— . — ﬁ 2 . g 2 B :g 9
Pi= Pin—Pout = [ 121 Eol?] Dxdy— [ | Eo2(1 — 2002)| Aady = S| Eof*(Azdyaz)

This is just the result of part a, evaluated at z = 0 and multiplied by the volume. The
relation becomes exact as Az — 0, in which case < pg >— (0/2)|Eo|*.

It is also possible to show the relation by using Eq. (69) (which involves taking the
divergence of < S >), or by removing the restriction of a small volume and evaluating
the integrals in Eq. (70) without approximations. Either method is straightforward.
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11.17. Let n = 250 + 530Q and jk = 0.2 + j2m~! for a uniform plane wave propagating in the a,
direction in a dielectric having some finite conductivity. If |E| = 400 V/m at z = 0, find:

a)

<S> at z=0and z =60 cm: Assume z-polarization for the electric field. Then
1 1 A 400 A
<S>= §Re {ES X H:} = ERe {4006_aze_]ﬂzax X _*e_aze]ﬂzay}
n

1 1 1
2 —2az . ) 10 2(0.2)z .
—2(400)6 Re{ *}a = 8.0 x 10% Re 250 — 730 a

=315e7 20027 5, W/m?

Evaluating at z = 0, obtain < S > (z = 0) = 315a, W/m?,
and at z = 60 cm, P, ,,(2 = 0.6) = 315e 2002065 = 248a, W/m?.

the average ohmic power dissipation in watts per cubic meter at z = 60 cm: At this point
a flaw becomes evident in the problem statement, since solving this part in two different
ways gives results that are not the same. I will demonstrate: In the first method, we
use Poynting’s theorem in point form Eq.(69), which we modify for the case of time-
independent fields to read: —V- < S >=< J - E >, where the right hand side is the
average power dissipation per volume. Note that the additional right-hand-side terms in
Poynting’s theorem that describe changes in energy stored in the fields will both be zero
in steady state. We apply our equation to the result of part a:

d
<J-E>=-V-<S>=-—_315 e2(0-2)2 — (0.4)(315)e2(0-2* = 126¢70% W /m?>
At z = 60 cm, this becomes < J - E >= 99.1 W/m3. In the second method, we solve for

the conductivity and evaluate < J - E >= o < E? >. We use jk = jw\/ue'\/1 — j(e" /)
and

I S
" \E\/l — (@)

k 1
‘7_ :jw6/ |:1 _] (6_/>:| :jwe'—i—we"
n €

Identifying o = we”, we find

UZRG{%} :Re{m} =1.74x 1072 S/m

We take the ratio,

250 + ;30

Now we find the dissipated power per volume:
1
o< FE?*>=174%x1073 <§> (4006—0.2z)2

At z = 60 cm, this evaluates as 109 W/m3. One can show that consistency between the
two methods requires that
1
Re {_} A
n* 2a

This relation does not hold using the numbers as given in the problem statement and the
value of ¢ found above. Note that in Problem 11.13, where all values are worked out, the
relation does hold and consistent results are obtained using both methods.
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11.18. Given, a 100MHz uniform plane wave in a medium known to be a good dielectric. The phasor
electric field is E; = 4e795%¢772%2a, V/m. Not stated in the problem is the permeability,
which we take to be ug. Determine:

a) €: As a first step, it is useful to see just how much of a good dielectric we have. We use
the good dielectric approximations, Eqs. (60a) and (60b), with 0 = we”. Using these, we
take the ratio, 3/a, to find

6I/

« 05T T (w2 e

This becomes the quadratic equation:

m\ 2 "
(6—,> 160 <6—,> +8=0
€ €
The solution to the quadratic is (¢”/€’) = 0.05, which means that we can neglect the
second term in Eq. (60b), so that 5 = w\/ue’ = (w/c)y/€.. With the given frequency of

100 MHz, and with p = po, we find /€. = 20(3/2m) = 9.55, so that €, = 91.3, and finally
¢ =ee=281x10"1° F/m.

b) €’: Using Eq. (60a), the set up is

we” 2(0.5) € 1078
—05= LR Ly
“ 2 \ ¢ C T oarx108\ T 27(377)

c) n: Using Eq. (62b), we find

) M 1 /€ 377 . .
= JE s (S)] = =25 (14 5.025) = (39.5 + j0.99) oh
" e/[ +J2<e'>} Vors (1 H7020) = (39:5 4 j0.99) ohns

d) Hg: This will be a y-directed field, and will be

B_20 _wvpd [L+A/8)("/)] _, <€,) Ll (6,,>

V91.3 =4.0 x 107" F/m

Es 4

H,=a=——
7 YT (395 + 50.99)

6—0.5ze—]20z a, = 0.1016_0'5Z€_J20z6_30'025 a, A/m

e) < S >: Using the given field and the result of part d, obtain

0.101)(4)

1
<8 >= SRe{E, x H{} = ( 5 e~ 2097 ¢05(0.025) a, = 0.202¢™* a, W /m?

f) the power in watts that is incident on a rectangular surface measuring 20m x 30m at
z = 10m: At 10m, the power density is < S >= 0.202¢71% = 9.2 x 107 W/m?2. The
incident power on the given area is then P = 9.2 x 107% x (20)(30) = 5.5 mW.

230



11.19. Perfectly-conducting cylinders with radii of 8 mm and 20 mm are coaxial. The region between
the cylinders is filled with a perfect dielectric for which e = 107%/47 F/m and p, = 1. If E in
this region is (500/p) cos(wt — 4z)a, V/m, find:

a) w, with the help of Maxwell’s equations in cylindrical coordinates: We use the two curl
equations, beginning with V x E = —9B/0t, where in this case,

VXE= a—zpa¢ = sin(wt — 4z)ay — g 2
So 00
By = / sin(wt — 4z)dt = cos(wt —4z) T
Then B 2000
Hy = 20— T cos(wt—42) A/m

o (4 x 107 ")wp
We next use V x H = 0D/0t, where in this case

OH, | 10(pH,)
0z & p Op a

VxH=

where the second term on the right hand side becomes zero when substituting our Hy.

So
OH, 8000 . oD,
V xH = —Wap = —m Sln(wt — 4Z)ap = Wap
And
8000 8000
D, = - 4] —4 = —4 2
P / (I < 10 T)wp sin(wt — 4z)dt (I = 1072y cos(wt —4z) C/m

Finally, using the given e,

D, 8000
Ep = T = mcos(wt — 42) V/m

This must be the same as the given field, so we require

8000 500 .
(10-16)w2p - o = w=4x10"rad/s

b) H(p, z,t): From part a, we have

2000

H S
(028 = s 10wp

4.0
cos(wt — 42)a, = — cos(4 x 10% — 42)a, A/m
p

c¢) S(p, ¢, z): This will be

4.
S(p,¢,z) =ExH = ? cos(4 x 108 — 4z)a, x 70 cos(4 x 10% — 4z)ay

2.0 x 1073
_ 200077 24 x 10t — 42)a, W /m?

P2
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11.19d) the average power passing through every cross-section 8 < p < 20 mm, 0 < ¢ < 27. Using

11.20.

the result of part ¢, we find < S >= (1.0 x 10%)/p*a, W/m?. The power through the given
cross-section is now

27 .020 3
1.0x 1 P
/ / OX 0 dd¢—27r><1031n<80):5.7kw
008

Voltage breakdown in air at standard temperature and pressure occurs at an electric field
strength of approximately 3 x 10° V/m. This becomes an issue in some high-power optical
experiments, in which tight focusing of light may be necessary. Estimate the lightwave power
in watts that can be focused into a cylindrical beam of 10um radius before breakdown occurs.
Assume uniform plane wave behavior (although this assumption will produce an answer that
is higher than the actual number by as much as a factor of 2, depending on the actual beam
shape).

The power density in the beam in free space can be found as a special case of Eq. (76)

(with n =mno, 0, = o =0):

EZ (3 x105)2
<8> =0 XN 9510 W/m?
| =20 = 20 . /m

To avoid breakdown, the power in a 10-pm radius cylinder is then bounded by

P < (1.2 x 10"%)(7 x (107°)?) = 3.75 W
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11.21. The cylindrical shell, 1 em < p < 1.2 cm, is composed of a conducting material for which
o =10% S/m. The external and internal regions are non-conducting. Let H, = 2000 A/m at
p =12 cm.

a) Find H everywhere: Use Ampere’s circuital law, which states:
jq{H - dL = 27p(2000) = 27(1.2 x 1072)(2000) = 487 A = I,y

Then in this case

I 48
= 2= . =109 x10%, A/m?
Area™ T (144 1.00) x 104 x107a; A/m

J

With this result we again use Ampere’s circuital law to find H everywhere within the
shell as a function of p (in meters):

12 54.5
Hyi(p) = %/O /01 1.09 x 10 pdpde = 7(104,)2 —1)A/m (.01 <p<.012)

Outside the shell, we would have

48T
Hga(p) = 2mp 24/p A/m (p>.012)

Inside the shell (p < .01m), Hy = 0 since there is no enclosed current.
b) Find E everywhere: We use

J 1.09 x10°

E—"
o 106

a,=1.09a, V/m

which is valid, presumeably, outside as well as inside the shell.

c¢) Find S everywhere: Use

54.5
P=ExH=109a, x —(10*p? — 1) a,
P

59.4
=-———(10"* - 1)a, W/m? (.01 <p < .012m)
P

Outside the shell,

24 26
S=1.09a, x —a;=—-—a, W/m? (p>.012m)
p P
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11.22. The inner and outer dimensions of a copper coaxial transmission line are 2 and 7 mm, respec-
tively. Both conductors have thicknesses much greater than §. The dielectric is lossless and
the operating frequency is 400 MHz. Calculate the resistance per meter length of the:

a) inner conductor: First

1 1

0= rfuo - V(4 x 103)(4m x 10-7)(5.8 x 107)

=33x10"%m = 3.3um

Now, using (90) with a unit length, we find

1 1
2macd  2m(2 x 1073)(5.8 x 107)(3.3 x 10-6)

R, = = 0.42 ohms/m

b) outer conductor: Again, (90) applies but with a different conductor radius. Thus

2
Ry = =(042) = 0.12 ohms/m

Rout = b

¢) transmission line: Since the two resistances found above are in series, the line resistance
is their sum, or R = R;;, + Ryt = 0.54 ohms/m.

11.23. A hollow tubular conductor is constructed from a type of brass having a conductivity of
1.2 x 107 S/m. The inner and outer radii are 9 mm and 10 mm respectively. Calculate the
resistance per meter length at a frequency of

a) dc: In this case the current density is uniform over the entire tube cross-section. We

write: I 1
R(dc) = = = =14x1073Q
(o) = 73 = T2 x 1077012 = 0097 . /m

b) 20 MHz: Now the skin effect will limit the effective cross-section. At 20 MHz, the skin
depth is

§(20MHz) = [xfuoo] /2 = [7(20 x 10°) (47 x 1077)(1.2 x 107)] /2 =3.25 x 10 ° m

This is much less than the outer radius of the tube. Therefore we can approximate the
resistance using the formula:

L 1 1
R(20MHz) = oA 2wbd (1.2 x 107)(27(.01))(3.25 x 10-5)

=41x107% Q/m

¢) 2 GHz: Using the same formula as in part b, we find the skin depth at 2 GHz to be § =
3.25 x 107% m. The resistance (using the other formula) is R(2GHz) = 4.1 x 10~ Q/m.
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11.24 a) Most microwave ovens operate at 2.45 GHz. Assume that o = 1.2 x 10° S/m and p, = 500
for the stainless steel interior, and find the depth of penetration:

1 1

0= VIfuo  \/m(2.45 x 109) (47 x 10-7)(1.2 x 10°)

=9.28 x 107 %m = 9.28um

b) Let Es =50/ 0° V/m at the surface of the conductor, and plot a curve of the amplitude
of Fs vs. the angle of E; as the field propagates into the stainless steel: Since the
conductivity is high, we use (82) to write a = 8 = /wfuo = 1/§. So, assuming that the
direction into the conductor is z, the depth-dependent field is written as

E,(2) = 50e~ e = 50e7*/9¢77%/% = 50 exp(—2/9.28) exp(—j 2/9.28)
——

amplitude angle

where z is in microns. Therefore, the plot of amplitude versus angle is simply a plot of
e~ " versus z, where x = 2/9.28; the starting amplitude is 50 and the 1/e amplitude (at
z=9.28 um) is 18.4.

11.25. A good conductor is planar in form and carries a uniform plane wave that has a wavelength
of 0.3 mm and a velocity of 3 x 10° m/s. Assuming the conductor is non-magnetic, determine
the frequency and the conductivity: First, we use

v 3x10°
=—=—"""_=10"Hz=1GH
f=3=3xq0a ~ 10 He=1CHy
Next, for a good conductor,
A 1 41 47

5:—:

= = =1.1x10°
o Ve 0T Nfa T @x 10900 ar x 1077~ HLx 107 8/m
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11.26. The dimensions of a certain coaxial transmission line are ¢ = 0.8mm and b = 4mm. The outer
conductor thickness is 0.6mm, and all conductors have o = 1.6 x 107 S/m.

a)

Find R, the resistance per unit length, at an operating frequency of 2.4 GHz: First

1 1
T Vafno  J/m(24 x 108)(dx x 10-7)(1.6 x 107)

) =2.57 x 107 %m = 2.57um

Then, using (90) with a unit length, we find

1 1
2macs  2m(0.8 x 10-3)(1.6 x 107)(2.57 x 10-6)

R;, = = 4.84 ohms/m

The outer conductor resistance is then found from the inner through

a 0.8

Rou = 5 Rin = - (4.84) = 0.97 ohms/m

The net resistance per length is then the sum, R = R;;, + Rou: = 5.81 ohms/m.

Use information from Secs. 6.3 and 8.10 to find C' and L, the capacitance and inductance
per unit length, respectively. The coax is air-filled. From those sections, we find (in free
space)

2meq 2m(8.854 x 10712) 1
— - =346 x 107" F
n(b/a) In(4/.8) . /m
_ Ar x 1077

L= g—“ In(b/a) In(4/.8) = 3.22 x 10~7 H/m
T

2w

Find a and g if a+j8 = \/jwC(R + jwL): Taking real and imaginary parts of the given
expression, we find

- TREL
a:Re{\/ij(R—i-ij)}:% 1—1—(%) -1
and ) 1
2
B:Im{\/ij(R—i—ij)}:L\/g—C 1—1—(%) +1

These can be found by writing out
o= Re{ GwC(R + ij)} — (1/2)y/jwC(R + jwL) + c.c.

where c.c denotes the complex conjugate. The result is squared, terms collected, and the
square root taken. Now, using the values of R, C', and L found in parts a and b, we find
a=3.0x 1072 Np/m and 3 = 50.3 rad/m.
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11.27. The planar surface at z = 0 is a brass-Teflon interface. Use data available in Appendix C to
evaluate the following ratios for a uniform plane wave having w = 4 x 10'° rad/s:

a) QTef/Qbrass: From the appendix we find €”’/€¢/ = .0003 for Teflon, making the material a

good dielectric. Also, for Teflon, €/, = 2.1. For brass, we find o = 1.5 x 107 S/m, making

brass a good conductor at the stated frequency. For a good dielectric (Teflon) we use the

approximations:
.o u e’ 1 1/ w
=3 §:<?)<5>“ ne =g\ ) Ve

NI P

For brass (good conductor) we have

= B = \/Tfl0prass = \/ (4 x 1010) (47 x 10~7)(1.5 x 107) = 6.14 x 10° m~!

Now
aret  1/2(€"/€) (w/e)y/e,  (1/2)(.0003)(4 x 101°/3 x 10%)v/2.1 A7 % 10-8
Qbrass B V quo-brass N 6-14 X 105 e
b)
/\Tef o (27r//8Tef> o ﬁbrass o C\/qugbrass _ (3 X 108)(614 X 105) —39x 103

Abrass B (27T/ﬂbrass) B BTef B w\/d“Tef (4 X 1010)\/ 2.1

UTef _ (W/ﬁTef) _ ﬁbrass
Ubrass (w/ﬁbrass) ﬂch

= 3.2 x 10 as before

11.28. A uniform plane wave in free space has electric field given by E, = 10e~75%a, + 156‘j51ay
V/m.

a) Describe the wave polarization: Since the two components have a fixed phase difference
(in this case zero) with respect to time and position, the wave has linear polarization,
with the field vector in the yz plane at angle ¢ = tan=1(10/15) = 33.7° to the y axis.

b) Find H: With propagation in forward x, we would have

~10 _,
= —e a4 —

377

15

377 e P%a, A/m = —26.5¢"7%%a, + 39.8¢777"a, mA/m

c) determine the average power density in the wave in W/m?: Use

1 1 [(10)? (15)2
P,,, = -Re{E, x H} = — N
g = gRe{B, x Hi} =5 | omran + oa

= 0.43a, W/m? or Puvg =0.43 W /m?
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11.29. Consider a left-circularly polarized wave in free space that propagates in the forward z direc-
tion. The electric field is given by the appropriate form of Eq. (100).
a) Determine the magnetic field phasor, Hy:
We begin, using (100), with E; = Ey(a, + ja,)e 7#*. We find the two components of
H, separately, using the two components of Es. Specifically, the z component of E; is
associated with a y component of Hy, and the y component of E; is associated with a
negative x component of H,. The result is

Mo

H. (ay — jag) e8>

b) Determine an expression for the average power density in the wave in W/m? by direct
application of Eq. (77): We have

1 1 . E .
P avg = §R6(ES x H) = §R€ <E0(am + ja,)e 9P7 x —O(ay —jam)eﬂﬂz)
Mo
Eg i . .
= —a, W/m” (assuming Ej is real)
Mo

11.30. In an anisotropic medium, permittivity varies with electric field direction, and is a property
seen in most crystals. Consider a uniform plane wave propagating in the z direction in such a
medium, and which enters the material with equal field components along the x and y axes.
The field phasor will take the form:

E.(2) = Eo(a, + a, e/2P?) e757

where A = 3, — 3, is the difference in phase constants for waves that are linearly-polarized
in the z and y directions. Find distances into the material (in terms of AJ) at which the field
is:

a) Linearly-polarized: We want the z and y components to be in phase, so therefore

mm

A5 (m=1,2,3..)

Aﬂzlin =Mmn = Ziin =

b) Circularly-polarized: In this case, we want the two field components to be in quadrature
phase, such that the total field is of the form, E; = Ey(a, + jay)e_jﬁz. Therefore,

(2n+ 1) (2n+ )7
- s N S A =0.1
ABZeire = 5 = Zeire TN (n=0,1,2,3...)

¢) Assume intrinsic impedance 7 that is approximately constant with field orientation and
find H; and < S >: Magnetic field is found by looking at the individual components:

E . .
H,(z) = = (a, — ameJABZ) e 9P* and
n
1 E? )
<S8 >= §R€{ES xH:}=—a, W/m
n

where it is assumed that Ej is real. n is real because the medium is evidently lossless.
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11.31.

11.32.

11.33.

A linearly-polarized uniform plane wave, propagating in the forward z direction, is input to a
lossless anisotropic material, in which the dielectric constant encountered by waves polarized
along y (er,) differs from that seen by waves polarized along x (€-5). Suppose €., = 2.15,
€ry = 2.10, and the wave electric field at input is polarized at 45° to the positive z and y axes.
Assume free space wavelength .

a) Determine the shortest length of the material such that the wave as it emerges from the
output end is circularly polarized: With the input field at 45°, the z and y components are
of equal magnitude, and circular polarization will result if the phase difference between
the components is 7/2. Our requirement over length L is thus 8,L — §,L = /2, or

™ e
L: =

2000 = By)  2w(Veérs — \fEry)

With the given values, we find,

58.3 A
B83)me s 9 146
2w 4

I —
b) Will the output wave be right- or left-circularly-polarized? With the dielectric constant
greater for x-polarized waves, the x component will lag the y component in time at the out-
put. The field can thus be written as E = Ey(a, —ja,), which is left circular polarization.

Suppose that the length of the medium of Problem 11.31 is made to be twice that as determined
in the problem. Describe the polarization of the output wave in this case: With the length
doubled, a phase shift of 7 radians develops between the two components. At the input, we
can write the field as E4(0) = Eyp(a, + a,). After propagating through length L, we would
have,

E,(L) = Eo[efjﬁm]‘ax + eijﬁyLay] = Eoefme[ax + e*i(ﬁy*ﬁx)Lay]

where (8, — 3;)L = — (since 3, > 3,), and so E4(L) = Ege 7%:L[a, —a,]. With the reversal
of the y component, the wave polarization is rotated by 90°, but is still linear polarization.

Given a wave for which E;, = 15e=7%%a, + 18e_jﬁzej¢ay V/m, propagating in a medium
characterized by complex intrinsic impedance, 7.

a) Find H,: With the wave propagating in the forward z direction, we find:

1 4 ,
H, = - [-18¢/%a, + 15a,] e777* A/m
U]

b) Determine the average power density in W/m?: We find

1 1 15)2 18)2 1
Pz,avg: iRe{Es XH:}: §Re{(ni*)+(’l’]i*)} :275R6{;} W/m2
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11.34.

Given the general elliptically-polarized wave as per Eq. (93):
E; = [Eyoa, + Eyoej‘bay]e*mz

a) Show, using methods similar to those of Example 11.7, that a linearly polarized wave
results when superimposing the given field and a phase-shifted field of the form:

E; = [Eyoa, + Eyoe_j"baly]e‘jﬁzej‘5
where ¢ is a constant: Adding the two fields gives

Es,tot = [ECCO (1 + ejé) a,; + Ey(] (€J¢ + €_j¢€j6) ay] e‘jﬂz

— | B oe?%/? (e—jm i ej6/2> a, + B el <e—j6/26j<z> n e—j¢€j6/2) a, | e 70

2cos(6/2) 2 cos(¢p—48/2)

This simplifies to Eg ot = 2 [Faoc0s(5/2)a, + Eyocos(¢ — §/2)a,] e?%/2e=7%% which is
linearly polarized.

b) Find § in terms of ¢ such that the resultant wave is polarized along z: By inspecting the
part a result, we achieve a zero y component when 2¢ — § = 7 (or odd multiples of 7).
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CHAPTER 12

12.1.

12.2.

A uniform plane wave in air, B, = EJ;,cos(10'°t — 32) V/m, is normally-incident on a
copper surface at z = 0. What percentage of the incident power density is transmitted into
the copper? We need to find the reflection coefficient. The intrinsic impedance of copper (a
good conductor) is

=22 = a2 = «m/% — (14 )(0104)

Note that the accuracy here is questionable, since we know the conductivity to only two
significant figures. We nevertheless proceed: Using 1y = 376.7288 ohms, we write

_ me—mo 0104 —376.7288 + j.0104
T ne+mo 0104+ 376.7288 + 7.0104

—.9999 + 7.0001

Now |I'|? = .9999, and so the transmitted power fraction is 1 — |T'|? = .0001, or about 0.01%
is transmitted.

The plane z = 0 defines the boundary between two dielectrics. For z < 0, €,1 = 9, €/, = 0,
and p11 = pio. For 2 >0, €.y = 3, €’y = 0, and pp = . Let B} = 10cos(wt — 152) V/m and
find

a) w: We have 8 = wy/uoe] = wy/e.;/c = 15. So w = 15¢/+/c.; = 15 x (3 x 10%)/v/9 =
1.5 x 107 s~

b) < Sf >: First we need n1 = +/uo/€, = no/\/e.i = 377/v/9 = 126 ohms. Next
we apply Eq. (76), Chapter 11, to evaluate the Poynting vector (with no loss and
consequently with no phase difference between electric and magnetic fields). We find
< ST >=(1/2)|E11?/m a, = (1/2)(10)%2 /126 a, = 0.40a, W /m?2.

c) < Sy >: First, we need to evaluate the reflection coefficient:

F:n2_771 :770/\/64"2_770/\/6;”1 _ \/62"1_ \/E;“Q — \/§—\/§:027
mAm o no/ey+m/Ven Vel t+e, VI+V3

Then < S] >= —|'|?2 < ST >= —(0.27)2(0.40) a, = —0.03a, W/m?.

d) < S3 >: This will be the remaining power, propagating in the forward z direction, or
<S5 >=0.37a, W/m?.
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12.3.

12.4.

A uniform plane wave in region 1 is normally-incident on the planar boundary separating
regions 1 and 2. If €/ = €J = 0, while €/.; = p2; and €/, = u,, find the ratio €/, /€. if 20% of
the energy in the incident wave is reflected at the boundary. There are two possible answers.
First, since |T'|? = .20, and since both permittivities and permeabilities are real, I' = +0.447.
we then set up

ne—m oy (e2/es) — o/ (r1/€))
N2 +m WO\/(Mrz/fﬂ +770\/ (r1/€1)
_ \/(MTQ/IUJEQ) - \/(Hrl/ﬂr ) _ Hr1— Hr2

V2 /13y) + /(i Jiy) et + pir

I'=+40.447 =

Therefore

ey 17F0.447 ey (2’
=TT (0.382,2.62) = 2= = (0.056,17.9
e 140.447 = ) e, \ i (0.056,17.9)

A 10-MHz uniform plane wave having an initial average power density of 5W/ m? is normally—
incident from free space onto the surface of a lossy material in which €5 /€, = 0.05, €., = 5,
and po = pg. Calculate the distance into the lossy medium at which the transmitted wave
power density is down by 10dB from the initial 5W /m?:

First, since € /5 = 0.05 << 1, we recognize region 2 as a good dielectric. Its intrinsic
impedance is therefore approximated well by Eq. (62b), Chapter 11:

140 1€ 377
= /= l14+j== 1 2
M2 6, [ +y2€,2 \/g[ + 70.025]

2
The reflection coefficient encountered by the incident wave from region 1 is therefore

Cme—m  (377/V/B)[1+.025] — 377 (1 —+/5)+5.025
et (377/VB)[1+5.025] + 377 (1+/5) +5.025

= —0.383 + j0.011

The fraction of the incident power that is reflected is then || = 0.147, and thus the
fraction of the power that is transmitted into region 2 is 1 — |I'|?> = 0.853. Still using the
good dielectric approximation, the attenuation coefficient in region 2 is found from Eq.
(60a), Chapter 11:

wey 377

. Ho 7 12 -2
a=—= 21 x 107)(0.05 x 5 x 8.854 x 10~ =2.34 x107“ Np/m
7\ = @mx 107 Ve b/

Now, the power that propagates into region 2 is expressed in terms of the incident power
through

< 8y > (2) = 5(1 — |T[2)e 207 = 5(.853)e~2(234x107)2 — .5 W /m?
in which the last equality indicates a factor of ten reduction from the incident power, as

occurs for a 10 dB loss. Solve for z to obtain

In(8.53)

= M99 s,
2234 x 10°2) o8
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12.5. The region z < 0 is characterized by €, = pu, = 1 and €/ = 0. The total E field here is given
as the sum of the two uniform plane waves, E, = 150e 7107 a, + (50/20°)e/1%% a, V/m.
a) What is the operating frequency? In free space, 8 = ko = 10 = w/c = w/3 x 10%. Thus,
w=3x10s"! or f =w/2m = 4.7 x 10® Hz.

b) Specify the intrinsic impedance of the region z > 0 that would provide the appropriate
reflected wave: Use

E 50e720° 1 500 n—1o
r=—-—-=- — = ¢/ =0.31 +40.11 =
En. 150 3¢ +J 4+ 10

14T 1+0.31 +50.11 ,
—no (=) =377 — 691 + 5177 Q
=T < > (1 —0.31— j0.31> Sl AL

Now

c) At what value of z (—10cm < z < 0) is the total electric field intensity a maximum
amplitude? We found the phase of the reflection coefficient to be ¢ = 20° = .349rad, and
we use

— —.34
Zmaz = 2—5 = % =—0.01"m=—-1.7Tcm

12.6. In the beam-steering prism of Example 12.8, suppose the anti-reflective coatings are removed,
leaving bare glass-to-air interfaces. Calcluate the ratio of the prism output power to the input
power, assuming a single transit.

In making the transit, the light encounters two interfaces at normal incidence, at which
loss will occur. The reflection coefficient at the front surface (air to glass) is

Ff:Wg—no :770/”9—770 _ 1—mn,
Ng+1  Mo/ng+ o 1+ ng

Taking the glass index, ny, as 1.45, we find I'y = —0.18. The interface on exit from the
prism is glass to air, and so the reflection coefficient there will be equal and opposite to
Ff; i.e., Fb = —Ff.
Now, the wave power that makes it through (assuming total reflection at the 45° interface)
will be

Pour = Pin(1 = [T¢[*)(1 = [To|*) = Pin(1 — |0.18)* = 0.93P,

So we have 93% net transmission.

243



12.7. The semi-infinite regions z < 0 and z > 1 m are free space. For 0 < z < 1m, €. =4, p, =1,
and €/ = 0. A uniform plane wave with w = 4 x 10® rad/s is travelling in the a, direction
toward the interface at z = 0.

a) Find the standing wave ratio in each of the three regions: First we find the phase constant
in the middle region,

wy/el 2(4 x 108)
c 3 x 10

2.67rad/m

Then, with the middle layer thickness of 1 m, Bod = 2.67rad. Also, the intrinsic
impedance of the middle layer is 72 = 79/ \/a = 1p/2. We now find the input impedance:

= 231 + j141

S o cos(Bad) + jne Sil’l(ﬂgd):| _ 377 [2 cos(2.67) + 7 sin(2.67)

> no cos(f2d) + jno sin(Fzd) 2 | cos(2.67) + j2sin(2.67)
Now, at the first interface,

Nin =10 231+ j141 — 377

F12 = - . =
Nin +n0 231+ 5141+ 377

—.176 4+ j.273 = .325/123°

The standing wave ratio measured in region 1 is thus

1+ |l 1+40.325
o — Ll 1% =1.96
1 -]  1-0.325
In region 2 the standing wave ratio is found by considering the reflection coefficient for
waves incident from region 2 on the second interface:

:770_770/2:1_1/2:1
2 o+ ne/2  1+1/2 3

Then
1+ 1/3

S 1-1/3

52 =2

Finally, s3 = 1, since no reflected waves exist in region 3.

b) Find the location of the maximum |E| for z < 0 that is nearest to z = 0. We note that
the phase of I'15 is ¢ = 123° = 2.15 rad. Thus

_—¢ =215 _
zmax—ﬁ—42(4/3) =—.81lm

12.8. A wave starts at point a, propagates 1m through a lossy dielectric rated at agp = 0.1dB/cm,
reflects at normal incidence at a boundary at which I' = 0.3 4 j0.4, and then returns to point
a. Calculate the ratio of the final power to the incident power after this round trip: Final
power, Py, and incident power, P;, are related through

P
Py = P10 0 1eanL|p2 9~ 0teanl Ff = 0.3 4 50.4|21070-2(0-D100 — 9 5 » 109—3
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12.9. Region 1, z < 0, and region 2, z > 0, are both perfect dielectrics (u = pg, €/ = 0). A
uniform plane wave traveling in the a, direction has a radian frequency of 3 x 10! rad/s. Its
wavelengths in the two regions are Ay =5 ¢cm and Ay = 3 cm. What percentage of the energy
incident on the boundary is

a) reflected; We first note that

2 2
2me 2me
6;.1 = <)\1—w> and €;2 = <)\2—w>

Therefore €, /€'y = (A\2/A1)?. Then with p = po in both regions, we find

e TR RVAV P VAV e W LY
m+m  moy/1/ey +m0v/1/ely e Jea+1  (A2/A1) +1
S de-M 3-5 1
S tM 345 4

The fraction of the incident energy that is reflected is then |T'|? = 1/16 = 6.25 x 102,

b) transmitted? We use part a and find the transmitted fraction to be
1— > =15/16 = 0.938.

¢) What is the standing wave ratio in region 17 Use

14D 14+1/4 5

TIoIm T 1-1/4 3 =

I
—
~J

12.10. In Fig. 12.1, let region 2 be free space, while p,; =1, €/; =0, and €]; is unknown. Find €, if
a) the amplitude of E| is one-half that of E]: Since region 2 is free space, the reflection
coefficient is

r— Ef| nmo—m mo—m/ve, Vei—1 1

ESl mot+m motno/ve, e+l 2 '
b) < S > is one-half of < S{ >: This time
\/ € 1 ? 1
=YL —| == = ¢, =3
vV €t 1 2
¢) |E1|min is one-half |Eq |4, Use
|E:1’maz 1 + |F‘ 1 6;1 —1 ’
—_— = 8§ = :2 = F:F:—:4 = 67, :4
Bln ° 11T M=r=3="77" :
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12.11.

12.12.

A 150 MHz uniform plane wave in normally-incident from air onto a material whose intrinsic
impedance is unknown. Measurements yield a standing wave ratio of 3 and the appearance of
an electric field minimum at 0.3 wavelengths in front of the interface. Determine the impedance
of the unknown material: First, the field minimum is used to find the phase of the reflection
coefficient, where

Zinin, = 1ﬂ(¢ +7)=-03\ = ¢=02r

where 5 = 2w/ has been used. Next,

So we now have
I = 0.5e/027 = e —T0

U +770

We solve for n, to find
Nu = n0(1.70 + j1.33) = 641 + 7501 Q

A 50MHz uniform plane wave is normally incident from air onto the surface of a calm ocean.
For seawater, 0 = 4 S/m, and €. = 78.
a) Determine the fractions of the incident power that are reflected and transmitted: First
we find the loss tangent:

7 = A — 184
we'  2m(50 x 106)(78)(8.854 x 10—12)

This value is sufficiently greater than 1 to enable seawater to be considered a good con-
ductor at 50MHz. Then, using the approximation (Eq. 85, Chapter 11), the intrinsic
impedance is ns = /7 fu/o(1 + j), and the reflection coefficient becomes

o ATAlT (4 0) —m
Vrfu/o (L+37)+no

where /7 fu/o = \/m(50 x 106) (47 x 10~7)/4 = 7.0. The fraction of the power reflected
is

B rp= [Vrfu/o —ml* +nfp/o _[10—3777+490 _
P; rfufo+nol? +wfu/o  [T0+37724+49.0

The transmitted fraction is then

P, 9
= )| 0.93 = 0.07

(2

b) Qualitatively, how will these answers change (if at all) as the frequency is increased?
Within the limits of our good conductor approximation (loss tangent greater than about
ten), the reflected power fraction, using the formula derived in part a, is found to decrease
with increasing frequency. The transmitted power fraction thus increases.
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12.13.

12.14.

A right-circularly-polarized plane wave is normally incident from air onto a semi-infinite slab
of plexiglas (e = 3.45, €/ = 0). Calculate the fractions of the incident power that are reflected
and transmitted. Also, describe the polarizations of the reflected and transmitted waves. First,
the impedance of the plexiglas will be n = 19/v/3.45 = 203 Q2. Then

203377

= ———=-0.30
203 + 377

The reflected power fraction is thus |I'|? = 0.09. The total electric field in the plane of
the interface must rotate in the same direction as the incident field, in order to continu-
ally satisfy the boundary condition of tangential electric field continuity across the interface.
Therefore, the reflected wave will have to be left circularly polarized in order to make this
happen. The transmitted power fraction is now 1 — |I'|?> = 0.91. The transmitted field will be
right circularly polarized (as the incident field) for the same reasons.

A left-circularly-polarized plane wave is normally-incident onto the surface of a perfect con-
ductor.
a) Construct the superposition of the incident and reflected waves in phasor form: Assume
positive z travel for the incident electric field. Then, with reflection coefficient, I' = —1,
the incident and reflected fields will add to give the total field:

E: = E; + E, = Eg(a, + jay)e /"% — Ey(a, + ja,)e™77*

=By | (e777 = ¢/%) a, +j (e — &%) a, | =2Eysin(82) [a, — ja]
| — | ——
—2j sin(Bz) —2j sin(Bz)

b) Determine the real instantaneous form of the result of part a:

E(z,t) = Re {E;1e’"} = 2Esin(8z) [cos(wt)a, + sin(wt)a,]

c¢) Describe the wave that is formed: This is a standing wave exhibiting circular polarization
in time. At each location along the z axis, the field vector rotates clockwise in the zy
plane, and has amplitude (constant with time) given by 2Ey sin(5z).
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12.15. Sulfur hexafluoride (SFg) is a high-density gas that has refractive index, ns = 1.8 at a specified
pressure, temperature, and wavelength. Consider the retro-reflecting prism shown in Fig.
12.16, that is immersed in SFg. Light enters through a quarter-wave antireflective coating
and then totally reflects from the back surfaces of the glass. In principle, the beam should
experience zero loss at the design wavelength (P,,: = Piy,).

a) Determine the minimum required value of the glass refractive index, ng, so that the
interior beam will totally reflect: We set the critical angle of total reflection equal to 45°,
which gives

n 1
sinf, = — =sin(45°) = — = n, = n,V2 = 2.55
ng ( ) \/5 g A

b) Knowing ng, find the required refractive index of the quarter-wave film, ny: For a quarter-
wave section, we know that the film intrinsic impedance will be

Ng = \/Mslg = Ny = /Msny = /(1.80)(2.55) = 2.14

c¢) With the SFg gas evacuated from the chamber, and with the glass and film values as
previously found, find the ratio, P,/ P;,. Assume very slight misalignment, so that the
long beam path through the prism is not re-traced by reflected waves. The beam loses
power at the two normal-incidence boundaries, whereas the back reflections at 45° will
still be lossless, as that angle is now greater than 6. with the reduced surrounding index.
At the first normal incidence boundary (from air to film to glass), the input intrinsic

impedance is
2 2/,2
Ui m/n n
77m1:—f = ! =To <—g>

g Mo/ng n}

At the second normal incidence boundary at the prism exit (glass to film to air), the input

intrinsic impedance is
2 2/,2
n m/n 1
nmzz—fz fz??o( )

Mo Mo n_?c

The reflection coeflicients at the two boundaries will be

= = —0.285
Mim1 +1M0  ng+nF  2.55+(2.14)2

p_ M =0 _ Mg ng 255 — (2.14)2
1= = =

2
. — Ng — N
F2 _ Tin2 Ng _ g f _ Fl

Nin2 + 779 ng + n?ﬂ

The power ratio will be:

Pout

= (L= [T1P) (1= [T2P) = (1 - (0285)°)° = 0.845
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12.16. In Fig. 12.5, let regions 2 and 3 both be of quarter-wave thickness. Region 4 is glass, having
refractive index, ng = 1.45; region 1 is air.

a) Find n;, 4 Since region 3 is a quarter-wave layer, 3l = /2, and (47) reduces to

2
TNin,b = 77_3
M4

b) Find 7 q: Again, with region 2 of quarter-wave thickness, (2l, = 7/2 and (48) becomes

o _ mm
Ninp 73

Nin,a =

¢) Specify a relation between the four intrinsic impedances that will enable total transmission
of waves incident from the left into region 4: At the front surface, we need to have a zero
reflection coefficient, so the input impedance there must match that of free space:

Nin,a = M0 = 775774 = 7792,770

d) Specify refractive index values for regions 2 and 3 that will accomplish the condition of
part c: We can rewrite the part c result as

2 2 n2
() @) (-~
na N4 n3 ny

So any combination of indices that satisfy this result will work. One combination, for
example, would be no = 1.10 and n3z = 1.33. It is better to have the indices ascending
(or descending) monotonically in value from layer to layer because the high transmission
feature is then less sensitive to changes in wavelength (as an exercise for fun, show this).

e) Find the fraction of incident power transmitted if the two layers were of half-wave thick-
ness instead of quarter-wave: For any half-wave layer, we know that the input impedance
is equal to that of the load. Therefore, nin 4 = 7in,a = Ma. The reflection coefficient at
the front surface is therefore

_ Mina—=NMo _Ma—NMo _1—-ms 1-1.45

Tip = =—0.184

Nina+M0 Ma+no 14+mng 1+1.45

The transmitted power fraction is then

Py

wm

=1—[Ti)?=1-(0.184)2=0.9
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12.17. A uniform plane wave in free space is normally-incident onto a dense dielectric plate of thick-
ness A/4, having refractive index n. Find the required value of n such that exactly half the
incident power is reflected (and half transmitted). Remember that n > 1.

In this problem, 1 = 13 = 7, and the quarter-wave section input impedance is therefore

_m_m/n® o

13 Mo n?

Nin

The reflection coeflicient at the front surface is then

 Nin—mo _ 1—n?

C Nintno  1+n2

mn

For half-power reflection, we require that |T';,|> = 0.5, or I';,, = +£1/4/2. Since n must be
greater than 1, we choose the minus sign option and write:

1—n? 1 12
_— :> =
14 n? V2 n

12.18. A uniform plane wave is normally-incident onto a slab of glass (n = 1.45) whose back surface
is in contact with a perfect conductor. Determine the reflective phase shift at the front surface
of the glass if the glass thickness is: (a) A\/2; (b) A\/4; (c) A/8.
With region 3 being a perfect conductor, n3 = 0, and Eq. (36) gives the input impedance
to the structure as n;,, = jne tan B¢. The reflection coefficient is then

ro Min =0 _ jme tan B — ng _ n3 tan? B¢ — ng + j2nemn2 tan BY C T4 Ty
Min + 10 jn2 tan B2+ no 13 tan” 30 + g A

where the last equality occurs by multiplying the numerator and denominator of the
middle term by the complex conjugate of its denominator. The reflective phase is now

6= tant (L0) = qan-t [22motan S0 ) o [(290) tan ¢
Ly n5 tan® B¢ — g tan B¢ — 2.10

where 175 = 19/1.45 has been used. We can now evaluate the phase shift for the three
given cases. First, when ¢ = \/2, §¢ = m, and thus ¢(A/2) = 0. Next, when ¢ = \/4,
Bl = /2, and

p(A\/4) — tan! [2.90] = 71°

as £ — A\/4. Finally, when ¢ = \/8, ¢ = 7/4, and

2.90

#(\/8) = tan™* [m

} = —69.2° (or 291°)
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12.19. You are given four slabs of lossless dielectric, all with the same intrinsic impedance, i, known
to be different from that of free space. The thickness of each slab is A/4, where A is the
wavelength as measured in the slab material. The slabs are to be positioned parallel to one
another, and the combination lies in the path of a uniform plane wave, normally-incident. The
slabs are to be arranged such that the air spaces between them are either zero, one-quarter
wavelength, or one-half wavelength in thickness. Specify an arrangement of slabs and air
spaces such that

a)

the wave is totally transmitted through the stack: In this case, we look for a combination
of half-wave sections. Let the inter-slab distances be dj, da, and ds (from left to right).
Two possibilities are i.) dy = dy = d3 = 0, thus creating a single section of thickness A,
or ii.) di =ds =0, do = \/2, thus yielding two half-wave sections separated by a half-
wavelength.

the stack presents the highest reflectivity to the incident wave: The best choice here
is to make d; = ds = ds = A/4. Thus every thickness is one-quarter wavelength. The
impedances transform as follows: First, the input impedance at the front surface of the last
slab (slab 4) is 1;,,.1 = 7% /n0. We transform this back to the back surface of slab 3, moving
through a distance of A\/4 in free space: 7in,2 = 03 /Nin1 = n3/n*. We next transform this
impedance to the front surface of slab 3, producing 1,3 = n?/nin.2 = n*/n3. We continue
in this manner until reaching the front surface of slab 1, where we find 7;, 7 = 7%/nJ.
Assuming 1 < 19, the ratio n™/ 773_1 becomes smaller as n increases (as the number of
slabs increases). The reflection coefficient for waves incident on the front slab thus gets
close to unity, and approaches 1 as the number of slabs approaches infinity.
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12.20. The 50MHz plane wave of Problem 12.12 is incident onto the ocean surface at an angle to the
normal of 60°. Determine the fractions of the incident power that are reflected and transmitted
for

a) s polarization: To review Problem 12, we first we find the loss tangent:

o 4
— = =184
we' 2m(50 x 109)(78)(8.854 x 10~12)

This value is sufficiently greater than 1 to enable seawater to be considered a good con-
ductor at 50MHz. Then, using the approximation (Eq. 85, Chapter 11), and with p = po,
the intrinsic impedance is 9y = /7 fu/o(1+ j) = 7.0(1 + 7). Next we need the angle of
refraction, which means that we need to know the refractive index of seawater at 50MHz.
For a uniform plane wave in a good conductor, the phase constant is

Bsea @ - Jrfuo = ngea =/ LT =26.8
c 4r f

ﬁ pu—
Then, using Snell’s law, the angle of refraction is found:

sin y = % sin0; = 26.8sin(60°) = o = 1.9°
1

This angle is small enough so that cosf; = 1. Therefore, for s polarization,

. Ms2 —Mns1 7.0(1+ j) — 377/ cos 60° , .

Iy = = = —0.98 4 50.018 = 0.98/179

Ns2 +Ms1 7.0(1 + j) + 377/ cos 60° +J

The fraction of the power reflected is now |I's|? = 0.96. The fraction transmitted is then
0.04.

b) p polarization: Again, with the refracted angle close to zero, the relection coefficient for
p polarization is

. Mp2 —Mp1 7.0(1+ j) — 377 cos60° , .
r,= = ; = —0.93 + 50.069 = 0.93/176
Np2 +np1 7.0(1+ j) + 377 cos 60° J

The fraction of the power reflected is now |T'p|? = 0.86. The fraction transmitted is then
0.14.
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12.21.

12.22.

12.23.

A right-circularly polarized plane wave in air is incident at Brewster’s angle onto a semi-infinite
slab of plexiglas (e, = 3.45, €/ =0, p = po).

a) Determine the fractions of the incident power that are reflected and transmitted: In
plexiglas, Brewster’s angle is g = 0; = tan~!(e,/€.;) = tan~1(1/3.45) = 61.7°. Then
the angle of refraction is f; = 90° — 05 (see Example 12.9), or 6 = 28.3°. With incidence
at Brewster’s angle, all p-polarized power will be transmitted — only s-polarized power
will be reflected. This is found through

_ Mas — s _ .614n9 — 2.11ng
T Mos +ms 61dng + 2110

= —0.549

where 715 = 11 sec; = ngsec(61.7°) = 2.11n,
and 195 = nasecly = (n9/v/3.45) sec(28.3°) = 0.614n9. Now, the reflected power fraction
is |[|? = (—.549)% = .302. Since the wave is circularly-polarized, the s-polarized compo-
nent represents one-half the total incident wave power, and so the fraction of the total
power that is reflected is .302/2 = 0.15, or 15%. The fraction of the incident power that
is transmitted is then the remainder, or 85%.

b) Describe the polarizations of the reflected and transmitted waves: Since all the p-polarized
component is transmitted, the reflected wave will be entirely s-polarized (linear). The
transmitted wave, while having all the incident p-polarized power, will have a reduced
s-component, and so this wave will be right-elliptically polarized.

A dielectric waveguide is shown in Fig. 12.16 with refractive indices as labeled. Incident light
enters the guide at angle ¢ from the front surface normal as shown. Once inside, the light
totally reflects at the upper ny — ng interface, where n; > no. All subsequent reflections from
the upper an lower boundaries will be total as well, and so the light is confined to the guide.
Express, in terms of ny; and ns, the maximum value of ¢ such that total confinement will
occur, with ng = 1. The quantity sin ¢ is known as the numerical aperture of the guide.

From the illustration we see that ¢ maximizes when 6 is at its minimum value. This minimum
will be the critical angle for the ny — ny interface, where sinf. = sinf; = ny/n;. Let the
refracted angle to the right of the vertical interface (not shown) be ¢2, where ngsing; =
n1 sin ¢o. Then we see that ¢+ 601 = 90°, and so sinf; = cos ¢». Now, the numerical aperture
becomes

. ny . .
SN G1mar = n—smgbg =nycosf =ni\/1—sin?60; = ni\/1— (na/n1)? = y/n? —n3
0

Finally, ¢1maz = sin ™! < n? — n%) is the numerical aperture angle.

Suppose that ¢ in Fig. 12.16 is Brewster’s angle, and that 6; is the critical angle. Find ng in
terms of ny and ny: With the incoming ray at Brewster’s angle, the refracted angle of this ray
(measured from the inside normal to the front surface) will be 90° — ¢;. Therefore, ¢1 = 01,
and thus sin ¢; = sin#;. Thus
ni

2:si1101:E = ng = (n1/n2)y/n? — n3

Sin ¢1 - 27
ng +ny Ua!

Alternatively, we could have used the result of Problem 12.22; in which it was found that
sin 1 = (1/ng)/n? — n2, which we then set equal to sinf; = ny/n; to get the same result.
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12.24.

12.25.

A Brewster prism is designed to pass p-polarized light without any reflective loss. The prism
of Fig. 12.17 is made of glass (n = 1.45), and is in air. Considering the light path shown,
determine the vertex angle, a: With entrance and exit rays at Brewster’s angle (to eliminate
reflective loss), the interior ray must be horizontal, or parallel to the bottom surface of the
prism. From the geometry, the angle between the interior ray and the normal to the prism
surfaces that it intersects is «/2. Since this angle is also Brewster’s angle, we may write:

1 1
a=2sin"!' | —— | =2sin"' | —— | =1.21rad = 69.2°
<\/1+n2> < 1+(1.45)2> —

In the Brewster prism of Fig. 12.17, determine for s-polarized light the fraction of the incident
power that is transmitted through the prism, and from this specify the dB insertion loss,
defined as 10log,, of that number:

We use I's = (ns2 — ns1)/(ns2 + 1s1), where

2 . 2 _ "o

T2 os(Op2) /I nE 02

1+ n?

and

m M E—
s1 — e — 1 —|— n2
T Cos(01) 1/V/1 + n? o

Thus, at the first interface, I' = (1 —n?)/(1+n?). At the second interface, I' will be equal
but of opposite sign to the above value. The power transmission coefficient through each
interface is 1 — |T'|?, so that for both interfaces, we have, with n = 1.45:

2
Py 0\ 2 n?—1\>
=(1—-1T = 1= —-——
Pznc ( | |) [ <n2+1>

The insertion loss is now
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12.26. Show how a single block of glass can be used to turn a p-polarized beam of iight through 180°,
with the light suffering, in principle, zero reflective loss. The light is incident from air, and
the returning beam (also in air) may be displaced sideways from the incident beam. Specify
all pertinent angles and use n = 1.45 for glass. More than one design is possible here.

The prism below is designed such that light enters at Brewster’s angle, and once inside, is
turned around using total reflection. Using the result of Example 12.9, we find that with
glass, 0 = 55.4°, which, by the geometry, is also the incident angle for total reflection at the
back of the prism. For this to work, the Brewster angle must be greater than or equal to the
critical angle. This is in fact the case, since 6, = sin™*(ny/n;) = sin~'(1/1.45) = 43.6°.

12.27. Using Eq. (79) in Chapter 11 as a starting point, determine the ratio of the group and phase
velocities of an electromagnetic wave in a good conductor. Assume conductivity does not vary
with frequency: In a good conductor:

1 —1/2
v - A

Thus

Therefore vy /v, = 2.
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12.28.

12.29.

12.30.

Over a small wavelength range, the refractive index of a certain material varies approximately
linearly with wavelength as n(\) = n, + np(A — Ay), where ng, np, and A, are constants, and
where A is the free space wavelength.

a) Show that d/dw = —(2wc/w?)d/d)\: With X as the free space wavelength, we use A =
27c/w, from which d\/dw = —27c/w?. Then d/dw = (d\/dw) d/d\ = —(2mc/w?) d/dA.

b) Using B(\) = 27n/)\, determine the wavelength-dependent (or independent) group delay
over a unit distance: This will be

tg:i—@—i [27rn()\)} _ 2rc d [2_7r 70+ m(h— M)

vg_dw_dw A w2 d\ | A
2me 2T 2T
A2 2T,  2TnpAg 1
=5 [— \z + 2 ] = E(na —npAg) S/m

c¢) Determine 32 from your result of part b: B2 = d?3/dw?|,,. Since the part b result is
independent of wavelength (and of frequency), it follows that 82 = 0.

d) Discuss the implications of these results, if any, on pulse broadening: A wavelength-
independent group delay (leading to zero (32) means that there will simply be no pulse
broadening at all. All frequency components arrive simultaneously. This sort of thing
happens in most transparent materials — that is, there will be a certain wavelength, known
as the zero dispersion wavelength, around which the variation of n with A is locally linear.
Transmitting pulses at this wavelength will result in no pulse broadening (to first order).

A T = 5 ps transform-limited pulse propagates in a dispersive channel for which Gy =
10 ps?/km. Over what distance will the pulse spread to twice its initial width? After prop-
agation, the width is T/ = /T2 + (A7)2 = 2T. Thus A7 = /3T, where At = (2/T.

Therefore 3T /3 )
Baz 3T 3(5ps)
A V3T or z 5 10ps2 /km 3 km

A T = 20 ps transform-limited pulse propagates through 10 km of a dispersive channel for
which 3 = 12 ps?/km. The pulse then propagates through a second 10 km channel for which
2 = —12ps? /km. Describe the pulse at the output of the second channel and give a physical
explanation for what happened.

Our theory of pulse spreading will allow for changes in 5 down the length of the channel. In
fact, we may write in general:

1 (F
AT:T/O Ba(z)dz

Having (2 change sign at the midpoint, yields a zero A7, and so the pulse emerges from the
output unchanged! Physically, the pulse acquires a positive linear chirp (frequency increases
with time over the pulse envelope) during the first half of the channel. When 5 switches sign,
the pulse begins to acquire a negative chirp in the second half, which, over an equal distance,
will completely eliminate the chirp acquired during the first half. The pulse, if originally
transform-limited at input, will emerge, again transform-limited, at its original width. More
generally, complete dispersion compensation is achieved using a two-segment channel when
oL = —p4 L', assuming dispersion terms of higher order than (> do not exist.
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CHAPTER 13

13.1. The conductors of a coaxial transmission line are copper (0. = 5.8 x 1077 S/m) and the dielectric
/

is polyethylene (e). = 2.26, o/we’ = 0.0002). If the inner radius of the outer conductor is 4 mm,
find the radius of the inner conductor so that (assuming a lossless line):
a) Zop =50%: Use

21/ (50
Zo = 2 ﬁln<9>:5o - ln<9>:—7r (50) _ o
a

o\ e a 377

Thus b/a = €25 = 3.50, or a = 4/3.50 = 1.142mm
b) C =100 pF/m: Begin with

2me’ b
= =10"10 In{ =) =27(2.26)(8.854 x 1072) = 1.2
C n/a) 0 = n(a> 7(2.26)(8.854 x 1072) 57

So b/a = er?7 =351, or a =4/3.51 = 1.138 mm.
c¢) L=0.2pH/m: Use

27(0.2 x 1076
L= () Zoax10® = m(l)22r02x1070)
T a a 47 x 10~7

Thus b/a = e! = 2.718, or a = b/2.718 = 1.472 mm.
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13.2. Find R, L, C, and G for a coaxial cable with a = 0.25 mm, b = 2.50 mm, ¢ = 3.30 mm, €, = 2.0,
pr=1,0.=1.0x10"S/m, 0 = 1.0 x 107° S/m, and f = 300 MHz.

First, we note that the metal is a good conductor, as confirmed by the loss tangent:

o 1.0 x 107
¢ = _a 108 .
we  2n(3.00 X 10°)(2) (8854 x 10-12) oV X =2

So the skin depth into the metal is

2 2
\ wpo. \/%(3.00 x 108)(47 x 10-7)(1.0 x 107) pm

The current can be said to exist in layers of thickness § just beneath the inner conductor
radius, a, and just inside the outer conductor at its inner radius, b. The outer conductor far
radius, ¢, is of no consequence. Both conductors behave essentially as thin films of thickness
0. We are thus in the high frequency regime, and the equations in Sec. 13.1.1 apply. The
calculations for the primary constants are as follows:

Loy ] ! ! P 7.6/
_ a2 = =1. m
910, \a b))  2m(9.2x 10-6)(1.0 x 107) \ 0.25 x 10-3 ' 25 x 10-3 ) L

using Eq. (12).

I b 4 x 1077 2.5
T o <a> om0 (g5 ) ~240kH/m

using Eq. (11).
2me’ 27(2)(8.854 x 10712)
In(b/a) In(2.5/0.25) 48pF/m

C

using Eq. (9).
_ 2m0 27(1.0 x1077)
" In(b/a)  1n(2.5/0.25)

G =27 puS/m

using Eq. (10).
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13.3. Two aluminum-clad steel conductors are used to construct a two-wire transmission line. Let
oA =38x10"S/m, 05; =5 x 10° S/m, and ps; = 100 uH/m. The radius of the steel wire is 0.5
in., and the aluminum coating is 0.05 in. thick. The dielectric is air, and the center-to-center wire
separation is 4 in. Find C, L, G, and R for the line at 10 MHz: The first question is whether we
are in the high frequency or low frequency regime. Calculation of the skin depth, §, will tell us.
We have, for aluminum,

1 1

= = =258 x107° m
VT fuooar  +/m(107) (47 x 10-7)(3.8 x 107)

4]

so we are clearly in the high frequency regime, where uniform current distributions cannot be
assumed. Furthermore, the skin depth is considerably less than the aluminum layer thickness, so
the bulk of the current resides in the aluminum, and we may neglect the steel. Assuming solid
aluminum wires of radius a = 0.5 + 0.05 = 0.55 in = 0.014 m, the resistance of the two-wire line
is now

1 1
madoy  w(.014)(2.58 x 1075)(3.8 x 107) 0.023 &/m

Next, since the dielectric is air, no leakage will occur from wire to wire, and so G = 0 S/m. Now
the capacitance will be

. 1 —12
c—_ "0 _ 7mx885x10 — 142 x 10" F/m = 14.2 pF/m
cosh™ " (d/2a)  cosh™ (4/(2 x 0.55)) —

Finally, the inductance per unit length will be

47 x 1077

L="t cosh(d/2a) = cosh (4/(2 x 0.55)) = 7.86 x 10~7 H/m = 0.786 pH/m
= e et
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13.4. Find R, L, C, and G for a two-wire transmission line in polyethylene at f = 800 MHz. Assume
copper conductors of radius 0.50 mm and separation 0.80 cm. Use ¢, = 2.26 and o/(we’) =
4.0 x 1074

From the loss tangent, we find the conductivity of polyethylene:
o= (4.0 x 107*) (27 x 8.00 x 10%)(2.26)(8.854 x 107'?) = 4.0 x 107> S/m

As polyethylene is a good dielectric, its penetration depth is (using Eq. (60a), Chapter 11):

1 2 [e  2€ 2v/2.26
ap o\lp  ong (4.0 x1075)(377)

Therefore, we can assume field distributions over a any cross-sectional plane to be the same
as those of the lossless line. On the other hand, within the copper conductors (for which
0. = 5.8 x 107) the skin depth will be (from Eq. (82), Chapter 11):

1 1
5o = - —23
T fuoe  m(8.00 x 108) (47 x 10-7)(5.8 x 107) pm

As this value is much less than the overall conductor dimensions, the line operates in the high
frequency regime. The primary constants are found using Eqs. (20) - (23). We have

e’ ~ m(2.26)(8.854 x 10~12)

C = = = 22.7pF/m
cosh™(d/2a) cosh™1(8) 22.7pF/m
4 10~7
L=1L¢:= L cosh™(d/2a) = Am x 1077 cosh™(8) = 1.11 yH/m
™ T —
4. 105
B _7;0 :71'( 0>i1() ):46,MS/II1
cosh™ " (d/2a) cosh™ " (8) —
1 1
R— — = 4.8 ohms/m

mad.o. (5.0 x 1074)(2.3 x 1079)(5.8 x 107)
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13.5. Each conductor of a two-wire transmission line has a radius of 0.5mm; their center-to-center
distance is 0.8cm. Let f = 150M Hz and assume ¢ and o, are zero. Find the dielectric constant
of the insulating medium if

a) Zy=300%Q: Use

1 d 120 8
300 = —, /1% cosh (—) = e = " cosh™! <—) =1.107 = €. =123
T

!
€,.€0

b) C' =20 pF/m: Use

e’ , 20 x 10712
= — CO

20x107 = —F—— = & :
cosh™ " (d/2a) TEQ

c) vp = 2.6 x 108 m/s:

: 1 1 ¢ (3.0 X 108>2 L33
= pr— pr— 6 = - . 4 = .
PUVIC e, (/e m \2.6x108 —

13.6. The transmission line in Fig. 6.8 is filled with polyethylene. If it were filled with air, the capacitance
would be 57.6 pF/m. Assuming that the line is lossless, find C, L, and Z,.

The line cross-section is of little consequence here because we have its capacitance and we
know that it is lossless. The capacitance with polyethylene added will be just the air-filled
line capacitance multiplied by the dielectric constant of polyethylene, which is €. = 2.26, or

Cp = €.Cuir = 2.26(57.6) = 130 pF/m

The inductance is found from the capacitance and the wave velocity, which in the air-filled
line is just the speed of light in vacuum:

1 1 1
Narems 0o (300 X 10°)2(57.6 x 10-12) 2493 uHl/m

vy, =c=3x10°m/s =

Finally, the characteristic impedance in the dielectric-filled line will be

L 1.93 x 107
0=/ c, 130 x 10-10 38.5 ohms

where the inductance is unaffected by the incorporation of the dielectric.
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13.7. Pertinent dimensions for the transmission line shown in Fig. 13.2 are b = 3 mm, and d = 0.2 mm.
The conductors and the dielectric are non-magnetic.
a) If the characteristic impedance of the line is 15 €, find €,.: We use

2
i () _ (3T 01
ZQ— o <b>—15 = GT—<15 9 =2.8

b) Assume copper conductors and operation at 2 x 108 rad/s. If RC = GL, determine the loss
tangent of the dielectric: For copper, o, = 5.8 x 107 S/m, and the skin depth is

) 2
5= = =12x107°
\ wrooe \/(2 X 108) (47 x 10-7)(5.8 x 107) e

Then 5 5
R= 0 = e x 1012 x 10-5)(008) %8 /m
Now b (2.8)(8.85 x 10-12)(3)
_ b (2.8)(8.85 x 10~ _ 10
o=5 = 3.7 % 107 F/m
and

I _ pod (4w x 1077)(0.2)
b 3

=84 x 107® H/m
Then, with RC = GL,

o= RO _ (.98)(3.7 x 10719)
L (84x1078)

=44x1073 S/m = %“b

Thus 04 = (4.4 x 1073)(0.2/3) = 2.9 x 10~* S/m. The loss tangent is

o4 2.9 x 107* L,
lt.= 2% = = 5.85 x 10
we' (2% 109)(2.8)(8.85 x 10-12) -

262



13.8. A transmission line constructed from perfect conductors and an air dielectric is to have a maximum
dimension of 8mm for its cross-section. The line is to be used at high frequencies. Specify its
dimensions if it is:

a) a two-wire line with Zy = 300 : With the maximum dimension of 8mm, we have, using (24):

1 /p 1 (8—2a 8 —2a 3007
Zy = —4/ = cosh = =cosh| —— | =6.1
0= 4/ g o8 < %a > 300 = %a cos <1207T> 6.13

Solve for a to find @ = 0.56 mm. Then d = 8 — 2a = 6.88 mm.

b) a planar line with Zy = 15Q: In this case our maximum dimension dictates that v/d? + b? = 8.
So, using (8), we write

N 1
Zy=1/E 761) —15 = \/64—62:—37571)
€

Solving, we find b = 7.99 mm and d = 0.32 mm.

c) a 72§ coax having a zero-thickness outer conductor: With a zero-thickness outer conductor,
we note that the outer radius is b = 8/2 = 4mm. Using (13), we write

1 b b\ 2m(72
Zo= L P m (B2 o wm(8) = 190 o a—pe 'm0 — 1
2\ € a a 1207

Summarizing, ¢ = 1.2mm and b = 4mm.

13.9. A microstrip line is to be constructed using a lossless dielectric for which €/ = 7.0. If the line is to
have a 50-€) characteristic impedance, determine:

a) € crf: We use Eq. (34) (under the assumption that w/d > 1.3) to find:

€refs = T7.0[0.96 +7.0(0.109 — 0.004 x 7.0)log;(10 +50) — 1] ' = 5.0

b) w/d: Still under the assumption that w/d > 1.3, we solve Eq. (33) for d/w to find
1/0.555

d e —1 ¢ +1\ "
E = (01) [ > <€r,eff - 5 > ] —0.10

_,71/0.555
= (0.1) [3.0 (5.0 — 4.0) } ~0.10=0.624 =

w
— =1.60
d
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13.10. Two microstrip lines are fabricated end-to-end on a 2-mm thick wafer of lithium niobate (e, = 4.8).
Line 1 is of 4mm width; line 2 (unfortunately) has been fabricated with a 5mm width. Determine
the power loss in dB for waves transmitted through the junction.

We first note that wy/d; = 2.0 and ws/dy = 2.5, so that Eqgs. (32) and (33) apply. As the
first step, solve for the effective dielectric constants for the two lines, using (33). For line 1:

—0.555
5.8 3.8 1
erl,eff = 7 + 7 |:1 + 10 <§>:| = 3.60

For line 2:

58 3.8 1\ 995
€raeff = 5 5 {1+10 (ﬁﬂ — 3.68

We next use Eq. (32) to find the characteristic impedances for the air-filled cases. For line 1:
air 1 1 ?
Zg" =601ln |4 5 +4/16 3 + 2| = 89.6 ohms
and for line 2:

air 1 1 ?
Z8" = 601n 4(2—5>+ 16 <§> +2| =79.1 ohms

The actual line impedances are given by Eq. (31). Using our results, we find

Zair ) Zair 1
Zop = —2 = 89.6 _ 472 Q and Zpy = —2  — (ER 41.2
VEerieff v 3.60 VEr2eff v 3.68

The reflection coefficient at the junction is now

| Zoo—Zoy  AT2—412

= Zost Zo)  AT2rarg 0068

The transmission loss in dB is then

Pr(dB) = —101log;(1 — |T'|?) = —101og;,(0.995) = 0.02 dB
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13.11.

13.12.

13.13.

13.14.

A parallel-plate waveguide is known to have a cutoff wavelength for the m = 1 TE and TM modes
of A\¢y = 0.4 cm. The guide is operated at wavelength A = 1 mm. How many modes propagate?
The cutoff wavelength for mode m is ., = 2nd/m, where n is the refractive index of the guide
interior. For the first mode, we are given

:M:()Acm = d:%:Ecm

Ac
! 1 2n n

Now, for mode m to propagate, we require

2nd 0.4 0.4 0.4
A<—=" = m<—=_—"=14
m m

>
e
—_

So, accounting for 2 modes (TE and TM) for each value of m, and the single TEM mode, we will
have a total of 9 modes.

A parallel-plate guide is to be constructed for operation in the TEM mode only over the frequency
range 0 < f < 3 GHz. The dielectric between plates is to be teflon (e, = 2.1). Determine the

T
maximum allowable plate separation, d: We require that f < f.1, which, using (41), becomes

3x 108
f<L = dma:z: c

2nd 2nfmax  2¢/2.1(3 x 109)

A lossless parallel-plate waveguide is known to propagate the m = 2 TE and TM modes at
frequencies as low as 10GHz. If the plate separation is 1 cm, determine the dielectric constant of
the medium between plates: Use

c _3><1O10

foo = — = =10 = n=3 or ¢ =9
nd n(1)

A d =1 cm parallel-plate guide is made with glass (n = 1.45) between plates. If the operating
frequency is 32 GHz, which modes will propagate? For a propagating mode, we require f > f..,
Using (41) and the given values, we write

P 2fnd _ 2(32 x 10%)(1.45)(.01)

ond c 3% 108 =3.09

The maximum allowed m in this case is thus 3, and the propagating modes will be TM;, TE,
TMQ, TEQ, TM3, and TE3
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13.15. For the guide of Problem 13.14, and at the 32 GHz frequency, determine the difference between the
group delays of the highest order mode (TE or TM) and the TEM mode. Assume a propagation
distance of 10 cm: From Problem 13.14, we found m 4, = 3. The group velocity of a TE or TM
mode for m = 3 is

2 10
; 3(3 x 10
Vg3 = % 1-— <ff3> where fc3 - m =3.1x 1010 = 31 GHz

Thus

3 x 1010 (31
Vg3 = ———{ /1 —

2
ol 9
TAE 32> 5.13 x 107 cm/s

For the TEM mode (assuming no material dispersion) vy ey = ¢/n = 3 x 10'9/1.45 = 2.07 x 10*°
cm/s. The group delay difference is now

At ! ! 10 ! : 15
_ — — — =15n
97" vy vgrEM 513 x 10°  2.07 x 1010 .

13.16. The cutoff frequency of the m = 1 TE and TM modes in an air-filled parallel-plate guide is
known to be f.; = 7.5 GHz. The guide is used at wavelength A\ = 1.5 ¢m. Find the group
Velocity of the m = 2 TE and TM modes. First we know that f.o = 2f.1 = 15 GHz. Then

=c/A =3 x10%/.015 = 20 GHz. Now, using (57),

fc2 15
Vgo = — 1/1— == 20 —2><108m/s

13.17. A parallel-plate guide is partially filled with two lossless dielectrics (Fig. 13.25) where €/, = 4.0,
€5 =2.1,and d =1 cm. At a certain frequency, it is found that the TM; mode propagates through
the guide without suffering any reflective loss at the dielectric interface.

a) Find this frequency: The ray angle is such that the wave is incident on the interface at

Brewster’s angle. In this case
2.1
0 = t -1 — = 3590
B=2E Vo

The ray angle is thus 6§ = 90 — 35.9 = 54.1°. The cutoff frequency for the m = 1 mode is

3 % 1010
fu=—C 22X 75GHs

N

The frequency is thus f = f.;/cosf = 7.5/ cos(54.1°) = 12.8 GHz.

b) Is the guide operating at a single TM mode at the frequency found in part a? The cutoff
frequency for the next higher mode, TMs is f.o = 2f.1 = 15 GHz. The 12.8 GHz operating
frequency is below this, so TMz will not propagate. So the answer is yes.
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13.18. In the guide of Figure 13.25, it is found that m = 1 modes propagating from left to right totally
reflect at the interface, so that no power is transmitted into the region of dielectric constant €.

a)

Determine the range of frequencies over which this will occur: For total reflection, the ray
angle measured from the normal to the interface must be greater than or equal to the critical
angle, 6, where sin 0, = (¢’.o/€’1)*/?. The mazimum mode ray angle is then 0} 4, = 90° —0...
Now, using (39), we write

90° — 6, = cos™* T > = cos™! <W70> = cos ! (L)
< kmazd Qmeaxd\/zl 4dfmaa:

(90 — 0 ) = sl c — —/ = €
6/7- 1dfmax

Therefore fra: = ¢/(2v/2.1d) = (3 x 108)/(2v/2.1(.01)) = 10.35 GHz. The frequency range is
thus f < 10.35 GHz.

Does your part a answer in any way relate to the cutoff frequency for m = 1 modes in any
region? We note that fr.e = ¢/(2v/2.1d) = fe1 in guide 2. To summarize, as frequency is
lowered, the ray angle in guide 1 decreases, which leads to the incident angle at the interface
increasing to eventually reach and surpass the critical angle. At the critical angle, the refracted
angle in guide 2 is 90°, which corresponds to a zero degree ray angle in that guide. This defines
the cutoff condition in guide 2. So it would make sense that fiq. = fe1(guide 2).

13.19. A rectangular waveguide has dimensions @ = 6 cm and b = 4 cm.

a)

Over what range of frequencies will the guide operate single mode? The cutoff frequency for
mode mp is, using Eq. (101):

fem =5 () + (5)

where n is the refractive index of the guide interior. We require that the frequency lie between
the cutoff frequencies of the T E1g and T'Ey; modes. These will be:

¢ 3x10%  2.5x10° c 3x10%  3.75 x 10°
fclo:—: = chlZ—: ==
2na  2n(.06) n 2nb  2n(.04) n

Thus, the range of frequencies for single mode operation is 2.5/n < f < 3.75/n GHz

Over what frequency range will the guide support both T'E19 and T Eyp; modes and no others?
We note first that f must be greater than f.g; to support both modes, but must be less than
the cutoff frequency for the next higher order mode. This will be f.i1, given by

c 1)\? 1\> 30c 4.5x10°
fei1 = — - + | = =0 =
2n .06 .04 2n n

The allowed frequency range is then

. 4.
&GHZ<JC<—5GHZ
n n
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13.20. Two rectangular waveguides are joined end-to-end. The guides have identical dimensions, where
a = 2b. One guide is air-filled; the other is filled with a lossless dielectric characterized by €.

a)

Determine the maximum allowable value of €. such that single mode operation can be simul-
taneously ensured in both guides at some frequency: Since a = 2b, the cutoff frequency for any
mode in either guide is written using (101):

o = (oY 4 (22"

where n = 1 in guide 1 and n = \/a in guide 2. We see that, with a = 2b, the next
modes (having the next higher cutoff frequency) above TE;y with be TEq9y and TEy;. We
also see that in general, femp(guide 2) < femp(guide 1). To assure single mode operation
in both guides, the operating frequency must be above cutoff for TE g in both guides, and
below cutoff for the next mode in both guides. The allowed frequency range is therefore
fero(guide 1) < f < feao(guide 2). This leads to ¢/(2a) < f < ¢/(a+/€..). For this range to be
viable, it is required that €. < 4.

Write an expression for the frequency range over which single mode operation will occur in
both guides; your answer should be in terms of €., guide dimensions as needed, and other
known constants: This was already found in part a:

C
— < f<

/
2a € a

where €. < 4.

13.21. An air-filled rectangular waveguide is to be constructed for single-mode operation at 15 GHz.
Specify the guide dimensions, a and b, such that the design frequency is 10% higher than the
cutoff frequency for the TE;¢ mode, while being 10% lower than the cutoff frequency for the next
higher-order mode: For an air-filled guide, we have

e =\ (5) "+ (5)

For TE,9 we have f.19p = ¢/2a, while for the next mode (TEq1), feo1 = ¢/2b. Our requirements
state that f = 1.1f010 = 0.9fc(]1. So fclO = 15/11 = 13.6 GHz and chl = 15/09 = 16.7 GHz.
The guide dimensions will be

c 3 x 1010 c 3 x 1010
2f0  2(13.6 x 109) ¢ M 2for  2(16.7 x 109) <

a
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13.22.

13.23.

13.24.

Using the relation P,, = (1/2)Re{E; x H*}, and Eqgs. (106) through (108), show that the average
power density in the TE;g mode in a rectangular waveguide is given by

_ /810

P,
av 20)#

= E2sin? (ko) a, W/m?

Inspecting (106) through (108), we see that (108) includes a factor of j, and so would lead to an
imaginary part of the total power when the cross product with E, is taken. Therefore, the real
power in this case is found through the cross product of (106) with the complex conjugate of (107),

or
o

1 *
P, = §Re {Eys xH } = 2op

=2 E2sin? (ko) A, W/m?

Integrate the result of Problem 13.22 over the guide cross-section 0 < z < a, 0 < y < b, to show
that the power in Watts transmitted down the guide is given as

. ﬁlgabEQ . ab

= 4w1u 0 — EE(% Sin@lo AW

where n = \/u/e, and 6y is the wave angle associated with the TE;y mode. Interpret. First, the
integration:

ﬁloabEg

510 2
P—/ 2 E2 sin?(kyox caydrdy =
A 0 sin”(k107) @ Jop 0

2w

Next, from (54), we have 19 = w,/ue€sin 019, which, on substitution, leads to

b
P = CL_Eg sin010 W with n= \/E
4n €

The sin #1¢ dependence demonstrates the principle of group velocity as energy velocity (or power).
This was considered in the discussion leading to Eq. (57).

Show that the group dispersion parameter, d?3/dw?, for given mode in a parallel-plate or rectan-
gular waveguide is given by

9 —3/2
= ) - ()]

where w,. is the radian cutoff frequency for the mode in question (note that the first derivative
form was already found, resulting in Eq. (57)). First, taking the reciprocal of (57), we find

—1/2
2]

Taking the derivative of this equation with respect to w leads to

() E) s e
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13.25.

13.26.

13.27.

13.28.

Consider a transform-limited pulse of center frequency f = 10 GHz and of full-width 27" = 1.0 ns.
The pulse propagates in a lossless single mode rectangular guide which is air-filled and in which the
10 GHz operating frequency is 1.1 times the cutoff frequency of the T'E1g mode. Using the result of
Problem 13.24, determine the length of the guide over which the pulse broadens to twice its initial
width: The broadened pulse will have width given by T = /T2 + (A7)2, where At = 5,L/T
for a transform limited pulse (assumed gaussian). (32 is the Problem 13.24 result evaluated at the
operating frequency, or

a2 1 1\? 13\
= —=|w= g = — - 1— -
P2 = Jale=rocn (27 x 1019)(3 x 108) <1.1> <1.1>

=6.1 x 107" §?/m = 0.61 ns*/m

Now A7 =0.61L/0.5 = 1.2L ns. For the pulse width to double, we have 77 = 1 ns, and

V(05)2+(120)2=1 = L=072m="72cm

What simple step can be taken to reduce the amount of pulse broadening in this guide, while
maintaining the same initial pulse width? It can be seen that 85 can be reduced by increasing the
operating frequency relative to the cutoff frequency; i.e., operate as far above cutoff as possible,
without allowing the next higher-order modes to propagate.

A symmetric dielectric slab waveguide has a slab thickness d = 10 um, with n; = 1.48 and
ng = 1.45. If the operating wavelength is A = 1.3 ,um what modes will propagate? We use the
condition expressed through (141): kod\/n? —n3 > — 1)m. Since kg = 27/), the condition
becomes

2d 2(10

< n?—n3>(m-1) = 5—3)\/(1.48)2 —(1.45)2 = 4.56 > m — 1

Therefore, my,q, = 5, and we have TE and TM modes for which m = 1,2,3, 4,5 propagating (ten
total).

A symmetric slab waveguide is known to support only a single pair of TE and TM modes at
wavelength A = 1.55 pym. If the slab thickness is 5 pm, what is the maximum value of n; if
ng = 3.307 Using (142) we have

ord /155
7; n?-ni<m = n1<\/ +(3.30)2 = 3.32

In a symmetric slab waveguide, n; = 1.50, no = 1.45, and d = 10 pm.

a) What is the phase velocity of the m = 1 TE or TM mode at cutoff? At cutoff, the mode
propagates in the slab at the critical angle, which means that the phase velocity will be equal
to that of a plane wave in the upper or lower media of index ny. Phase velocity will therefore
be vy, (cutoff) = ¢/ny = 3 x 10%/1.45 = 2.07 x 10% m/s.

b) What is the phase velocity of the m = 2 TE or TM modes at cutoff? The reasoning of part a
applies to all modes, so the answer is the same, or 2.07 x 108 m/s.
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13.29. An asymmetric slab waveguide is shown in Fig. 13.26. In this case, the regions above and below
the slab have unequal refractive indices, where n; > ng > ns.
a) Write, in terms of the appropriate indices, an expression for the minimum possible wave angle,
01, that a guided mode may have: The wave angle must be equal to or greater than the critical
angle of total reflection at both interfaces. The minimum wave angle is thus determined by
the greater of the two critical angles. Since ng > ng, we find 0,5, = 013 = sin™!(ns/ny).

b) Write an expression for the maximum phase velocity a guided mode may have in this structure,
using given or known parameters: We have vp maz = W/Bmin, Where Bpin = niko sin by pin =
nikons/n1 = nsko. Thus vy pmaer = w/(nsko) = ¢/ns.

13.30. A step index optical fiber is known to be single mode at wavelengths A > 1.2 ym. Another fiber
is to be fabricated from the same materials, but is to be single mode at wavelengths A > 0.63 pm.
By what percentage must the core radius of the new fiber differ from the old one, and should it be
larger or smaller? We use the cutoff condition, given by (159):

With A reduced, the core radius, a, must also be reduced by the same fraction. Therefore, the
percentage reduction required in the core radius will be

1.2 - .63

13.31. Is the mode field radius greater than or less than the fiber core radius in single-mode step-index
fiber?

The answer to this can be found by inspecting Eq. (164). Clearly the mode field radius
decreases with increasing V', so we can look at the extreme case of V' = 2.405, which is the
upper limit to single-mode operation. The equation evaluates as

0 1.619 2.879
B —0.65 =1.10
a T (240572 T (24055

Therefore, pg is always greater than a within the single-mode regime, V' < 2.405.

13.32. The mode field radius of a step-index fiber is measured as 4.5 pm at free space wavelength A = 1.30
pm. If the cutoff wavelength is specified as A, = 1.20 pm, find the expected mode field radius at
A= 1.55 pm.

In this problem it is helpful to use the relation V' = 2.405(A./A), and rewrite Eq. (164) to

read: 8/2 .
PO _ 0,65 +0.434 <i> +0.015 (i>
a A Ae

C

At A =130 pum, A/A. = 1.08, and at 1.55 pm, A/A. = 1.29. Using these values, along with
our new equation, we write

= 5.3 pym

0.65 4 0.434(1.29)3/2 + 0.015(1.29)6}

1.55) = 4.5
po(1.55) [0.65 +0.434(1.08)3/2 + 0.015(1.08)°
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CHAPTER 14

14.1. A short dipole carrying current Iy coswt in the a, direction is located at the origin in free space.
a) If k=1rad/m, r=2m, § =45°, ¢ =0, and ¢t = 0, give a unit vector in rectangular compo-
nents that shows the instantaneous direction of E: In spherical coordinates, the components
of E are given by (13a) and (13b):

Iod 11
Ers= 2 cosfeibr [ 4 - 1
or 1CPVE (r2 jkr3> (13a)
Egs = 2Cpsingedkr (15 4 2 13
9 1 sinde (r +r2+jkr3 (13b)

Since we want a unit vector at t = 0, we need only the relative amplitudes of the two com-
ponents, but we need the absolute phases. Since § = 45°, sinf = cosf = 1/ V2. Also, with
k=1=2n/)\, it follows that A = 27 m. The above two equations can be simplified by these
substitutions, while dropping all amplitude terms that are common to both. Obtain

1 1 .
Ar:<r_2+]?)e Jr

1 1 1 1 -
Ag==-|j-4+ =4+ — |77
0 2<]T+7’2+j7’3>€

Now with » = 2 m, we obtain

1 1 1 ‘ 1 a0
Ap = (j— + - - j—) e 9% = 1(0.90)6J56'3 e I?

The total vector is now A = A,a, + Agay. We can normalize the vector by first finding the
magnitude:

1
Al = VA A* = Z¢(1.12)2 +(0.90)2 = 0.359
Dividing the field vector by this magnitude and converting 2 rad to 114.6°, we write the

normalized vector as _
Ans = 0.780e 91127, 4+ 0.627e7 583 ay

In real instantaneous form, this becomes
An(t) = Re (Anse’") = 0.780 cos(wt — 141.2°)a, + 0.627 cos(wt — 58.3°)ag
We evaluate this at ¢ = 0 to find

AN(0) =0.780cos(141.2°)a, + 0.627 cos(58.3°)ag = —0.608a,. + 0.330ay
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14.1 a) (continued)

Dividing by the magnitude, /(0.608)2 + (0.330)2 = 0.692, we obtain the unit vector at ¢ = 0:

an(0) = —0.879a, + 0.477ag. We next convert this to rectangular components:
1
anz =an(0)-a, = —0.879sin6 cos ¢ + 0.477 cos 6 cos ¢ = 7 (—0.879 + 0.477) = —0.284

any =an(0)-a, = —0.879sinfsin ¢ + 0.477cosfsing =0 since ¢ =0

1
an, =apn(0)-a, =—0.879cosf — 0.477sinf = 7 (—0.879 — 0.477) = —0.959

The final result is then
ay(0) = —0.284a, — 0.959a,

What fraction of the total average power is radiated in the belt, 80° < 6 < 100°? We use the
far-zone phasor fields, (22) and (23), with & = 27/, and first find the average power density:

1
P = §Re[E95H;S] = sin? @ W /m?

8)\2 2

We integrate this over the given belt, an at radius r:

27 +100° 2 2 12 100°
I2d>n . wl§d .
Pyerr = / /8 8[;\21“2 sin? 62 sin 0 df do = 40)\2 i /soo sin® 0 d6

Evaluating the integral, we find

1 100 I3d>
—= cosf (sin® 6 + 2)] = (0.344) sz)\Q i

Pyerr = 3
80

nl3d*n
4\?

The total power is found by performing the same integral over 8, where 0 < 6 < 180°. Doing
this, it is found that
nl3d*n
4\2
The fraction of the total power in the belt is then f = 0.344/1.333 = 0.258.

Ptot - (1333)
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14.2. For the Hertzian dipole, prepare a curve, r vs. 6 in polar coordinates, showing the locus in the
¢ = 0 plane where:

a) The radiation field | Eg| is one-half of its value at 7 = 10* m, § = m/2: Assuming the far field
approximation, we use (22) with k£ = 27/ to set up the equation:

Iodn
2\r

Iodn
2 x 104\

1
|Eys| = sinf = 5 x = r=2x10"sind

b) The average radiated power density, P, 4y, is one-half of its value at 7 = 10* m, § = 7/2. To
find the average power, we use (22) and (23) in

113d%n . 1 1 I3d*p
z 0 — S 0%l
2 a2z M 2 AN (10%)

1
Pr,av = §Re{E93H;;5} = = = \/i X 104 sin 6

T2

The polar plots for field (r = 2 x 10*sin ) and power (r = v/2 x 10*sin §) are shown below.
Both are circles.

180

210

240 : 300

270
=== |E| x 10,000

------- IP| x 10,000
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14.3. Two short antennas at the origin in free space carry identical currents of 5coswt A, one in the a,
direction, one in the a, direction. Let A = 27 m and d = 0.1 m. Find E, at the distant point:
a) (x = 0,y = 1000,z = 0): This point lies along the axial direction of the a, antenna, so its
contribution to the field will be zero. This leaves the a, antenna, and since § = 90°, only the
Eps component will be present (as (136) and (137) show). Since we are in the far zone, (138)
applies. We use # =90°, d = 0.1, A\ = 27, n = ng = 1207, and » = 1000 to write:

Iod
ESZEGSaGZj el

o 5(0.1)(1207) _,
Qe—32mr/A g, — )2V —51000
o e 40 =) g (1000) €

= j(1.5 x 107%)e 7100 a, = (1.5 x 1072)e 71" a_ V/m

ag

b) (0,0,1000): Along the z axis, only the a, antenna will contribute to the field. Since the
distance is the same, we can apply the part a result, modified such the the field direction is
in —a,: E; = —j(1.5 x 1072)e 771904, V/m

c¢) (1000,0,0): Here, both antennas will contribute. Applying the results of parts a and b, we
find E; = —j(1.5 x 107%)(a, + a,).

d) Find E at (1000,0,0) at ¢ = 0: This is found through

E(t) = Re (Ese/") = (1.5 x 107?) sin(wt — 1000)(a, + a.)
Evaluating at t = 0, we find
E(0) = (1.5 x 1072)[—sin(1000)](a, + a,) = —(1.24 x 107%)(a, +a,) V/m.

e) Find |E| at (1000,0,0) at ¢t = 0: Taking the magnitude of the part d result, we find |E| =
1.75 x 1072 V/m.
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14.4. Write the Hertzian dipole electric field, whose components are given in Egs. (15) and (16), in the
near-zone in free space, where kr << 1. In this case, only a single term in each of the two equations
survives, and the phases, §, and &g, simplify to a single value. Construct the resulting electric field
vector and compare your result to the static dipole result (Eq. (35) (not (36)) in Chapter 4). What
relation must exist between the static dipole charge, ), and the current amplitude, Iy, so that the
two results are identical?

First, we evaluate the phase terms under the approximation, kr << 1: Using (17b) and (18)
we have - - -
5, = tan"1(0) — 5= 5 and g = tan '(—o0) = 5
These are used in (15) and (16). In those equations, the (kr)~2 term is retained in (15) and

the (kr)~* term is kept in (16). The results are

) Iod , . Iond
E.s = Wn cos B exp(—jm/2) = —j 53 cos
. Iokd . . . Ioﬁd .
Egs = 747rr(kr)2nsmﬁexp(—jﬂ'/2) = I3 sin 6

where, in free space

n V Io/€o _ 1

k wy/mo€r  weg

The field vector can now be constructed as

(—jlo/w)d

E. =
® 4egrs

[2cosfa, + sinf ag]

This expression is equivalent to the static dipole field (Eq. (35) in Chapter 4), provided that
Iy = jw(@, which is just a statement that the current is the time derivative of the time-harmonic
charge.
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14.5. Consider the term in Eq. (14) (or in Eq. (10)) that gives the 1/r? dependence in the Hertzian
dipole magnetic field. Assuming this term dominates and that kr << 1, show that the resulting
magnetic field is the same as that found by applying the Biot-Savart law (Eq. (2), Chapter 7) to
a current element of differential length d, oriented along the z axis, and centered at the origin.

We begin by writing Eq. (14) under the condition kr << 1, for which the phase term in (14)
becomes, using Eq. (17a):

exp[—j(kr — d4)] = exp|—j(kr — tan_l(k:r))] = exp[—j(kr —kr)] =0
With kr << 1, the 1/(kr)? term in (14) dominates, and the field becomes:

1 1 1
. Tokd 1 sin§ exp(j0) = d

= 0= sind
* 7 Ay (kr) 47rr2

Now, using the Biot-Savart law for a short element of assumed differential length, d, we have

IodL X aR
H=——+—+—
47 R?

where, with the element at the origin and oriented along z, we have R = r, ag = a,, and
dL = da,. With these subsitutions:

. Iod (az X ar) o I()d

H —
Ar? Ar?

sinfag (done)

14.6. Evaluate the time-average Poynting vector, < S >= (1/2)Re{Es x H} for the Hertzian dipole,
assuming the general case that involves the field components as given by Egs. (10), (13a), and
(13b). Compare your result to the far-zone case, Eq. (26).

With radial and theta components of E, and with only a phi component of H, the Poynting
vector becomes 1
<S>= 57?,6 {EQSH;S a, — ErsH;s ag}

Substituting (10), (13a) and (13b), this becomes:

I 2 1 1
<S> od k k k 'k]ar

2
.2 . .
R{(E) nsin e[ﬁ‘ﬂr—s‘ﬁ“ﬁ*ﬁ‘frﬁ

(Iod)? . k1 1k
Sl sin 6 cos 6 _]T_S_T_4+T‘_4_jr_5 ag

N | —

In taking the real part, the imaginary terms that do not cancel are removed, other real terms
cancel, and only the first term in the radial component remains. The final result is

1 /Iydk
<S>:—<0
4r

2
5 ) nsin’ a, W/m?

which we see to be identical to Eq. (26).
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14.7. A short current element has d = 0.03A. Calculate the radiation resistance for each of the following
current distributions:
a) Uniform: In this case, (30) applies directly and we find

d 2
mezmﬁ<x):=%H(%P207nQ

b) Linear: I(z) = Iy(0.5d — |z|)/0.5d: Here, the average current is 0.5Iy, and so the average
power drops by a factor of 0.25. The radiation resistance therefore is down to one-fourth the
value found in part a, or R,,q = (0.25)(0.711) = 0.178 Q.

c) Step: Iy for 0 < |z| < 0.25d and 0.5 for 0.25d < |z| < 0.5d: In this case the average current
on the wire is 0.751p. The radiated power (and radiation resistance) are down to a factor of
(0.75)? times their values for a uniform current, and so R,.qq = (0.75)?(0.711) = 0.400 Q.

14.8. Evaluate the time-average Poynting vector, < S >= (1/2)Re{Es; x H’} for the magnetic dipole
antenna in the far-zone, in which all terms of order 1/r? and 1/r* are neglected in Eqs. (48), (49),
and (50). Compare your result to the far-zone power density of the Hertzian dipole, Eq. (26). In
this comparison, and assuming equal current amplitudes, what relation between loop radius, a,
and dipole length, d, would result in equal radiated powers from the two devices?

First, neglecting the indicated terms in (48)-(50), only the terms in 1/7 survive. We find:

210k

Eus = —j% sin @ exp[—j(kr — 0¢)]
2Iok 1

Ho, = j=H= = sinf exp[—j (kr — )
™r 77

where, in the approximation, §, = dp = tan™*(kr). So now
1
<S8 >=(1/2)Re{Eys x Hy, } = —§R€ {EssHp,}ar

Using the above field expressions, we find

S = = — - - 0
| <D > ] S,,(md) 5 <4 r> [w,umra ] Sin

which we now compare to the power density from the Hertzian dipole, Eq. (26):

1 Iok\* , .
Sr(Hd) = B (ﬁ) d*nsin? 0

For equal power densities from the two structures, we thus require (assuming free space):
212 1 2 2 WHo 2 2 27
wpora®]® — =d*n = d=ma* — = ma® (w\/1o€p) = ma* | —
U 7 A
or

(27a)?

="

(the square of the loop circumference over twice the wavelength)
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14.9. A dipole antenna in free space has a linear current distribution. If the length is 0.02A, what value
of Iy is required to:

a) provide a radiation-field amplitude of 100 mV/m at a distance of one mile, at # = 90°: With

a linear current distribution, the peak current, Iy, occurs at the center of the dipole; current

decreases linearly to zero at the two ends. The average current is thus Iy/2, and we use Eq.
(138) to write:

1,(0.02)(1207)
(4)(5280)(12)(0.0254)

Iodno

=0.1 Iy =854 A
Do 0.1 = Ip=285

|Eg| =

sin(90°) =

b) radiate a total power of 1 watt? We use

1\ /1,
Pavg - <Z> <§IoRrad>

where the radiation resistance is given by Eq. (140), and where the factor of 1/4 arises from
the average current of Ip/2: We obtain P,,, = 1072I3(0.02)> =1 = Iy =5.03 A.

14.10. Show that the chord length in the E-plane plot of Fig. 14.4 is equal to bsin 6, where b is the circle
diameter.

Referring to the construction below, half the chord length, ¢/2, is given by

b b
% = 5005(90 —0) = §sin9 = c=>bsinf (done)
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14.11. A monopole antenna in free space, extending vertically over a perfectly conducting plane, has a
linear current distribution. If the length of the antenna is 0.01\, what value of I is required to

a) provide a radiation field amplitude of 100 mV/m at a distance of 1 mi, at § = 90°: The image
antenna below the plane provides a radiation pattern that is identical to a dipole antenna of
length 0.02X. The radiation field is thus given by (22) in free space, where k = 27/, 6 = 90°,
and with an additional factor of 1/2 included to account for the linear current distribution:

_ LIodno
2 2\

4r|E 4(52 12 % .0254)(1 1073
I = r|Eg|  4(5289)(12 x .0254)(100 x 10 ):85.4A

[Eo| CNT (.02)(377) S

b) radiate a total power of 1W: For the monopole over the conducting plane, power is radiated
only over the upper half-space. This reduces the radiation resistance of the equivalent dipole
antenna by a factor of one-half. Additionally, the linear current distribution reduces the
radiation resistance of a dipole having uniform current by a factor of one-fourth. Therefore,
R, qq is one-eighth the value obtained from (30), or R,.q = 1072(d/)\)?. The current magnitude

1S now 12 12
P R L . Y
Ryqaq 107 (d/)\) \/EW(OQ)

14.12. Find the zeros in 6 for the E-plane pattern of a dipole antenna for which (using Fig. 14.8 as a
guide):
a) £ = A: We look for zeros in the pattern function, Eq. (59), for which k¢ = (27/A)\ = 27.

F(o) = cos(kl cos ) — cos(kﬁ)] _ [cos(27r cos ) — cos(2m)

sin @ sin @

Zeros will occur whenever

cos(2rcosf) =1 = 6 =(0,90° 180°, 270°)

You are encouraged to show (using small argument approximations for cosine and sine) that
F(0) does approach zero when 6 approaches zero or 180° (despite the sin@ term in the de-
nominator).

b) 2¢ = 1.3\: In this case k¢ = (2m/))(1.31/2) = 1.37. The pattern function becomes

cos(1.3m cos @) — cos(1.37)
sin ¢

F(0) =

Zeros of this function will occur at 6 = (0, 57.42°, 122.58°, 180°).
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14.13. The radiation field of a certain short vertical current element is Egs = (20/7) sin@ e=7107" V /m if
it is located at the origin in free space.

a)

b)

Find Eys at P(r = 100,60 = 90°, ¢ = 30°): Substituting these values into the given formula,

find 20
Fys = m Sin(goO)e—jloﬂ(IOO) — ().2¢ 710007 V/m

Find Eys at P if the vertical element is located at A(0.1,90°,90°): This places the element
on the y axis at y = 0.1. As a result of moving the antenna from the origin to y = 0.1, the
change in distance to point P is negligible when considering the change in field amplitude, but
is not when considering the change in phase. Consider lines drawn from the origin to P and
from y = 0.1 to P. These lines can be considered essentially parallel, and so the difference in
their lengths is [ = 0.1sin(30°), with the line from y = 0.1 being shorter by this amount. The
construction and arguments are similar to those used in the discussion of the electric dipole
in Sec. 4.7. The electric field is now the result of part a, modified by including a shorter
distance, 7, in the phase term only. We show this as an additional phase factor:

EGS — 0‘26—j10007r6]107r(0A1 sin30 _ 0.26_J1000ﬂ6]0'5ﬂ V/Hl

Find Ey, at P if identical elements are located at A(0.1,90°,90°) and B(0.1,90°,270°): The
original element of part b is still in place, but a new one has been added at y = —0.1. Again,
constructing a line between B and P, we find, using the same arguments as in part b, that
the length of this line is approximately 0.1sin(30°) longer than the distance from the origin
to P. The part b result is thus modified to include the contribution from the second element,
whose field will add to that of the first:

Eys = 0.2¢7710007 (6j0'5ﬂ- + e_j0'5”) = 0.2e 77190972 ¢o5(0.57) = 0

The two fields are out of phase at P under the approximations we have used.

14.14. For a dipole antenna of overall length 2¢ = X, evaluate the maximum directivity in dB, and the
half-power beamwidth.

Doz is found using Eq. (64) with k¢ = 7, and involves a numerical integration. This I did
using a Mathematica code to find D,,,q; = 2.41, and in decibels this is 101og;,(2.41) = 3.82 dB,
with the maximum occurring in the direction 6 = 90°.

With k¢ = 7, the pattern function, Eq. (59), reaches a maximum value of 2 at §# = 90°. The
half-power beamwidth is found numerically by setting the pattern function equal to v/2 and
thus solving

cos(m cos ) — cos(m)

F(h) = =2

sin 0

The result is § = 66.1°, which means that the deviation angle from the direction along the
maximum is 6;,5/2 = 90 — 66.1 = 23.9°. The half-power beamwidth is therefore 6, ,, =
2 x23.9 =47.8°.
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14.15. For a dipole antenna of overall length 2¢ = 1.3\, determine the locations in # and the peak
intensity of the sidelobes, expressed as a fraction of the main lobe intensity. Express your result
as the sidelobe level in decibels, given by Sg[dB] = 101ogo (Srmain/Sr,sidelobe). Again, use Fig.
14.8 as a guide.

Here, k¢ = (2m/X)(1.3)\/2) = 1.3w. The angular intensity distribution is given by the square
of the pattern function, Eq. (59), with k¢ = 1.37 substituted:

cos(1.3m cos 8) — cos(1.37)1°

sin @

| <S> | [F(O)” =

To find the maxima, the easiest way is to create a polar plot of the function, as shown in
Fig. 14.8, and then numerically determine the relative intensities of the peaks by searching
for local maxima at locations indicated in the plot. The main lobe occurs at # = 90°, and has
value [F'(0)]? = 2.52. The secondary maxima occur at § = 33.8° and 146.2°, and both peaks
have values [F(0)]? = 0.47. The sidelobe level in decibels is thus

2.52
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14.16.

For a dipole antenna of overall length, 2¢ = 1.5\:

a) Evaluate the locations in 6 at which the zeros and maxima in the E-plane pattern occur: In

this case, k¢ = (2w/\)(1.5A/2) = 1.5m. The angular intensity distribution is given by the
square of the pattern function, Eq. (59), with k¢ = 1.37 substituted:

[ <S> [ [F(O) =

cos(1.57 cos 8) — cos(1.5m) 1> _ [cos(1.5mcos®) 2

sin 6 sin ¢
Zeros occur whenever cos(1.5m cosf) = 0, which in turn occurs whenever 1.57 cos is an odd
multiple of 7/2 (positive or negative). All zeros over the range 0 < # < 7 are found with just
the first two odd multiples, or

1
cosf. =%z, £1 = 6 =(0,70.5°,109.5°, 180°)

The function does indeed zero at § = 0 and 180°, despite the presence of the sinf term in
the denominator, as can be demonstrated using small argument approximations in the trig
functions (show this!). The maxima are found numerically, as was done in Problem 14.15. The
results are 0,,q0,m = (42.6°,137.4°) (main lobes) and 6,45 s = 90° (sidelobe). The pattern in
plotted below.

AY
AN

137.4°

b) Determine the sidelobe level, as per the definition in Problem 14.15: At the main lobe angle

(6 = 42.6°), [F(0)]? evaluates as 1.96. The sidelobe at § = 90° gives a value of 1.00. The
sidelobe level in decibles is thus

1.96

¢) Determine the maximum directivity: This is found evaluating Eq. (64) numerically (which I

did using a Mathematica code), and the result is D,,q, = 2.23, or in decibels this becomes
10log;((2.23) = 3.5 dB.
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14.17. Consider a lossless half-wave dipole in free space, with radiation resistance, R,.,q = 73 ohms, and
maximum directivity Dy, = 1.64. If the antenna carries a 1-A current amplitude,

a) How much total power (in watts) is radiated? We use the definition of radiation resistance,
Eq. (29), and write the radiated power:

1 1
P, = EIngd = 5(1)2(73) = 36.5 W

b) How much power is intercepted by a 1 m? aperture situated at distance r = 1 km away. The
aperture is on the equatorial plane and squarely faces the antenna. Assume uniform power
density over the aperture: The maximum directivity is given by Dyner = 47K pnas/ Py, where
the maximum radiation intensity, K,,qz, is related to the power density in W/m? at distance
r from the antenna as S, = Ka./r?. The power intercepted by the aperture is then the
power density times the aperture area, or

D P, 1.64(36.5
Pree = S, x Area = =221 % Area = ( )

2 __
Ir? = Teoee ) =AW

14.18. Repeat Problem 14.17, but with a full-wave antenna (2¢ = \). Numerical integrals may be neces-
sary. In this case, k¢ = 7, and the radiation resistance is found by applying Eq. (65):

™ [cos(m cos8) — cos(m)]”
Ryga = 60/ [ sin 6 df = 199 ohms
0

sin 6

where the answer was found by numerical integration. With the same 1-A current amplitude as
before, the total radiated power is now

1 1
P. = 5Igj}zmd = 5(1)2(199) =995 W

The maximum directivity is the result of Problem 14.14 (involving a numerical integration in Eq.
(64) with k¢ = 7), and the result was found to be D,,,q, = 2.41. The received power is now found
as in Problem 14.17:

DinasPy \_ 2.41(99.5)

Free = =2 T T T (109)2

(1)? =19.1 uW
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14.19. Design a two-element dipole array that will radiate equal intensities in the ¢ = 0,7/2, 7, and 37/2
directions in the H-plane. Specify the smallest relative current phasing, £, and the smallest element
spacing, d.

The array function is given by Eq. (81), with n = 2:

sin(y) '

sin(¢/2)

This has periodic maxima occurring at ¥ = 0, £2mm, and in the H-plane, ¢ = £ 4 kd cos ¢.
Now, for broadside operation, we have maxima at ¢ = +7n/2, at which ¢ = £, so we set
& =0 to get the array function principal maximum at ¢ = 0. Having done this, we now have

¥ = kdcos ¢, which we need to have equal to £27 when ¢ = 0,7, in order to get endfire
operation. This will happen when kd = 27d/\ = 27, so we set d = \.

Ax()] = 5

14.20. A two-element dipole array is configured to provide zero radiation in the broadside (¢ = £90°)
and endfire (¢ = 0,180°) directions, but with maxima occurring at angles in between. Consider
such a set-up with ¥ = 7 at ¢ = 0 and ¥ = —37 at ¢ = m, with both values determined in the
H-plane.

a)

Verify that these values give zero broadside and endfire radiation: For two elements, the array
function is given by Eq. (81), with n = 2:

sin(y) '

This is clearly zero at v = m and at ¢ = —3m.

Determine the required relative current phase, & We know that ¢ = & + kdcos¢ in the
H-plane. Setting up the two given conditions, we have:

=&+ kdcos(0) =& + kd

and
—3m =&+ kdcos(m) =& — kd

Adding these two equations gives & = —m, which means that the contributions from the two
elements will in fact completely cancel in the broadside direction, regardless of the element
spacing.

Determine the required element spacing, d: We can now use the first condition, for example,
substituting values that we know:

(¢ =0)=m=—7m+kdcos(0) = —m + kd

Therefore, kd = 2w /A = 2w, or d = \.

Determine the values of ¢ at which maxima in the radiation pattern occur: With the values
as found, the array function now becomes

1 sin[r(2cos ¢ — 1)]
|A2(0)| = 2 |sin[Z(2cos ¢ — 1)]

This function maximizes at ¢ = 60°,120°,240°, and 300°, as found numerically.
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14.21. In the two-element endfire array of Example 14.4, consider the effect of varying the operating
frequency, f, away from the original design frequency, fy, while maintaining the original current
phasing, £ = —m/2. Determine the values of ¢ at which the maxima occur when the frequency is
changed to

a) f = 1.5fyp: The original phase and length from the example are £ = —7/2 and d = \g/4,
where \g = ¢/ fo. Thus kd = (27/Xo)(No/4) = m/2. The H-plane array function in that case
was found to be

= cos [%] = CoS [é + @ cosqﬁ] = CoS [—E + ZCOSQZD}
Ao 2

A(r/2,9) =+

Now, if we change the frequency to 1.5f, while leaving ¢ fixed (and the antenna physical
length is unchanged), we obtain A = A\g/1.5, and kd = (27/X¢)(1.5)(Ao/4) = 37/4. The new
array function is then:

A(m/2,¢) N Ccos [g + % cos qS] = cos [—% + 3% cos gb] = cos E(B cos ¢ — 2)]

This function amplitude maximizes when 3cos¢ — 2 = 0, or ¢ = cos~! (2/3) = £48.2°.
b) f=2fo: Now, A = Xo/2 and kd = (271/Xg)(2)(No/4) = w. The array function becomes

kd
/2 = cos F + —cosqﬁ} = cos [—% + T cosgb} = cos [g(2cos¢— 1)

A(r/2,9) =+ ]

This function amplitude maximizes when 2cos¢ — 1 =0, or ¢ = cos™! (1/2) = £60.0°.
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14.22. Revisit Problem 14.21, but with the current phase allowed to vary with frequency (this will au-
tomatically occur if the phase difference is established by a simple time delay between the feed
currents). Now, the current phase difference will be £ = & f/ fo, where fj is the original (design)
frequency. Under this condition, radiation will maximize in the ¢ = 0 direction regardless of fre-
quency (show this). Backward radiation (along ¢ = 7) will develop however as the frequency is
tuned away from fy. Derive an expression for the front-to-back ratio, defined as the ratio of the
radiation intensities at ¢ = 0 and ¢ = 7, expressed in decibels. Express this result as a function
of the frequency ratio f/ fo.

With the current phase and wavenumber both changing with frequency, we would have

(] I
V= (fo)er <fo> i cosd

With £ = —7/2 and d = A\g/4, The H-plane array function at the original frequency, fo, is

Y §  kd T
W cos [E] = cos [5 + — cos qﬁ] = cos [Z(COS¢ — 1)}

A(n/2,9) .

The effect on this of changing the frequency is then

w2 =os[£] oo [ (5 4w <o [ (£) Tieoss -]

The condition for the zero argument (which maximizes A) is (cos¢ — 1) = 0 This term is
unaffected by changing the frequency, and so the array function will always maximize in the
¢ = 0 direction.

In the forward direction (¢ = 0), the value of |A|?* (proportional to the radiation intensity) is
unity. In the backward direction (¢ = 180°), we find

A6 = m)f° = cos? <_fig> ol ( % >

The front-to-back ratio is then

B A9 =0)] _ :
Ry = 10log,g [m] = 10logyg [m}

Evaluate the front-to-back ratio for a) f = 1.5f, b) f = 2fy, ¢) f = 0.75f. Substituting
these values, we find:

w

1
=1. : =101 ——F— | =3d
/ 5o Ry Olog1o [cos2 (1.577/2)] B

o,
vy

=0

1
f = 2f0 . be = 1010g10 [m}

1
=0.75fp: Ryp =101 ——F—F—— | = 8.3dB
/ Jo 1o ©810 [0052 (7T/2.67)]
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14.23. A turnstile antenna consists of two crossed dipole antennas, positioned in this case in the xy plane.
The dipoles are identical, lie along the x and y axes, and are both fed at the origin. Assume
that equal currents are supplied to each antenna, and that a zero phase reference is applied to
the z-directed antenna. determine the relative phase, £, of the y-directed antenna so that the net
radiated electric field as measured on the positive z axis is a) left circularly-polarized; b) linearly
polarized along the 45° axis between x and y.

When looking at the field along the z axis, the expression for E can be constructed using Eq.
(57), evaluated at § = 7/2 (so that we consider the direction normal to the antenna), and in
which r is replaced by z. An additional “array” term includes the two polarization directions
(unit vectors) which are out of phase by &:

E(z,0 =7/2) = ;)T—Z[l — cos(kl)] e77** [a, + aye’¢]

a) To achieve left circular polarization for propagation in the forward z direction, the vector
array function must be

[a, +a,e’t] = [a, +ja,] = {=7/2
b) To achieve 45° polarization, the vector array function must be

[ax + ayej'f] =la,+a,] = £=0,7

14.24. Consider a linear endfire array, designed for maximum radiation intensity at ¢ = 0, using £ and d
values as suggested in Example 14.5. Determine an expression for the front-to-back ratio (defined
in Problem 14.22) as a function of the number of elements, n, if n is an odd number.

From Example 14.5, we use { = —7/2 and d = A/4, so that kd = w/2. Then in the H-plane
Y =&+ kdcosp = g(cosqﬁ - 1)

The array function is then:

_ 1 [sin(n/2)] _ 1 [sin[(n7/4)(cos¢ —1)]
40 =1 i) = 7 | Sl Dend =)

In the forward direction (¢ = 0), A = 1. In the backward direction (¢ = 7), A = £1/n, where
n is an odd integer. The front-to-back ratio is therefore:

[A(¢ =0)

m) = 10log;o(n?) dB

in which performance is clearly better as n increases.
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14.25. A six-element linear dipole array has element spacing d = /2.

a)

Select the appropriate current phasing, £, to achieve maximum radiation along ¢ = 460°:
With d = A\/2, we have kd = 7 and in the H-plane,

=&+ kdcosp =&+ mcos o

We set the principal maximum to occur at ¥ = 0, and with ¢ = 60°, the condition for this
becomes

¢=0:£+7rcos(60°):§+g = gz_g

With the phase set as in part a, evaluate the intensities (relative to the maximum) in the
broadside and endfire directions. With the above result, the array function (Eq. (81)) in the
H-plane becomes

A(=r/2,6) = 1 [ sin[3({+ kdcos¢)] ] _ % [

"~ 6 | sin[(1/2)(€ 4 kdcos ¢)]
In the broadside direction (¢ = 90°) the array function becomes
sin[—37/2]] V2
sin[— /4]

sin[(37/2)(2cos ¢ — 1)]
sin[(m/4)(2cos ¢ — 1)]

A(—m)2,7/2) = % {

6

The intensity in this direction (relative to that along ¢ = 60°) is the square of this or 1/18

In the endfire direction (¢ = 0°) the array function becomes

snlse/2) _ ¥

A(=n/20) = § [ sin[r /4]

6
The intensity in this direction (relative to that along ¢ = 60°) is the square of this or 1/18,
as before. The same result is found for ¢ = 180° and for ¢ = —90°. The intensity pattern is
shown below:
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14.26. In a linear endfire array of n elements, a choice of current phasing that improves the directivity is
given by the Hansen-Woodyard condition:

2rd
5=i<x+n)

where the plus or minus sign choices give maximum radiation along ¢ = 180° and 0° respectively.
Applying this phasing may not necessarily lead to unidirectional endfire operation (zero backward
radiation), but will do so with the proper choice of element spacing, d.

a) Determine this required spacing as a function of n and A: We first construct the expression
for ¥ in the H-plane, using the given current phase expression, and in which the minus sign is

chosen: 9rd ord
¢:€+kdcos¢:—L—z+icos¢
A n A

Note that (¢ = 0) = —xr/n. The array function, Eq. (81) is:

- [ [ )

n

sin(/2)

This function is equal to 1 when ¢ = 0, regardless of the choice of d. When ¢ = m, the array
function becomes

A€, 9)

1 [sin[(—2n7nd/)\) — (7/2)]
AGm =2 Lin[(—%d/)\) —(x/2n)]
which we require to be zero. This will happen when ¢(¢ = 7) = —x. Using the above formula

for v, we set up the condition:

Womm -t T s an (121)

b) Show that the spacing as found in part a approaches \/4 for a large number of elements: It
is readily seen from the part a result that when n — oo, d — \/4.

¢) Show that an even number of elements is required: This can be shown by substituting d as
found in part a into the array function at ¢ = w. The result is

1 Fin(_m/z)]

Algm) = sin(—7/2)

We require this result to be zero, which will only happen if n is an even integer. This can be
more quickly seen from the general expression:

1 [sin(nvy/2)
A = — _—
€= St
wherein if ¢ = —7, we will get a zero result only if n is even.
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14.27. Consider an n-element broadside linear array. Increasing the number of elements has the effect
of narrowing the main beam. Demonstrate this by evaluating the separation in ¢ between the
zeros on either side of the principal maximum at ¢ = 90°. Show that for large n this separation is
approximated by A¢ = 2\/L, where L = nd is the overall length of the array.

For broadside operation, £ = 0, and, with kd = 2wd/\, we have

2
=&+ kdcosp = %dcosqb

With this condition, the array function, Eq. (81) is:

_ 1 [sin(ne/2) _ 1 sin[(nmd/\) cos @]
Alg, ) = n [ sin(v/2) } n [ sin[(7d/\) cos ¢

Zeros in this function will occur whenever

d
n% cos ¢ = tmm

where m is an integer. Now, on either side of the principal maximum at ¢ = 0, zeros will
occur at +7 and —7 (giving a 27 separation), which we can associate with the two angles ¢
and ¢~ respectively, which lie on either side of 90°. We can therefore write:

n_;rd (cos ¢t — cos qbf) =27

Using a trig identity, this becomes:

sin 50t +97) s [ 507~ )| =20

1

Because we are considering the broadside direction, we have (¢ + ¢7)/2 = m/2 and so the
first sine term is just unity. We find

1 A
: - +y| —
sin | = — = —
5000 =
Now as n gets large, both sides of the equation become << 1, so that we may approximate
the sine term by just its argument:

1, LA
§(¢ —¢+):@

Defining A¢ = ¢~ — ¢™, the above expression becomes

20 2
Ad}‘@_f (done)
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14.28. A large ground-based transmitter radiates 10kW, and communicates with a mobile receiving station
that dissipates ImW on the matched load of its antenna. The receiver (not having moved) now
transmits back to the ground station. If the mobile unit radiates 100W, what power is received
(at a matched load) by the ground station?

We can use Eq. (93) and the fact that Zo; = Z15 to write:

Pro _ | Zo1)? _ | Z12)? :PLl
P.i RiiRys  RiiRa2 P

We have
Pro . 103 7 ﬁ

Prl_ 104 - _Pr2

So
Ppi=Pgyx1077=100 x 1077 =107° = 10 uW

14.29. Signals are transmitted at a 1m carrier wavelength between two identical half-wave dipole antennas
spaced by 1km. The antennas are oriented such that they are exactly parallel to each other.

a) If the transmitting antenna radiates 100 watts, how much power is dissipated by a matched
load at the receiving antenna? To find the dissipated power, use Eq. (106):

P2

Pro —
27 (4mr)?

D1(0161) D2(02¢2)

Since the antennas face each other squarely, the directivities are both the maximum values for
the two, where for the half-wave dipole, we know that D,,,, = 1.64 So

100(1)2

Ppog=—1? _
B2 (4r x 10%)2

(1.64)% = 1.7 uW

b) Suppose the receiving antenna is tilted by 45° while the two antennas remain in the same plane.
What is the received power in this case? With the receiving antenna tilted, its directivity is
reduced accordingly. Using Eq. (63), with the help of the results of Example 14.2, we have

2

cos((m/2) cos(45°)] |© _ < 1o

sin(45°)

Dy(0y = 45°) = Dypas % |F(45°)* = 1.64 x

So now,
100(1)2

P = o

(1.64)(0.643) = 672 nW
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14.30. A half-wave dipole antenna is known to have a maximum effective area, given as A,,qz-

a) Write the maximum directivity of this antenna in terms of A,,,, and wavelength \: From Eq.

b)

(104), it follows that
4
Dmaac = ﬁ Amam

Express the current amplitude, Iy, needed to radiate total power, P,, in terms of P., A qz,
and \: Combining Eqgs. (64) and (65), we can write
2P, 120[F(9))?

max

Ig Dmax

2 _
maxr ~

Io — TP Aas
T

At what values of 8 and ¢ will the antenna effective area be equal to A,,.,? These will be the
same angles over which the half-wave dipole directivity maximizes, or at which F'() for the
antenna reaches its maximum. We know from Example 14.2 that this happens at 0 = 7/2,
and at all values of ¢.

where, for a half-wave dipole, [F(0)] 1. Then, using the part a result, we find
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