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Dynamics and Vibration 

 Chapter (2): 

-When the acceleration is not constant: 

𝑣 =
𝑑𝑠

𝑑𝑡
… … (1) 

𝑎 =
𝑑𝑣

𝑑𝑡
… … (2) 

𝑎 =
𝑑2𝑠

𝑑𝑡2
… … (3) 

𝑎. 𝑑𝑠 = 𝑣. 𝑑𝑣 … … (4) 

-At constant acceleration: 

𝑣 = 𝑣𝑜 + 𝑎𝑐𝑡 … … (5) 

𝑣2 = 𝑣𝑜
2 + 2𝑎𝑐(𝑠 − 𝑠𝑜) … … (6) 

𝑠 = 𝑠𝑜 + 𝑣𝑜𝑡 +
1

2
𝑎𝑐𝑡2 … … (7) 

-Rectangular coordinates (x-y): 

𝑟 = 𝑥𝑖 + 𝑦𝑗 

𝑟⃗̇ = 𝑥̇𝑖 + 𝑦̇𝑗 

𝑟⃗̈ = 𝑥̈𝑖 + 𝑦̈𝑗 

-Projectile motion: 

*If wind is negligible: 

𝐹𝑜𝑟 ↑ +𝑦, ↓ −𝑔: 

𝑎𝑥 = 0  

𝑣𝑥 = 𝑣𝑥,𝑜  
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𝑥 = 𝑥𝑜 + 𝑣𝑥,𝑜𝑡 

𝑎𝑦 = −𝑔 

𝑣𝑦 = 𝑣𝑦,𝑜 − 𝑔𝑡 

𝑣𝑦
2 = 𝑣𝑦,𝑜

2 − 2𝑔(𝑦 − 𝑦𝑜) 

𝑦 = 𝑦𝑜 + 𝑣𝑦,𝑜 −
1

2
𝑔𝑡2 

-Circular motion: 

𝑣 = 𝑟𝜃̇ = 𝑟𝜔 

𝑎𝑡 = 𝑣̇ = 𝑟𝜃̈ = 𝑟𝛼 

𝑎𝑛 =
𝑣2

𝑟
= 𝑟𝜃̇2 = 𝑟𝜔2 

𝜃̇ = 𝜔 → 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑠𝑝𝑒𝑒𝑑 

𝜃̈ = 𝛼 → 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 

-Relative motion:  

𝑟𝐴⃗⃗⃗⃗ = 𝑟𝐵⃗⃗ ⃗⃗ + 𝑟𝐴,𝐵⃗⃗ ⃗⃗ ⃗⃗ ⃗ 

𝑣𝐴⃗⃗⃗⃗⃗ = 𝑣𝐵⃗⃗ ⃗⃗⃗ + 𝑣𝐴,𝐵⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

𝑎𝐴⃗⃗⃗⃗⃗ = 𝑎𝐵⃗⃗ ⃗⃗ ⃗ + 𝑎𝐴,𝐵⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

*Sine law: 

𝐴

𝑠𝑖𝑛𝜔
=

𝐵

𝑠𝑖𝑛𝛼
=

𝑐

𝑠𝑖𝑛𝜃
 

*Cosine law: 

𝐶2 = 𝐴2 + 𝐵2 − 2𝐴𝐵𝑐𝑜𝑠𝜃 

#Note: To change from (rpm) to (m/s) multiply by (
2𝜋

60
) 

A 

B C 

𝛼 𝜃 

𝜔 
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-Constrained motion of connected particles: 

𝐿𝑡𝑜𝑡𝑎𝑙 = 𝑡𝑜𝑡𝑎𝑙 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑟𝑜𝑝𝑒 

𝐿𝑡𝑜𝑡𝑎𝑙 = 𝑆𝐴 + 𝑆𝐵 + 𝐿𝑝𝑢𝑙𝑙𝑦 (In general) 

𝐿𝑡𝑜𝑡𝑎𝑙 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡,   𝐿𝑝𝑢𝑙𝑙𝑦 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

-Friction: 

𝐹𝑓 = 𝑚𝑎𝑥 

𝐹𝑠 = 𝜇𝑠𝑁 Static friction 

𝐹𝑘 = 𝜇𝑘𝑁 Kinetic friction 

∑𝐹𝑥 = ∑𝐹𝑦 = 0 (At rest) 

∑𝐹𝑥 = 𝑚𝑎𝑥 , ∑𝐹𝑦 = 𝑚𝑎𝑦 (At motion) 

 Chapter (3): 

-Rectilinear motion: 

∑𝐹𝑥 = 𝑚𝑎𝑥 

∑𝐹𝑦 = 𝑚𝑎𝑦 

∑𝐹𝑧 = 𝑚𝑎𝑧 

𝑎 = 𝑎𝑥𝑖 + 𝑎𝑦𝑗 + 𝑎𝑧𝑘 

-Work and Kinetic Energy 

a) Work associated with a constant force  

𝑈1→2 = 𝑃𝑐𝑜𝑠𝛼(𝑥2 − 𝑥1), {
+𝑣𝑒, 𝑃 𝑤𝑖𝑡ℎ 𝑥

−𝑣𝑒, 𝑃 𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒 𝑥
 

b) Work associated with a spring force 

𝑈1→2 =
1

2
𝑘(𝑥1

2 − 𝑥2
2), opposite of body direction  
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𝑐) 𝑊𝑜𝑟𝑘 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑒𝑑 𝑤𝑖𝑡ℎ 𝑤𝑒𝑖𝑔ℎ𝑡 

𝑈1→2 = 𝑚𝑔(𝑦1 − 𝑦2), {
𝑦2 > 𝑦1, −𝑣𝑒, 𝑏𝑜𝑑𝑦 𝑟𝑖𝑠𝑒𝑠
𝑦2 < 𝑦1, +𝑣𝑒, 𝑏𝑜𝑑𝑦 𝑓𝑎𝑙𝑙𝑠

 

𝐾𝑖𝑛𝑒𝑡𝑖𝑐 𝑒𝑛𝑒𝑟𝑔𝑦(𝑇) =
1

2
𝑚(𝑣2

2 − 𝑣1
2) 

𝑊𝑜𝑟𝑘 − 𝐸𝑛𝑒𝑟𝑔𝑦 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 →  𝑇1 + 𝑈1→2 = 𝑇2 

𝑃𝑜𝑤𝑒𝑟 = 𝐹. 𝑣 =
𝑈1→2

𝑡
 

𝐸𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑐𝑦 =
𝑃𝑜𝑢𝑡

𝑃𝑖𝑛
  

Potential Energy 

1) Gravitational potential energy 

𝑉𝑔 = 𝑚𝑔ℎ 

2) Elastic potential energy 

𝑉𝑒 =
1

2
𝑘𝑥2, always +ve 

Work-Energy equation 

𝑇1 + 𝑉𝑔1 + 𝑉𝑒1 + 𝑈1→2
′ = 𝑇2 + 𝑉𝑔2 + 𝑉𝑒2 

-Curvilinear motion: 

Rectangular coordinates 

∑𝐹𝑥 = 𝑚𝑎𝑥 

∑𝐹𝑦 = 𝑚𝑎𝑦 

n-t coordinates 

    ∑𝐹𝑡 = 𝑚𝑎𝑡 → 𝑎𝑡 = 𝑟𝛼 

∑𝐹𝑛 = 𝑚𝑎𝑛 → 𝑎𝑛 =
𝑣2

𝑟
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*Normal Force (N)=0 when there is no contact between the body and 

the surface 

If (at) is not constant we can extract this equation 

𝑠 = 𝑟𝜃 

𝑑𝑠 = 𝑟𝑑𝜃 

Also 𝑣𝑑𝑣 = 𝑎𝑡𝑑𝑠 → 𝑣𝑑𝑣 = 𝑎𝑡𝑟𝑑𝜃 

 Chapter (5): 

-Rotation 

𝜔 =
𝑑𝜃

𝑑𝑡
= 𝜃̇ 

𝛼 =
𝑑2𝜃

𝑑𝑡2
=

𝑑𝜔

𝑑𝑡
= 𝜃̈ 

𝜔𝑑𝜔 = 𝛼𝑑𝜃 

If 𝛼 = 𝛼𝑐𝑜𝑛𝑠𝑡 →constant angular acceleration:  

𝜔 = 𝑤𝑜 + 𝛼𝑐𝑡 

𝜔2 = 𝜔𝑜
2 + 2𝛼𝑐(𝜃 − 𝜃𝑜) 

𝜃 = 𝜃𝑜 + 𝜔𝑜𝑡 +
1

2
𝛼𝑐𝑡2 

-Rotation about fixed axis: 

𝑣 = 𝑟𝜔 

𝑎𝑡 = 𝑟𝛼 

𝑎𝑛 = 𝑟𝜔2 =
𝑣2

𝑟
= 𝑣𝜔 
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*using vector notation (by using right hand rule): 

𝑣⃗ = 𝜔⃗⃗⃗ × 𝑟 

𝜔⃗⃗⃗ 𝑛𝑜𝑟𝑚𝑎𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑜𝑓 𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛 

𝑎𝑛⃗⃗ ⃗⃗⃗ = 𝜔⃗⃗⃗ × (𝜔⃗⃗⃗ × 𝑟) = 𝜔⃗⃗⃗ × 𝑣⃗ = −𝑟𝜔2 

𝑎𝑡⃗⃗ ⃗⃗ = 𝛼⃗ × 𝑟 

𝜔⃗⃗⃗: 𝑖𝑠 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 → 𝛼⃗ 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝜔⃗⃗⃗ 

𝜔⃗⃗⃗: 𝑖𝑠 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 → 𝛼⃗ 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝜔⃗⃗⃗ 

𝜔⃗⃗⃗: 𝑖𝑠 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 → 𝑎𝑡 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑣⃗ 

𝜔⃗⃗⃗: 𝑖𝑠 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 → 𝑎𝑡 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑣⃗ 

-Gear ratio: 

 𝑣1 = 𝑣2, 𝑆𝑜: 𝑟1𝜔1 = 𝑟2𝜔2 → 𝜔1 =
𝑟2

𝑟1
𝜔2 

𝑟2

𝑟1
→ 𝐺𝑒𝑎𝑟 𝑟𝑎𝑡𝑖𝑜 

*Use the same method to find the angular acceleration 

-Absolute motion: 
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𝜔 𝜔 

Rolling without slipping 

 

 

 

 

 

 

At center 

𝑣 = 𝑟𝜔 ≠ 𝑧𝑒𝑟𝑜 

At point B, 

v=0 

 

At Point A 

𝑣 = 2𝑟𝜔, 2r=diameter 

 

*The center is not fixed 

Rotation about fixed axes 

 

 

 

 

 

At center 

𝑣 = 𝑟𝜔 = 0 

At point A 

𝑣 = 𝑟𝜔  
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-Relative motion: 

Relative velocity and relative acceleration 

𝑣𝐴⃗⃗⃗⃗⃗ = 𝑣𝐵⃗⃗ ⃗⃗⃗ + 𝑣𝐴,𝐵⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

𝑣𝐴,𝐵 = 𝑟𝜔 = 𝜔⃗⃗⃗ × 𝑟 

𝑎𝐴⃗⃗⃗⃗⃗ = 𝑎𝐵⃗⃗ ⃗⃗ ⃗ + 𝑎𝐴,𝐵⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

𝑎𝐴,𝐵⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ = (𝑎𝐴,𝐵⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ )𝑛 + (𝑎𝐴,𝐵⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ )𝑡 

(𝑎𝐴,𝐵⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ )𝑡 = 𝛼⃗⃗ × 𝑟⃗ 

(𝑎𝐴,𝐵⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ )𝑛 = 𝜔⃗⃗⃗ × (𝜔⃗⃗⃗ × 𝑟⃗) = 𝜔⃗⃗⃗ × 𝑣⃗⃗ = −𝑟𝜔2 

 Chapter (6): 

𝐼 = 𝑚𝑘2 

∑𝐹𝑥 = 𝑚𝑎𝐺,𝑥 

∑𝐹𝑦 = 𝑚𝑎𝐺,𝑦- 

+↶ ∑𝑀 = 𝐼𝐺𝛼 → 𝑓𝑜𝑟 𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑚𝑜𝑡𝑖𝑜𝑛 

+↶ ∑𝑀 = 0 → 𝑓𝑜𝑟 𝑟𝑒𝑐𝑡𝑖𝑙𝑖𝑛𝑒𝑎𝑟 𝑚𝑜𝑡𝑖𝑜𝑛 

*For curvilinear motion 

∑𝐹𝑛 = 𝑚𝑎𝐺,𝑛 

∑𝐹𝑡 = 𝑚𝑎𝐺,𝑡 

+↶ ∑𝑀 = 0 → 𝑤ℎ𝑒𝑟𝑒 𝛼 = 𝑜, 𝜔 = 0 

-Fixed axis rotation 

+↶ ∑𝑀𝐺 = 𝐼𝐺𝛼 

∑𝐹𝑛 = 𝑚𝑎𝐺,𝑛 

∑𝐹𝑡 = 𝑚𝑎𝐺,𝑡 
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+↶ ∑𝑀𝑜 = 𝐼𝑜𝛼 = (𝐼𝐺 + 𝑚𝑑2)𝛼 

𝑎𝑛 = 𝑟𝜔2 

𝑎𝑡 = 𝑟𝛼 

-Work-Energy relation 

𝑈1→2 = ∫ 𝑓 𝑑𝑟 

𝑈1→2 = ∫ 𝑀 𝑑𝜃 

𝑈1→2
′ = 𝐹(𝑥 − 𝑥𝑜) + 𝑀(𝜃 − 𝜃𝑜) 

𝐾𝑖𝑛𝑒𝑡𝑖𝑐 𝑒𝑛𝑒𝑟𝑔𝑦 = 𝑇 =
1

2
𝑚𝑣2 +

1

2
𝐼𝜔2 

𝑃𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦 = 𝑉𝑒 + 𝑉𝑔 

𝑇1 + 𝑉𝑔1 + 𝑉𝑒1 + 𝑈1→2
′ = 𝑇2 + 𝑉𝑔2 + 𝑉𝑒2 

𝑃𝑜𝑤𝑒𝑟 = 𝑃 = 𝐹𝑣 + 𝑚𝜔 


