About 30 electric/electronic systems and
more than 100
Sensors

DTR CDI AAC RCU PTS LWR ECT ESP ZV ABCTPM ABS

System Abbrev. Sensors System Abbrev. Sensors
Distronic DTR Common-rail diesel injection CDI 1
Electronic controlled transmission  ECT Automatic air condition AAC 13
Roof control unit RCU Active body control ABC 12
Antilock braking system ABS Tire pressure monitoring TPM 11
Central locking system Vv Elektron. stability program ESP 14
Dyn. beam levelling LWR Parktronic system PTS 12

Figure TF7-1: Most cars use on the order of 100 sensors. (Courtesy Mercedes-Benz.)
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Chapter 4 Overview




Maxwell’'s Equations
—

Under stafic conditions, none of the quantities appearing in

. Maxwell’s equations are functions of time (1.e., /9t = 0). This

GOd SCIId: happens when all charges are permanently fixed in space,
or, if they move, they do so at a steady rate so that p, and
J are constant in time. Under these circumstances, the time
derivatives of B and D in Egs. (4.1b) and (4.1d) vanish, and

Maxwell’s equations reduce to

Electrostatics
VD =py, (4.2a)
VxE=0. (4.2b)
Magnetostatics
V-B=0, (4.3a)
VxH=]. (4.3b)

And there was light!

Electric and magnetic fields become decoupled under static
conditions.



Charge Distributions

Volume charge density:

: Agq dg 3 10 cm Line charge py
Pv= Alﬁgo AV dV (C/m) 1
>)
Total Charge in a Volume
X
Q = / py dV (C) (a) Line charge distribution
V

Surface and Line Charge Densities Surface charge p,

. Agq dg
— ] — C/m?
ps = lim == (Cm)

>V

. Agq dq
pe = lim =

Al—0 Al dl (C/m)



Current DenSiII.y \/olu/mc charge p,

:‘a '/ .. .. .. . : : .
6 A —u’. . : .’ ( Aq'=p.u As' At
.y N . e a . -

The amount of charge that crosses the tube’s cross-sectional F_N —1
surface As’ in time At is therefore (a)
Aq' = p, AV = p, Al As" = pyu As" At. (4.8)
P — A Ac
Y v As =n As
. :|'. . o.o. ... o. e
For a surface with any orientation: OA= 3 B Ag = pyu-As Al
ettt 00, = pu As At cos 0

Ag = pyu- As At, (4.9)

where As = n As and the corresponding total current flowing

in the tube is Figure 4-2: Charges with velocity u moving through a cross

Ag section As’ in (a) and As in (b).
Al = — =pu-As=]J-As, (4.10)
At
where
J=pu (Amd) @11 I:]J-ds A).  (4.12)

J is called the current densit
7 When a current is due to the actual movement of electrically

charged matter, it is called a convection current, and J is
called a convection current density.



Convection vs. Conduction
B

When a current is due to the movement of charged particles
relative to their host material. J 1s called a conduction current
density.

This movement of electrons from atom to atom constitutes
a conduction current. The electrons that emerge from the
wire are not necessarily the same electrons that entered the
wire at the other end.

Conduction current, which 1s discussed in more detail in
Section 4-6, obeys Ohm’s law, whereas convection current does

1 |
1 1
' !
! Atom s ’ Electron
1 I

1
not. '




Coulomb’s Law

Electric field at point P due to single charge

. g
E—RkR -1 _ vy
TR (V/m)

Electric force on a test charge placed at P

F=¢'E (N)

Figure 4-3: Electric-field lines due to a charge g.

Electric flux density D

D = <E If € is independent of the magnitude of E, then the material
is said to be linear because D and E are related linearly,
and if it is independent of the direction of E, the material is
said to be isotropic.

& = &r€0,

g0 = 8.85 x 10712 ~ (1/367) x 1077 (F/m)



Electric Field Due to 2 Charges

with R, the distance between ¢ and P, replaced with |R — R
and the unit vector R replaced with (R — Rj)/|R — Ry|. Thus,

_ q(R—Ry)
' = 4zeR—R P

(V/m). (4.17a)

Similarly, the electric field at P due to g2 alone is

R-R,
E, = 92( 2) (V/m). (4.17b)
47¢R — Ro3

The electric field obeys the principle of linear superposition.

Hence, the total electric field E at P due to g; and ¢» 1s
E=E +E;

1 91(R—R1)+Q2(R—R2)
dre | R—R;P | [R—Ry[

(4.18)

Figure 4-4: The electric field E at P due to two charges is equal
to the vector sum of E; and E,.



Electric Field due to
Multiple Charges

Example 4-3: Electric Field Due to Two Point Charges

Two point charges with ¢ =2x 10" C and
g = —4 x 1072 C are located in free space at points
with Cartesian coordinates (1,3, —1) and (—3,1,-2),
respectively. Find (a) the electric field E at (3, 1, —2) and (b)
the force on a 8 x 107 C charge located at that point. All
distances are in meters.

Solution: (a) From Eq. (4.18), the electric field E with e = &g
(free space) is
(R—-Ry)

. (R — Ry)
~ dze [T IRZR, P

IR Ry

] (V/m).

The vectors Ry, Rz, and R are
Ry =x+y3—1,
Ry =—-xX3+y—122,
R=%3+§y-72.

Hence,
I [2R2—§2—2) 4(%6) P
E= _ 10~
dreg [ 27 216 } 8
R—§4-2
_ 10 V/m).
108760 (V/m)
(b)
K —§4—22
F=qgE=8x10°x — 3" "% 105
1087 &0
R — §8 — 74
Bt S AV T) o LN

27:?7,'80



Electric Field Due to Charge Distributions
B

Field due to:

a differential amount of charge dg = p, dV' contained in a
differential volume 4V’ is

o dg s opydV N
B=R ek = freg Y
E=de=_1 ) @V
4 e R?
v/ &

(volume distribution).  (4.21a) 1
E=——
dre

1
E=—
dme

~r ps ds’ o
R (surface distribution),
S!
(4.21b)
n dl’
L2 (line distribution).

(4.21¢)



Example 4-4: Electric Field of a Ring of Charge

A ring of charge of radius b is characterized by a uniform line
charge density of positive polarity py. The ring resides in free
space and 1s positioned 1n the x—y plane as shown in Fig. 4-6.
Determine the electric field intensity E at a point P = (0, 0, 1) [l
along the axis of the ring at a distance h from its center.

Solution: We start by considering the electric field generated
by a differential ring segment with cylindrical coordinates
(b, ¢, 0) in Fig. 4-6(a). The segment has length d/ = b d¢ and
contains charge dg = p¢ dl = p¢b d¢. The distance vector R
from segment | to point P = (0,0, /) 1s

R = —fb + 2h,

from which it follows that

. R’ —rb + zh
Rl = |R|| = Vb2 +h?, R = L _ ,
1 = IRyl TR Vr a2

The electric field at P = (0, 0, /) due to the charge in segment |
therefore 1s

L oropedl _ pib (—Fb+ )

dE| = =
'Tdmeg 'R dmeg (07 + 02

JEI ﬂFEI:
P =(0,0,h)

1

(b)

Figure 4-6: Ring of charge with line density py. (a) The
field dE| due to infinitesimal segment 1 and (b) the fields dE
and dE» due to segments at diametrically opposite locations
(Example 4-4). Cont.



1 & pedl  peb (—th + zh)

dE; = _
'Tdmey ' RE T dmeg (B2 + W2

de.

The field dE; has component dE;, along —r and compo-
nent dEy, along z. From symmetry considerations, the

Iﬁeld dE, generated by differential segment 2 in Fig. 4—6(]3}.-

which 1s located diametrically opposite to segment 1, 1s
identical to dE| except that the r-component of dE is opposite
that of dE|. Hence, the F-components in the sum cancel and
the z-contributions add. The sum of the two contributions is

. pebh d¢
¥/ .
2eg (b 4 h2)3/2

dE = dE; + dE» (4.22)

Since for every ring segment in the semicircle defined over the
azimuthal range 0 < ¢ < m (the right-hand half of the circular
ring) there is a corresponding segment located diametrically

opposite at (¢ + m), we can obtain the total field generated by
the ring by integrating Eq. (4.22) over a semicircle as

T

. pebh
E=12 d
2ren(b? 4+ h?)3/? ] ¢
0
. pebh
=17
260(b? + h?)3/?
h
—7 (4.23)

4rreq(b? + h?)3/2 e

where Q = 2mwbpy 1s the total charge on the ring.

A
dEI ﬂiEI:
P =(0,0,h)

ks

Lt L({E dE| +dE2
. “(sz

X

(b)

Figure 4-6: Ring of charge with line density pg. (a) The
field dE| due to infinitesimal segment 1 and (b) the fields dE
and dE, due to segments at diametrically opposite locations
(Example 4-4).




Example 4-5: Electric Field of a Circular Disk of Charge

Find the electric field at point P with Cartesian coordinates
(0, 0, 1) due to a circular disk of radius @ and uniform charge
density pg residing in the x—y plane (Fig. 4-7). Also, evaluate E

due to an infinite sheet of charge density pg by letting @ — 00. _

Solution: Building on the expression obtained in Example
4-4 for the on-axis electric field due to a circular ring of charge,
we can determine the field due to the circular disk by treating

Z
the disk as a set of concentric rings. A ring of radius r 1
E

and width dr has an area ds = 27r dr and contains charge
dqg = psds =2mpgr dr.  Upon using this expression in P =(0,0.7)
Eq. (4.23) and also replacing b with r, we obtain the following h
expression for the field due to the ring: Ds dy = 2mpr dr

dE =3 " Qrpor dr)

T A 0 dr).
Areo(r? + h?)3/2 Ps
r ~ >\
dr

Figure 4-7: Circular disk of charge with surface charge
density pg. The electric field at P = (0, 0, ) points along the
z-direction (Example 4-5).

Cont.



Example 4-5 cont.
The total field at P is obtained by integrating the expression _

over the limits r = 0tor = a:

[«

. psh rdr z
E =
¥/ 25[) (rz +k2)3f2 1
0 E
- h P=(0,0,h
-+ 5 [1 B ] (4.24) ©.0.%)
2e0 Var+h? h
Ps — -
with the plus sign for A = 0 (P above the disk) and the minus dq = 2mpsr i
sign when h < O (P below the disk).
For an infinite sheet of charge with a = o0,
/"_\ " a >y

/ E=+47 > \ (infinite sheet of charge).  (4.25)

dr

We note T m infinite sheet of charge E is the same at all
points above the x—y plane, and a similar statement applies for

points below the x-y plane. Figure 4-7: Circular disk of charge with surface charge

density ps. The electric field at P = (0, 0, i) points along the
z-direction (Example 4-5).



Gauss’s Law

_
V-D=p,

(Differential form of Gauss’s law),

fV-DdV:fpvdV=Q

1% 1%

Total charge
my

D-ds

Gaussian surface S
enclosing volume V

Application of the divergence theorem gives:

fV'DdV:%D-dS.

v 5

Comparison of Eq. (4.27) with Eq. (4.28) leads to

%D -ds = Q (4.29)
S
(Integral form of Gauss’s law).

(4.28)

The integral form of Gauss'’s law is illustrated diagrammati-
cally in Fig. 4-8; for each differential surface element ds,
D -ds is the electric field flux flowing outward of V
through ds, and the total flux through surface S equals the
enclosed charge Q. The surface S is called a Gaussian

surface.

Figure 4-8: The integral form of Gauss’s law states that the
outward flux of D through a surface is proportional to the
enclosed charge Q.



Applying Gauss’s Law

(Integral form of Gauss’s law).

Gauss’s law, as given by Eq. (4.29), provides a convenient
method for determining the flux density D when the charge
distribution possesses symmetry properties that allow us to
infer the variations of the magnitude and direction of D
as a function of spatial location, thereby facilitating the

%D e ds = 0 (4.29) _ Example 4-6: Electric Field of an Infinite Line Charge

S Use Gauss’s law to obtain an expression for E due to an infinitely
long line with uniform charge density p, that resides along the
z-axis in free space.

Construct an imaginary Gaussian cylinder

integration of D over a cleverly chosen Gaussian surface. of radius r and height h:

z

b

__—uniform line
_ _ charge py

—L )
-F-" 1 or

AT T T T T T T T N

|
I
M which yields
D /

h 27
[[fDr-frdqbdZ:,th

7=0 =0

27hD,r = pgh,

S|

) 2 egr

(inﬁnﬁ% line chargey—




Electric Scalar Potential
B

The term “voltage™ is short for “voltage potential” and

synonymous with electric potential.

" F ext
'V

LA

= X

Figure 4-11: Work done in moving a charge ¢ a distance dy
against the electric field E 1s dW =g E dy.

Minimum force needed to move charge
against E field:

Feyi = —F. = —¢E. (4.34)

The work done, or energy expended, in moving any object a
vector differential distance dl while exerting a force Fqy 1s

dW = Fexi -dl = —gE - dl (J). (4.35)

Work, or energy, is measured in joules (J). If the charge is
moved a distance dy along y, then

dW = —q(—VE)-ydy = qE dy. (4.36)

The differential electric potential energy d W per unit charge
is called the differential electric potential (or differential
voltage) d V. That is,

dW
dV=""—_E-dl  (J/ICorV). (4.37)

q



Electric Scalar Potential
—

E £ Py P
‘ b [ dV = — f E-dl,
Ci : Py P
&)
Vor=Vo—=Vi=— | E-dl 4.3

Figure 4-12: In electrostatics, the potential difference between
P> and Pj is the same irrespective of the path used for calculating
the line integral of the electric field between them.

f E-dl=0 (Electrostatics).  (4.40)
C

A vector field whose line integral along any closed path is
zero is called a conservative or anirrotational field. Hence,
the electrostatic field E is conservative.



Electric Potential Due to Charges

P, P
[dV:—/E-dl,
P P

P
Vo=V, — V| = —fE -dl, (4.39)
P

In electric circuits, we usually select a
convenient node that we call ground and
assign it zero reference voltage. In free
space and material media, we choose infinity
as reference with V = 0. Hence, at a point P

P
V= —fE-dl (V). (4.43)
o0

For a point charge, V at range R is:

R
. q - q )
V=— ( ) RdR = V).  (4.45)
f 4 e R? 4reR (V).
oo
For continuous charge distributions:
1 pV r . . .
V=— [ —dV" (volume distribution), (4.48a)
dre | R’
v:'
1
V=— L] ds’  (surface distribution), (4.48b)
e ) R’
Sf
1 e . ST
V=—|[ —dl" (linedistribution). (4.48¢)
dre | R’
Ef




Relating E to V

I
AV = —E-dl. (4.49)

For a scalar function V, Eq. (3.73) gives
dV =VV -dl, (4.50)

where V'V is the gradient of V. Comparison of Eq. (4.49) with
Eq. (4.50) leads to

E=-VV. (5]

This differential relationship between V and E allows us to
determine K for any charge distribution by first calculating
V and then taking the negative gradient of 'V to find E.



Example 4-7: Electric Field of an Electric Dipole

] P=® 0,0

Solution: To simplify the derivation, we align the dipole z

along the z-axis and center it at the origin [Fig. 4-13(a)]. For

the two charges shown in Fig. 4-13(a), application of Eq. (4.47)

gives

)= Cre)
V = — 4+ — )
dmreog \ Ry R 4 ep R R»

Since d < R, the lines labeled R; and R> in Fig. 4-13(a)
are approximately parallel to each other, in which case the (a) Electric dipole
following approximations apply:

R> — Ry ~ d cos b, RiR>» ~ R%.
Hence, @i
d cos @
v q .

4regR? o IR<=

(b) Electric-field pattern

dcos

https:/ /www.youtube.com /watch2v=LB8Rhcb4e QM&t=68s Cont



Example 4-7: Electric Field of an Electric Dipole (cont.)

gdcos® = gd-R=p-R,

where p = ¢d is called the dipole moment. Using Eq. (4.53)

in Eq. (4.52) then gives

~

_ PR
~ 4megR2

(electric dipole).

(4.54)

In spherical coordinates, Eq. (4.51) is given by

E=-VV
oV o~ 1

oV

(f{ v +6 :
IR R

__ 44
 4meyR3

g0 7O

E (R2cos@ + 0sind)

Rsinf d¢

) , (4.55)

(V/m).

P=(R, 0, ¢)

dcos @

(a) Electric dipole

//,,

& -

()

 p——
"“----_..--'l’e

(b) Electric-field pattern



Poisson’s & Laplace’s Equations

With D = ¢E, the differential form of Gauss’s law given by
- Eq. (4.26) may be cast as

V-E=2. (4.57)
£
Inserting Eq. (4.51) in Eq. (4.57) gives In the absence of charges:
V. (Vv)=-2 (4.58) ViV =0 (Laplace’s equation),
, |

Given Eq. (3.110) for the Laplacian of a scalar function V,

92V 9tv 8%V
V2V =V.(VV) = , 4.59)
(VV) 6w2+a}12+ﬁm2 ( _ . /% f\’%%
Eq. (4.58) can be cast in the abbreviated form / — /5‘

Viv = _P (Poisson’s equation).  (4.60)

£

This is known as Poisson’s equation. For a volume V'
containing a volume charge density distribution py, the solution
for V derived previously and expressed by Eq. (4.48a) as

1 , |
Ve — [ 2 av 4.61)
dre R’
'l-’”



I Module 4.1 Fields due to Charges

Input

charge value: _7 g e

) add charge
) edit charge value
delete charge
) drag charge
(=) display electric field
and voltage at cursor:

V= 796905E-1 Volis
E= 121498E-2 V/m {
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E‘I Electric field

E‘I Equipotential lines:

less more
lines lines

Clear

Y[nm‘

!
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Conduction Current
B 5

The conductivity of a material is a measure of how easily Table 4-1: Conductivity of some common materials at 20°C.
electrons can travel through the material under the influence

of an externally applied electric field. Material Conductivity, o (S/m)
Conductors
Silver 6.2 % 107
Copper 5.8 x 10;
: i/ Gold 4.1 x 10
ction current density: O s o7
) [ron 107
(Mm ) (Ohm’s law), Mercury 106
OV'.'-j‘V\U\L Carbon 3 % 10*
1 \I Semiconductors
Pure germanium 2.2
A perfect dielectric is a material with o = 0. In contrast, Pure silicon 441071
a perfect conductor is a material with o = oo. Some Insulators b
materials, called superconductors, exhibit such a behavior. Glass 10_1 5
Paraffin 10
Mica 10=1
Fused quartz 10—

Note how wide the range is, over 24 orders
of magnitude



Conductivity

B\,

O

e

0 = —Pvelle T Pvh/in
= (Nefte + Nupn)e

(S/m) (semiconductor),

(4.67a)

and its unit is siemens per meter (S/m). For a good conductor,

Npptp << Nepte, and Eq. (4.67a) reduces to

0 = —pPvefle = Neptee

(S/m)
(conductor). (4.67b)

Inview of Eq. (4.66), ina perfect dielectric withe = 0,J = 0

regardless of E, and in a perfect conductor with o = 00,

E = J/o = 0 regardless of J.

That 1s,

J=0E (A/m?

Perfect dielectric: J=0,

Perfect conductor: E = 0.

P.. = volume charge density of
electrons

Phe = volume charge density of
holes

U, = electron mobility

L, = hole mobility

. = number of electrons per unit

volume

N, = number of holes per unit
volume

(Ohm’s law),



Example 4-8: Conduction Current in a Copper Wire

A 2-mm-diameter copper wire with conductivity of
5.8 x 107 S/m and electron mobility of 0.0032 (m?/V-s)

is subjected to an electric field of 20 (mV/m). Find (a) the

volume charge density of the free electrons, (b) the current _

density, (c) the current flowing in the wire, (d) the electron

drift velocity, and (e) the volume density of the free electrons.
Solution:

(a)
o 5.8 x 107

= —— =—2 " — 181 x 10" (C/m?).
e == 0.0032 x 107 (G

(b)
J=0E=58x10"x20x 1073 =1.16 x 10° (A/m?).

£ 4 % 10-5
=J(”—)=1.|6><|06(”X : ):3.64A.

(d)
e = —pioE = —0.0032 x 20 x 1073 = —6.4 x 107> m/s.

The minus sign indicates that u, is in the opposite direction
of E.

(e)
Pve 1.81 x 1010

= T < 1019 = 1.13 x 10* electrons/m°.
e b6 x 10~

N. = —



Resistance

Longitudinal Resistor

X1

V=V1—V2=—fE-dl

x2

X1
__ f RE,-Rdl=EJd (V). (468

X2

Using Eq. (4.63), the current flowing through the cross
section A at x» 18

I=[J-ds=[crE-ds=aExA (A). (4.69)
A A

From R = V//I, the ratio of Eq. (4.68) to Eq. (4.69) gives

R = oy (£2). (4.70)

For any conductor:

V
R=—=
I

—fE-dl

—fE-dl
!

I —
/J-ds
S

/aE-dS
S




Example 4-9: Conductance of Coaxial Cable

The radii of the inner and outer conductors of a coaxial cable
of length / are a and b, respectively (Fig. 4-15). The insulation
material has conductivity o. Obtain an expression for G’, the
conductance per unit length of the insulation layer.

Solution: Let / be the total current flowing radially (along )
from the inner conductor to the outer conductor through the
insulation material. At any radial distance r from the axis of
the center conductor, the area through which the current flows
1s A = 2mrl. Hence,

conductor must be at a higher potential than the outer conductor.

Y A | Accordingly, the voltage difference between the conductors is
J=r—=r \ (4.73)
A 2mrl ; ;
and from J = oE, Vab=_/E°dl=—f I t-tdr
I 2ol r
E=r : (4.74) b b
2rorl ; "
In a resistor, the current flows from higher electric potential - In () . (4.75)
to lower potential. Hence, if J is in the -direction, the inner 2ol a

The conductance per unit length is then

G | / 2mo

G ! K T TR T VT Inth/a)

G’=0 if the insulating material is air or a

(S/m).  (4.76)

perfect dielectric with zero conductivity.



Joule’s Law
—

The power dissipated in a

volume containing electric field E )
, , For a coaxial cable:
and current density J is:

i
P =1%In(b/a)/2rol)
P = [E-Jdv (W) (Joule’s law)

v Ju

O ey
P

For a resistor, Joule’s law reduces to:

2

P=1I°R (W)



Tech Brief 7: Resistive Sensors

An electrical sensor is a device About 30 electric/electronic systems and
more than 100

sensors

capable of responding to an applied
stimulus by generating an electrical

signal whose voltage, current, or some
other attribute is related to the
intensity of the stimulus.

° ° ° R / /
Typical stimuli :  temperature, DTR CDI AAC RCU PTS LWR ECT ESP ZV ABC TPM ABS

p ressure’ pOS”Ion’ d IS‘I'CInce, monon’ System Abbrev. Sensors System Abbrev. Sensors

o . o Distronic DTR 3 Common-rail diesel injection CDI 1

velocn.y, acce I e rqhon, Concentran on Electronic controlled transmission ~ ECT 9 Automatic air condition AAC 13

f I' 'd bl d fl Roof control unit RCU 7 Active body control ABC 12

Antilock braking system ABS 4 Tire pressure monitoring TPM 1

(O a gqs or IqUI )' oo OW’ e1'C. Central locking system yAY) 8 Elektron. stability program ESP 14

Dyn. beam levelling LWR 6 Parktronic system PTS 12

Sensing process I‘elies on meqsuring Figure TF7-1: Most cars use on the order of 100 sensors. (Courtesy Mercedes-Benz.)
resistance, capacitance, inductance,

induced electromotive force (emf),

oscillation frequency or time delay,

etc.



Piezoresistivity
—

The Greek word piezein means to press

AR Q)

/ Stretching

F—g—F F +——u——n— F

Compression
P Force (N)

Figure TF7-2: Piezoresistance varies with applied force.

o F
R=R0(l—|——)

R, = resistance when F = 0

F = applied force

A, = cross-section when F = 0

a = piezoresistive coefficient of material



Piezoresistors
—

Film I
N\ z
i | Nl e —
O Fa [ {7 T
F=0 Stretched Ohmic

contacts

Figure TF7-3: Piezoresistor films.

Silicon
piezoresistor

7

Metal wire

(a) Serpentine wire (b) Silicon piezoresistor

Figure TF7-4: Metal and silicon piezoresistors.



Wheatstone Bridge

Wheatstone bridge is a high
sensitivity circuit for measuring

r,+ar  Small changes in resistance

Flexible
resistor

Figure TF7-5: Wheatstone bridge circuit with piezoresistor.



Dielectric Materials

Electron

Positive surface charge Polarized molecule
E E
A A
Nucleus
(a) External Eqx =0
Nucleus
E E
q
‘d
-
Center of electron cloud
(b) External Eqx¢ # 0 (c) Electric dipole
Negative surface charge
Figure 4-16: In the absence of an external electric field E. the
center of the electron cloud is co-located with the center of the Figure 4-17: A dielectric medium polarized by an external

nucleus, but when a field is applied. the two centers are separated electric field E.
by a distance d.



Polarization Field

I
D=¢E+P

P = electric flux density induced by E

P = SOXeEs (4-84)

where y. is called the electric susceptibility of the material.
Inserting Eq. (4.84) into Eq. (4.83), we have

D = ¢oE + g9 xE
= e0(1 + xe)E = ¢E, (4.85)



Electric Breakdown
B

The dielectric strength E g is the largest magnitude of E that
the material can sustain without breakdown.

Table 4-2: Relative permittivity (dielectric constant) and dielectric strength of common materials.

Material Relative Permittivity, &  Dielectric Strength, Ej; (MV/m)
Air (at sea level) 1.0006 3

Petroleum oil 2.1 12

Polystyrene 2.6 20

Glass 4.5-10 25-40

Quartz 3.8-5 30

Bakelite 5 20

Mica 5.4-6 200

£ = ereg and g9 = 8.854 x 10712 F/m.



Boundary Conditions
- Medium 1 T

E\ - Ei b
\Zr‘E 1t
—
/-—_.-—— P Egt
EZni ¢
E; )
Figure 4-18: Interface between two dielectric media.
Enw=Ex (V/m). (4.90) (D) —Dy) =p;  (C/m?).
Din—Dy=ps (Cim?). (4.94)
Dy Dy
—=—". (491
€1 €2 The normal component of D changes abruptly at a charged

boundary between two different media in an amount equal
fo the surface charge density.



Summary of Boundary Conditions
B

Table 4-3: Boundary conditions for the electric fields.

Field Component Any Two Media Dl:ifizf; ;] (l;:ul)enddiEE:jr
Tangential E E|t = Eo¢ Eit=Ey =0

Tangential D Dii/e1 =Dy /e Dii=Dy=0

Normal E e1E1q — & Exy = ps En = ps/el Eryy=0
Normal D D1y — Doy = ps Diq = ps D>y, =0
Notes: (1) ps is the surface charge density at the boundary; (2) normal components of
E;.D,. E,. and D5 are along n», the outward normal unit vector of medium 2.

Remember E = 0 in a good conductor



I Module 4.2 Charges in Adjacent Dielectrics

Input 4 &1 = 2.5 £r2 = 4 Instructions
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Conductors
B 5

Net electric field inside a conductor is zero

E E ) E;
1 =gk
Ps — £1£1
+ + + |+ + + + + |+ + + + + |+ + o+
4, 4 4
' ' 'y
Conducting slab — E, L E; E, LK Ei, K
' ' 'y
I I I
1 * 1 * | | t
€l Ps

Figure 4-20: When a conducting slab is placed in an external electric field Eq, charges that accumulate on the conductor surfaces induce
an internal electric field E; = —E;. Consequently, the total field inside the conductor is zero.



Field Lines at Conductor Boundary

Figure 4-21: Metal sphere placed in an external electric field Ey.

At conductor boundary, E field direction is always
perpendicular to conductor surface



I Module 4.3 Charges above Conducting Plane
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I Module 4.4 Charges near Conducting Sphere
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Capacitance

Surface S
~t/ + 4 +/‘+/_
/—h-

When a conductor has excess charge, it distributes the +
charge on its surface in such a manner as to maintain a
zero electric field everywhere within the conductor, thereby
ensuring that the electric potential is the same at every point
in the conductor. =

The capacitance of a two-conductor configuration is defined as

C = % (C/V or F), (4.105)

Figure 4-23: A dc voltage source connected to a capacitor
composed of two conducting bodies.



Capacitance
—

For any two-conductor configuration:

/8E'dS

JS

—[E-dl
/

For any resistor: 1_/ \/

—fE-dl
R=—" (@

jSoE-dS\)‘ I

For a medium with uniform o and ¢, the product of Egs. (4.109)
and (4.110) gives

C = (F)a

(4.110)

rc=LX. @i
o

This simple relation allows us to find R if C is known, or vice
versa.

Surface S
~t/ + 4 +f+/_
/—h-

Figure 4-23: A dc voltage source connected to a capacitor
composed of two conducting bodies.



Example 4-11: Capacitance and Breakdown Voltage of
Parallel-Plate Capacitor

z Conducting plate
Iy /
< 1 {AreaA N
\ Fringing
I ) e
s +Q A ,"
z=d ’
+ S3Ed R ] B B2 R
— Dielectric &
V—= ds E|E |E
z=0 —— —— ————— -0
Ps Conducting plate
Figure 4-24: A dc voltage source connected to a parallel-plate capacitor (Example 4-11).
d d
V:—/E-dl:—f(—iE)-idz:Ed, (4.112)
0 0
and the capacitance is |>\ 'L]Q
e_2_#M 4 ~
V. Ed d’ ' b\

where use was made of the relation E = Q/cA.

From V = Ed, as given by Eq. (4.112), V =V}, when
E = Egs, the dielectric strength of the material. According to
Table 4-2, Eys = 30 (MV/m) for quartz. Hence, the breakdown

voltage is

Vipg = Eqed =30 x 10° x 1002 =3 x 10° V.



Example 4-12: Capacitance Per Unit Length of Coaxial
Line

Inner conductor

Dielectric material &

. . . Y 3 i 3
Application of Gauss’s law gives: AELRETELE, CIER 1,

Q

2merl Figure 4-25: Coaxial capacitor filled with insulating material of permittivity ¢ (Example 4-12).

-
"~ Outer conductor

E=—-r

The potential difference V between the outer and inner
conductors is

b b
V=—fE-dl=—f(—i‘-2 O l)-{f'dr)
7 ’ er Q is total charge on inside of outer
o (b s cylinder, and —Q is on outside surface of
= mel (5)' S nner cylinder

The capacitance C is then given by

2mel
_2_ %" e
vV~ In(b/a)

and the capacitance per unit length of the coaxial line is

, C 2we

I~ In(b/a)

(F/m). (4.117)



Tech Brief 8: Supercapacitors
—

For a traditional parallel-plate capacitor,

what is the maximum attainable energy

Mica has one of the highest dielectric strengths
density? ~2 x 10**8 V /m,

Conducting plate

If we select a voltage rating of 1 V and a

N Fringing breakdown voltage of 2 V (50% safety), this
' will require that d be no smaller than 10 nm.

piecric.  For mica, € = 6&y and p = 3 x 10**3 kg/m? .

| +
i

Conducting plate Hence:

Energy density is given by: W' =90 J/kg = 2.5 x10%**—2 Wh /kg.

, gV?
W' = ol (J/kg) By comparison, a lithium-ion battery has
p W' = 1.5 x 10**2 Wh /kg, almost 4 orders of
£ = permittivity of insulation material magnitude greater

V = applied voltage
0 = density of insulation material
d = separation between plates



A supercapacitor is a “hybrid” battery /capacitor
_

Porous, high-surface
area carbon

Figure TF8-1: Cross-sectional view of an electrochemical double-layer capacitor
(EDLC), otherwise known as a supercapacitor. (Courtesy of Ultracapacitor.org.)



Users of Supercapacitors

Figure TF8-2: Examples of systems that use supercapacitors.
(Courtesy of Railway Gazette International; BMW; NASA; Applied
Innovative Technologies.)



Energy Comparison

Energy Storage Devices

Feature Traditional Capacitor  Supercapacitor Battery
Energy density W' (Wh/kg) ~1072 1to 10 5to 150
Power density P* (W/kg) 1,000 to 10,000 1,000 to 5,000 10 to 500
Charge and discharge rate T 1073 sec ~1lsectol min ~1to5hrs
Cycle life N, oo ~10% ~10?

1000 Future

_ Fuel cells developments

=11]

=~ 1004

: -~ %

=~ Batteries

= 10 -

‘%‘ Supercapacitors

5 1 -

=i

g 0.1

3 T Traditional

capacitors
0.01 T T ]
10 100 1000 10,000

Power density P’ (W/kg)

Figure TF8-3: Comparison of energy storage devices.



Electrostatic Potential Energy
—

Electrostatic potential energy density (Joules/volume)

We = % — % gEz (J/II]S) Energy stored in a capacitor
We=3CV> ().
:://F
Total electrostatic energy stored in a volume C '\\l
1 A

v



Image Method

Electric field

(a) Charge Q above grounded plane (b) Equivalent configuration

Figure 4-26: By image theory, a charge @ above a grounded perfectly conducting plane is equivalent to  and its image — () with the
ground plane removed.

Image method simplifies calculation for E and V due
to charges near conducting planes.

1. For each charge Q, add an image charge —Q
2. Remove conducting plane
3. Calculate field due to all charges



Example 4-13: Image Method for Charge Above
Conducting Plane

Use image theory to determine E at an arbitrary point
P = (x,y, z)intheregion z > 0due toacharge Q in free space

at a distance d above a grounded conducting plate residing in I

the z = 0 plane.

Solution: In Fig. 4-28, charge Q 1s at (0,0,d) and 1its
image —Q is at (0, 0, —d). From Eq. (4.19), the electric field
at point P = (x, y, z) due to the two charges 1s given by

1 R —
F_ OR + OR>
dmreg R? R%
0 Xx +¥y+2(z —d)
T dmeg | [x2+ Y2+ (z —d)?2P?
R+ iy+iz+4d)
[x2 + y2 + (z + d)2]3/2

forz=0. e e e e e = =

_Q - (0: 0: _d)

Figure 4-28: Application of the image method for finding E :
point P (Example 4-13).



° To capacitive bridge circuit
Tech Brief 9: =

.
Capacitive Sensors

I i/ e
w
Fluid = ’ Cp (empty tank)
i Q) R
v
‘ £ g_’\/ .
Tank —— 1 R
K C Vout
P i
(a) Fluid tank

(b) Bridge circuit with 150 kHz ac source

Figure TF9-1: Fluid gauge and associated bridge circuit, with Cy being the capacitance that an empty tank would have
and C the capacitance of the tank under test.

Fluid Gauge

The two metal electrodes in Fig. TF9-1(a), usually rods or plates, form a capacitor whose capacitance is directly
proportional to the permittivity of the material between them. If the fluid section is of height 2 and the height of the
empty space above it is (h — hy), then the overall capacitance is equivalent to two capacitors in parallel, or

(h — hy)

d 3
where w is the electrode plate width, d is the spacing between electrodes, and ¢; and &, are the permittivities of the
fluid and air, respectively. Rearranging the expression as a linear equation yields

h
C:Cf—{—Ca:waFf—}—é‘aw

C = khs + Cy,



Humidity Sensor
N

Silicon substrate Elj/ctrodes

Figure TF9-2: Interdigital capacitor used as a humidity
sensor.



Pressure Sensor

Conducting
plate

Flexible
metallic
membrane

Conducting
plate

(a) Pressure sensor

Plate I | | r
d .
Membrane e 7 °) 2I — Bridge circuit
Plate I 3 3 L
P=P C1 G
(b) €=
Plate [ B
Membrane d lP 2 2 ¢ . ..
'\__/ T ! — Bridge circuit
2 G
Plate I 3 3
P=>FEy Ci <G
) Ci<G

Figure TF9-3: Pressure sensor responds to deflection of metallic membrane.




Planar capacitors
—

External object

Conductive plates _ ‘
Electric field lines

‘ C.O | C#Cy

C
° (a) Adjacent-plates (b) Perturbation
Insulator capacitor field
Figure TF9-4: Concentric-plate capacitor. Figure TF9-5: (a) Adjacent-plates capacitor; (b)

perturbation field.



Fingerprint Imager

Figure TF9-6: Elements of a fingerprint matching system. (Courtesy of IEEE Spectrum.)

> r ~65u/ -
cr Si oxide
50 {>¢ sensor cell
2 :
Vo
SP et J_ 2 metal plates

= Ccl Cout

Figure TF9-7: Fingerprint representation. (Courtesy of Dr. M. Tartagni,
University of Bologna, Italy.)



I d

Chapter 4 Relationships

Maxwell’s Equations for Electrostatics

Name Differential Form Integral Form

Gauss’s law V-D=p, fD-ds = Q

Kirchhoff’s law VxE=0 %E -dl=0
C
Electric Field
Current density J=pvu Point charge E=R 1
- c 4 e R?
Poisson’s equation vy =-2 N
£
. - I qi(R—R;)
Laplace’s equation V2V =0 Many point charges i 2 IR — R;|?
i=1
_ . 1 N dv’
: f Lol Volume distribution E=—[R 2 >
Resistance R=—/71— drre R
E-ds v
SG - = = l a0 pS dS
Surface distribution E=— =
Boundary conditions  Table 4-3 4re : R
L 1 N dl
fsE'dS Line distribution E= Tme i =
Capacitance L e e 1 R
B ];E.dl Infinite sheet of charce E =1 L)
€0
: e D
RC relation RC = — Infinite line of charge E=—=§f—_ =# i
= £0 £0 2w egr
Energy density we = %sEz qd

Dipole

Relation to V

= yr—— (R2cosé +§sin6‘)
TEQ

E=-VV



