Evror v amvoliwdes) | also called  channel codes,
ave used o format +he transmifled inforuadion
to increase s immun?y b noise .

_TThis s a(comP//'Sl'wa/ /37 )nse,qu‘n9 @nﬁolleaﬂ
Téduno{ancy ot hapsmitted  inbrmahion
Stream allowing Hhy rectiver o dedect and

poéfﬁblj (cmfécwl ereoys.

sour A , Vser B
Dalp sonva| | Data sink

Sewv e 1 Souvee |
Encsdev | | | Deccder
1] , ;
Encryphon | | | Decrgdion

_ HEENEE

nned Ohannd

o fj/ | ﬂmTB(ﬁr
Mar{ulorhyr T 1 awhml | ——"Demodlulazcor_




A Sigle- Broc-Detecting  Code -
Example : (Parity - check Codlt )
far a binary dofa sonrce-; if we break i} into
k-bit message hlocks. We can represent each

b[OCk as

m - (Mo,m, e s mk-—l)

We cap add a 91@& reddundant bit fzo_ at Hu
end of each block.
The value of 1_9 (5 sdw‘w’ so that Hio A/‘nay

sym Orla“ o me%o9e b)’}'ﬁ ana[ b M each b/océ

i 2ero . Then e dransmied blocks of me ssacpe
b{/’é ana[ F’Zc{lmo(aml bJ' M/L Fhu 7411’/1’!
C = (my,m,, -.-)mk_,,b) whre ) - Z m;

€.9. (a) m < ([/O,’)) scum = [+0+1 =0 , b- 0
sum 4o =0+0=0

(b) mz(l,l,l) ) Sup = [+1+1 =1, b=l
Sam+b = 141 -0



A the vewiver , the veceived  hlocks ave chectd)
oy M(A.‘,Lj hite . TF He sum 5 nol zero

Hun we kow Hat ow or an odd number o
bits have been (on’uF)LCé/ by the chanmal poise .



- Aset s an arbfry  colectron of object:
or elenents withont an Y Pfeafe #nec/ of%tf/bns
between  sel  elements

-.[ara/ma[.m'y [(aral) ol a sebt is debndd
ns Ha number of distind zlemends n Hu set.
A bfmry .opam-lv'on % an a2 hion  Shat
can be Iﬁ770$e_0( on d set a/onj wiPh

a set of rules resin’cﬁnj Hu resulfz of
Hht 0)724’0117‘01’\‘ The bfna;ﬁ opexrader o}mere@
o Jwo  duments  [from Hhe set at a Fime,
yiel o&mj a thivd  elument  (not necessam’b a
distnct  element ) .



_ &mu/%:

A Jrovp (I a sl of o)aj'ecfs on whith
a b:’nqvg oferm’v’on " has been  clefined.
The b/'rmrj OPWaJv'on mus? 5&7’7'5@ Hu
ﬁ/[owhy }7{0})&’7’729 by G & be a grovp:
. tiClosure : +he binary 0/961/017’7“0)’1 Ealces

any two  elmentz in G and g@/rwmles as it
sl an  dament Hud s also in G .

le. Jordl abe G, abec G .

2 .Asaacim‘juilg+ ?
fa.b)-c = a- (b.c) for all a,b,c €4

Nete : Sma it%s o b;’ﬂav«j oycm/—foy; We
[an'% 0@ a. b . C



3. Tdlentity -
Yure  oxists oan elwunt o € Gt such that
cl é)Y a// a € G

a.e - . QA4

I

(/.‘IJIV@FSZ .
fof each ae G thye exists a unique element

o€ G Such  that aq -a.a. e
é\He: e 5 Hue l'dw\}hy e,waLwL nder  Hhe b)'llafy 0/9"’“74‘”‘)

bor Sfeu’al g{duFS ;

A 4rovp @n be (emmutahive ( gé»w)) iF
be all a,pea , ab=b.a

n such (ase ) the  group is  said be
4 (ommututiye grovp or an abelian  geup.

)/1"* 9700]9 operaﬁan é—/ a (Ommctiﬂ}’ft/e Irevp /s VSuallg
YQ’PY%M WfM "+ Sjmbo) (Ca/l&/ ac{c{i}ive_ 7Y01/]l7),



Example Yo the seb of integers Z onder

Ateger addifon, B it a grevp.

The  properties  inftger addihen  should %7’139
are -

L Closure : frall a,beZ , a+b el

2-;455055517‘1'1/#7: for al| ab,c € Z
(asb)4+C = a+ (b+c)

2, fo(wnfﬁg : A denitity dement  undey inlej@/
addibon ic 20, 5INE 0¢ 7 such +hat
O4+ad = dq+0 = a for all a €7

4 Inverse : for each ac 7 +here exiss
0 iguy olomet  —a €U such that
a+(-a) - (-a)ya = O

whore 0 is +he  idonidily clomarl inder additon



Ae a f&mpr, Z s d GroLp nder addibon.
Also, Hhie qevp g Ommudedve  since

by all a/bé'Z , a+b - b+a .

Then e set of 'h~/'076(§ undex /7\7Le7a;/
adalib‘on s an  infinie commu-ﬁa/ﬂ/l 9roup
soder pberpr  addikion .

/\/m’@: e sef 1 5 nof « 7;'91;/7 undur
/‘M@j@v’ mulh’Pl;‘mﬁ‘om Sne mu)h);lf‘cm’?‘m
nwyses for iNtegers  are o} in 716?2/5 .



_ Definition :

Ocder of a qoup. i< delined 25

]61)_- 0id (6) = card (G) = pumber of olistinct
climends in G

- One of o smplest methods for  onshucting finke
qroups s in Jhe a}7)),ica'b'a/) o,C modulay arthmetic
to e <ol of inhﬁerﬁ\

_ Modular Ayithmetic :

R MoJulo\r Aafafi#on
2. Modular Mu“rfP){mHon



0 Modular Addifion -

AddiFon  prodylo m (or modm) can be eXFresszo( 05
d+b = ¢ mod m

thot is - g4 pusb js equivalent 12 cmod m

T tesult ¢ is oblained bj summirg & and b

Usiny shnd avd "n"‘ej&r additron  and o fw’c/r,:t? the

(¢sult bj the modulus m g C 0% Hu PDS:'}W{

(tmaind ex”

EMWPLQ ;

() 13418 = || ped2o  (13418=31, 2)= 20471

(1) 243 = 1) mod 20

(c) 945 = 4 mod 10 (q*s'zm) Id = /o + '—i)

() 244 = 0mod § [ 249=6 , b= b +0)

(@) [B+27:0mad5  (1B+2% =45 , 45 = 5/a) 40)

(f) 15+ 100 = 50 mad b5 (JS‘—Hpo; (ST, Nisi= 55‘,;.5‘0}



L Addibon  mod m grovps e nhnite sl of
ittegers snfo m distinct (egailalence | classes:.

_ Por twe infegers  a wd b are in the  some
equivalence  class mod m iF A am be written
os Az km +b foc Some integer” K .

. Elemente in M same  ggyivalence class modm
ave equivalet , Hhudt is  any elowend in a given
chss can ke substibid for ang othey elounsnt
in A same clags  withont c/cauﬁmj s oud coms
of a  medm ompedion

- An equivalence  class of im"e7c,rs i (abeled
with  ite  spallpet ﬂon/zejatﬁll(. /’ry/-:jer elomant .

- Each rumber in W st éiuv\/alznu_ class Aifter

bj Some mu{fiplz ol i



Es(awy)(e '-£7u/i/nlhw, classes of integers nder med2  addifton -

We have two quim[auce classes
Lalae.( L= E%u/'\/a(u/lca class

D?ia,iz, tf—i,té,--~},aliwtwnmmlwf
| i-{:l/ t;/A;§,i?l--.j',aﬂoa’o‘numbué
E&(an)Q : £7u/i/nlhaw classes of intesers nder modls addition :

We hate 5 equivalone  classes
Lebed < Eqw'va/cncz class

D:{U’:_f:g + o

NI /‘LI&/ izo/...g



E‘(d'?'l})@ ’E?M/i/nbm& closses of intesers onder mod U addibion :

We have 4 equivalone  classes,
Lebe) <> %u:va{cmz c{déé

D:70,44,+ 3, + 2 +/b,...}

} —

§l 13,17, B P, }
2 iz, 10, 14, ‘Z,_-.)' -2, -6, ST j
i A sye L -, =5, -, j



- Theorem -
The euivalence  dasses §0,1,2,3) -, m-1] form
4 commytatile. goup of order m under mod m
intever addihon for any pesihive intespr m.
Freof -
S any elemunt n  an 67u/'m(enc4 class  can
be sbsttuted by Hhe  classs label ,Hhen we
com onsider just Hu labels , &= 1oy -, mA}
S ord (k) = [(m—l)-o] 4l = m.
Jor e equivalene classes fo form a commabitive
goop ; Ahey have fo pllow -
. Closure : Sor a,beC | a+b =cmadm
uere ce B sine ¢ <m and < an fn}cjcr.
2, psso C—fa‘/’fviJ’:} . Since inter addifion is asscciodive,

IY'ch ac{clioé'on I's a/eo aséacfﬁﬁllﬂ-



5 Ldonthy : Hae identity elomnt in G 55 fhe
addi}ue ’J‘ZM}?H o | =06 .
4 Taverse . for de& |, Hhure should be. an
i'eb sudy Hhat a +a’ = e =0

Snee O £ m an g7m’mlm1" inHL sams equvalencs
4/499, then mz 0 medm .
S a*a"]zm = a";m,a ,

o a-0, 4hen a & mmedm = 0 (2w i
/J'e own r’huvrs&).
s aéfs,z,z,-~,m-»},%m 4 —m-a ,

then a"éilﬂ,%,.--/m—'}
Tus, all aecb | Hoe oxishs o € G
S. (emmutahiye : Sine in*nl(?cﬂf add tion s commutahive
Yo modm addidien s aleo  commutative .



E—xamlo&  The grouF af order 4 undey med Y addlifon

We wsll SAOOJ how) H{ 1S a Cormmu,(zt/ﬂ/L 7roaP:
W oyeraﬁ'z)n (S S}to(,un in %{ 6/[01/\//'/\7 ’)‘aé[Q :

(Moafll)
Tl iol 1] [2] |2
D O | 2 3

(1 [f] |2/ |2 @B

2| 2z 3 o |

3 3 o | 2
. Closwre : for all a,bel, a+b €6
2, Asso q‘aﬁ'vil-j ;. Since fmley,y addion is asseciadive,
modm  additson is afeo associahive
3. Tdentity . s identity elowent i fho additive
i(LmJ—Hj 2e0 , 2=0. for all ae {o,1,2,3}, d¢eza.

(W{ have a zelo in él/!U’j Yow)



4, Taverse : or each ae {0, 22 thove exists

a unigue Zhoment 4‘%{0,\,2,%} Sudh Ahat

1
a+a’ - O .

- !
:3)212) 3 :]

¢.9- 0l:lo], |
5. (ommutalive : for all abeG |, asb-bea
Sinca ke addifon Fable s symmetric abont the
majn  diagonal .



2] Modular MuH.’F).'m}ion..-

Mfiplicatton  medm  can be expresssd  as:

ab = c mod m

thtis: g times b s equivalinf o cmedm
T tesult c is obtmined oy Mu’h}D(jiﬂj a and b
iy shrdard iterer mulfipliation and dividing 4o
st by e modulus m , c is Hu posiue
femaind e

E%am,)lc:

(2) Under med20 + 1.5 = 55 = (5 med 20

(b) Under mod 50 : 9.F = 62 = 13 mod 50

() Under mod2 417 - 68 = Omod 2, ot sime it even
(d)Under med )8+ 6.1 = 24 = 6med I8

() Under modip : 2.5 - 10 =2 0 madiD

m

(D Undey mod 6 LS - 30 = DMoa,é



- Modulox mulﬁ'];(rka%'on does 1t aluoys form a grosp
vnder modm  [v owy ke m
- Jor e nember oo i) can not be induded
in_a gfoup under o mlﬁph’mﬁm opUa on .
“That 75 ;- undoy mulh‘f\‘.caﬁar\ fhe s has o have
multipiotic iverses for eadh demad n the st
and cne 20 Jote nof haw o mulHP(,'Car}SJL
merse ) then 2tro conld nd be i a gevp under
"\ul)ﬁF(ica'])'aV\ .
~ Sine 2w can et ke an elment in a gtoop under
madm muliplicahon , and as m medm =0 mody,,
he yoap. can nok comdnin gy doment| Mod | dides m
vl e zao emainder . In suh ase, # acl and
the foaindir — tom (1) 0, thon Hude ecishs an
dwen} be G whae ab=zm = omodm .



Erample ™ For S={1,2,54,56,37 wiler mod 8 irfeser
mul}v'}yl.'mﬁan LS i a M2up.

Sme 1.2 - 0mod B wd 0 ;s not in dhe st
the  mad § iadener M«A”"'y)imhan is ot closed ower S,
thon # 15 ot 4 Wu};.

Example:" o S< TE %blj wder medS” infeger
mulfsplicofion , is it o qroup.

The - multilication bl s as Alows:

(meds)
: | 2 3 Y
I | 2 3 9
2 2 4 ) 3
3| 3 l v 2
4l M 3 |2| ||



. Closwre = b all abeS, — abcCmdS wha ceS.
2. Associnbiyity . for all ab,c €S
(@.b).c - a.(b.c)
as i follows fom infger  mulkiplicafion
3. Tty : e idenkity olemend i 1 sine for all
aeS, alzl.0 -a (Hu maltipliaon ialmhé)
4 Townst : or ol ae$ At exjgts a unigme lenent

A - 4
€S suh hat aa'-d a1 s Bllows

5. Commadtitive: He all a,beS, abzbae$

as i Jallows  from e multiplieodion ond 1 i
shown h Mt mqyuﬂimolion Lble  where i s
symmetric  about Ao main  diagonal .

As o vesulk, S i a ommafatiie grovp.



_ Theorem:
The elments S - {12, 3,.—-,P,7} fom A commufedise
iovp ok ocder (p-)) vnder mod p mdbiphention
it and ony i{ p s a prime ;n,L@e/.
frodt:
| Closwe = If p s nok a prime , Jhon Hore exiske
a,beS sudy ot abzpmedpz0medp ; and
Sne O 6 not inS, Fhn S is not closed if p i3
ot a priae . I 0 fsa prime , fm thewe 5 np Such
pair of elomnte and S is closed .
2. hssciatividy F Pllows  from inbeser mulliplicahion
3 I”L””Hﬁ: Hhe m&m’ﬁj clmeat s 1L sma
i e maltiplication ielantidy .



Y Taverse - For Mj e, , A mu/h'}yl,’cah'yns
{a.i ,2, a3 .. a.(p-2), a(;m)j
ae dighnct since f fhuy are ot Y thee

exighy  bce€S such +hod
a.b_-@. c)mdp
a-(b-c) = Omodp
Thws, all (p-1) mabiplcetims are dichinct.
Sie e maltiplcations  yeid  (p-1) Aishnct numbers,
dhen  ab =) {fxw seme beS
Hon a2 o . As aresult, inveses are  assared.
5. Comudotive: $e all a,eS , abzbaeS
ss il Jellows from infeger mulbipliadion
Ae awesult, o i a commadafive oioup under med p
Wu“’iplimhaw (mhj f p i & F/m\L-



fXamPLL-. | /W.Q ﬂfouF ag otdor 6 undor rywa( 7 mulfl;p/fmﬁf
The thH':lP]FCaHM ‘)Z(H.L i a5 fp?[ows :

(mod 3)

! [ 4 Ed 9 S &6
| \ 2 3% ! s 6
z 2 \( A l 3 5
3 L, 6L 2 g ( 4
g| 1Y 1] 5] |2 |8 |3
g1 5 3 | 56 4 2
b b v 4 3 z )

. Closure : 6‘(0.” a,béS/ Ab < CmodS whur c€S

2. 495061'0')1‘1{?7 : For a// a,b/ c &S
(@.b).c - a.(b-c)
a$ i‘)l' )LD”«OM ](rbm I}W mu”’l'l)lf(m/?()n



3. J’_Junhly < Hhe :’a(mJ'ib wend i 1 sinee for all
aeS , dlzl.a = a (»H,u mm/‘l’l}y{/’mﬁor\ ld&hhﬁ)
4. Tnurse . -[ﬂ’( all aeS )z}'fu/r( e/(,’s)'s a t/m’7w, clenenl

) = .
A€S suh HAt aa'-ada -1 as bl lows

], ] s sl qth e da | ol 2k
5. Comadttive: $e all albeS  abebael

as i Jsllows from infeopr mulh'flfm%nn and F is
shown in Hhe mql%ﬂiza%‘on dable  where i is
symmeh;c  about dhe main o(mjonml .

As A fLSVtH’, ¥ o js A COmmmJ-mh'dz yfoul}?.



- Debinition:  Order of a grovp elamont -
Let a be an elument in e grovp G with group
opeation 7. . The order of a s Hne smollest
ot irtoger ol (4) such Hhat

a.a. ...a = e "Oral(a) bins

whare ¢ & A op Wnb’ﬂ dloment.
— od (&) = | ARPYY| on‘g f a- e .

- Ar\ e(wwml N a ?YaVP has an ordler
Huat € a  fackr o1 o 7You/>/s ordor.



EmvalL! Gind #e order of He dements jn the

groop of order b vnder  mod F mu}h‘};licoth‘m.
Elimant= Order

| ) 1 mod 7, lord )2
Z 23: Q= | madF ) oro((z):3
6
3 3= 729 = (o) + | = lmod F,lerd(3) 26
9 ng__ b9 - 2(a) +1 = | mod? Jord(d) =13
5 5’6: 5625 -F(2222) 41 =) mod 7] ord(S) = b
62: 34 - 72(5) +| = Imad 7, ovd (6) - 2

ord (6) = 6
The fackss of & ave  1,2,3,4



E%atm}alv. . Bnd e order of Hu elemente i He
ﬁra/? o£ orol@r % UV\CLU( N\Odg ﬂouif}im.

Elument
0

I

S REEAN) SR

od(6)=3

oM ¢

Order
od )=l , 0=3mod8 = ?‘o’

23. = gmoalg :OMOAg )pra.l(l‘);:?.

% 2 - Emod3 - Omod 8 ) ord (2) =4

j_ 2 :zqmoAQ:oﬂwJZ) pfo}(%} ;:%

M =
i
W\
RN
NI
VA
fl
S
3
(o
N
R
Q
S
~
<
"
N

5 - lomodd - O mod3 ,ora!.(S);. 3

M al

6 — 2 mod8 - O mad® lovd{(6)=4

¥ —-5Lmed® -0 moclg} Dfd’(;) <8

fackrs of @ are 2,4 €



-E(&Mf.le : Find Hu order o‘( Hu @[e/m.ua’}s n Hae

ﬁfdup OF ordler H UIW(U’ maalf i’nu//-f/;]fcm%'an.
ELUVLMﬂLﬁ Orgéef

/ .0)@{6/) =

2 2 = Imed &, (2=

% ?f{ :'8) = ’maa!.s—/ DVJ(B):LI

4 42 16 = | med & Hord(q)=i2
0)’0'(6):"(

hetors of 4 are 2,



Subsroups :

for o grvp G ondur an opadion " < (G ),
S)s a Su)o7)’du)p onder . Same o/pem%‘om "l
(S, ) i A s all He properhes o
makes ik o gnup.

Thatis, fox (S, b be a subgroup, it has

b be  clewol under i< operafion and confains
the ipverses  abrg il fha ialen#@ elowe.
The associabvifpy  Bllous frem &.

— A propar subepoup.
/4 mbﬂfouP 5 £ A4 P‘o’o:per Smkg&'ou? 0)( é1
i S<é | bd S+6 .



EXQMPZL‘: PYO)‘DQf SuLﬂ\fdvFS .
(a) The ?7’00}7 m( :’nJ—r,@ag Unal&r mod’ 9 owld/v'fovl ,
2 G=50,42,%Y, 5’,6,?,3}

I confaine e a[o/[owr@ proper Subgroups
{DS N 3 o, 53, éj

b) The gyovp 0€ fl\‘lf-?fls oy\olz.r mw“éo qﬂ(’?‘bn.

= &:{O)\/ )3)\" s é,?‘ ?)q /O ", 12 IS Y (5}

/

:1:7L ComLUfns e é/ow./l? Fb’oPe/ Sul:grouﬁs:

{o§ ! {o} 8} ,io/qlg, 12} 30,1}\468 fa) |/ \Ij



,.Eqmmlmca (Lasses | Ve. (osets

- In modm operation, two infesers are in e

same equijabnce  class and are equigaleat i Fhey
diter by o maltiple of m .

This Gn be genenlized to subgrops as follus.
In  subapovbs , equivalince chsses are alled

tsefs , and e  cosete ane  equivalent  when

Heiv elopents diller by some  eloment ™ G

J/ALQ@QQ; :
The distinet  wsets of a subgroup S /n a group
G are o(z'Sjbin'rL.



Defnition . Left and Right (osets
Lok S be a suéjroup £ 6 willh operation '+
Aeft woset of S in G is a subsel of G whese
dlemonts  can be expressed  as
K+ S < zx»rs,seS} .
Avight cosel of S in G is a subsel of G whose
dements  con be expre ssed as
Suscw§oin,seS

- I% & is Commme/ﬂ/L/ NI left coset xa S
is  identical y's every Yijh‘f cosed S +x

Hexe ma§7L IroIps Arfe communtmtive ; SO all
C056?L£ (N{U S\tho)g Z?e. fz‘ﬁ%’rza( o as wse%s.



.Examfb-: (osete

(=) The goup of infegers onder mad 9 addidion .

> G=50,42,34,5,6,%,8]

I confains he a[a/[owmﬂ proper subgrodps
EREERT]
for e proper subgroup S = ok, Hue distinct
osefe of S In @ are:

Cetefl | cafhsl, 1 -52% e =03 c)<§4]
Qs ’fg} / CA"féj ? C?"f?}) C3’§ 3}
-For He proper subgrovp R:280,2,6] , Hhe dishnct

oselz of S in G are .

Co:{o)%/é} ) C/;fl,ﬁ,?j,ngz,s,?}



(b) The arodp of (n—legas onder med b addifion.
=z @as= {o, 23N, 8,6,%,87 1o, 1,12, 13/2‘4,15‘}
I,L con}'n,'ns ‘MLL é//owfn? Fa’o?e/f Sul:sroufs:

{o% ) {O) 8_} g {O/‘{/ 3,12 }(,{0,2-,‘4,6,8“0/12/ t‘{j

-bor A proper subgroup  S< 3o Jac Aifinct cosets
&S i b ae

oo}, Cuefi}, Conf?] ¢y <12Y, 4= f4]
CoofsY ey e}, Cy=i3),¢5-59F 5 ¢, - 795,
Cfiok, Gy T}, €y v i), Gsn 130, €yafidh
G =35

for A proper subgrovp S={o, 9], # dishnct wsefs
ol S in G are -

(o-503%, € =51,9) , C=52,067,Cy=53,01), Gpadqref

Cos§5123, 6= §4M3, ¢ - §3,)5



- Yov e proper suboyrov) 5:30,7,8,72} 5 the
distined caete of S in G are :

Cb—;fo,({,g,llj g C'_l-. f \, 5,4, 13}) Cz,gz,é/;o) H}
(,=3323,1,5]

—for S prepr Sn%rm)}) S=§O,L,~[, 6,9, 10,12, 'L'j/
Yhe dishnct  cosels of S inGiore
Co-302,4,6,800,12,(4}

C . 51,%,52,9,1 12 ,/5}



Theovem: Lajmnge,’s Theoren -
ij D 1l 4 SubﬁwLyD of G ]'HUU’I 07’4;1(5))0\’0((67)

(the riefion alb  denctes Haf a dides b
wthot  a  vemainder)
Proof -

For any subopoup S in a grovp &, P has n
detinct disyomt  asets with cad (C;) o Hhu 7
coset, with  cord (C;)= cand (S) .

Thus o card(C) = ncavd (5) = card (6)
S cad (s) | card (6)

> od(S) ) ord CG)



........

(o) The grovp of fmlr_?e//s (q of ovdor & undor
moel 4 additron  contans Hu subgrovp S={o,2}
T dishingd wsels of X sn G are

Co<102F, <=3} -

The grovp G in Herms of +his coset decom Fos,'hon s

G- C.UC z{onjui?]

(%) Tae grovp of inkoers G of ocder 12 undar
med 12 addifion  condaing Hw  subgrovp
5:{0,4,9}] .

The Ashact tosefs of S in G are :

Ci <1504, 8}, =55 9, €, =176, 105,

C, .83, F, 5.

The grovp G in Ferms of +his coset decom Fos,'hon s

6. CUC,UC,UC,



Definition Rings
A ring is a collechon of eltmeats R with o
binag operafions  ‘'+' and " such that the
bl!ow.’nﬂ three  properhies hold -
. R ‘FWMS a [DMmu‘IZtJ’WL 9(OUP WW(J?/( ”‘f'“.
The addive identity dovort is labebd "0,
2. The opevation ”." is asseciative. :
for all a,b,c eR , (a.b).c - a.(b-c)
3, The operadion *." is dishibatic ovor +'
for all abc e R, a (bic) = (a.b)+(a.c)
A i s alommadahie g if e operation .
s commuative : focall abeR | a.b-b.a
. A ringy s alying withidendity) i the operation .
has an identity eloment | which is lbeled 1"



_ A ving is o [tommidutive ving with| jdentity |
il tha operation " is  both ommudndive  and
has an idmtily  eloment.

Exomple:
) The ntegers onder modm  addition and mubtiplicachion
form o wmmudsdive ey with idendity.
(b) The seb o;( all Poljnomiafs with bmrj wetbicionts
forms o tommudntive (iney with dontivy  onder
Standard polynomial addibion and mubiplention.



Definidion, : Felds
Lebk ¥ be a =t of objeds on which we
sperahons  “+' and " ove  dofined .
Fis afidd i ad only of -
. F forms a commubhie quoop under "
The  addifive  identity cement i labeled 0.
2. F-fe] < the =t F with 4 addifiue romoved
forms a commutative grovp ondor 2"
The mubpliatve idendity elomont is ladeled )",
3, The oporadions 4" and .\ dishibute
a.(b+) = (ab) +(a.c)



- For a beldy dl #s eloments form o ommdabie geop
onder V4", while i nenge lements fom A commufnfite

Jroop- onder 7.0

Exa mF‘ﬂ, :

(a) The féa/ numbefs -Erm an inﬁ?u?'e ’ﬁdol
(b) e fn-lf?us do pst form a gb‘d( Sine »?rlz?e/s
do not have Mu prh'caﬁom inweses | as /’4/95(5.



Defafion . Vechor  Spaces

Leb V be aliseh of elowaents  called Vadbis .

Lot 7 be alfield] of elemnte  alled (Salars.

There ave o opem%ns defined between Hha Feldl
elements . Defpe fuo ofhur opermdins |

let ’3" be a binary addiFve O)Dofa‘}fon amone)
wclors , called veor addifion , such that if
Vs €V, e B = T eV

2. ek *" be a binary multpliadise operation , callecl
Scalar muMipiation , such +hat if
acF ad eV, phn a2 = eV .

Then V. foms ek space ovec F if She following

fve coditons are sadishied :



u
//—-l‘

LV forms a  commudedive  grovp under
2. Sor any elowant aet and eV, 4.7 . W eV
(closed  wder scalar mulfiplicaction)
3, The operations * and " diskibute -
a (D+7) - a® +as  (addbiue vecr opeahon
imd @40) P = a F 2 by (addbve Fdd optn)
4 hssciatulty: S all abeF and o TeV
(ah). T = a. (b.T)
5. The multiplicadive }afem%j WVin Flis als
Akt Hiplicatioe io@wﬁlﬂ in scalar mulfiplication:

_l.—‘)

br all Te\N and IGF) |7 = 5. -

- F s USuaﬂj Cdl(ﬂ.cl Hhy OSCGL(O-Y A‘eu " or Hau
uﬁ‘(omol Ga,[a[“ o( ‘HM \)26{’03’ SFI!—Q (\f) 4'/‘)



Example = Vecer Spaes
The set of binarg n-toples  (V,) forms a vechr spac
ovr  F={o)\} = GF(2) : Galois field of ovdor 2 .
Here each of Hhe n wovelipalts in each vechr can
take on one of dwe values ) {01}, indeperdend of
e other  ordinates
Vo] =2 cond (V) = 2
The ptvple V= (v, v, s ,,) 5 Ve
and fr v elmeds | v F
For all ¥V, GeV, , and fov all v u eF
T veckne gddiBiom e
Wt = (Uor, U 4D, o » Uy +’\fn,,)
The  scalar rr\aLh'P{:mHor\ e any acF
av = (av,, av,, .. av_ )

) ) n~
EXampk: V3 ovey G,):(z_) COnl-mrh,s 23: 8 )y,‘/m;y 3-‘,‘«.:,:‘05



- TThe /lMa,r C‘am}yfnajé'on s o\[ t/LCJ'ZJ(Q N a VLCJ‘AY Sfaa?_
. in Hu Vechor spase
Leb  Vechve '\7'0 )T[:' fau YV bein V.

a, , -, a be in F .

n-)

Lel S(a(an’ s a

0’

Then e /él[ow iney \iway  combinabon v 13 alkse in V

—

~ 13 —
Voav +av 4 - +4aV

n\ n-l

RDE:I:I'A;}J'A\A ; *5113’))4{/9%&5%
For a veclpr space V) (¢t 5:{9:,-\7, VS
whee SV with  card (S) <imn

If Hue exists {ao)a',.‘.,qmq}él: such Hat

oy oy vecht veV :
m -

Then e ot S i sad fo Spn Wand S s
caled a é})anni%s&flr V.




E’Mm])k: Spanniveg) Sets
Does Hhe vechrs in S=§ (14e), (94 1), (42,2, (Y,2,9)]
span 4t space Vg

To check | make alishof all vechrs yn Vs, than
Jersrate e veches by selochnry (a,a,,a,,4;)
suh Hhat  fr every vedr VEV,

a
T,

a; v,
The 2er0 dechy D=:(0,0/0) it sbtamd when

oll a; =0 Mot 7> (4,0, ,a,,085) = (2/00,2) .

Ao, in binnry addibon, Y sum of any vechr
with ik fo Hhe 200 vedw T . That is, ewny
Vedov 6 s own  jnverse .

Sicce fbor (a,,2,,9, ;) = (1,1,0,0)

V= a,. (1,1,0)+a,-(0,0,) +4,.(10,) + 4, (1,00) = (1,0,1)

and (';ON) 15 ont 0( () Vec}b(ﬁ n S) then Hhe V&:Brs inS

ayd M" [lf\!ﬂ‘f“j I’AWCIHI{'.



Debinition : Bases
A spannind) se€ foc V that s minimol cardinalty is
called a basis By V.

- From Hhe alaf?};.'J—ioh of bases, spce tha Card/m{i’f‘j
should be  mipimum , He pasis for V sholed  be
linearly n'hale]pmo(bn'(' ; otheavise | the basss could
be reduced .

- A vtchr space may have several possible bases

Yot span V. howeser, all of e bases have e
Dme (a.ral&w;fr';y .

- T Caponical basis for a veckr spac V, s the
Simplesk  basis . For emmj)(ﬁ . caronical basis for

V} IS {(l,o,o), (0,1,0), (a,o,t)_?] ‘

- One of Hhu basis for Vs = {(ye,1,00), (o1,00,1),

(0/‘:];0/ ) y (00,1,1,1) (l,o,O,O,Dj :



Definition . The Dimension  of a Vedor Spaa
.T-F a basis ér a vechor S)mc,L V has k elements , Hun

A \lu‘—or sfaac& 1% Said o hwl& dimension k) o{irn(V)_—k

Led i_\?lj be o bass for a vechr space V. for etfé’/ﬁ
k-1

-

Vechr VeV Have 15 a n?ofae«nlm‘ion ‘\7:161,.\/; -

This vepresunation s vniqus

Provk: We can  poot Ahis by anradichon .

Assume  the vepresenbdon is et onique . Then +hare
can be Jwo | dishnct Yepresonia Kons for a vecdar

te -l k-~!
.l7)) —Vs = Z‘ a;l—z anal V = 5— 19,173.’
=) : (=o '
—» le -1 ~ - =
o sinece. .V - 2. av. . 2 bV



Since e Ao re]:resm/z«%aw; are  ois finct, Hhon
Yhore exssts al leask one  term in (1) Such
that  (a. -b;) 7|. £ 0 ,and  Ssince g(a,-b,.)}f. <o,
Hn  he gxisle some  subst of V.
Aot repre sonts Aro  addibue inerse of  (a.-b;)v. .
As a result, Fhe sk $0Y ie ot linearly iadspendd
”wé) e ol a basis sine it ois et with minimal

cardinal 1'7'7 % e Yo‘ﬂesm lafion ~ hould be UNiguL .

For WMPLO_’, for ]4:2) kht Hhe basis be {VZ,T/’,S

3
™
0< L
i
0
<l
[
V]
("
uf\
IS
|
\
O
<



- Lor a vecdor W V over a fedd F/ with
a dimension 1, each  dishack vedor VeV s

assouated Wit a unigue ordered st (a,,a, .., a,)
and vice versa . Then Hhe cardinality of +ha

Vectsr Space. quals the namber of PO-SS(HZ chorcas
by ocdered sek (a,,a,, -~ a_ ) . That is,

(aro((\/) _ [Carol [F)]” )

ﬁam/?lﬁ; The binaty vector Space V. has cardimal?y
card (V) [[m((,c)]n IR



Definibion © Vector Subspaca.

5( a_ \echy 5Facz V) Sl & uecbv Su)ﬁ):nca,

o( V ?1{: S 5}5&((* 15 o Vz,cfw S}mce ana/
S &V .

Theorem -
Lt T and VZ o an ar/a{/mrj poir af

)

Vec/'ws h e subsel S of«#uz vechy space
V over F .S s o vechr SMJpSfaa of V

/,f mw/ an(y f:)[ anﬂ h’near Comé)hw]v‘oV) OF

-5

—_—
V[ amal Vz S a[So N S)

-

(ia. aV bV, €S, abeF)

)



Defnibon . Inner Fedud-

The  inner Fmafuc}r 5 a b/’nm@ o)w/a%'on

Yot mops 0 puir of vedore in f vechy
spac V over e tld F oo swlovs 7y F.
Leb @ - (uy iy, —qu ) and V= (y,0,.v,.,)
be vechre in Hhe vechr Spae Vo oler He
fild F. The janer  produck TV iz Aebned as:

u.v - i W Ve o UV, UV e U -
wih ﬁgw\'@ properties -
). (ommu%vnlﬂ AV - .7
2, Assocm—'vwly with  Scalar mu/ﬁ'flimvl)’oh .-

by acF oand 7,7V , a (Z.V) =(a.t).V
3. Dighibutivdy wilh vech addifin -

b T7FV |, B AT2B) - (.7) 4 (5-2)



Definition . Dual Spnes of Vechr S paces

Let S be a subspuce of a yedor space V.

A set ST is caled the olual spae of S

L od A #e SN | and Al [ mel Sty
Wzl 4 @

Theotem

The dual spce S™ of a ved subspae S <V

is Heelf a vechr subspace of V.

Note Hat : 0€S  aud 0S|
beayse both S and S° ave vedoy subspaes
of o yechr space | and A follows fom +Ha
dibinifion of & vectos subs)paa Yot it 5 «
vedor SpALL and 4 vectr Space Showd have Hu
addifine  idmtity O sha #is a grovp vnd 7a".



Theoter :© The!  dimemsion | Theotens
Lok S 2 a Bate - dlimumsional vechy Su‘osfac,&
AN ond bt S5 ke Hhe CoWeSPma!f/Lﬁ dun spee.
Than the dimonsion of S and Ha dimension
of S sum 4o 4t climensin of V.

dim(5) « dinn(s*) = dim (V)
_ Nofice Hed Since

dion 5) | A&
ard(5) - [xd ()] and card (3= [ @nd ()]

e ol)‘h(SJ'
cd () + cardl (s*) - [Wa’('-’)]awsi G )
while. : Aim (V) divw (8) dim (s*+)
cad (V) - [amral (Fﬂ o [cwro((F)] ik

_ I dwm(s) zk, dim(st)=& , dinn(V)=n .
Then A"W\(S)s d(fm(\l) L o(n'n\(SL); n_-t -k
OlhA dim (SL); olz'M(U) _ a(fm(.S) -n_k - t

whae (N-L)a(n-k) - (n-¥) ~+ & - n



&mpla,: Dhal spus and  dimausion Hhaorem .
The = vechey Spate of b,hqrj q_fuf&s
Hsg Bllow{nrj veclor  syb spaa

S = ? (coo0) 5 (0101), (oo0]) , (6100) }
Nobice Sina  (esel) + (s16e) = (olol)

and (0001) + (oool> = (0000) ?

then toi basis for S 5§ (ovol), (e100)] -
So, dim(8): 2.
Wile, Sk { (0005), (1010), (1000), (oo;o)}
ond sve  (1000) a (00(8) - (10(5) |

and (lODO)-\—(}aDo') = (C>c:>c>°) ,
i He basis GDV SL 15 %(Jo‘@d),(oo;o)} .

SO, ali'm(sl) = 2 .
0('-”‘(5) -+ 0(fm ( SJ) - 4
aﬂﬂp dl'm (\/Lf) y Z’/ .



2.2 Elementarq Properties of | Galois Feds
_ T order of a Galois bddd campletdy Sfec}fi@,s
He bGdd  onlike a goup. GF(4) has an order g.
Thaorem
Lot B e GF(q) and led 1" by 4he multplizative
iolmH'ﬁ. Considor A Sequonce {l,[;)gl,ﬁi...}-
This Sequanc (% roFdw'}fJ e and M fics]
thonant o vepeat is o doment 1"
floof:  Snaw peGF(g) , and £ peGF(),
also  £.(BJ) - ﬁge(,F(@) , S0 all /gke— GE(y),
So, since GF(4) has an odw 9 | Muen af
Soma point  elenents  must z’qwrf.
fa)moﬁ 510 orhodifion,  assome  that 1" s
nok M Gicst elonent to epeat md ek £
be 4l ficst cummf fo (epeat and it equak 2




N N e 2

X Y x =Y gy =Y

S, ﬂ:ﬁ#ﬂ/@ - P
5 -

This means dhat Mgt 2xiske  an dement
7 whew  x-y<x  thal equals "N,
which means %D - ge #e vepeotion sF "1".
Sine we acsumed et B 1o Hu frst
repeaktion in Hu st for Fhe elovent B7
and ey do not equal o 71",

Trus, we have a cortradiction. So, Hwe
assumphion is  not  Aue. Thas, 1" s Hee
frst elmad F rzpem’-_



DEASED . T order of o Gualors Beld elomant
leb B be an elemont n GF(3) Tha order
of P (ord @) is e smalest infeser
such  that B =1 .

_ Netice Fhed Hhrs  operation  vhder which
M order oF a  Galsis fiedd eluad re
defied ie Hhe rwhkpicdu  operafion
(Rl The nonzeo ebpnrents of a Feld
F-1ey  form o commutafive grosp ondec ”.
witlh e muthipliahive  idepfity  elomet ‘1"
Theovem

Tf t- ord (B) for som REGF(S)

then ] (g-1)

_This s+ ol (B)] #of nenzeco dinutz of 6F(2)



freef. Tf Be GF(g) with ord (B):t | +un
e sk Sz SRR i BT Brms a sborab
of (€)= ord(S) = ord(B) -4 , in the gravp of
nonder2 elements of GF(7) under multiplicoion -
Laijnga's Hueoremn Stafeq

£ S s a suboovp of G, Fhen srd(9)] ord (6).
Hore ()=t and  ord(G)zg-1, the nonzere
olomenks . Thas, £[(2.1) .



_ The "grantest \ ommen N diiger. of ( and £ s

defined to be e largest pesifve int9ec m
Such that  mli and ml|t | i} 55 denoded as

GCD(G4) .

TTheovem -

let o and B be eloments in GF(§) Such Hhad

/g—,oli. H s oro((o()—_-ﬁ 5

OTA(F) = ¢ - =1 ord (‘x)
GCP(i,t) GCD (i, ord [“))




bample < Consrder GE() .

Lek Hu nonzero clments be § o, oo o @iEw
The possible  orders  of any BE GF(16)
can oy have odders  §1,3,5,157 sinee
ey divde IS (Je. g-1:15) withoot remady.
The  sequma of  swccessive powers of B

must be jn GF () ;g,ﬁj,@fa",,._}

() For B’ , Ha Stpnce

(6,86 L0 ¢ 1 -

[, 6, (], GO @, ()

v b 912 s 4 1S 3 3 3
{0()0(70()0(}.d;:\.)0(:01. ;l.o{);—d,..}’:

4 '
idg)d 1"(0') 0(2) 'j ) OTJ(G)ZOYJ(P(a)l.Sp OY‘JZO():IS)‘

ord (B) = oxd(ol) = od (6)- IS L5 | g
GCD(ijond () 4cp(3,15) 3




(10) FO\( p: o(g) Jhe }er}wma,
%élﬂzipg) P"} k
L, W ), O

i doi) | ol (6) - ol (o) By ond() - s,

T % T DYJ(@_G’ZD(ﬂs) g

() For B-a”, e sequonce

A SE P EASE

ord ()= ord (') -1 ,orol(a()-)s’

ord (B) . ord(0) o wd(p) . SR
GD( ¢, odl) GCD(}SJS') s

() for P-ot, the sopunce

(8,60,

ord (B) - o

S B i 0‘10‘1)0{5)---, O(D_: 'J | ord (B) - ord () = IS
d (4 s rs e
Y'() #76((6)— -—]_,é_-]b-

&

cD( () ovd (W)



Delsaibon : The Euvler & Fanckion :
The buler & fandhon  ewlpafed af an inteer ¢,
willon  $(t) , is the number of imegers in Hu
st {02, b} that are reldbively prine b £
(i-2. shae no commen divisors other 4han ome).
_ ¢&) is compuled as follows

b, d@)- 0

it e, ) - caral[{uid[cqco(gé):lfj

#(%):fz/);(/,._;;)

7711'5 }?(ooluc{ s svexy all fosf})'(f(_ Frfw. )'M?cfs
pt dhed  divide £



gxamf;la; T Edler & Fanchon -
() (1) = $(33)
=9(1-%) = U2
$(q) - 6
Thot is, dhe numbser of nkegers in {1,2,%) 8}
Ml gye yela#vdj prne to T are 6 Amwbors .
Thy are §1,2,4,5,7 2]
(b) (36) - ¢(2:2.5)
- 3e(1- L) (- £) (1= L)
_ %(2;) 3-1)(> |
¢(ze) - &
and ey are = INERCAT) 2;/2‘75 -
() $(s¢) - ¢(22-27)
_ 5’6(1,.12.)(/~J;)

$(56) = 24



@) ¢(256) = ¢ (2°)

-2 (1~ 1)
_ Z}( 2 ~1)
C’?(zb'é) - 12 ¥

Properrties of He Euler ¢ funchon :
() Tf pisa prime  then P(P) - p-[ , since
all  nonzsero  elements [ess Hhan p ar re[aﬁvelj
plime o a prime .
) T $(7.5)-4(p). ¢(r) - (B-1(p.-1)
| P and p, ave dishack primes.
This 15 fue for any numbes of pyimes.
G) %o o prme p, G(p") < p" " (p-1)
(4) For dishinct primes p and |
¢(p"el) =77 R (B0 (P =)



Theorem = The Mubbiphiadive . Shuchire of  Galois Felds .
Consider the Gualois fidd GF(g) -

() TF £ does not divide g-1), Hen Hhore ave no
dimonts of oder £ in GF(4).

) H t]g-1), then +he ave $(£) elemants

of ordur £ in GF(9).

EXamjji@: Consider  @F(n) :

2-11 , 9-1< 10

Pessible orders of clements in GF(1) ae {1,2,5,19] .
Ordec Nomber of elements

! G0)= |
1 $(2) = 2(1-L)=|
2 ORI SIS Y BT
lo ¢ (19) = $(2.5) o d(2) d(8) = W(4)-4

Todal rumber of elemavds = 141+449 = JO



T nonzew duments  oF

GFCH) are

GF(” _ga} % l 4
) = O(,dld}djd)o('o()o( OZ oZ’.—’j
) ) 8 f }

Sine for any ,é.-.ozie GE(N)

ovrd (oe) _ _ord (at)
GaCd(r, orJ(oﬂ)

. ovd (o()-_- 10 saa 0('0-_—.| X

2. ord (X*) . ovd (&)
6CD( 2 ord (o())

lo

-lo |18
6cp (2,19) = n

3. oxdl 60(3) - |_l° =~ |1
Geo(3, 10) AN n
q. o\ral(o(q) _|_lo - Jo | _(58
4eD (4 ,10) 2 -
? OYJ(OQ 10 - Jo 20
&CDC% o) 5
(. od (a [ _ Jo _[§
GICD(éllo) |2
7, ord (o( ) _ Jo _ o
(aw(a,'o) L[]
g od (x%) - _ - lo| -5




4. ord (") - _lo . o -l[o

6L (4, 10) /
o, oxd(1) = ovd (&%) = __lo —
GCD (10,10

Llode) &)  The elmeds of order &

2 | o7

6 8
5 4 o<7', o(“’, AL, R
10 y 2o, o,

The sete for all Be 6F(1) -

() of ardes |, 31k

(2) o order 2, Ju&, @2 f: {803
(3) of ordy 5,800, @ @, (£) ()

= {o(? ,olu) 0(6: 0((3, l}



V|
and o (o, @) xR
)Y 6 b 4 2
(0( ) | ol _ dlo- o L A ) (D(V)F: 0(20:: d’.oL,O:.'lj
all disknct  demuds
5;’m’,/ar[7 ‘F‘D‘\’ o(é arw/ p(g
(4) Of ordor o, zo(,otz, otz',o(q-, o&s,oeb, oz:',ozg,oaq,ae’osf}
2 3,2 & 2 -
amd § o @) o (@)=, @) s ()
7, 6_ 3 2:9 5.9 9 7 10
() = o, (&) 2o, (%) = &, (Ao, @>2
all dishnck elgment s .
Sim]lav[‘j ’ﬁ’( o(:} and a7



Definihon : Pimitive Elemeonte in a Galos Feld
A elompd voth oder BEgER in GF(7) 34

called amhmmm n 6F(3).

Theovem -
Tn @Mj Hni'}e gau G}:[‘j) thare are exacﬂﬁ
d(4-1)  primitie  elemonts -

Example - The multiglicabive | sfruchure of 6 F (-
GF )  nonzero clamend-s enshucd a Geld ondex

ymod 7 mulfiplication  since. 7 is o Fru'mt.

- GF(3) has  #(F-1) - (b) = 4(3.2)
6(-HU-1) -2
So GIF(?) has 2 primpye cloments



y Undey  mod 3 muﬁhplfmﬁbn:

_ Yov et L, svwe if is dha  identity eluwad
ynder mwlvl{ph’&ﬁay\ ord (1) =] .

_ %or element 2, 1’:7-, 22—-“(’ 72.3:8:/)2400"7'7
oxd (2) = 2 .

_for elomark 3, 313 3.9 - 2medd 3 227 bend3
2l 81 90044 Y med?, 3 = 293 27(34) 5. Smilz
2929 2016V 4] 2 Imed? . S0 oed(3) - 6.

»Since 3 s lampriwilNemead: » GF(7)
ondoy mcxlﬁplfcab'on , Ten 3,“ by (€512, o g}
il mpfesm{- e b6 tongeo eceswents.

VUZ an (ke ‘fM ﬁm/\u[a O“ro( CO(;) - ord (d) L
GD(( ord )

o fnd M odey of Hu nonzew elomonts
2 plos Sne  ord(3) =L




L elwent represened

Lin Jums” of | 37
o | | 3|
)
) 2_-3

2 | 2123 d(ap el
— bmod 7

TE R BT
= 4 mod ¥

51 35-3 2973 - 9’(?‘-{),(.5’
= Smad 7

L ord (eleweut) = oid (30

ardCy2n  (idwi
dﬂwrij)

ovd(3) =6

ord(3°)~ od(3) _
6CD(2; ok (3))
- 6 _b6 -3

 6ePb)

od(2). 3

2

ord ( 33}: ord(3)

6CD ( 3/ OrJ( 2) )

N 4 S
G 3,4)

od) -2
od(3) - 6

= —é-_-_-EZ
3



4
6 3 .729 —F(IH)+ ord (%) - _¢ —z_f_:

z '”)Dd’?’ G\CD(é;&
|a|ﬂ3!( l|) _| [ |
tlorder) — P(E) The eloments i GEG)
with ordor | ¢
l ¢C1) = | I
2 H2) = (2-1) -] 6
5 4(3) =(3-1) =2 2,9

I8 ol 6) = 2) (2)-2 35 ( imi e
/ 17"5 )



The Addifue Suckue of GF(9)

GF(3) elomuis cnsuct a fod wih oder ¢
undery  addifion .

Since. #a order of an elumemt aeGE@E) under
oddton 1o Mg Smallest pos hye i &jar
od(a) sucfy ot Atd+ ..4a = O

e O s 4w additie identity eloment,
Hen in GF() all 9 demsnts an be
‘/Q.Ff%cm{"l’o! by > | sudh Hat 1'e{l,2,..-,7,j

L

Since 5/ = zmoa(i =0 moclz (Le- ovd (j):i)

For a Fbsf}'fu I'n V. m, | et %} be.
densled as  m(1) | where m Vs She

num b&r oF oL |



_ The efinstrelomentutearepeat k e addifve
jdenkty lment HOS

Tt Bj (nbadichon
¥ J()=k() 40 whee 0%k<]

} 1 ]

. k J#0
Than  since () = k(1)
= () _kQ) =0
G-k)U) =0 whee [§-k)<L

' l
L 4o

Thop Hete exiets  an indgec  (-k) such
Mt (G=K) (1) =0 befoye (1) FoO .
Contradichion sine  j0) shoold ke dhe Fest 42
(epeat befsse O . Thus , O is fird 2

vepeut .

|
O



Dehnibon - Characteristic of  GF(6)
The chﬂmcbfnéﬁc JF a 5f:[i) [S Hht Sma lloct
fbsf%m Wlesjd m  such Hhad m@) -0,

Theorem :

The chavadeyichc of a Galois field s alurys
& Prime ih%ege;r,

Keoof - By ontadichion :

Jor a GFQ) , if k(D=0 is e fird
eloment 1o (@femL, thon k & A chamdeste
st GF(q) .

Acsume kb & pet o primg- , fen Thore
exig twe pesifiis inteners sudn hat

k() = m@) - nl) =o

whare  m<¥y and nok .



Since  He  Fivek elonont += meaJ' s O,
then (1) 40 and () #0 .

Also GE©G) has no muliplicdie. inveyse

of fhe doment O, while m@) . nl)) = o
with m () F0 and n(1) 30 -

[ontveadiction sine  therz  are no sudn
f/ﬂ—egqfe m and N ushh

m()) . n() - k0) —o .

Thus, Kk is a prime.



Exgmgld: The addifive struchure of G F (3):
GFG)  elumunte  conshuck g held undur med 7
addifion .

doment  ord (eoment)

0] OYJ[o) =1, O= Fmed 7 - ﬁ_?-) also I’()” Ao
' elomenT .
’ %-I =7 = Omed 2 oxrd () =2
L %2— _ /Y =Omod'7~) srd(2)= F
3 2.3 =2l zOmod?, ord(2)-7
2 gf-l - 29 -0 ned?2 | oxd (W)=
> %S -3 =0 17100[9' ) oxd (S)=7
é 3—6 —42 = 0 mod? ) orc:[CS-) = 7



Theovem -

The oder 9 of o Gabig Feld GFG) must be
o power of o prime .

- In othor words , Lt p denote a prime,
be o GF(9) of odor 9 | Hhen

g = P Ly Some pos e l’nl'?@f N

ne 5,‘/212’/“‘ 2]



25 Primidiie Blynomials  and | Galeis Felds of | Drder p™
e nofabion  GF(3)[x] 75 Hhe set of all
Plynomials @4 ax paxty ale. v X

of an arlai%mrj degree n  wih  webicients a.€ G (3)
JThe acldihve  and mubfiplicahive  cperafions  ave

pet fornad a8 @(Fea}d with e wdfcient oFo/«hahg
Fa/érmd i fhe o}%’M'?'onS n Ao feld GF(3),
as hllows. Lol A(x) and B(X) be in GF(9)[X]
cuhare /46<)—.ia'.s(" and B(x)__.‘%)bl.x{ |

(zo
h ' n -
Thon AGY ¥ BK) = Z-d.x 4 S b
/=0 1z !
4 ;
T '.—2 (ﬁf’. "'b.‘) X

ard AR B(X) - (%atfxi). (ébf.x') = (a.b)y

n+m

[(a ) et 5] X 4[@b) s (ab)e@b)] X v 18, X



Banglis  Tn GFD LA, ek A x> and
BOO): K 4x+l .
A+ B - (x4 *) e (X4 x+1)
= X+ ()X X 4] )(.'n 6F(2) | 1] =0)

-_'_)(>+X + |

Definthin :  Trceducible Blynomials

An ineducibly  pelynoma] over GF(3) 75 a plynmal
fhat  cannot be dachoved n GF(s)) infe a procluct
of lower dogree pilgnomials in GF(3)[].
Bompled T plynomial  Ap) - Pkl

(@) In GF(2)[X] , #is irveducible since

AG). 6.0)qr0+1 =1 (not & reot)

AD =) v 1a) = 1413 =) (MJ'alVod‘l')
So ACX) has  Hs rostz in GF(Z)/ A 1o ireducible -



(b) Tn GF([x], we will lkarn Had
Ax) = xxg) = ( Xaa)(X+a?)
= x4 (+?) X 4]
here o +ol” = |
So AE) 4 refucible -

+ o | X OLZ

o| @ @ o =’

(] i )+ H |+l
| 1 1ttt ) d +o 4l
o wY ) e el A1 O




Definihion - Wimikive Polynamials

An  ineducible polymomial  pex) €GF(p)[X]

of 5(29{@@ m s said f» be peimipe it Ha
smallesf Pos'rh’va infesec 0 which p(x)
divides  x'-] s n=p -1

Em)rnfﬂL - Himitive. Felyromizls.

PO():: X3+X +1 & (2):(2) [XJ 7S PfI'Mn%I/é L
»#a/ﬂ, P.:Z) m=3 .

/
3

?Lx)[xﬂ’,l > PCX)/X:L:: - Fa)}xq— I
%’4 eans ’ch‘]' pec) Wil not a/;’uiaéz

x| for all ic{12,34s, gj Wi 2600 vewaindsr.
while m{ﬁ:’_ f _ o

XX+ B

where -1 = (XPax41)( xTix®eX2])



S

nce

X2+ X 4|

Y
X -I'Xz-\—x-\-l

x7 -1

X:" +><g+ XL'_
x> 4 % |

>
)(S—l')( Q»X?'

xg P x® -

X x4 %
x> 4 X ]

R X




- The  primihve  pdynomials  of m-degree.ip
GF(p)[x] ate constructed from  primhue
umentz 50 GF(p") with a one-to-one Py
betwen Ahe  oistind popers of o and Jhe
et of plynomials in & of dagree less Hran
oV equal o (m-1) wh @ecients i GF(p).
That i<, since. dox an m-deguee  primifiu pelynomial )
p(X) = :'Za'.x; whore o is a rast of pUA)
Hham ;(a): S a4 o

<o Nl

m '
2 - a o 4 ’E:; a. o
so for e)(amPLL if p=2 5 Hen

m-|

o )
amoi = i a"d

) =0

=  Fhe sef of Poljnomfafs in o of Azﬁr.oe, less Hhan
oY equal 'é (m-’) Is emmJj]n > mf aﬂ .Pm

pﬂm}&i\m elemants | onder  mod pled)



- 1In GF(F'") e are c(:(P’"-l) Fﬁm;sz elovads
Their Map inf> P{imi)‘iﬂ-e- Pollgnamiafs in éF(p)[x] s
CP(PM"\) PrimiRmL Faljnom?aZs o’f m—ciegﬂ&-

m

- A lst of b,;wj primibive polynomials s in Agendien)

Exampled Tn GF(4) He elemenls oe fo,1,%,%'}
P(x) = X ex+| s a primitive pelynomial in GF[]
et & be a vest of p(x) | fhun [HARIIZS) .

Ths map befeen e axponabials of o and

Hho }blynomfa/ oF (m-) degrae ov less s
Exponenhial  Pelynomial  [abel  \Veder spaca yeprssahon

(')&)
O O O (2,0
l ' I (1,0)
% & 2 (c,1)
« 2 a+ | 3 (1,1)



A

+ o | o x
0 o | A 2=
l ( 0] (x¢1=a?) (o = )
X & (A=) o (a2ta=1)
K| o (aklza) (abxc ) o
° O | ol o &
o O o (0 9]
' lo) [ (1t = ) (1.2%= &)
X 6  (lw=x) (e =ac®) (xa- & =1)
R’ o (I-a* 4} (o(..x‘;a?';l) C 2 L = ot)

l/sinj the. labals

+|lo | 2 2 0Ol 2 2
olo 1 2 3 0|0 o0 o ©
1|l o 3 2 llo | 2 3
2|12 % o0 | 2lo 2 3 |
32 2 1 © 3lo 3 1 2

Hexe ; fnhg(/ labels  aye not webul)  Sinc- Hhe |abele
de wot fCPmS(MvL in«lcjus and dFWﬂ}fOVLS howte

ho YQSeWnblan.CL ﬁ) moc/u/ar :'nkﬂzf operatl‘fons :



EExdsz&: Frop pag G4S -
~Pr o b)‘/\wy yf/}n/’/)}/L /mlynom?q/ of o@féﬁ
m=2 1ol anl 116l ave primtive
vlomomials |, this means  pat e Suallis?
psitive Integer N foy  which  Jhese pAynomals
dvide 1= whun  n=pTo AP ,
which s XT-1 .

(0) dor 1611 5 Pix) = XZ4 X4

(b) & 10) 5 pO) = X4 X241
~Yor m=Y, 100l and lloo] are primibve,
Pois mans Hhal n=2'-1 2 1S whure Sy
divde  x"~1  wHhont a vemainder.

(a) for Too11 ,  Pi) = X'+ X 4]

(V) v llool , p&) :x\’.r |



| i ao (a<+o<)o< ...........
....... - o ..,.o( = R4 +o( N A N AR S N
------- S e G R FE D

ol | Sl (el ||
S S SV .. - N N S S S S S
...... -+l 4R



e Galors MJ VeClor —S)Z(CQ f(,)))’é%"%ﬂ)?;)y)&' for
é":(zwv (% l)snlca‘ in Ama{))( E.

Thebrebn

The rosts o < clz@xec m . prim Hue };Aﬁn,oznfa[
96) € GF(p)[x] hawe oder p-1 .

Explanottion :

The 1pots of a a(éﬁme v primdive plymomial
p(x) € GH(pP) [X) are primitive eleweufs in GF(P”).
Since Prfmi)wo. comente in GE(P™) all have  en
ocder equal s A number of nenzao elomenl
in Sudh  Galove fidd  Han Hhaiv ovoles s
cavd [GF(p™) - {o}) = pT- 1.

Mso, since Au smallist positivie inbener n whave

F(x)[ =1 s when n = P71tk means




il

ot v Some F(x)) }7(7()150():%P ~

and Sne ér Som 2 Yoml <
PM_ |

p(o()F(zx) o~ 06 (xsa yel of p(x),
Then O(P = -l =0
P m .
> - | whar e n = ]3 - s

Jha smelles? ?os'c)—i\/a {f\l-cae/ :
%5) A oa’olz( o7c 7 P{Im(]")\lx e(suwwrz X

AP



- Using \eclov space mfvesa/rlq#om Fom e pelynamal
wfmsmbﬁ on  vedues  feld mathomabice  for
GF(p™) addidon 4> veche addidion evar GF).
Thic makes Ho sstwore and hapdware  of Hix
pershons simdar

_ Galoic helds of prime pover oxder p", GF(FM) , are
called edensons of e field of prine odyp GF(p).
Ao, GH )9"‘) csntaine GE(P) and s conshruched
over GF(p).

_Felds  andain subfelds |, same as Jrovps contain
Subjroufs.

_ A sbBeld S s a propex sphield i a bedd F
if ScF and S FF.

_ GE(p") wntains all Galeie helds of acders Fb ,
whare b divides  m .



E&ngQ 9 SubFelds and Proper SubFrelds -
(2) 5or GF(EH) -

GF(ty) - GF(2°)

sne. 1,236 divide & with 20 yemainder,
Sbofelds : GF(2) , GF(2*), 6F(2%),6H(27)
Proper shohebls - 4l #s abee svbfelds axcept GF9

(b) Br GF(59047)

GF(59044) - GF(3"°)

se 1,2,5,10 diide (0 oith o remaindw,
Subfelds . GF(2), GF(3") GF(3°), GF(3")

Froper sbbields - all Ha above sihfidls exapt GF(3")



Theorem -
M element B in GF(g™) lies in Hu sdbfeld GH?)
i+ and anly if g“:ﬁ.
Hesks Wesimn thof e GF(3) , Hhen
B % a rot ok M pelynomial K1yl
Than, F7_1 o = 657
g p
AR
Aegime. st - P, dhen B2
which means that £ has an order of 9-1
Hhis Jmplies Jhat £ 15 a primvtie dowant
n GF(4) Hhat @n construd Hae seb of alf
nonguo  elumepys in GF (4) using Ho hred (2-1)

CW%@(_U(H\IL J?owUé Os: lg



Examplest)  Subfiold Lloments in GF(64) -
GF(6Y) = GF(2°)
Sbbelde - 6H(2), 6H(2) ,4F(2*), 6F(2°)
Let o be a prinfiue eowaut 1n GF(84)
(6) for GH2) -
Be GR2) i ad oy if B' B P
which s when B =l ke means Fhal
oo <] whn =63
So ,Q:o(é?’sl s GF(2) = fo, A3 l}
h) Yor GF(2) -
be GFU) f and only f B'-8 5 B -1
This meons —tha f@gz(q’;)szl when 3 <43
o k2l [Thus | £ 4™,
GF(H) = S0, o' (6 = 2, (27) = o5 1}

63

GF{H) :{0 [dzl; O(qz) A =



(<) Jor GF(2°) -

beaH3) i and oh) n[ﬂ B
This  mecwrs Hiat (g _ (o) ;l when 71 = 63
so =9, Tus F-a’

GF(3)- ?o o7, (< '5,<o<) BRI
@) - o™, (o™ ]
GE8) 155, LT o] 37 o™ 45 T, uészfj

(d) % GF(2°) -
[6; ol

Nele : From e abon ZMMFIL' GE(p™) 6 F(29
can e mff@m?(fﬂl ac L~ alﬂ"enﬁiona( Su!?ﬁfam.

ovex épc(y): GF(2) . A/so) from above
67?[7-1) an bé fafrc&m‘&cl as,  2- o(l.m.&nsfoﬂa/

wbﬁpm ovey  GH(2) ) where GH(2) is a



sbfidd of GH(Z) of pliwe 2 %0 a pouer
So ) ingemenal , it is pesibl to represet
GF(9") a5 an M- dimensioal - sobspace

ovr  GHFg) | uhwre 9 is a prime fp o poer



24 (Zaelsinlegutidigg

TIn 6F(3) with g as a plinc power, addifion, ¢ no}
as Simple as muH’iFlimvlion. A 34 bl of all posipls
ad¥ons can bx. enshucted  apnd  1sedl. However, 3}

5 a lge toble for e 9 1alues . A move

HMiziont e of memoyy s shiumd by Zech’s
bgavtms , # i aks caltd  add-one bl

H it a gx2 toh . The firsd  clumn conbins
the logarithm 1t o base « of dl g clemonts
with ot as A primibive  clment . Tt Second column
contanints logm}fmn fo 4hs base & o ol 9 elemonte,
altey adding ow b .

_ Add-one Jallus fov GF(3) Ahougn GF(€4) are
induded  in Appendix B .



sample . Adi- 0w Table for GF(S):
Br e primitic pelynomial peo - x2x | and

wih R as a fcb+) Shon ]D@():Dig-l-o{-l-) =6 |

X l@ ¥ | xin Vechr (X+1) in \Iec!p‘fj?a.te l@&ﬁéﬂ)
2 Speece (x + (1°,0)
O, 2% | (1,2,4?)

o 1 (O/’,O) (1,1,9) 3

°<2 _LL (0)0; ’) (1101 ]) ‘L

3

A N (1 ,0) (o,\,0) I

o | W | (o) |, 0,0) 5

S

£l | L0 o) o

6
oL | e (1,0,0) (0,0,1) 2
,,f’_-| 0 (\‘o,o) (0,0,0) * :u J |
O (®uadbad| (0,0,0) (ly0,0) O
o(:’: XA 2 (R)-d = A+ R
o’ otto o (ol4et)lol i R4 @Y. R4l ddl | o s
dxb-o(s.w( ;(a("+a(+l).o(:o£3+o(1+o( R AQ e - el




Thae Iojd)( and He )05°<(x+:) columns are Stored
in A tead-only-memory (RM) lesk-op bl .
TTo verform  additen in GF(p") vsiny e add-one
tble ;A 1@“0@,\fj s oo -
(0 Combiue all derms Fhot have A Sana
exFor\er Using mod  addFien in GF(p).
(2) Ao e vesu Hinj supssion in @ Mecvoa Sin9
Lim in Jerms o 2¢ Poers as

ot 4 &Pl o o) A
(2) facky ‘e e,vaasron inds e foxen

[ (ot e) )2

+Hen  his exF/essior\ an be sdved as a seyies

0( add-on o}?@(a’ﬁoms and 6&1/0{! ﬁau mul'h]?ll'col‘f?dus.



&ample_: GE(8) Add iton Usf@ Add-On. Table -
Fom e pevious e)cawp& :

R J@;M lor) X 1)
o« | gm | @

X | mz 6
oA | @z B
ol | g 5
A | msn Y
« | g 2
-1 | pon K
O |ximdbwl O




Ss]W- Hue da/c{/ﬁon m( :
) 3
o&b+otg+ o/:)+ &4 A N I Yy —
3
(J-H)olé—\—d +olq+ ("”’H)olg-\-o{-l-l +

(O)dé 4.0(;_\.0(?4, (l7d3+0< + |l

(

1)

o7 Lo bl ol ol Lo lot] o]l
((<£+\> s \)oﬁ ) &+ =
oR ((((((0(4—%&4»\)0(-\—0) o(-l-\)o{A—O)o(A—\)d—l—\

Then for (((o(ﬂ—\) o i \)oﬂ ) &+l =

L
6-—?0:5

((oéokz + () oL ) 41 =
—
o

((oul>o<‘+r)d w1

w-Y——J

T

(o(S—H)oL +h
—
49 o



Broblems .

(Z2) Foie Hat +he  identily eomad ¢ h o guop
b s wnique.

e Let  (6)) vepresent 4 Gowp under
e opertion. “" . Suppsse H iden };’%7 elirmant
s net onique. Lt e and e, be wo "oém%
domunts  whee 2, ¢ e Then fhee
oigl  an  elemnt  qcB whore

ae :a (£ : ialenJ—ﬂj elimant)
a.e, =a (e, < identity clomend)

As A= a

% e, - e,  (conbradiction)
%S) Ha /0/@17’7{7 elemM /S unf7u,(,.



@SN Conshud fhe OPWa‘Hov\ table f o fravp
o{ order 4 under modu/o 6 M[a([?zfan.




(282120 Howe Shat

(7R 4P ¢GI= R-D(P-1)
foy  didinck Primes P andl R -

Rt
Since pH) - (am{[{)si<é ]GCD("’{):'}J
= t P’)):- ('—’L—)

which i M numbes of Mﬁefs M A st
;')lf Z/ ) - ]} "H'la‘[’ are Yé,ldwg'de,{y Fﬁ'ML o 'é
T $(p-p,) = ol B»mr»p lscbo‘,a-m:»}]
- )o’ "72. m )




M $Yrove Hhat Z C@(X) =N

x[n
Le{’ n= p v  Sona Prima P

and inhﬁer m ,  Hun all x:)?(, refO,l,.--,mj wil
olni/ia,e_ I\ Wi  zeve Yezpta,ir\clw.

e S 4 - > P(p7)
r elop ym}
= &(1) + &(p) + & (F) + ¢ (P7)
b ad (P b (P7)
s PP} T (p1)

2 &)= [+ (p-N)rP(p-) 2 p(P1)

Aln L |
b s B 4 P oD
N
m - m-2 ™M m —1
R (S
24 = p = n



M \/5 (5 fhe  vecfar fjm(L of b)‘nwj 5‘-+u/;/ts.
_ﬂﬂb wnom'ca,l l/Lcl'vr SJWLL& »Fo\f ]/S.. s

j (’ODDb)) (0leoo) , (00lo0) (000)0) (0000!) }
Express the  vecky (1lo10) as a [ineor

cambinmlfm 0'{ 'f'bu. l/écJ—a’s ” Hha. Canon/‘ca/
13&5}‘5 YCJY Vg

(”OIO) + 11 (100007 +1,(O]OOO) + 0.(00]00’)
fl.(eoole) | o (0c001)

- (IOboc’) A (010007 43 (000“5)



|(21.z?) 553(”0107’ (oom), (]o]o]))(looa])) (doow)}
ﬁ-/éo frrme  « 56191’5 ;D\r VS. _,_[;,(ffess Fhe

vecdor  (10W) a< o lbgur  ombindfion o4 4
Jedars in S.

Let T, €5  durete Ahs basis yveclwrs

Lot a;eF . Thon we by dilent  combindios
A Hu basz B Enal%o_ veahr (10111) .

— —
Vi L ’0‘3 1S~1 15-: 2 a U

(tiero) | (o) (loter) | (lasen) | (osolo)
o S © \ I | (loan)
O 6 r 1 || (es19
o o | l © |(oo\o q
0 O \ 0 [ |(erir)

(10“1) - D-(][olé) 3+.0.(0611) 4 11010 4 0. (1009} 4 I. (s0010)

L EEym (60010)



W(zz2)list +he posiple orlers Hduken on by I
elened~ in Hha Reld GE(125) and defermins 44
wmber of ebmuds in tha fidd that displey
each  allpwed  ocder .

Since  Pr an elonud £ 6F(12S),

avd (B) f(lzf-t) = ord () ) 24

The fochre of 124  are -
; 162: o the fllowing numkers

31| 3] dividdos 129 wiln zero vewa-du
|

2 ,|4],3), 162,12

Py =t T (1-p)
P&

b(1) = |
cP(Z) + (?,—’):)
F) - P(z-2)= d(i1-L)_ 2



CP(?”): (;)‘1)330
‘F(“): $(21:2) = P(21). ¢(2) =301 . 30
d129) - ¢(2l.2.2) - VM (1= Ly (1-2)

S 12t (2e) (L) = (2) (30) =60
2] 2

I oo add all ¢ for Hu pessitle oroays
S = PO) ¢ 2(2) £ 04 +b(20) ¢ p(C2)
+ ¢(129)
“ ¢l 2+ 304 20 4 4O
P | lI2Y] o nomder ol ron z-ore 2lerds
n GF(12S).



M&Fﬁzss all of  Hpx ronzeve eltwents of
GF (1) as ﬁDWoofs of 4 Sl'wﬁle e(ﬂmwv-" in GF (1),
We  chould brnd on elemud Hod s Pri‘m;}wk

n GFE)

2A-|2 , 22 4 ; 23:%, 2" e 45 = Smedd )

25:, 32 — 201)) 1o <= /6mod ), 2°_ 64 = S(11) 4G = Imed ¥,
2 1282 W) +3 =7 wod (L 2% 2562302, madi]
2 512 = %(0) +6= bmedl | 2" 1025 = 93L0) 1) - Iodl
So 2.1, od(2)-1l0

Tis medans 2 is o Prr%:'/é"m eloment ayd ux
an weide all eltmnds of OF(1))  ag SoMA D ows
of 2.

lmopy iodeeme of 2

| i

2 2



N

N B}




(2939) (ke r Vafrtsom’aﬁam far GF(2) 1o
Cm]?mk Hu. éilouvfﬂj :
We fomd in an mmﬂe fx & Priviide
pslynomfau[ )z Kax 4l il ar a wit e
o] =6 = of=d+l | AFhon

E’(P Oth'TOJ %nam;‘aj
£ L?mm}mﬁan {i sz«ﬁb n

O O

A oA

0(2 O{z

0(% iz

. o = (el) Xz ol R

0(5 du-'ﬂ = qui—o().ol :o(3+o(2= v<a+oc+ 1
o(é o] oAl ([ *+a +1). & - Aol b R

2 — o+l b = %24 ]

o o | ]



(@) oy P+ +] =

(oPs) xR 4R+ = |

(b) (0(‘3"'0(2)‘("(6—‘- 0(3) -
(0(’*'+°(?)~ (® +) + ol—H) A
(P42 +)) « (k¥4 a) o

o () o (a%k) s (s ) =

(1) (ol paPrg) +o” =
(xZat) L[| b’

—
—

A+ T =)



U) (e a¥ A1) (5P x £ &) =
Daf'- (0(531343(4 odi) + AX. (xsxg—r X -w(-")
YT e
oty a3x3+ otsxz_‘r df(q+ozxz+ozsx
q

h

5 é %2 S 2
X 4 AN X g (X 4e)X e XN -

—_ w -2
AL 3 (o<z+))x’+ (A+1) xg_p(oziozuf—o&)x 4 (@41)% «

zxx5_+ (o(2+))xs—+ (o(+l)xg+(o("+))xg+(0(+l)x =

3

( 2 6
Sinaap X + ) T-o‘, Reb |~ we can o./so

wribe v as

g 5 % & 2
DUL>4_D(!7)( +ﬁ\3X -t-dx”—\—o(x

n &GF(3)



Polynomials  oter Galoie Felds

3| Euclidean  Domains and  Euclid s Algerithm .
GFI)(x] frms a ommudative ving aith idefily.
Recall that Hhe ving is a collechon of elements R
with oo bitary  operafions ‘+' and " such hat
e follaw;nﬁ thiee  properties hold :

. R foms a (ommutative Yroup mdec "+
The addiie identily domoat is labeled "0,
2. The opwation "." s associative :
fv all a,b,c eR , (a.b).c - a. (b-c)
3, The a};mzh'on ' s diskibatue over !
. A ity s a commatnhye fin if e operation "
5 commuative : focall abeR |, ab:-b.a
- Aring s a ying with identity i the operation "
has an_idendity eloment | which is lnbeled 1"



Defin Ko

A maic & a fockon Hhat asigns a size (or measure)

o an elomont .

_ A commddabipe g w it Aamhiy sl wih 4 mefric
males e 1ing a Eudideon = domain .

DeBnidion - Euliclean Domains

A Euclidean domain 5 a set D wih o brmy

opocations. " and 1" Aat sebify A ploainy

. D forms an addibie  commudative vt with m(mln\/j

2. (ancelnon pmya«b;

+ ab-bc ad b0, e azc

3. buy elomad a€D has an oSocioted mabvic 9la) such Fhal
(4) for ol nonzes beD 9@ < 9(a.b)

() fr all tnzevo ap €D 5 9le) > q(8), +hare exish
g and r such that i a4 :zg9bay  whee



either =0 o 90)< 9(b)

with 9 ey alled Hu  quationt (435U

ond v the vemaindey (V)

_ Nefe: for e addibive ;alen{@ clement 0, 9(0) is
undefed

_ ic in | tuclidean ns

() The 1ine of inteers under additon and mulfplicatro

wih medric  g(h)  where n s an inkser .

90) = Inl : e absolute  value .

(2 The iy o pelynomials over a finte feld witk

mdric  9(F0) whwe J0) i a polynamial
§(£69) = dogpee (£09) + ke plyrminl’s degree



_ In a Ludidean dowain D, kb abeD
ais a divsor of b (a]b) ¥ Hee exids ceD
sudh Hhat a.c - b

Definidion - (ommon Divisors
An elumont a i5 A common diisor of G collection
of chmonts  $b, by by, b} i alb ke i=y25 n

I d s a common diisee of hshy bs)bnl,

and all other ommon diisors are less Han d

then d o e gratest common divser (D) of

(b b b,y bn]



| Elm)an/)& 1 GCD
() GCD(143,166) - 2

2| 163 2 |64
2| 84 32183
2 (Y2 l
3|2
217

)

(b) GCD(%36,54) = 6

2|23, 2| 54
21112 3| 23
2| 5¢ 219
2128 2173

2| 1Y l

717

|




Euclid’s Mapedhm’: s a wethad 1> fid Ha
GD of sebo of elomuds in Guclidian domans.
The a(ﬁon%m s as llows :

) Lt abeD with 9@)>9k)
(2) Let  r;  with i=-10)),2,.-.

widh 1 .a and 1, b .

(%) Repeat Ahe Blloning o] 1 -0

debne 1 r- 90, who g(r)<9r)

t (o0, dhen 1 = GCD(a,b).

_Nole: Bor apceD,

QCD(a,b,c) - GCD (é’CD("Ub)) C)



(2) GCD(143,166) AR PAE X Pl
(| | g =T, -9 = 168-9, (68)
Nz _ 6% - (1(166) = 2
o 16| ~
|| gan| | Vo2ry-9.71, = lb6-9.(2)
2| ol 43 > b (83)(z) =0

So GCP((63,166) - ¥ = 2
Nebice thet : GCD(143,16¢) = 2 = (168~ ())(148)

(b) &P (336,54)

¢ || il 114
236
o4
12

b

@)

\
-—

|

NNV — o
N <€ o~

o GCD(3%,54)= 1] -
Nohce Hiof : 6CD(336,5¢) = 6

ri =V 5 "7,- rf—l

Ni=1, 4 9lr, - 234 - 7,(5'9)
-336 6(>'I)

=T 3T 501_12(:2)

2 I =

- 59 _402) ¢
et o7, 212 -9,(6)
=12 -(2)(6) - o
r\_/\i_/
= S1-9(2

-S4 -4 [336- é(fq)_]
159)(25) +1336(-4)



(c) GeD( %3¢, 10%,92)
. 6D (336,10%)

R
-1 226 | _
0 |lo% | _

) (L1270 | 3
21 0 |9

ViV - 47,

S
N-r -9, =33 -7’(103)
=32¢ — (2D (18) = 12

eh-21 = 108- 2 (72)
o3 -."I()?.) -0

- 12

S GD(336,08) - 1 -

News GCO(3%,103,42) - GCD(QCD(;ze,/os),qz):QCD(VZ,)z)

. GCD(LIZ/ )2)
o | g
| Y2 |
o | 12 | _
) |06 | 3
21 06 |2

GD(42,12) = ¥ - &

n=r,-qr, = 92-102)
= Y2_(3)02). 6

C:Y; —ZQV; =12 -22(6)
__”2 "[2)(‘) = 0

S. GCD( 3% 168,42) - &



(4) QCD(X +X+X+' T4 x +X+I) where  the
Polynomials are.  from GIF(Z) [)(J -

] r 7y
-1 4 Ba xh ) I
0 x"+x2+x +I 4
I 4| X
2 | (e K
3 o X

atis - 121,

Y. .Y _q¢ :xf+x5+x+!_01,l(x“+xz4><+/)
S 3
o XXXl = X OC4x % x 1)
5 2 3 2 2
:)(+X+X+|—(Xs+¥+)< +X):X+/
=¥, -9 v = exexs 1 - g (P41)
2~ 0'12' - + i-:. +

_Rlaxt s xal 2 (x%)

:XL'+X2+X+1 - (X‘{-r Kl) - X +/



Y3=Yi-q0, = X+] -9 (x+1)
X% - (X 41) (K1)
Xl (D Qi) )

x4l (x2'+') L o

G,,(.D(Xg-fxg—}-x-l-l ) Kq-!—)(z-{')(‘f") = {;_ = X +)

WAL D (a)h) can be welten as g liwar

Combinod’im/l of a ana| b



| orem .

Lt B < %L,,Lz,bw b € D with GD(B)-d,
fhen  d- sz where. { %, 0,,-4,4< D
je. JF 5@(5) d then d can be witlen as
a linar  ombinabon of Hhe elements of B.

= In A previous wm};LL, we  wene able 4o
otain Mo oolliceds of Hu liar @mbipatin bj
wwkmﬁ backwoands in e 5)&,?5- We (an obin
Joem in o mote  direct method wing At edendod
wein of  fudid’s dgorifhm .



-
+
A} ‘

Using His method, we can find e GCD of sets of
domerds in Euclidhan domains abng with by coclicints
o Hor lingar  tombination 4o express i 6D .

The alderithm o as f2llows

(1) Let aheD with  9()79(k)

(D) Let ri,s: , t: with (--191,2,. .

with flza , rozb

£t -0, £ =]

-| o

(3) RepemL the Fbl(ow{r? untill r(..—O
define f,—_-lf_z- Y, witlh 9r)<9 ()

i (-
Sl' = Sf'-z. - i,' S(-—l

Er' - ‘[7{—2 N qf,'{:f—l
il vzo , then v, - GCD(a,b)  and



= Si-l A + 'k‘-_,b

(‘ﬂu's )Dro\r.‘c],es the [inear Combiyw.ﬁon oF a and b
with e 6(D(a,b) as the Yemaindor) .

Tt is drue for any ¢
(- = Sia -\-fjib U\)i‘}t\ an Y, re.ma;hcla.

¢

fi=Sa+tb ad r-r  .g9r

(
S o
S‘
N
~
'
-
ﬁ

6190/ fl 1] S’a-[—ll),b ' M
5 = 5;’2 —7/' Sr'-—l Omﬂf {:” r éf-.z -_Z' él"'/

/



EIXalm}bLZI: |
(2) GCD (256, Ip3)

( Vi 1, S5; 1‘-';
il LY _ I 0
o| 103 _ ”) (

‘ Ho 2 | -2
2| 22 2 _2 5

5 IZ | 2 ~F
41 2 =3 | 18l
5 0 3 23 gAY

N0 -9 %= 256 - 7,105’ 256 - (2)(103) = 4o

I

S|-5_‘_q,|$° = 1 -(2)(0) -
{-c:{'_l‘i'tb -0 -(2)(r) --2

Yz =rb ’izﬁ
52 '—'So -125' =
*ﬂ-:to ‘1,'&, b

r3=Y| -13r2 =

S, =

= o8-9 4o = 168 - (3240 - 2%

0 -(2)(0 =-2Z
I - (2')("1) = 7

‘Io_lslﬁ 4o - ()2% _ )2
) — (l)("z)z 3
-2 -(N(5) - -7

- 23 "iq 12 = 28- 7—(!2) =Y
. -2-()(3); -9

S - (2’)(":)) = ﬁ

{; FZ = 1|YI-I
Sl Sr 2~ i' (-1
k 'l:' 2 q’ttl-l
f;. 5.a .}t'.B

!

256 - 256(1) 4 l0%(s)
lo® = 256(s) 4 /08(1)
Yo = 256(1) 4 108(-2)
28 = 256 (-2)¢10%(5)
[2 = 256(3) +(08(-3)
Y = 256(-8)+103 (14)
0 = 254(27) £108(-4Y)



9.4 =12-(D) =0

fs - isrq: o
Sgls Sy 9.5, = 3 (3 (-9 . 22
ton by by = F-(2)019) - - 6

(LD(258,108) = v -
and M livar combination of GCD(25,108) =4 s

4 - 256(-3) ¢ 103(19)



(b) D(33¢,54)

( £ 7», S; ff
~1 33, . | V)
ol 54 — O (
l 12 /2 | -6
2| m | 4 | em | ==
3 0 2 9 =56
fE: Ez - 7’,'Y:_|
‘Sl ol Sl"z. 7 i| (-1
E( F ‘El"l %; (-1
I'; = 5‘.4 -|-‘t'- b

LA =0 Y= 33-954 _33L-¢(54) =12

S|=5__,..q,|5'° = 1-(6)(0) =]
{"3‘('.1’1!,&» = 0-(6)(1) =-6

Y2:-Y, -12(\ = 54-9,12 - SY- (4)(12) -6
SZ '-'So -1!.25| = D - (’—f)(l) = -4
'l’a=to ‘7',#1 < 1 =(9)(-6) =25

G=N-o = j2-9,6 z12-(2)(8) 20
$3:50-18,2 | - (1)) =9
t .4 9,6 2 -b-(2)(25) .- St

2%6= 336 (1) +54(0)
SY = 336(s) 4 5H())
12 = 336(1) +5M(-4)
6 = 336(-1) +sH(25)
O = 338(4)+SM(-%%)

(3%, -1, -6 and b6 < 33¢(-4) 451 (25)



sz X E épF(ﬂm) The min fma/ Ps(ynom"a/ Of 7,0 Wi#l
stwa 1t éF[ 7) 5 the smalbst- o{@ﬂe hon teyo
pAyramial - plc) € GF(9)[x] such that pla) =0

The }Wo}?oﬁv’as of minimal Patynowals ane presented in
Hu ,f,llowmj Hheorem .
TTheotem -
For ead elsmunt & € GF(9™) Hhere exists a unigue
menic F&Iynomial p) e GF(4) [X) of minimaf desyvee
Sudh that -

(1) plK)=o0

(2) ﬁll@(f_e (P(x)) £m
(3) T Hore exisds a 60 wikh J@=0 ,4hem Fix) is



a mubiple of p(x).
(4) p0) i reducible in GF(9[X].
Nele . Monic pynamial 15 a_ polynomial — whose leadiag
egient s 1 .
a PJymm:‘a/ o dﬁyﬂe n whese coefbicient of

X 1) 4

Fllmn]v(/e }zﬁmomms are. . mnjmal ]::ijm:a/s for
Fflm%\la dimurte  in a  (Galojs Feld. .

_Jor (), <) showld be a muttitle of p&), stharwise,
Hote wil] oxist ansther fa’ﬁmrnm/ ) say r(x) ench Fhat
L0 < pl) 40x) +¥0) | wheye  olegree (rv0) < dopee (p)
and s contradits with e minimalily of poe).
Thus, £00 shald be o mullipk of p&).

_ Since we GF(3") is a ot o p)e6FE)Y)
whal an Hhe  oHher vts of plx) 7



l/,,‘ ,

2- { ~ » .
/ LN iMa rFolu7\omial s A AJ ON \uaat? AN LT
!'121' ll - ] N !‘5.!1" t !E! . [; |

Ld  oec é,F(@"‘). The. minimal /z(ynomia/ of & with
Yasyé fo GH9) 5 dw smalbst-dervee nonzero
polynamial &) € GF(9)[x] such Ahat plo) =0 .

The Froyexfh’as of minimal Pptynom;als an Fféwfed o
Hu ,Qllow{@ Heovem

TTheotem -

For ead elsment & e(;F(i’") Hhere exists a unique
menic.  pAynomial p(x) € GF(§)[x] of minima| degree

6u&'/\ *Lw:} :
(1) pl)=o0

(2) ﬂb.@ue (P(x)) £l
(2) Tf Here exists a $60 wih =0 ,4hen Fx) is



a mubiple ot p(x) .
(4) p(x) 5 iraducible in GF(9[X].
Nele : Monic fblgnomia/ 5 a Pa/ynamfa/ whose /W/'nj
oecient is 1
2. a dez\omfa/ of dzyme n uhase coetbiciont of
X" el 4
Neke - f/fmiﬁle pglnommls an. mirinal plyomials r
Primitile  euments  fn a  Galoss Feld .
~Jor (30, J6x) Should be a mubtiple of pb) , sthacuise,
Fote wil] exist ansthar plopomial ) sy vex) such fhat
fox) < pLX) 4.0x) +Y(x)  wheye Mec(rw) < dogpee ( PU")
and Hhis contrdets with ke minimalily of p<).
Thus, $00 shauld be 0 mulbiple of p&).
_ Since e GF(G™) is a rot of pG)ebFE)Y)
whal . Ho  other vds of plx) 7



Dfinthion - (onjugetes. of  Fied Elemante.

Lef /@6 GF (3™) . The coru'uja'/es of £ with rcsffcf b
A wb/;dol GF(@) are e eloments
ﬁ’gilﬁqugil
- The (Ohjugﬂhé of an clement form aset called
(on)ugacy C(ass.
’M(&dﬂ |
Tha (onjmgaCj clags of o e GF(@”’) with rawaf b GF (5 )

d
corbging o eloments  Lhere oot | apd | d Im .
Nole : Sine in &15(7"‘) e firs] cdoment b repeoT

s | )- ogi”L') , Hun  a = 0(7'"

WL\,(L n é,]:(i) e AYQ:[‘ element flj)ea‘{ /S
o

X = 0{2



Since 9 )5 a /7n}m of 4 power afapn’m,c/
mod  and 3 e e fist b tepeat- as .,
en A= GED(md) . Thus, dm.
M@&:MMM
() a€GF(js) , od(a) =3 . The whjugacy dhss of
o« wiflh spet o GF(2) s -
since . ord(A) =3 , Hhan o=l | Hun
fo, o 2o, oo L an | = Jo, o]
(b) ReGF(s4) |, ord () =63. The onjugacy. chss of
A with ms}xd' b @H4) s

Since  ord ()= 63, Hhen o<63:} , Hhm

2 3 y \
{d,o(q) o<q-_-o(’6, o(q=0(6,_.0(63‘o( ='S={°‘,oﬁ}&‘}
(() XE éF(ZS) ) o*ro{ (0(): g . 7%,( (onjujaiy C/a.SS o‘
o? wl'H/\ (QS}?GC/' > 6(:(5") IS : 0(6.: !

{O(,o(,o(-d o) [ - 3ot %



Theotem

Lel q&GF(g™). Lek pt) be Hhe miniomal polgnomial
o o with fespect o 6F(3) The roots UFP(x)
avL exotd{j M con)‘aga%es o A with (zs;zc}vb GFlg).
Wele?  Spe  all of (anjujm‘es of o with
fisect Fo GF(3) e roofs of  pX) , +hen e
Coefficients of he  minimal polynomial p(x) ore

in e sabfield  (@F(9) -



Example: e Minimal Plynomials  of #he  Hemanls
In &E{s)Auﬁ;ﬁa#mi;#dlﬂﬂiﬁL;l

H e e Hhs yr:}vz{h‘uc yoljnomra/ P(x):xﬂx-tl
ind x4 a ot , ving e below 4nble -

A=l l
|
R 74
2 2
X K
3
ol o +|
o(\' o<2+ A
-
A A A+
db o+



TThe camyymj clagses are as dollows

_ {o} .

MBI,

: {o(/ o D(’z:oz\', 0(7.3:0(3___;0(:0(}: {A/of/&w}

- i 0(3, (o(a)z‘: o : (of)zz-_- (;(3)q= o al P S
(dg)f: (o . oL (<><?)°’\o<3 :o(a}: iozg,olé,(xs}

e minimal yolynommls ComeLfa/ fom 4

(on juecy clagses

MJM@%_LGJQSS' | ,ﬂfnm' a| %%’mmtgﬂ
{0} M_(x) = (x-0) = x
1] M) = (X-1) = x
{oz,a(‘,o(“'} M, (<) o (x=)(x-o2)(x-")
M (x) = X
{013) o(é,o\s} M,(x) = (x-a ) (%) (x- &)

2
MZ(X) e X -I—Xz'-l'l



M0 = (x-o)(x =o)X =cxt)
:(Xi—(ot+o(’)><+o(3> (X-o(q)
- (- X o) (ko)
X _l el ot ax
_ X () x|
M) = x>+ x +I
My (K) = (x-a)(x- &) ( x= o)
(¢ — (o) x4 ) (x-%)
_ [ - («x»«( ol ) w0 ) (-
_ (P () x 4n”) (X )
(0 e (X -”)
= XB + s *O<2-X + ozgx: XK+ )
LT et o) Pl
BN ey

Mg&S-: 3(3 -+ Xz-(—-l



Whee e ’;JJM 0]( a  miimal pazj ﬁPm/h/ 15
Ahe  smallest lajﬂn'fllhm b e base x of He wols
of A PBnomia/ «



Evomple : The Hinimal lgnomias of Hu Eloneats
in GE(18) wilh vespeed b GF(4) (-

Lt & be a )’001L oF o Primi}i‘u'a P:@)zomia/

P(K)fXV+)(4-| .

6 O

l His

o L

o letd

of? ik

o @#ln since o+l =0
o> ool = (a+1) o - (R

a2’ Lo = | (Ae) x| (i

3 9 3 2
D{D olq\ols-. (x41). & o 4ok - A+ A+




3 T

oA ok o (oln) (o #1) = K (141 ]
: , <l@eEn
A ot & = (" 41) . _Id_l_-[ii,L
16 2
o 2ot = |(ottkad).of = [ |1+ .
| 2
o ool - (e otlet) oo -
2 1] N 2 3 2
o ol ol o (o o) of = & sl + ok = AR
13 3 >) 3
A o{'aol _ (o 4—0(4—!) p(g o( +o(q+o{
" =o(-}o(+o(+[-|—0( ._oJ-l—Ioﬁ-l-ll
X oA o (&Pralhl) Ak o K +APiot = oA+ 4ol ot
:M

T coetticionts of minianal  pelgnom/als will be

n GF(W) , a  sbbdd of GF(6) .

This sbhdd will have Ahe elameyds in GE(16) snch
fhod Bp 5 Bl > ()1 3

a—

—_7 ( =1 D!,
So M sphidd is io/[ " o('D,oL'i'j""jo”'dg,a\"’}



Tha (orjujdcj clages are

el , o,

2

o Jot] ol el 1= e -_-_o{j L {_lo(;[dﬁ ,
¢ 1(03)‘[— ¥ (of)vz.(of ot D) < L bR
1o, (Do (D ()% o 6D L ]
[ocb, (0() ol oot T o f}ﬁ_ﬂqﬁi
o, (8 i oot () ) NP

:(0(1'5_),0( - o{j{ =1{a¥,4=16'ﬁ(
Nz w5

2
7 f 2% S 13 13 4 )6
{oLl(o(q)-;O(:o(].O"]:D(,(0(?);-(0():0( P




(onJqucj (lass

Min imal }909 nomial

M () = (Xﬂ-ot)(xw(")
X2+ (+A D)X+
32 (40 +1) X bR

M) 2 x4 X e
M, (x)- (scva) (Xae®) "

= x4 (e ao®) X o X
< X * o (x +o<’+'))(+°(

M) L x + l)(.toll

M4 (x) (X+o<g)()(+od'2 _
x4 (« 4oc'z))<+0< i
x* 4 (o3roaot 40(4-17X+‘
- X (asi) X 4)

Mlx) =5 4 ok 4l
MU OX) = x+ 27

M, () (>(+o<")(X+ «4)
4+ (X8 q)X+ o

>< +(o<+a¢ rol tol) X 4
c XP g (aC2) X ]

|”|CD | 7.| |:§|1: | ”

—
—
—
—

(o

\

wou

N v



o, o) M = Ol )X )
= Xz-(— (0(?4- o(‘g))( + A
VNPT APV v
=’ 4 (oP+ ) x & e

20

M) £ P o |
7
o] H ) xR
o' M) = (X o) ) I

A
- Xa ()2 na o
1 3, % 2 ) e
= X + (e ¢ o7 z>><+ol
!
XF g (ool £ K 4 X
1

AL ) e %o

—AFPQMFX D wrins  a list of all +he
minimal denDMIh/s withn Yesj:zd o GFE(2) of
Y omente n A bina of extension Aolds
GE(4) %ﬁvaujln GF(lo2) |



j@gim%lx"w 1.

The et of manzerereloname i GF(3™) form
o famplljé Set of  yeofs OF At e%f’VesSic)’l
(9”1
X L
Notes:
- Anj W}L dééﬁ(?m) ”lms an OM&M
0(0“0() such Mat  od (x) I (7"'_,1) . whore
[‘Zﬂu) is A nymber of nopzee elemude i

| -0O .

_ S fr an o [ommt o(ieéF(‘;m),M
ord (X)] (47-1) . T o i o er(msl{uc
dement | Yo we @n conshuct all (47-1)
nonzono elmadls of GF(2™) | if & ie pot
pimbhoe, e wi can onshucf a subheld



in GF(9") , and b oill have less  elomont-
thon GEG™) sne ids elummts Wil rz—))em”
belore all  domads va GF(37) are
tepiesuted . That is , M elomerf 17 il
m}ijr as & s A First olomedt b mfear?
ot lege lamgds in dae subheld than (97-1).
The mgans ol any eemend a(fc(qF(;"‘)
px/m,hd.:_ or not prim; bive sobidlies

(d) ozi l_‘, which s ngr:_(,
, gM |
This  jo M St as X LI to |
Thus, any Ae GF(3™) (5 a yoof of
91
i fojﬂommf X -l . Snae suclh

plynomial has o order o& (9”1

Hhen all (§"-1) nonetro clamenfs ave voots
|
o]( )(i IR So 'HU_ mm[ma/ Fo[jnomialg



with Yaﬁytcf' +o G:F(j) ot Mo noneers

dempts in a given GF(9™)  provides
Complefz fachrination F K s
frieducible Pylgnom/afs n A ring él:(@)l}d.

Bample « Jachovice AN

Fom o previous excample, Ao minimal
Fblyl/wmiale of M eltrenle in GF(8) vith
rw})cc{' o 6F(2) ar :
oY M (x) = (x-8) = x
{f} M) = (X-1) = x|
{od ol of'} M) = Xk X1
{of? o L Mylx) = X 4 %741

So K-l o (x+0)(xX° i

—




Notes .

_he pumber of conjugacy classe excludine
M 6} class equale e number of fackers
f a qu_, | PJynom.‘q/ ‘

_ The numb’x 0}[ elements in a “’”j‘/ﬁ“‘:ﬂ clase
oqale the dugree of Hhe  minimal polynomi
asseciphd with such das.



- For e plynomial 71 e 7% =n
6 Xl . Al fhe vooks of X-1-0 ar
aleo called Ha n* vods of ity sina
Xolzo 5 ol s - () 5 gy
_To fied an edntion field of GFE) in whid
we may find n ysts of uni@ to foem A subbeld
wlh 0 dishinet gefe that  @afishies K- - o
ot Smallest exdention freld  sas 6GH(9™) s for
o positlie mkjer m  whese n[[g'"—-f) . Here
He  Cloments of ovder n o ave  wlid
pf{mn'lv'de N yets of uni@.We will howe
&(n) doments of order nin GF(9") .



ko csodsb oo
T o of 7mod N is the smallest }bsfb'/ﬂ
inkaer m sudy Hhat nl(gm-1)

e . T od (7maln)_;m, then GH") ic M Smalbst
exdarsion feld  of GF(9) in which we mey Hud
Fn’miﬁ'w'_ ™ yoots  of uniﬂlj.

Bampl: Pomibie w* Roods of Unify -

Fiad  GF(4") tar smallesk edention fild of GFG)

in phich we may fink orin ifig e it veole of V“f)ﬁ’

(a) Ahe  extepdion of GFR) wit ani}m ot

focks ol U\ni}j.

We ned fo find e omallesh m such Hed
5[2"-)

br m=1 REH(%_:L Iy




b m=z REM(,?—Q' f) _ REH(%——): 3

S 2

b m=?, REM(2:]) . REM (2) .2

21:/) 4 Reu[zg.) -0

So m-q | Hun GR(2') =6F(16) is #er
Smallest exckcbon Gdd of GF(2) i which
we may  hnd primifise $? veds of Unr'fj“
This io a6 suging ord (2mod5) =4 . Since 4
s Hu smallest psifiye inJrja/ whore  loheye
2" opals Nt idlily coment udor med 5
D med 5 2] | 2 hod S 4 ,

P ModS _ Bmods - 3

2l mod 5|16 moll5i - [abdS | Led (2AcdS) L2
= GF(2') =. 6F(lg)

ér m:‘f} KEH(




(b) 2 exladion of GF(S) aith primie 317

(eofs of Unr?g/-

We need 46 Fad the smalls] m sucdh  Aaf
3(}6””4

fox m=l |, REM[&=!)- ¢

br m:=2, }?PH((SBI-)) REM (24

by m=3 ;?EM( 1) - REM (124

So m=3, 4hen GF(S ) = GH125) is the
smalust extention feld of GE(5) in whidh
e may find pr/}n/ﬁu 5JS’L voots of um'/jj.
Or we can bd i} Fom -

Cmed 3 -5 IS medizll st

5 mod 3 = 125 mad 31 = | mod 31 = od(5med3).3

= 6?{53) =3 GF(IZS')



(b) He  exdadon of GH 3) ath pnho,%’m 137

(s of ondy

We need 6 fad He smalles] m sudh  Hiaf
3] 3"

foe m=l PFM( = Z

3
by m=2, RPH(;_, v,

by m=3 REM(; l) pEM(

)%

So m>3, Ahen GF(3) = GH 27) is the

swalost extention feld of GF(3) in whic

e may find pr/}m’ﬁu 13% roofs of unify.

Or we an hod i} Fom -

Zed 123 | |2 aedl2= 9 |

2 rod 13 = 29 thad 15 = 1 med 1 0fJ(3mOd}3):3
= GF(3 )= GF(27)



We nud & fd Ao spallest exdontion frdd
ot GF(4) jn which we nay Hind Pn;mhlf'/a
c™ ook of unH:tj.
UmedS -4 9 med 5= lbmed S< | meds
So m=2 , tatis, ord (4mads)- 2
So GF(47) = GF(I6) s Hu smallsh
oxtenbon L) phet wt can bad S
loote of unijfj
To Choose o primifie 7 ook of iy
we nud tp ot an e&mm# B e é;F(@
such  Hiadt /@ (Ot) _ | ] :-.o<

Sol 1SS > -3

)

= DVD((D(Z)fzJ_-



Sie  Pe GF((6) s a Pn/n/hu S reot oF
ondy | Hhep ,B-;! -__:,—7<08)-l s
L s a reel of X~ , x-lzo
=~ /@ -1 =0 _—_7 aANE)

o JEEE R B _‘
o, @)= o, (&) ) o (B)V:o('z', (@1&'5&
S olé,a(q, ,oz'—-lj

ate M 5 didhind oclemeds dhad are e
promitive 5 ooks of unf@ ,

T (qnjmyaﬁ dasses  othar  Hun HL For
class ol ;

115,

8, 88, £ p ﬂ)ﬂ ﬂ} A
1, () o } -



1E 8- I RS Wy
= j g, ﬁ} = f (xs)lco(l’, (98) :o(} - o(*’,of'}

The opcm/fon,é wre Wom Al Jable foond in A
p{ev‘ou& cqss GI(16) o T YLs}P@G(' fo 6/3(‘{)

U5)/16 )7(7() Xy

Cénjuﬁmﬁ (s Ascciattd X/m imal %[ynmwa/
% \ M.(%) = x «)
g@'} Lot M () (x+o<)(>w‘2)

L X-I—(o( + X )X-|-\
= X +[o(+ou-o¢ 2+ )X 4\
M, (%) - 3% 2

éﬁz; l’gj': =30<6,0<q} M) = (xe®)(x +at")
_ e (e xM)y 4
o X2y (@i atia) X 4 |

Méfx), x> + o X 41
So thy facloring of Ll in #he ring GROH:

Xl = (X—\O (xz—\—o(wsul)(xlw(gx +I)



b Ceclstomic (osef

The (ﬁdo/‘omt Cosefs  meduls N with Yés})ecxc

to GH'9) ar a  parfifioning of g inkeers

10,1,2 =, n=1f infe sefs of faym
im yaq , ag , a5, .., af’"j

re. The c\cjc[d‘zmz‘c cosefe  moduls n oyt ﬂs]zJ
& 67:(?) orain e Zx)?:nmh of Hhe

n  dishpct Poweyz oF a yn’m,'{ﬁue A oot

of  unily with mh])uf%p 6F(q) - Each
coset Coﬂ/w’?andé {b a Co;y’ugazjc class .

_ Ay}:zn&fx C conbrine a ligt of Hu
Cgclobm{c cosele  modale (27-1) by m-2
o m= 10 , with mfeaf > GFE(2).



Bxample: (yclotomic - (osels -

Fom a )71@1//0”5 eXﬁm;JL We ﬁuﬂd fhe conjujatj c/a!sscs
of GH(P) uyth e fo GFE) b fod e fachrizotu
"/ Xi] as ﬁ/@vé aéy au:;HA -)Iu cowes]:bncﬂf/lj

Y lobornic 605&{’ 5
Ov‘]v\gacﬂ clags gc[ohm’c et Mipial p@mm’a./
{(7] {o} M) = X+
y

%d ’0(7',0( } { ‘ Izl"(j /’{'(X):(XM)(XTAI)(X-;-JL))
(2T §3,56) M edlesd) (xeld)



Tn chapter 2, modulom  redued o sel of inkesers .
Tn Enclidian domains of pelynomids , modf (x) yeduad)
Ihe seb of pelynomials.

The ring of pelopamials GH(g)[X) med f(x) can be
Aenched by GF(5) [3/f6d). This is a set of all
pAynomiale  obtaind by foking Hhe vemainder o
pelynomials  fom  GFG)[X] oddr duiding by fix).

ie. plx)ebGF()[x] REM(-]’(—’O)éGF@)[XJ/W)
FX)

Theorem .

H pex is an ireducible phynemial in GF()5 , +hen
GF) Jpt) s a field

_ £7u[va(6me clases  of G,F(j)[x]/ (x"-1) are
the set of polynominls of degee less Hhan n - They



av. e (epainder of pelyromials  hem GF)[x)

offer aﬂj./falfnﬁ by X'l . Eadt equimlence closs

is labeled wih the Smalist e elpment -

The equivalepce  classes e fhe vemamder of

premials  fom  GH2)[X] after oL’u\B{rrS by X',

dhe [is] of vemainders as equivmalence classes ave
follows .

Label Jquzhm e classes

L 3
O ;ox.pl )(+X,)(+X /(-I—X)...}

=
| i\,X,X+x+l ,)(+)<2+(,x6+;(g+ll...3

X {x, x’+x+l ; x",x§+x‘+ X, x6+><g+x, 3

X+l x+I,X+X,x+|,x+x+X+I,X+x+X+,..-}
2 2 3 2 9 6 2

X {X L XAX L X X r, X5 XXX j

s & 3
X4l 5)42-»',)(34-’(2) xq+x1+)(1-l))<+',)(+x +)<1+IJ.--}



2 3 2 2 g 6 2
K4 X ixﬁx,x +X+X+(,x9+x)xs+x}X+x2+x +X)---j

2 — T3
X4 X+l {Xz-(-)('l-‘, X3+)(2+X, )(q'\-)(z—l-( ,)Kb-t-X-l-l ’ X +X +xz.,,x +I/ j

- o a iy GHOI[ (1) L iF g -2, Hhen
wt deaote Fhe ring GH(2)]x]/(X"+1) =: R,
whidh (s fia ring of binavy  pilynomals of
degree  [ess Hhan n .

Lel R be a riny , & nenomply subset TSR 75 wid
b be an ideal if F satishes Fhe following

() T farms a gowp onder the addifn operatien in R
(2) for all ael and fr all reR  ar-be T



An idl T condmined in a ring R is sud to be
principal it Here exsts geT sudh Mt elery
emnt cel can be ax])resscaﬂ as c=m.g for meR.
0. Tien g e can  Gensate L by Ht mulbiphaior
of elomoats 1 R widh 9.

- The chomod g 15 alid fhe qoumfar elpmont

Thesrem - Tleals in' GFE)AJ(A-)

Lek T be an ideal in GAYLI)(x"-1) . Thon s
é:llow;n_rj s e

() There exisk o vnique monjc polyromial 9w el
of  minimal doee .

(2) T rs Pw'ncf'faf with jWa/zr 50x).

(3 4) duicks X1 jn 6F(2)[x].



(is. § 9N =X -1 than hix) e G5

l IY&!:{!!.'Z"LQ E;;&%’zﬁ E 1&0‘4 |’g|] t%&é ”ﬂ][ ( XnI:’ ”

() T rdaals 0GR

fiom 4 pyevioss exam ple when  we fuctorzed
Cat o (XD At xm) (P xa)

Tho ideals contuined in GF(DL][(P-1)  ave

oy XD (P4 X 1) [ty (X3 1) 5 ety (KP4 2,

(X;-}Xz-ﬂ)()(}d-x-rl)) ()(H)) (X%’U(qfﬂ) ) ()L%'I'X_\-l)}

(2) The iddaals  in GH(PDT)(x)

wo fordprovicndy Shat xSk < (xa) (Cralx a)(x ey 21)
ot ideals  corbried in GF(D[]] (x°-1) axe

{ 0 (K1) (X Ky )X oy el) y () (X4 X4 1) S (Nt X4,

o - / 2
(K x41) (X oK ), (x41), (X% X41) (X o£X ,H)}



Linear Block (odkes

_ Block codes  introcduce  conkolled  conounts of
rza(una’mcj i a tansmited ddp stream o

/7(DIIF6{L e teciter with e a/afli"y o debed
and possibly woriect enors caused by Jha  noise

on Ahe  ommuniatim  channel .

4. Bleck &rer ((onikel (odes :
Let C a(aﬂo}’{’ a blck ey Cam!yo/ acle J Hun

C 75 a set of M wde werds ) S4Y
C=13,8,C 1 5 -
Eacdh code vod has He form

—9
Cf'—_- <C°JCHC7.)“') Cn-:) .

H e eodiates take yslues fom a GF(G),
hon e chh C is a g4-omp




The e.ncoafa"ﬁ process 15 45 fllows

. Breaking vp he Arto Sheam info blocks

2. Mappig Fhase Dlocks  onfo 4 cedle word=
in C.

- Tha mappirg 15 vonally  op-to-one tp ensure
that the veceider can Yewase Hhe  encading

o255 |
P{ on coded

doda siaom

d y

7 Hoc)( a'[ k—--‘:jmlaa]s

J
{ a blsck emoaﬂm/ to encals Hh bl<k of
k—s‘jmbals o A code wovd  bleck oi( M-Symbal$

b

-a‘Hach of H—Sjm;’xﬂs (cake word )

¥

coded  dpmn
Shveom



JTF K symbels 5a i uneded e st
Gan ke any wmlw hom a GRG) , th
the  collechion of al) pessible K -symbal
blecks  form a0 k-hples 3= (m, 00,5, m )
which is a vedar spe over GF(9). The
Number of pessille  k-symbol dafn vedors is
gk. IF He number of Po%)%t cocle. oot
br a Yok ower cnbol ade C , denpted
by M equale L M:Qk, Hiem Ay
encoder  breaks e dafn  sheam  inde
K—sumbsl Uock , Hhen  each | —%mbo] Dlocle
j ma/;'/)ed’ ordo M cede wovds in C.

_If M #ﬁl", 2. M is nol of s form, Hen
Mo encdor works with blocks of Vo ing) lenth,
and /*/uﬂ ae hadey o "’“PLQ‘“"""L‘



“The encodor maps  k-toples o GF(3)

oMo n——fv,pl@s o GF(9) . Both form a uder
e ot GH(3) . The first has 9= vechrs,
and e second Nas 7,” letors . Se , only
/4:7" de words , Hhus | 9"-M - i"ﬂk
n——)’upb,e Fa%e,me are /'/h/a!ia/ coa[e onJS-
_The code C i said to contun redunjancj
F Mo numbesr of valid code wordds e
smoller than  #he pumber  of pessible. n-symbd
blocks

_The wjun&amy r  can be ?J?Dfa%éo/ as



_Aleo, the {wlbmoeaan r an be M/D;/es.fe/
In —,Lafrnﬁ OF e Cyaoe mfe £ as -

R— (osz

) 1

)3 j! _gqk
P\:?(F» M=9%)

— Lt M exor  covp /7’/57 a cde eoord
to be modeled a5 an  addibive  nese  from
Mo ommunication  channd  added f> fhe
baseband = bansy Hed  codp wored  as .
bror pafen  €.(¢,,€,.., 2, )

|

Tnnsmided h x Qeﬂ/&/
code word W
?:(rolr\) 1r’—7-l)
Z ( C N =C +e
= Co’ AN, n l) - - - P
Commmpgation v =(¢40,,
OI’WWIHL‘ C_‘ 4 € )



~-TIn a bfrmj chanpel | he  ewor addibon to
hovemitled  dawwrd 5o }z@rﬁmd under mod 2.
_ The eveor ol deceder proess af St
Yecwiver i a5 follows

|- Uswelly the first slep is arvor delechion,
which 1o b examne Jhe vewived  wordd
wd to ditermine i it s a cede word or
net. hal s ) to  Adetermiu 5# eXYors  G(e Yﬂgmjr
n & Yewived word of  pot .

An ertor pellerm s ondef edable if el only 5f
it couses Mo veaied wod to ke a walid e
wod Hher Ahan e one thot was hansmidled.
%, fr any - gien bansmitbd codo word, Fhere
ate (M2) other  code  words Haat may
AL o} A vewirer  instead | Thus, there



e (M-1) undorecinble eqor podlerrs fax any
ﬁiwx\ fra n5th€c/ codt o

2. The dheoder on  Yead B 4 dedecled
ool wHn  ome of i ﬁflowfnﬁ responses -
(2) Eequﬂbvl A Tehansmission  of 4t word
AI/!‘LVM']?C. Y 679%1 I €7wzsnl (ARA) pm%m)_s 5
wedd in | for example, TP)1P 5 IEEE &2 ik
LN, Feluans.

(b) ﬂj P word  as bef/lj Jn Covrect and pass
At dorg do f datn sink -

/ulﬂfmj s used when ddaﬁ (onskwints o not
allow  foc tthmnsmission of It code word , so
the incorrect recened word will be sef to

a puddermind  muded valie ipshead of



Cafﬁ:cﬁ'ng e exvor i is ueed in o eKamPZQ y
oice  Compmunicadion

() A#Uﬂp% to Covlect Hha eqrovs in e
fewived Lo

fovwaxd enor  cftecdion (FEQ)  usee Fhe
shucdhwe  of e wde Lo defermine Hy
Most I)‘[ce,(j ualid code wod s fave been
sent 5111@;/\ Jhe incorfect veceived oo -
A decoder exvor is made by Hu decod oy
it e dodor slds a code word sther
Han dhe one  bransmitted . Thic decoder error
5 undefectable y whik fhe inital  exror }ﬂafn
was  Jeducted. The  number of undetectalde
eror plions 16 less fhon the number of

exoC patloms fpd Guwses  decoder exrors.



Tf e ervor onhe] codo is chosen carefully,
then Ahe  most /)'/cdj erroc patferns should
canse Hhe Yeceived word ke be an jnvalid
word | lun the dpcoder can  detecd e
presence of exox Jothrwise , the  decoder
wll  assume  a  orect  word

Usually on  communication dhannele, ha
eXror ph#oms with 4 smaller number of
nonzero Ceovdinades are mere likely fo
oo Man (X paftens wil o /mﬂer
Namber of  1onzes  coodkinates.



Definidon - Code Word and Error Retlem Wegpit
The wu’?N' o§ n code word  or aqer FWLW’\ 1%
Yhe  numbey o{’ No#Zvo oovd rha’]é’.s n I cod

(,aoral or  eAloY Pmﬂﬁm.

_ The wbib‘)’\’]' (7( A A2 word T 16 densted bj w(c)
Oample: \Weight

(1) wlho,000,00,411) = F

2) wle® &50,0,1,4,0) -4

Tor n—S\jmba\ Llacks T = (uyu,, o u )
and B < (0, v ,) The Bididean  distance
boten oo Hocks # and 3 o

JEudfa’wn (-lf,’)?): \/( U(O"’U:)b* (Ml’ ’U)-)z*"‘ ¥ (Mn»l =~ :



Debnibon ! arming Distonice
Tor H—S\jW\bb\ blocks T = (u,,u,, u )

and T = (U, v ) The Hamw\mj Aisdnc
befween Jeoo Hocks W and B is Haw  number
of coordinales in which . fove Hocks Affer

%’mefng (.a”?}) = o{(&*’{;’)z l{is u[iv}){:oﬂl.../n-l }

D|E'|'|’| |:|j]| Miniy |D')| | |E| Blck (d
The minimom a(is‘}ance oac a block chiz C i3

Ahe minimum 'H-amminj D(J‘Sbnca befwem al(
dlfﬁﬁ Y\C{’ PAiYS o‘)E COA@ wo\(al S In Cl.
- A éaa’e with  minimum  dictance Jmfn can detet

all exyov Pa%@ms bF we,in less Hray dfm

n

[ie notequal b dpip ;50 less dhon or equeal +o

(A i _l)j -



_ T} e Hummi@ dislance of ML excor jz:a‘}em
15 i 0¢ mere , Hhop Fhe evor Pottern
Canses e bansmifred cde word to ook
like  ancther  volid  cede  wrd chgma o
on ondefecteble  evvor .
_ A maximum posteyior decoder  identifies
He code wod T Ahat maxinizes

Pc.g| 7]
_ A waximum likelihood dlecader  idedifies

the code word T Ahat  praximizes



_1f A ?robabiliﬁ/] of Aransmision of ang
valid ode. wod is  asumed & be un;{m.qy
AdicYhizd | fopn Fhoe  code word 2 that
Mmaxjmiz¢ s P%HF’I Zf?—?j is the codo word
that minimizes  A(R,C) = wW(E-7-<;).
’]71(6 5 the Ao word Hhat is c]o_se.s?' in
’Hﬂrnmi/lﬂ didkane. & the veceved word ¥
Such  docoder  commite a decoder esver
whon Ao received vvd T ois clser ta
A won code  wovd than to Hhe corcect
e vord. Sie Pe  wlid code words
ar. at fpast o distana A, apat,
e, a decoder exrer s FossinLe, On\j
L M exrov Wl%cm Nas a we,,'j}mL oeutes

'H'U.m oY éo]ual {ZD dm—n/z .



L A Cz%le UUOW‘ UJ(’M\ minimuom d[S‘?ZlIQCZ Am;'/l

can eoneeks all evor paltoms of weight
Han o ued o Dy -]
{ﬂ5§ A €4 L 5 J

Olmf'\ . ('am"ll Cbrrec:"

/

2
S-S

]
.

dy

Debinidson + (omplete Decoders

A comdde  exvor cm(ech'/lﬁ decodes o

a dpcodey Hhat, Yiven o Yeceied word T,
sdecke a5 Hha kansmitled Code toovd €

a code word Hat mipmizes oﬂ(?,?).
lie. if abnoys gises a decisron)

_ The COMPL?J}L decsder” selochs Hu code
wod  Hat s closest Jo e veceived word




(@ﬁard(zas of e disknce between ths
dwo s i is possitle that At s
moit dhan  one  Code  wemd T hed-
minimiz2e% d(T,T). T Hhs Case, o
decoder cheotes  vandomly hom dhe
possible  code word s .

Debnibon . Bomded - Distence Decedevs

T t T .

- —3
Given o veceived word 7 . a t-exer CO\’QC"I'nj

bounded — Aistance  decder selocks Hha wcle
werd T Hhod minimizers  A(P,2) if and
only f e exiske T such Hhat
A7) < t . IF no such T exiske , Fhen
a decoder foiluve s declaved

(% < [ "ng -l_,j )

(ie. i“'on(lj gives o decson if o/CF’,Z’)ch)




_ for a com ()U—JFC oae&wﬂwr, an. in cow&dt
docisionn 5 a Avcoder  —xvor Yot =

not deteclable . For a boonded - disfon co
docodsn, o mo dicision is o decoder
failuve | which ¢ ddectable oand can
be  yesslued thevsh e vetvansnission

réquﬂs%' |



Erample n%@@mw&

(1) Te lenghh - four bimary mpchifion code has
o codt wsrds (oooo) and (l}l/) .
Thas d . .u & 5 @mects enmor
pakorns pf oeights less than o equal fo
L%—'«J sl e 1 So, weghts 2o and
ong . Then Hae COMPU—+£ de cocdor  and e

5('/*67(9— evvorl COKQC)L)'ng )younclcal-a({s}-amu
de coden” Oy&fmlz as follows -

Rekeite cdord Selecte tﬁagL wovel
Qﬂ#ﬂﬂ, =y, ClAd( -| a“sHm&L
dotode decoder
(ODOO) (vooc) (wc:o7
(oosl) [0co 0] (0o00)
(00)0) (coo00) (b0 2)
(o1l (0000)or (1111 decodss ety declared
(0 loo) (0000) (o)

(0 )ol) (0000)er (1111 decodsr enor declared



(0170)
(ol11)
(1060)
(lool)
(lo10o)
(lo (1)
(Iteo)
()1o})
(1110]

(111))

(0000)or (1111)  decodss evtor declared
Ctin) ()

(0000) (Dgoa')
(c000)or (J111) decodss” evior declored
(0000)or (1111) | decodss enor declared
(1) amn

(0000)or (1111)  decodar enor declared
(111 (1)
(nn) (1))
() (lyie)

( 2) ’WLL fu\?‘Hf\ L ’,AYLC fo@H {7.0)’\ (OAL }M% ‘{VVO
code words : /poa) ard ({//) .

Tt hns

m )'/I =

7 y So iaL (off(C’fZ ey oy Fa#‘d/ns

oA aeights s> than o« eqpual t Z%:,’jz |,
S wu?lml'c, 22 pnd  one .

/”4;014 —]JYUL (_amf)(.b’{'ﬂ dé_ce)cﬂ.l// ano( ‘IL&L

S{‘/y?lp, exox Corfﬁc/‘fnﬂ bouno&of—-a(fs}-ama
deodev oywrmlz as Aollows -



\Qecb'\fick | coiwoﬂ

(Obo)
(ool
(o1&
(ou))
(100)
(101)
(1o)
e

Selocted coda wondd

i

Bouvnded - distance
decade

(oo )
Coooj
(oe0)
(i)
(o00)
Cli)
((11)
(//17



“To gain some usehll insights, ¢onsider fhu geomefrie
interprebation of ecter  @rppcion.
- A Homming  sphuse of radivs  confams alf
pssible recedved vecfors Mot ave ot 6 Hammice
distonce ltss fhon ov equal b € fomm a e wovel.
- Tix romber of vechrs in & Shimining  sphese il
vdive £ in an  n-dimensional Vechr Space over
GHg) is dmm‘eoi by \, (n,t) and

Vi) = 2 ({) (¢-1)

J=o
whoit Hhe number of vechors i Hnmm;@ diston co.
j In_4n t’l-ﬂff/rwnﬁona[ Ucc}ﬁ/ SPQL?. oVexr &FK?)

IS (D (7,—1)) .



o I 2 n@ivd vedsr T falls within Hmming
5);1@4»2/ , Han px decedor  selecls Hha code word
T at P contfer s Y 5}7114/2. :

I a najed wdor T falls betuesn Hu Hemming
Spherts , Hhom decod” declares o decocler
failure 5 it is & bonded-diskne decoder
or it selecke  af randern one of the rpearest
Cede woocds (it s a (omplde_ Aecoder




ﬂa&zmlmi;lﬂl_ul

famming Bound

A t-eror Corteching g -ory codr  of leag'H'l n
Imu5¥ have Yﬂdumalancj Y Yoot gar}isfms

Y7 (@7,\/?’ (n, t)

Theorem : Tha-  Gilbert Beund

/7*1}& e;o'st a - eyroy. coﬁéoﬁhﬂ 9 —arj ca:&

of [aﬂyﬂk N and realuna/ancj r ot satiehes
r< /cij?/\fi (n, 2¢)

Definition : Perfect (edes |

A block oo is pevfect i it sotishes
. J-}ammf/lg bound wth equalf-/y‘
(;.z. T = /Oizvz (fl,{:'))



Theovem -

Tox number of w@de wevds in a mecc%
9-aw cde must be of Hha Horm M:-9% for
some  prsifive r‘n-frga/ k.

- Herey perfect nuons Hhat Hu code deipes
nonov lapping -}bmm:’nﬂ the,w,s that- perfrd‘j
Fll an  n< dimensisnal - veclsr spate-.

- So, o Jverféql G- exvoy con/eoz’fnj ced.
With 7}( =M wedt woyde of la@%

N have  paameders %i,n,k,{:z, Ao

9%‘5@

t } n n-
Vi(m{:) :J=Zo <5)) (7 -/) = __/%__,:7 F



_ Tor eftor contrd codes, F we increase e
lengtn of the code , Hhen Fhe minimom
didonce A, of e code musk incresse to
maintain  its | velialo) "’L'j' Sinca | 4or | n gjméa/s
teceived | np sqmbils il be in ersor on
avwﬁé— i+  a SJMbo] is  yeceived in exror ol
Frobabf\fb P. S, as n jncrasses , ol
should  jnevease o redwe  H  exror proMfH:j.



4.2 Lincar Blsck (ooles

Definikion : 9g-ary Linar Cedes

Considder o block code € cansishing of ntuples
{(cotu o e} of symbol fam  GH(3). C

s a g-an linear cede i~ ard on\[y i~ C  forms

A \echy SubSFv\-(L over QF(9) .

Dofin i - The Dibiahsinl of al bindar] (odd

The dimtngion of a linear code s tha imension
of Hu corve spond i ") et space. -

_|An Wape)caden witn Sjmbals in GH9) 13
6 (inear cod of LU@M\ n and dimensiorn k

Wit a Istal of 7‘t code words a[w n.



L ineay codes  Droardies:
(1) The lincar  combsnadson of any set of
cods. vovds is a (ede word . Thus, Ha
all-2o00 echy 5 a code vord .

This Frofw/j Bllows  from a previovs thoorem
Wt Sldes Ahat = Leb T and B, be an
mb'r}rarf/ phic of vechys in A vedor Space V
ooy fofd F. Sica yechr subSchv- of V f
ard onlj i any  lineay ombivation of U and
I 5 albo | in S|

(2) The minimum  dishpa. of o lnar wle

s equal to i wa'jk% of fhe lowesh aripd
nonzevo code cord .

This property follows  froon T firsd property
whare  for any fuwo  code Lodeds [ allitede



code | Hu Hammf@ distonee.  between  Fhom
4 albo o code wo‘(a(\%g) Hoe  minimum
Aistonce 5 Aha U\J@ighi' of Hhs  minimum
weight code  wexd .

(3) The undiheduble error pattoms for a lincar
code are indspondont of e codt  word
banemitled and d(Wﬂﬁs consi<f of Ha  set
of all ronzes  code words .

This property llows brom e fact that

oan  ondikedable  eyror | paftern  Canses Hha
received cuord o be a valid code wordl
and  since . ewor patorn ie Hhy ditterenc
befween Ahe  transmitted word and H

vecived wocd, so Hha enor s also

a Coéﬂe auo{a? .



Lek 13,9, 05 Jbe d basis of cod
wods for e (n)k) g-ary code C. Then
Moz exisk  a s \/070)@%%7 Fron

C-4,9 a7 .,,....f-dk_l‘iq fo ey

eds vword Te C. Sine exry limay combinutior
ol Hu bagie eemeuts must be a cods ward,
thent e s o one-te —ons e ppies betweer
e st of k-sgwbsl blocks (a,a,,..,a )
N GF(9) ond Hhs  cede wovds in C
A medix G is  consfvucted by ha i

as 1o 1ome e yeckre s o basie .
Tie patrix is M gWaJ@Y mede T X f=r

$u code C.



- ) ek ~Fm’,—_—(*"’h,,/l’\,) ...,mL’,) Le a g-ary

Hock o{ uf\codéa' da'/ﬂ W\L/\

(=
m G- (mb/m,) /mk_"> go
J
y
"jk—‘
—> —> —
- oﬁ t mlj + =+ mk-—l 915‘, = <

il Clich -ﬁi/lasdeeap Aok k/acli (e o binker
(Dmb;)/ta’ll?fb}’l of thx [405)'5>,

_ A g -ary oy C of %{)’\ n is a
veclory  sub 5f7a¢e emfoco{alacﬂ wi%-m =1 XY
S[Mu_ GJC 01?( n—fuj?lzs s\ C;!:(‘Z)-



_ The  dual e of o liwar code C i Cal[ec[
o il coe of C ond is dhncted by C

So, C is an (n-k) dimension Sul?SPaCL,
Let {hp, h . ,k % be a busis Loy C’L.

AWA—H (% coné]Yuof’d bj [/Lal/mj as :'}'5
s the veddovs in -Uw hasis ﬁor CL, +his

motrix is Hhe SpartYicheckematiin for i
wdy C.

Theorenn - The! Pardy - Chuck Thuorem

Aver @ i a code wod in C i and on(j it
?HT:D.

- T. - —) —;T
ie. TH - (¢, cpmyc, )| he
¥
v
-k~ -
—F 7T — T
:(COICH"‘/Ch-—!)I:I’lO l", hn-k-l j



_ The 92%«4»( and Paxfﬂ—y-—c‘w(j: molyices
Ly o liwar block code veduce Heo emcv/mﬁ

ﬂﬂoﬂ oY Mdﬂ 1[’0 Ma'/a’{)( mu’%p}i(a’ﬁan.
So, Ahare il be no need for o /owé—-u!o
dable 1o be steced in Hu memory

The FYOJﬂlﬁM of T@Cof/&’/'ﬂﬁ Tho 0{627%! block fom
a lode wora/ of fhe Yewiver can be 97@05]’[5
Sr'm?]r'ﬁ'ecﬂ —Fhroujlw the use mC Sy.sf“emaﬁc

ancasl/'/l:j. This  is bj emégc{’g[r@ e 0/605
block without medificatron in 4ha last k

ccovdinades of resulhr cade word .
/”/‘ié 15 oHaine_o{ bj Uél'ﬂ7 A 575%54



Prwrtor mafyix foc an (nk) codle i
e folloing fvm :
G - [PIIJ . (kxn)
So, whon a date block in encoded Usins)
Ho sjemhz @énwm’br matyix
C-m6 - m[PIL]
[mP| 7]

(it s possible o uwse other hon tie lask k_
toondinates , hoe we wil @nsids on@ this ase)
TThe cofresfovw[i@ }mﬂ'w‘v-chc}i malYix [y Hu
above Syﬁ)wﬁo j@w@ulw/ matiX 1S as
Lol |ows -

Ho [T P ] reoxn)



So, for a dan block w7, Hha encooled
block iz

C-mb = w [PlL

Hhon ot Ha wceiver, for eror dedechon
cH . meH

where GH [P[J.J[ T 1-P"J

—-l""’




TThesvem -

Lk C howe Pmi'b Chack matrx H . The
mipmum  distance. of (s oque] o A
mimmum N zers  pumber of  colomns in H
by which a nontrivial  (crnaar am bipafion
Sums o wD .

_Nete : a pontivial lingar combivabion  of
33m1vo/s e GH(2) is a combinaion osr
Mo M sum of 4 cdomn with  ifedf
TTheorem - ISfaﬂlz;‘@ﬂ Bound

The minimom  distnee d,,,. bv an (nk)
ode s banded oy d_
_Nede : M (nk) code has an B mapr x
wikh  (n-k) );mwlj )’/\JAP—CA&LATL Yows . Foy
ang matYix, e vumbor of //W@ indeperdiit

< n-k ¢ .



fouss equials o the number of lineary
I'/)CQZJ[)W'{’ cAVNS | Hhis number s
called +he vew qanle o clumn rank
Yo Mt matrix M, b has  (n-k) |y
!Y\Jﬂ?d/"‘dlﬁl/\{' collomns , Hws, (n-¥ +))
aye ]f/UZaMlij obfiowlwi’- Sb,«% MRy
Aislowce s boundod }aj d,.. = -kl
acoc\ro!i/\9 Yo 4 DreVi g Haosenm .



43 Standard Aray land l%Mle’/ZéL&M@m

gﬂbf PxH’ffﬂ Z = (eol 2” ) 'e'n_A

l
Tronsmild >C‘_|;} Rocvived

adeword > wovd
? (r LED R TCM)
pal ( R.Cee
C: C°IC"I"'ICn-l) - | - =
Commmmzation r=(c+0
d‘ﬁnm, C‘ 3 e,‘ )
C/n.-I L e'vu—-))

The veceived vece ¥ o 242

T0 Jodr. wziﬂln% erroC fa{hwns ar  more /;Jce(j

b ocur Han h,'jhw-mf]h% extor patfems , +han
Hie ruxipum  ikedihood  decodue picks o code

oord T sudy Mot P -7 4 2  whare 2 has

fio oallost poasille u)e:jh{;. Al oo)éfuP Joble

called MMJ%AMMM < vsed Jor Hhis

dzcoa(inﬂ pvoca,65 .



A la.mmmmmﬁwm jo conctructed

for an (n,k) lfear 7-afj cods C as /éﬂowﬁ,
Lok fha sk V! onsud of all of 4ha n-pls
ovey’ GF(?) Them

() Rewove  fom Vi (withat veplacomant) o1l o
(odp pods in A oda C. Wirike Ae code
woxds in a 51’/1?& Y2 dmﬁ‘fnj with i

all zevo  code  word.

(2) Seledt fron Hi rermaining n'-fvpab
(whont rathH one of o patfeyns

o lowes] qu@H- Write  His );ml}an 'n e
cdvmn wder” P all-2e0 de word . Then
add M pebiorn to each  cdt word and
write  eadh sum onder Hhe Yes?zoﬁ"v& code
word . Romovt Me goch som  Loomn M set



of W,mw’mn? n-—h/pus.

(%) }Zapmf’ S%CF (2) until \/j s exhausted .
Now Hu  shandad ey s ComPUJLZ,.
o veezElemanvaesivesl vase T usino) Hix

Stardavdnoragtable |, do Hhe fllowiny -

(1) bocede the vecrived wool 7 in Hu fable .
(2) Tt code cord af Hho Hop of fu columr
n whidh P s fund e He  motimomn
ikolihood s word ascoor’m%/ W P
(2) The exvey Fa#wn meet /ikelj 4o howe
COYWP/'(’,O( C o5t pflorn ot fu for left
of Ha 2w on wich ¥ s locoded .

_ fadr yow ir 4 s%ma(m@/ array) teble 15
a cosek of C in VP



,Examf(_a . Stavdard Avay Decoder for a (33) Gode
Lek C be Hu (3%) }al}zaﬂ ligar code  yuith
bosj %({00011;) | (6lo1011), (oomo;)k and
a ﬂWaJ’D‘( mafix
100 0 1« 1 1

0
O 1 O | O I [
Loo I | 1 o [

A 5‘)’”‘0{5(‘/0/ aviay  fable -ﬁf C is as }[u[/wvs

G -

TABLE 4-1. Standard Array for a (7,3) Linear Block Code

0000000 1000111 0101011 | 0011101 1101100 1011010 0110110 1110001

40000001 1000110 0101010 0011100 1101101 1011011 0110111 1110000
0000010 1000101 0101001 0011111 1101110 1011000 0110100 1110011
0000100 1000011 0101111 0011001 1101000 1011110 0110010 1110101
’J 0001000 1001111 0100011 0010101 1100100 1010010 0111110 1111001
") 0010000 1010111 0111011 0001101 1111100 1001010 0100110 1100001
0100000 1100111 0001011 0111101 1001100 1111010 0010110 1010001
| 1000000 0000111 1101011 1011101 0101100 0011010 1110110 0110001
0000011 1000100 0101000 0011110 1101111 1011001 0110101 1110010
0000110 1000001 0101101 0011011 1101010 1011100 0110000 1110111
0001100 1001011 0100111 0010001 1100000:;_21010110 0111010 1111101
24 0011000 1011111 0110011 0000101 1110100 ™" 1000010 0101110 1101001
\& 0001010 1001101 0100001 0010111 1100110 1010000 0111100 1111011
0010100 1010011 0111111 0001001 1111000 1001110 0100010 1100101
0010010 1010101 0111001 0001111 1111110 1001000 0100100 1100011
r0111000 1111111 0010011 0100101 1010100 1100010 0001110 1001001

-

w:=2

ek}



(000))) + Olol6s (] - 1]O]jod (S’%m&o\p’o{)
’OOO“' -+ oolllo] = |ol10) O [6% COALOU"YA)
olblol| 4+ pollsl - oj0llo (:}% todinjord )

[ooolll + ololol[ 4 Oollle| - 1l01[60 + CoI) &)

= 111000] (8" toclecwrd)

U e vecgijed word ¥ - 00lloll .
We ot 0p 50 Hha Aable (Har wnderlined word) .
The cott word most likely 4 have been senf is
Wi tode word [ocated ot Hu fop of e
Gomn jn which T s located, TH 75 cotlisf
S0 dha ernr pallern  mosh Ii/@(ﬁ b Aaye wyru]o[aa/
A o e gdlon ot e for ldb of Hha vow

o which Y is leaded. T s 00o60ll0 .



Ll e

The (5,1) W?fefbkorl code has  he f@ﬂZufo]
stndad aray -

00000 il
0000 o
00019 [io!
00100 11011
01060 1olf|
|0 060D ol
060 (| llloD
6ollo (LoD |
ollo0 1001(]
[1000 0oll)
(b00) 01no
(0100 aloll
01010 lofo]
po(ol llolo
(00| 0 Olfo]
0100/ o]0

The Sor b of Ha rows are e wror puttons
Ahny ait all  petems wilh weishts 2, ong, wd e,

L wedhfs of &éLﬂfﬂﬂ;’_(;l?:—g'J:7—~



_ A shandard] ol foblt  cn be reduced
bj s Mo Fmb _chick mutrix B whae
CH =0 . The veducwo Huble is called
He syndronne 4able . TE i) ko reduad
o 7/” entries Z"'k zy;[*{j Lable .

—

_For a vewiywd wod 7= C+f, +he

Proa(uc} c?F "(" HT;'s (a[&d /f’ﬁ.( 97140["01%2-
wdor 3 e e v vgr 7.

Then, S_TH
C#Z)H
:?rﬂ+eﬁr
— O+?HT

< _Z2HT

-~

Thus, the syndrome  yecker 2 s ,thP%M{
of My Aarsmitted cods word Z"/ i+ only



dpr)mdé on Y eAtor Pa—HJm z .

So ) ih A Standardd army Jable , all Yecoived
Vechrs in #u @me Yow hae e sume
efjnd’raww since- e dilwemee  behocen
2 paiv of chocs  in fhe come ga) s

a oot word . However | At yndeonis or
vechrs  in didwent vome  ave not el
/’}uue, Do entvies in o slandavd atra b
that nd {2 be shred are Smmieer
padoisy (A headers of eson ypu)) and

duirsyidisines +>  pehon,  marimon
Il'ke/[f}’looa( pﬂ(,caol/nﬂ




o dwode vsiney o sypdome bble Lo

Hu fallowiny, -

(1) C@M/%J—c A Syna’ram of a veceived
Vecter

(2) Leok p fhe  evaleaiod cyndiont o
dd@lfmr'n/b M (PYre s foniz'm:j eyvor /):uf‘cm

(%) Sbkact Ans erpx prllorn frovn fe
weceived  wevd {o el code wocd



v Hu samp cede C in 4 previoy s
Giaymyé( v « (3,2) cocds T G vsed

wa s |l 0 0| o0 | 1 l
G=|lo1 o1 o 1 1
oo || 1 1 o [J
Se H s L L
H": o ) ‘ ,OOO
[ o | o I oo
) I O G © ) 0o
- l 6 oo |
L D

To conshud  Hu Sﬂno(mm e Hr
(5:3) code | Haka Hu extor PaH'w/'S
wilten in Mo heada o Hu stapdarel
Ao Tade Mo Find exch of Hhoir
syboues  wingy  T.ZH



0111000

_2H .2 o 1o
)] O |
| 1 0
| 0 0
o | O
O o |
O © D
ertor pudlom syndiome
0000000 1o )oXe,
0000001 o009l
0000010 bDlOo
0000100 » 100
0001000 loeo©
0010000 [0 ]
0100000 ol |
1000000 o1 1)
0000011 oo ]
0000110 ollo-
0001100 I [ o0
0011000 0ol
0001010 |o 10
0010100 | 02|
0010010 (il
) 110

— oo o —




(OOIHDI)
—1’5\55 'S ’mj Spn~L (oo(.g onc;J i Haa

P/Q\/.'oug € Xo WAJDLQ e Us;‘,\ﬂ Hal
S}Zmdﬂ)’a( arta y *[—a\/OQ \



“Y MWJ—MMMMM
e Wafyw dikibubon  of an (n,k) @d C %
a suus of aflicients A A Ky, whoe
Acis e number of de ords in C of wesht (.
~ The e ighd didkihution {AO,A\,---,A,,} b

a codr s tswally wetfen as a4 pynomial
ARz Ay Ax Aty s b o This yepraatation
5 called He MLM

_In many cases ouaz'?w enumanodsy oy Ha
dud of a wde s easioto find than Hhe
(ode iself.

Let AW) and BX) be He weight enumlyztors
o an (k) wdt C ond fe (h,n-k) dusl




wht C wespeckivdly - f(x) and Bl are velocted
Lj H FDHDU\anj w(,um(’l’)'j

P(x) = 2 (H <) A(H-X)



Y5 M@M

For Al Fami(j of ﬂabﬁd_&mhdﬁ ladis) A
P"(F”m“”“— Famwfkfs are fo)m%ca{ as o

Amﬁ"fbﬂ J‘ 7 S,~,,§Q ;ml@&/ m, wWhate my 2.
Number of Favﬂj Spbde < iz
(e Lenghn - n=2"-1

Evor (m(echnj Cafab;/f}y : || (-

The Pamij _chack motrices for a inary Harmming)
dy ane sy b onshuct Lhn Tht Correspording
genaoe mobvix an be foond . For a myh
n=2.1 Hammffﬂ teds , i lomns of e H# mokix
(onsist of all nonzero bfnarj m-fuples Each
orcfm@ of P Columns 4e5 A dilwent (n,m)
Humnni@ (ol




TIn qensal) o Hamming coclts howe  mininm
ditina d =3, S0 t=| mafing i} a
Sigle- ertor - covvectin 9 code . T is  also

o perfed e shee T=m-n-k .
Hamminey codss  can be decoded  ysins

a synclome bable . Since Hose  codps are
SIMA\L ~er (s~ cav(eokrg wles, i synclronne
bable. e a s)‘mfiz telaben & Hu ;an’zly-
check motiix . Sopee

7 T - -T
SAH L ZHT L 1Z |

I3

1 h
P74 [ho h—--th J nok|

n-le-/

ho

anal z 5 Al eyroY PtcHZrn wz’H/] A 5)’»’19[0.
oML N H’S )#‘ Caofc(/’flq;{, poﬂ'?liom i then
T will be fhe Jﬁ/‘ oW of /7‘T, whith 15 H&e

)"% column 07[ H .



Hamming (ode Uecodine Algorithm -

(1) Comjmh i Syy.dfom Sy M teceived
wovd ¥ TF S =0, tum 7 is a valid cade
word S0 go fo .S)OJ) (4).

(2) Dedermine. e M rdumn of H that equals
fhe (ompmka/ Synolrome (o Hha. P rous of )
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