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):SIInternational System of Units (

Length = meters (m); 

Time = seconds (s); 

Mass = kilograms (kg).  

Force = Newtons (N) is derived from 

F=m*a.  

Therefore a 1 kilogram mass has a 

weight of 9.81 Newton at the earth’s 

surface.

Giga X 109 G

Mega X 106 M

Kilo X 103 k

Meter m

milli X 10-3 mm

micro X 10-6 

nanometer X 10-9 n

Newton N

Pascal Pa N/m2

X 106Pa MPa

Dimensional homogeneity - in an equation where you are adding 
terms, they must all have the same units. 



Force Vectors

Scalar and Vectors

Scalar: is a quantity which has magnitude only. 

Examples of scalars: speed, distance, energy, charge, volume, mass 

and temperature. .

Vectors are quantities which are fully described by both a magnitude 

and a direction. Vectors are physical quantities.

Examples of vectors are displacement, velocity, acceleration, force 

and electric field

Vector notation:

A widely used convention is to denote a 

vector quantity in bold type, such as A ,and 

that is the convention that will be used. The 

magnitude of a vector A is written as  | A |.







Cartesian vector representation:

3D Three Dimensional Vectors

Magnitude of a Cartesian Vector.

Direction of a Cartesian Vector



Unit vector Representation of a Vector

vector uA is just a vector in the same direction as A, 

but with magnitude = 1,

uA = A / A
uA is dimensionless. It serves only to indicate direction and sense.



Direction (orientation) of a Cartesian vector in 3D

α = angle between A and positive x axis •

β = angle between A and positive y axis •

 = angle between A and positive z axis •

α

β



U





Express F as Cartesian vector 



Adding and Subtracting 3D Cartesian Vectors



F1 =

N

F2 = 



Position Vectors

http://en.wikipedia.org/wiki/Image:Cartesian-coordinate-system.svg




Conditions for equilibrium of a Particle

To maintain a state of equilibrium, The resultant 
force acting on a particle must be  zero. 

 






0kFjFiF

0F

zyx











0F

0F

0F

y

y

x

Equilibrium equations



Construction of a free body diagram.

The Free Body diagram

Step 1:  

Step 2:

Step 3:

Isolate the  body or combination of bodies are to be 

shown on the free-body diagram.

Prepare drawing or sketch of the outline of the isolated 

or free body.

identify all the forces exerted by contacting or 

attracting bodies that were removed during isolation

Step 4:  Choose the set of coordinate axes to be used in solving 

the problem and indicate their directions on the free-

body diagram.  Place any dimensions required for 

solution of the problem on the diagram.



ksF 

: Spring constant = stiffnessK

1. Spring

(tension)

q

T T

FR

Free Body Diagram

2. Cables and pulleys

Cable forces are along the cable 

Cables on frictionless pulleys 

have same tension force in every 

part of the cable



Determine the stretch in each spring for equilibrium of the 2-kg 

block. The springs are shown in the equilibrium position



Example

A 90 lb load is suspended from the 

hook as shown. The load is supported 

by two cables and a spring with k=500 

lb/ft. Determine the force in the cables 

and the stretch of the spring for 

equilibrium. Cable AD lies in the x-y 

plane and cable AC lies in the x-z 

plane.

FBD

Stretch



Determine the force in each cable used to 

support the 40 lb crate.

FBD

Express each force in Cartesian 

vector form.

(0, 0, 0)

(-3, -4, 8)

(-3, 4, 8)
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Equilibrium requires the body to 

have No Translation and No rotation.



Moment of a Force - Scalar Formulation

The moment of the force  about a point O is the 

tendency of the force to rotate the object about point O.

Moment = Torque = Twist

Mo = (F)(d)  (force x distance) 

d = "perpendicular distance"

d

F
O

Scalar Formulation



Moments in 3D

M = 0



If the resultant moment about point A is 4800 N · m clockwise, 

determine the magnitude of F3 if F1 = 300 N and F2 = 400 N.



Transmissibility of a force



Cross product

If C = A X B, then C will be perpendicular to A and B.

C magnitude = A B sin 

Scalar formulation





Cartesian Vector Formulation



The cross product of two vectors is



Direction of Moments



Moment of a Force - Vector Formulation



Resultant moment of a system of forces



If , =45 determine the moment produced by the

4-kN force about point A.



And O





The force F={6i+8j+10k} N creates a moment about point O of Mo={-14i+8j+2k} N m. 

If the force passes through a point having an x coordinate of 1 m, determine the y and z

coordinates of the point. Also, realizing that Mo=Fd, determine the perpendicular distance 

d from point O to the line of action of F.

Solution:





Moment of a Force on a Rigid Body

Point O is on the line of action of the force

Principle of Transmissibility:

The external effect on a rigid body remains  unchanged when a force acting at a given 

point on the body, is applied to another point lying on the line of action of the force.



Point O Not on Line of Action of Force

Equivalent to a force in the same direction and a moment of magnitude  = r x F



Resultant of a Force and Couple System



Resultant of a Force and Couple 

System – 2D



Eg. Replace the forces acting on the brace shown below with an 

equivalent resultant force and  couple moment at point A.

o1

R

R1

22

R

o
R

yR

R

o
R

xR

6.66
8.382

8.882
tan

F

F
tan

N962)8.882()8.382(

N8.882F

N8.88245sin400N600F

FF

N8.382F

N8.38245cos400N100F

FF

y

y

y

y

y

x

x

x


















































RF



The couple moment has a magnitude of 220 N.m determine 

the magnitude of  F of the couple forces

+





o1

22

o
yyR

o
xxR

7.33
350

233
tan

N5.420)233()350(

N233N200N60sin500FF

N350N100N60cos500FF























RF

     

     

R EE

o o

( ccw) M M

500 sin60 4 500 cos60 0

100 0.5 200 2.5

1182.1 N m

 

  



 

 +

Equivalent 

system at E ?



Further Reduction of a Force System

Reduced to single force at a point.

If a system of forces is either concurrent, coplanar or 

parallel, it can always be reduced to a single resultant 

force  acting through a unique point . 



Concurrent Force Systems



Coplanar Systems

=



d

x3

x1

x2

d = 
Xi F



Replacing a distributed load by single resultant load:

F must pass through the centroid of the area under the curve w(x).



Magnitude of resultant force is equal to the 

total area under the loading diagram 

w = w(x)

d = 
Xi F



L

h

2/3 L

1/3 L



Find the equivalent resultant force and specify the magnitude and location 

of  the force measured from A.



F2
F3

F
1

Replace the loading by a simple resultant force, and specify the location of 

the force on the beam measured from point O.

Solution:

51 kN

d= 17.9m



OR



Replace the force system acting on the beam by an equivalent  force  and 

specify its location from point A.

1.5 kN

3 kN

D = 3*1 + 1.5*1.5 + 1.5 * 4 

3+1.5+1.5
= 1.625 m



4.5 m
2m

8 m

18 kN 3kN9kN
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5.1 Conditions for Rigid-Body Equilibrium

0M

0F

O 










For equilibrium of a rigid body:

Moments (applied pure twists, and due to external forces) should 

sum to zero about any point.



Equilibrium in Two Dimensions

Free Body Diagrams

Support Reactions

Rule:

If a support prevents the translation of a 

body in a given direction, then a force is 

developed on the body in that direction.

if rotation is prevented a couple moment is 

exerted on the body.



Type of supports





Modeling



Procedure for Drawing a Free-Body Diagram

1. Select co-ordinate axes.

2. Draw outlined shape isolated or cut “free”  

from its constraints and connections.

3. Show all forces and moments acting on the 

body. Include applied loadings and reactions.

4. Identify each loading and give dimensions. 

Label forces and moments with proper 

magnitudes and directions. Label unknowns. 



FBD





F B D



F B D



F B D



F B D



F B D



Important Points

1. No equilibrium problem should be solved without 

first drawing the appropriate F.B.D.

2. If a support prevents translation in a direction, then 

it exerts a force on the body in that direction.

3. If a support prevents rotation of the body then it 

exerts a moment on the body.

4. Couple moments are free vectors and can be 

placed anywhere on the body.

5. Forces can be placed anywhere along their line of 

action. They are sliding vectors.



Equilibrium of a Rigid Body in Two Dimensions

• Equations of equilibrium become

where A is any point in the plane of the structure.

• The 3 equations can be solved for no more than 3 

unknowns.

• The 3 equations can not be augmented with additional 

equations, but they can be replaced with:



A fixed crane has a mass of 1000 kg and is used to lift a 2400 kg crate.  It is 

held in place by a pin at A and a rocker at B.  The center of gravity of the 

crane is located at G.  

Determine the components of the reactions at A and B.

   

  0m6kN5.23

m2kN81.9m5.1:0



  BM A

kN1.107B

0:0  BAF xx

kN1.107xA

0kN5.23kN81.9:0  yy AF

kN 3.33yA









The frame supports part of the roof of a small building.  The tension in the 

cable is 150 kN.

Determine the reaction at the fixed end E.

  0kN150
5.7

5.4
:0  xx EF

kN 0.90xE

    0kN150
5.7

6
kN204:0  yy EF

kN 200yE

  :0EM    

   

  0m5.4kN150
5.7

6

m8.1kN20m6.3kN20

m4.5kN20m7.2kN20







EM

mkN0.180 EM



A loading car is at rest on an inclined track.  The gross weight of the car and its 

load is 5500 lb, and it is applied at at G.  The cart is held in position by the cable.  

Determine the tension in the cable and the reaction at each

pair of wheels.

• Determine the reactions at the wheels.

   

  00in.5                          

in.6lb 9804in.25lb 2320:0

2 



R

M A

lb 17582 R

   

  00in.5                          

in.6lb 9804in.25lb 2320:0

1 



R

M B

lb 5621 R

• Determine the cable tension.

0Tlb 4980:0  xF

lb 4980T

 

 

lb 2320

25sinlb 5500

lb 4980

25coslb 5500













y

x

W

W



Find the reaction at A and E



Find the reactions

Find the reactions



2 - Force Members

F1 and F2 must have equal magnitude but 

opposite sense.







Determine the reactions at A and the force in bar CD due to the loading.

RAx

RAy

TCD

q



"Properly constrained" means that 

• the supports can theoretically maintain equilibrium regardless 

of what forces and moments are applied

To "properly constrain" a body, if the only support reactions are 

forces (no moments):

• reaction forces must not all intersect a common axis 

• reaction forces must not all be parallel

Improper Constraints



Equilibrium in 3D Reactions
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Simple Trusses

Simple Trusses truss

structure composed of straight, slender members joined at their endpoints

• joint connection can consist of pin through the ends of the members 

• ends of members can bolted or welded to a gusset plate

• Simplest shape that is rigid or stable is a triangle

• Trusses are generally built out of triangular elements



Roof Trusses

Bridge Trusses



جملون



Assumptions

Truss analysis consists of finding forces in individual members when a 

truss is subject to a given loading.

• Trusses are composed of two force members

• Members are pin connected

• Loads are applied at joints

– Weight of member usually neglected

– If not neglected, typically split & applied at each joint

F1 F2

Truss analysis 

•Truss members are two force members

–Either in tension (T) or compression (C)





Truss Analysis Methods 

• Two types of analysis

1.Method of joints:  used when axial forces in all 

members are desired

2.Method of sections: used when axial forces in only 

a few members are desired 



6.2 Method of Joints

If a truss is in equilibrium, then all parts of the truss are in 

equilibrium. • Every joint (assume a pin joint) is in equilibrium.

• Every pin is acted on by external forces, support reactions, or 

forces from two-force members

• Draw FBD of each pin

• Use 2D particle equilibrium equations to solve for unknown 

tension or compression forces

Procedure for Analysis

1. Determine support reactions 

2. Draw a FBD

3. Write equilibrium equations and solve

2. Method of joints

– For each joint:

• Draw a FBD

• Write equilibrium equations (x and y components) and 

solve



Tension vs. Compression members in compression 

"push" on the pin, members in tension "pull" on the pin



600 kN 400 kN 1000 kN

1600

1600

Find the force in each member and indicate if it is tension of 

compression



6.3 Zero-Force Members

Why are they there?

1. sometimes zero-force members are added during 

construction of the truss to improve stability, and aren't 

removed afterwards

2. sometimes if the applied loading changes, they will no longer 

be zero-force members'

Two cases where you can tell if a member is a zero-force member.

Case 1 - pin joins two members and has no external load applied to it

Case 2 - pin joins three members, has no external load applied to it, 

and two of the members  are collinear



• Case 1: Two non-collinear members, no 

load at a pin

– Both members are zero force members

 

 

P

 

 

P



• Case 2: Three members connect at a 

pin, two members are collinear and no 

applied load

– Non-collinear member is a zero force 

member



  

              

B

C

D

E
FG

5 ft 6 ft 5 ft

A

800 lb

3 ft

3 ft

H

• Identify the zero force members

  

              

B

C

D

E
FG

5 ft 6 ft 5 ft

A

800 lb

3 ft

3 ft

H

  

              

B

C

D

E
FG

5 ft 6 ft 5 ft

A

800 lb

3 ft

3 ft

H



Zero force members by 

inspection



Zero force members by 

inspection



6–6. Determine the force in each member of the

truss and state if the members are in tension or

compression. 

40 kN 20 kN

35kN 25 kN

25

18.75

18.75T

25T

18.75C

35

26.25

26.25T

26.25c  

35T

5

3.75

22.5T

5

3.75



6.4 Method of Sections

Method of Joints typically used to find forces in all members of 

a truss

Method of Sections typically used to find forces in a few 

members

Method of Sections:
1. make a cut or "section" through the entire truss

2. section should divide truss into two parts

3. section should pass through no more than three  members 

4. for which forces are unknown (we have only 3 equilibrium

equations, after all)



• If a truss is in equilibrium, then any sub-
part of the truss must be in equilibrium



Procedure for Analysis

Determine support reactions (in general)
• Draw a FBD

• Write equilibrium equations and solve

Ax

Ay
Ey

Ey = 0.5 kN

Ay = 1.0 kN

Ax = 0

• Find forces in members BC, GC and GF and 

whether they are in (T) or (C)



Method of sections

– Decide which part to analyze 

• Typically pick the one with the fewest number of forces

  

             

C D

E
F

FBC

FGC

FGF

Ey

3 m

3 m

3 m3 m

3 m
  

            

A

B

G

1.5 kN

A x

A y

FBC

FGF

FGC

3 m

3 m

3 m

• Draw FBD of the truss sub-part to be analyzed

• Write equilibrium equations to solve for unknown forces (at most 

three)

• Try to write equations with direct solutions, e.g. sum moments about a 

point with multiple forces acting on it





Determine the force in member GC of the truss and state if this

member is in tension or compression.





The Howe bridge truss is subjected to the loading shown. Determine the 

force in members DE, EH, and HG, and state if the members are in tension or

compression.

65kN 45kN

45

45

45

5
5

5



BC , BF , FG



4. Find the force in member BC and indicate if it is in tension or compression

F BC = ……707.1N ( C ) ……………………… ( 1 point)



Find the force in member BC  and indicate if it is in tension or compression 

F BC = …………3kN………………… ( 1 point)

Tension or compression …………C………….(1 point)



750 kN750 kN

6 . Find two zero force members by inspection

The zero force members are:     ( 1 point)

1.……………………

2.……………………



3m3m 3m

7.   Find the force in member BC  

F BC = ……………600N……………… ( 1 point)



6.6 Frames and Machines

Frames: support loads, generally stationary

Machines: transmit or alter  forces, often have moving 

parts

As with trusses, if a frame or machine is in static equilibrium, then 

every individual part of the frame or machine is in static equilibrium 

• any collection of individual parts are, together, in static equilibrium 

• every joint in the frame or machine is in static equilibrium•

Steps 

Determine the reactions at the supports . 

 FBD ,F = 0 , M= 0

      If the structure is statically indeterminate, determine as many of the 

reactions as possible .

     Identify any 2-force members (simplify the problem) 

    Analyze the members .  FBD, F = 0 , M= 0

      If a load is applied at a joint, place the load on only one of the members at 

that joint 



statically indeterminate, determine 

as many of the reactions as 

possible.

Identify any 2-force 

members

FBD, F = 0 , M= 0

If a load is applied at a joint, place the load 

on only one of the members at that joint



Ay

AX

M A

Cy

Find the reactions







6–72. Determine the horizontal and vertical components of force that 

pins A and C exert on the frame.

1000N

500N



6–68. Determine the force P needed to hold the 20-lb block in 

equilibrium.

p p

2p

2p 2p

4P = 20

P= 5 lb



Find the reactions
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Beams – Types 



For each cross section, there is a shear force V and a bending moment M and 

a normal force N.

Internal Forces

N

– Shear Forces   

– Bending Moment  

– Normal Forces

Internal Forces Developed in Structural Members



Sign Convention

N+

N+
a shear force, which tends to rotate 

the beam fibers in the clockwise 

direction, is a negative shear force 

whereas a force that tends to rotate 

the beam fibers in the counter 

clockwise is positive.

Negative Moment

Positive Moment



Internal forces 

at point C

OR

Internal: moments, shear, and 

normal forces at point C



General Solution Scheme

The general scheme for finding the internal set of 

forces is

a) Draw the free-body diagram

b) Determine the support reactions

c) Apply the equations of equilibrium

x y z

x y z

0          0          0       

0        0        0

F F F

M M M

  

  

  

  



Determine the axial forces at point B and C,

x BC

BC

50 kips 10 kips

60 kips

F F

F

   





x CD

CD

10 kips

10 kips

F F

F

  







Find the axial force, shear force, and bending moment acting 

internally on the beam at D.

6kN 2kN

3.46

6 kN

3.46 N

3.46 N N

V

M



Free body diagram 

of the portion left (or 

right) of the cross 

section at x (0 < x < 

4 m)

Internal forces at distance x from A



Force Diagrams

Force diagrams show the all of the internal 

forces acting in the member.

1) Axial Force Diagram

2) Shear Diagram

3) Moment Diagram





     

y By D

By D

B D

D

By

0 20 kN 40 kN

60 kN

0 20 kN 2.5 m 40 kN 3.0 m 5.0 m

14 kN

46 kN

F R R

R R

M R

R

R

     

  

   

 

 





sections 1-1.

section 2-2

section at 3-3.

section 4-4.



Shear and Bending moment 
Diagrams

• Draw the free-body diagram

• Solve for reactions

• Solve for the internal forces (shear, V, 

and bending moment, M)

In order to generate a shear and bending 

moment diagram one needs to



Location (m) Shear (kN) Moment (kN-m)

1 0 -20 0

2 2.5 -20 -50

3 2.5 26 -50

4 5.5 26 28

5 5.5 -14 28

6 7.5 -14 0

7 7.5 0 0



600lb

7000 lb.ft

600 lb

7000lb. ft

4000 lb.ftMD ( lb.ft) 

SD ( lb) 





V (k)

M (k.ft)

V (k)

M (k.ft)

w (k/ft)

Concentrated Loads:

 Shear forces are consistent in magnitude.

Therefore, shear diagrams are flat lines (no

slope; horizontal).

 Moment vary linearly between

concentrated loads. Therefore, moment

diagrams are composed of sloping lines for

concentrated loads.

Uniformly Distributed Loads:

 UDLs produce linearly varying shear forces—shear
diagrams consist of sloped lines.

 UDLs produce parabollically varying moments;

therefore, moment diagrams are curves.



d

d

M
V

x


21

2 2 2 8

wL L wL
M

  
   

  

Note that the slope of the 

moment diagram is equal 

to the shear.



w=2 k/ft

15 ft 15 ft

w=30 k

45

V (k)

M (k.ft)

15

15

45

450
450

450

lbRR

PwlRR

BA

BA

452/302/302

2/2/





For the beam shown draw the shear and moment diagram:



4m 2m 2m 





Draw shear and moment Diagrams

1.167 32.167



For the beam shown here draw the shear and moment diagram:

24

w=1.5 k/ft

3k

12 ft 4 ft

7 k 20 k

7

11

9
3

X=4.67

12-x =7.33

16.3

40.3

2416.3

M(k.ft)

v(k)



RAx

RAy

RC

 

    

x Ax

y Ay C

Ay C

A C

C Ay

0

0 20 kN/m 6 m

120 kN

0 20 kN/m 6 m 3 m 9 m

40 kN & 80 kN

F R

F R R

R R

M R

R R
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Centroid of an Area



The centroid of the area coincides with the center of symmetry.



Locate the Centroid of the area shown 














A

A

A

A

A

A

dA

dAz~

z
dA

dAy~

y
dA

dAx~

x





9.3 Centroids – Composite Bodies



Composite Bodies

Ai xi yi zi xiAi yiAi ziAi

1

2

Sum Ai Aixi Aiyi Aizi

i i

T

i i

T

1

1

x x A
A

y y A
A











Find the centroid of the given area

A2

A1

i i

T

i i

T

1

1

x x A
A

y y A
A









Body Area(mm2) x (mm) y(mm) x*Area (mm3) y*Area (mm3)

Triangle 3600 40 40 144000 144000

Square 12000 60 110 720000 1320000

Sum 15600   864000 1464000

centroid (x) 55.38 mm

centroid (y) 93.85 mm



For the plane area shown, determine the first moments 

with respect to the x and y axes and the location of the 

centroid.

23

33

mm1013.828

mm107.757









A

Ax
X mm 8.54X

23

33

mm1013.828

mm102.506









A

Ay
Y mm 6.36Y
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Moment of Inertia



Moment of Inertia   ( MoI) ( second moment of an 

area (m4)

Definition of Moments of Inertia for Areas:  Used in formulas for Mechanics of 

Materials, Fluid Mechanics, Structural Mechanics

The moment of inertia is found by integrating

2

x

Area

2

y

Area

I y dA

I x dA









2

Area

jo dA  r

Jo is the polar moment of inertia about the pole O or Z axis

X

X

Y
r

dA

A



Solution







Moment of Inertia  for simple shapes



r



Moments of Inertia for Composite Areas

Composite area consists of group of connected 

simple shapes.

If MOI of parts about common axis can be 

determined, then MOI of the composite is 

algebraic sum of parts.



Bodies Ai yi yi*Ai Ii di=yi-ybar di
2Ai

i i

i

y A
y

A




 

 

2

x x
i

2

xi i i

I I d A

I y y A

 

  



 

Procedure for Analysis

Composite Area Moment of Inertia about reference axis.

1.0  Composite Parts. Divide area into composite parts.  Indicate perpendicular 

distance from centroid of parts to reference axis.

2.0  Apply Parallel Axis Theorem. Determine MOI of each part about centroidal 

axis parallel to reference axis.  Use parallel axis theorem to calculate MOI of 

parts about reference axis.

3.0  Sum MOI of parts. Calculate MOI of component by summing MOI of parts.  If 

any part is a “hole”, subtract the MOI of hole in making summation.

MOI about the centroid of composite  the section





 
2

x xi i i

4 4 460 in 144 in 204 in

I I y y A  

  

 

Bodies Ai yi yi*Ai Ii di=yi-ybar di
2Ai

1 18 1 18 6 -2 72

2 18 5 90 54 2 72

36  108 60  144

ybar 3 in.

I 204 in4

4

x
x 2

204 in

36 in

2.38 in.

I
r

A
 



Find Ix and rx ( x- axis passing through the centroid 

of the section
Bodies Ai yi yi*Ai Ii di=yi-ybar di

2Ai

1 18 1 18

2 18 5 90

36  108

3
i i

2

i

108 in
3.0 in.

36 in

y A
y

A
  





1 mm

1

2

3

Find the centroid of the 

area shown    X  , and Y 

X
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Tension, Compression and Shear



Load Carrying

System

Internal

Forces

Stresses 

& Strains

MATERIAL 

PROPERTIES

APPLIED LOAD

(External Forces & 

Reactions)

•Normal Forces

•Shear Forces

•Bending Moments

•Twisting Moments

DEFORMATION & STIFFNESS

Equilibrium

E, n, a



Normal Stress and Strain

Prismatic bar: is a straight  structural member 

having the same cross section throughout its 

length 

Axial force: A load directed along the axis 

of the member resulting either tension of 

compression in the bar.

F

F

Non prismatic member with non uniform stresses



L

L+

Prismatic Bar in tension

P

P

P

  =P/A

Normal Stress in the Bar

Sign convention:

Tensile Stress:  Positive

Compressive stress: Negative

+

-

Stress

N/m2= (Pa)

Normal Stress



x

y

z x

y

z

Limitations

The equation  =P/A is valid only if the 

stress is uniformly distributed over the 

cross section of the bar. ( the load acts 

at the centroid of the cross sectional 

area) 

For homogeneous materials and 

uniform stress in prismatic bar 



Normal Strain ( Axial Strain)

L

L+

P

P

   =  / L

Eg.  A steel bar having L = 2.0 m and 

diameter D= 50mm, when loaded in 

tension  with tensile load  P= 30kN the 

bar elongated by 1.4 mm. What is the 

axial stress and strain? 

1.4 mm

2*1000mm
= 7x 10-4

   =  / L =

 =P/A = 30 / (  (0.05)2/4)= 0.05887 

kN/m2 ( kPa) 



26 kip

Example 1-1

A short post constructed from a hollow circular tube of Aluminum supports a 

compressive load of 26 kips. The inner and outer diameters of the tube are d1 = 4.0 in

and d2 =4.5 in respectively, and its length is 16 in. the shortening of the post due to 

the load is 0.012 in. 

Determine the compressive stress and strain the post. 

 =P/A = 26 / 3.338

= 7.790 ksi

Cross section Area ( A) = ( 4.52 - 4.02)/4=

3.338 in2

 = / L = 0.012 / 16

= 750 x 10-6  in/in





2500#

=1.25”

=2.25”

section1

section2

section1

section2



normal  force diagram



Mechanical Properties of Materials

The design of machines and structures so that they will function 

properly requires that we understand the mechanical behavior of the 
materials being used.

Tensile Testing Machine

Gripping Devices

Tensile Testing 

Tensile tests are carried out by 

gripping the ends of a suitably 

prepared standardised test 

piece in a tensile testing 

machine and then applying a 

continually increasing uni-axial 

load until such time as failure 

occurs 



                           

            

Tensile Test Specimen

Cross section

Cross section



Stress- Strain Diagram

stress-strain curve or 
diagram gives a direct 

indication of the material 

properties.

• Engineering stress

=P/A0

• True stress

=P/A

• Engineering strain

=(l-l0 )/l0

• True strain (Logarithmic strain)

=ln(l/l0 ) =ln(A/A0)

• Volume must be the same Al= A0 l0



 =P/A

   =  / L

Necking

E

1

Strain HardeningPerfect plasticity 

or yielding

Elastic 

Linear region

Strain Hardening 

It is an increase 

in stress levels 

in the stress-

strain curve at 

large 

deformations 

before ultimate 

strength is 

reached.



Linear relationship between stress and strain

Strain is temporary, meaning that all strain is fully 

recovered upon removal of the stress

The slope of this is called the elastic modulus

Elastic behavior

A
B

Elastic

strain

plastic

strain

When load is removed  ( unloading) 

it goes in a path parallel to the  

elastic modulus line

Residual strain 

Plastic deformation

Permanent set

Elastic

recovery

When material reloaded  

The new 

proportional limit 

due to hardening



E . Modulus of Elasticity ( Young’s Modulus) - Slope of the initial linear portion 

of the stress-strain diagram. The modulus of elasticity may also be characterized as 

the “stiffness” or ability of a material to resist deformation within the linear range.

Proportional limit : is the maximum value of the stress from the 

stress-strain diagram, where the stress and strain are proportional

Elastic Limit  : is the maximum stress for a material to behave 

elastically, - the specimen will return to its original undeformed shape if 

the load is removed so long as the stress is below the elastic limit. 

Yield Point: This defined as the maximum stress on stress-strain 

curve, where there is an appreciable increase in strain with no increase 

in stress. It is generally easier to determine than the proportional limit 

or elastic 

Some materials do not exhibit a distinct yield point



Yield Strength :It is the stress which induces a specified permanent set. 

This is useful for materials which have no well defined yield point. The 

offset method is generally used to determine yield stress 

Tensile strength: the maximum stress applied to the specimen.

Failure stress: the stress applied to the specimen at failure (usually less 

than the maximum tensile strength because necking reduces the cross-

sectional area).

Ductility 

It is the ability of a material to deform plastically.

Two measurements of ductility:

Percent (%) elongation of the member = ( Lf - L0 ) / (L0) * 100.0

Percent (%) reduction in area at the location of fracture

% Area = ( A0 - Af ) / ( A0 ) * 100.0 



The yield point may be determined by the offset method . A line is drawn on 

the stress-strain diagram parallel to the initial linear part of the curve but is 

offset by some standard amount of strain, such as 0.002 or 0.2%). The 

intersection of the offset line and the stress-strain curve (point A in the 

figure) defines the yield stress. 

0.002



Materials that fail in tension at relatively low values of strain are classified 

as brittle materials. Examples are concrete, stone, cast iron, glass, ceramic 

materials, and many common metallic alloys. These materials fail with only 

little elongation after the proportional limit (point A) is exceeded, and the 

fracture stress (point B) is the same as the ultimate stress 

Ordinary glass is a nearly 

ideal brittle material, 

because it exhibits almost 

no ductility whatsoever 

Failure of a brittle material



• The true-stress vs. true-strain curve is a plot of the stress in the sample at its 
minimum diameter, after necking has begun, vs the local elongation. 

• This more accurately reflects the physical processes happening in the material, 
but is much more difficult to measure than the engineering stress and strain, 
which divide the applied load by the original cross-sectional area, and the total 
elongation by the original length.



Brittle and Ductile Metal Comparison

tensile stress-strain diagrams for brittle and 

ductile metals loaded to fracture.

Toughness: the total area 

under the curve, which 

measures the energy 

absorbed by the specimen in 

the process of breaking

Modulus of resilience:

the area under the 

linear part of the curve, 

measuring the stored 

elastic energy



Stress-strain diagrams for compression have different shapes from those for 

tension. Ductile metals such as steel, aluminum, and copper have 

proportional limits in compression very close to those in tension, hence the 

initial regions of their compression stress-strain diagrams are very similar to 

the tension diagrams. When yielding begins, the behavior is quite different. 

In a tension test, the specimen is being stretched, necking may occur, and 

ultimately fracture takes place. When a small specimen of ductile material is 

compressed, it begins to bulge outward on the sides and become barrel 

shaped. With increasing load, the specimen is flattened out, thus offering 

increased resistance to further shortening (which means the stress-strain 

curve goes upward 

Compression  Stress Strain 

Diagram



Ductile Material – Materials that are capable of 

undergoing large strains (at normal temperature) 

before failure. An advantage of ductile materials is that 

visible distortions may occur if the loads before too 

large. Ductile materials are also capable of absorbing 

large amounts of energy prior to failure. Ductile 

materials include mild steel, aluminum and some of its 

alloys, copper, magnesium, nickel, brass, bronze and 

many others.

Brittle Material – Materials that exhibit very little 

inelastic deformation. In other words, materials that 

fail in tension at relatively low values of strain are 

considered brittle. Brittle materials include concrete, 

stone, cast iron, glass and plaster.



Linear Elasticity, Hooke’s Law and Poisson’s Ratio



Isotropic – Isotropic materials have elastic 

properties that are independent of direction. Most 

common structural materials are isotropic.

Anisotropic – Materials whose properties depend 

upon direction. An important class of anisotropic 

materials is fiber-reinforced composites.

Homogeneous – A material is homogeneous if it 

has the same composition at every point in the 

body. A homogeneous material may or may not be 

isotropic.

x

y
z

 ( lateral strain) = - n   



A high-strength steel bar used in a large crane 

has diameter d = 2.00 in. 

Because of clearance requirements, the 

diameter of the bar is limited to 2.001 in. when 

it is compressed by axial forces.

What is the largest compressive load Pmax that 

is permitted?

= 2.00 in

E 29 x 106 psi 

n = 0.29.

2.001-2= 0.001”





Average Shear Stress

average shear stress at the section, which is 

assumed to be the

same at each point located on the section

V = internal resultant shear force at the section  

determined from the equations of equilibrium

A=  area at the section ( parallel to the shear force 





Double Shear



The bolted connection is subjected to a tensile force 

of P= 91kN. The diameter of the bolt d= 22mm. 

Determine the average shear stress in the bolt in 

(MPa)

P

Cross section area of bolt = 380.13 mm2

Shear stress (  ) =  91x 1000 N /( 2*380.13) 

= 119.7 MPa



Allowable Stress and allowable Load

Factors to be considered in design includes :

• functionality, 

• strength, 

• appearance, 

• economics and 

• environmental protection.

Factor of Safety  = strengthRequired

strengthActual
n 

The factor of safety must be  greater than one  to avoid failure

The allowable load = ( Permissible load or safe load) = (Allowable stress) ( Area)

P allow = allow A 



Allowable Stress and allowable Load

Factors to be considered in design includes functionality, 

strength, appearance, economics and environmental 

protection.

Factor of Safety  = 

strengthRequired

strengthActual
n 

The factor of safety must be  greater than one  to avoid failure

The allowable load = ( Permissible load or safe load) = (Allowable stress) ( Area)

P allow = allow A 



The factor of safety is a number greater than unity (n>1).

The allowable stress for a given material is:  the maximum 

stress the material can take (normally the ultimate or yield 

stress) divided by the factor of safety.

allowable stress



Design for Axial Loads and Direct Shear

Analysis: Given the structure and loads, determine stresses and strains.

Design: Given the loads and allowable stresses, determine the properties

of the structure.

Design for axial loads and direct shear entails finding the required area to
carry the loads

Other design considerations include

• Stiffness: Designing the structure to resist changes in shape.

• Stability: Designing the structure to resist buckling under compressive loads.

• Optimization: Designing the best structure to meet a particular goal.



Design of Simple Connections



The two members pinned together at B. If the pins have an allowable 

shear stress of τallow = 90 MPa, and allowable tensile stress of rod CB is 

(σt)allow = 115 MPa

Determine to nearest mm the smallest 

diameter of pins A and B and the 

diameter of rod CB necessary to support 

the load.

F.B.D



Diameter of pins:

dA = 6.3 mm

dB = 9.7 mm

dA = 7 mm dB = 10 mm

Choose a size larger to nearest millimeter.









Stress acts on the perimeter surface of the slug. To compute

the shear stress at failure, divide the applied load by the area

of the slug perimeter

Punch Shear 





















Hooke’s Law in Shear

The constant G is called the shear modulus 

and relates the shear stress and strain in the 

elastic region .

•It is also used to relate shear and elastic moduli 

                           

y

x

xy

yx

+
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thermal stresses



Saint-Venant’s Principle  (discovered by Barré de Saint-Venant in 1855)

A sufficient distance away from the point of application of the load, the 

stresses will be identical for any load with the same resultant force.

Localized deformation occurs at each end, and the deformations 

decrease as measurements are taken further away from the ends



Introduction

Axially loaded Members :  Structural components subjected only to 

tension or compression

( solid bars, cables, coil springs)

eg. 

Truss members

Connecting rods in engines

Columns in buildings



Typical cross sections 

of structural members.



Cables

Cables are used to transmit large tensile force.

Cables are constructed from large number of wires wound in 

some particular manner.

The cross sectional area of a cable is equal to the total cross sectional 

area of the individual wires, called the effective area or metallic area. This 

area is less than the area of a circle having the same diameter as the 

cable because there are spaces between the individual wires



Horizontal beam ABC ( rigid) supported by two vertical bars.

L= 480 mm

A= 1020mm2

A
=

 5
2

0
m

m
2

The bars are of steel  E= 205 GPa

Find the maximum allowable load P max. if the 

displacement of point A is limited to 0.1mm

FCE=  2P     FBD=  3P 

BD (3P) 480/ [(205e9N/m2)  ( 1020)] = 6.887 P E-6 mm

CE (2P) 600/ [(205e9N/m2)  ( 520)] = 11.26 P E-6 mm

)A + 11.26e-6P) / (450+225) = ( 6.887Pe-6 + 11.26Pe-6)/  225

P = 23200 N



Changes in Lengths of Non-Uniform Bars

1



Several  constant loads are applied: 

Cross-sectional areas are constant

Material is homogeneous and isotropic



2



20”

0.25 in2

34.8”

0.15 in2

E = 29.0 x10^6

28” 25”

Example  : Calculate the vertical displacement C at point C

2100 lb

5600 lb

Use equilibrium equations for member BDE

Then P3 = 5000 lb

Use equilibrium equations for member ABC

Then RA = 2900 lb
C = 0.0088 in 



Required the minimum thickness





3



Thermal Stress





What is the thermal 

stress developed in 

the Bar?



Example:

Two copper  bars and aluminum bar are fixed at the bottom as

shown in the figure. The top ends of all three bars are supposed to be welded to a 

rigid steel plate. The aluminum bar, however, is a little shorter ) δ= 0.1 in.) than the 

copper bars and it had to be heated to make it extend to the same length as the 

copper bars to complete the welding

What is the temperature increase, ΔT )ºF), that is needed to bring the

aluminum bar to the same length as that of copper bars?



After the welding is done the temperature returns to normal, what will  the 

stresses be in the aluminum bar and the copper bars, respectively?

The free-body diagram shown below indicates that force in the aluminum bar

must balance the forces in the two copper bars. The copper bars will be 

shortened and the aluminum bar be stretched.
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 Pure Bending and Nonuniform Bending 

Pure bending = No shear, 

Simple Beam in pure  

bending (M = M1). 

 

Cantilever Beam in 

pure bending (M = M2). 



Simple beam with central 

region in pure bending 



 Curvature of a Beam 



Sign Convention for Curvature 



Longitudinal Strains in beams  

•   xy    plane is a plane of symmetry 
 

•   Loading is applied in xy plane 
 

•   Beam deflects in xy plane  
 

•   Thickness of the beam, h, remains unchanged 
 

•   Axis of the beam coincides with the centroidal  line of the cross 

     section ( 



1. Cross sections (mn and pq) remain plane 
 
2. Cross sections remain perpendicular to the axis of the beam 

 
3. For positive moments (hence positive curvature), lines on the lower part of the 
beam (nq) are elongated; those on the upper part (mp) are shortened 

 
4. Somewhere between top and 
bottom there is a line whose length 
 does not change, and is called 
 “Neutral Axis” 



Normal Strain Due to Bending 





What is the normal strain?  



Normal Stress Due to Bending 

Centroid 



Flexural Formula 

The resultant moment of the normal stress over the cross section 

must equal to the applied moment M 
 





Maximum Stresses at a Cross Section 











 The beam is constructed of a glued laminated 

wood  . Determine the maximum  compressive 

and tensile stresses in the beam due to 

bending? 

23.59 k 21.41 k 

1. Find reactions 

2. Draw shear and moment diagrams 

3. Find maximum moment 

4. Find the centroid location and moment of inertia 

5. Calculate the stresses 

 

NA 



Prob. 5.16 Max. Tensile and compressive stresses 

in the beam 

3m 75mm 

5.4 kN 
1.2m 

100mm 75mm 

25mm 

2.16 kN  3.24 kN 

3888 N.m 



Example 5-4: Determine the maximum tensile and 

compressive stress in the beam 

Cross section 

3.6 k 
10.8k 

Max. comp 

Max. tension 













 Beams With Axial Loads 

These equations assume linearity  

of structures  

Means supperposition is applied  

Therefore if different load types 

are simultaneously applied  

Resultant stress 

distribution found 

by superposition 





Examples of composite beams: 

(a) bimetallic beam, (b) plastic-

coated steel pipe, and (c) wood 

beam reinforced with a steel 

plate. 

Sandwich beams with: (a) plastic 

core, (b) honeycomb core, and (c) 

corrugated core. 

  Composite Beams 

A composite beam is composed of two or more elemental 

structural forms, or different 

materials, bonded, knitted, or otherwise joined together. 

Composite materials or forms include such heavy handed 

stuff as concrete (one material) reinforced with steel bars 

(another material); high-tech developments such as tubes 

built up of graphite fibers embedded in an epoxy matrix; 

sports structures like laminated skis, the poles for vaulting, 

even a golf ball can be viewed as a filament wound 
structure encased within another material. 

 



(a) Composite beam of two 

materials, (b) cross section 

of beam, (c) distributions of 

strains of ex  throughout the 

height of the beam, and (d) 

distributions of stresses sx   

in the beam for the case 

where E 2 > E1. 



 

1. Transform the cross section of a composite beam into an equivalent cross section (of an 

imaginary beam composed of only one material)  is called the transformed 

section 

2. Analyze the transformed section as customary for a beam of one material . 

 

3. Convert the stresses back to the original beam . 

 

4. Modular ratio 

 

5. The dimensions of area 1 remain unchanged, and the width of area 2 is multiplied by n ( .

all dimensions perpendicular to the neutral axis remain the same) 

A similar procedure can be used to transform the beam into material 2 or a completely different 

material. One can also extend this technique to cover beams of more than two materials. 

Flexure 

Formula                               

Transformed Section Method 



After the section is transformed all calculations are made using the transformed 

cross section, just as they would be on a beam of one material. The neutral axis of 

bending is at the centroid of the transformed section and flexure stresses are 

calculated with the flexure stress formula . 

One final step is required to return to the original cross section. If in going from 

the stress state in the transformed material we find a reduction in area then we 

must increase the stresses accordingly to carry the same load. Conversely if we 

increase area then we reduce stress. Those portions of the cross section which 

were unaltered in the transformation process carry the same stresses on both the 

original and transformed sections . 



• Consider a composite beam formed from 

two materials with E1 and E2. 

• Normal strain varies linearly. 


e

y
x 

• Piecewise linear normal stress variation. 


es


es

yE
E

yE
E xx

2
22

1
11 

Neutral axis does not pass through 

section centroid of composite section. 

• Elemental forces on the section are 

dA
yE

dAdFdA
yE

dAdF


s


s 2
22

1
11 

 
 

1

211
2

E

E
ndAn

yE
dA

ynE
dF 



• Define a transformed section such that 







or 





What is the thickness t of the steel plates 



Problem 6.3-12 What is the maximum allowable bending moment for the beam ? 



Reinforced concrete sections 



Reinforced concrete beam with longitudinal reinforcing bars and 

vertical stirrups.  



• Concrete beams subjected to bending moments are 

reinforced by steel rods. 

• In the transformed section, the cross sectional area 

of the steel, As, is replaced by the equivalent area 

nAs where  n = Es/Ec. 

• To determine the location of the neutral axis, 

   

0

0
2
2

2
1 



dAnxAnxb

xdAn
x

bx

ss

s

• The normal stress in the concrete and steel 

xsxc

x

n

I
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ssss
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• The steel rods carry the entire tensile load below 

the neutral surface.  The upper part of the 

concrete beam carries the compressive load. 

Reinforced Concrete Beams 



A concrete floor slab is reinforced with 5/8-in-diameter steel rods.  The modulus of elasticity is 29x106psi for 

steel and 3.6x106psi for concrete.  With an applied bending moment of 40 kip*in for 1-ft width of the slab, 

determine the maximum stress in the concrete and steel. 

SOLUTION: 

• Transform to a section made entirely 

of concrete. 

• Evaluate geometric properties of 

transformed section. 

• Calculate the maximum stresses in 

the concrete and steel. 

  22

8
5

4

6

6

in95.4in 206.8

06.8
psi 106.3

psi 1029

















s

c

s

nA

E

E
n

• Evaluate the geometric properties of the transformed 

section. 
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• Calculate the maximum stresses. 
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Shear stresses in beams 



Shear Stresses in Rectangular Beams 

b 

Parabolic Distribution 



 Determine the normal and shear stresses at Point C 

Cross section 



 what is the Maximum Permissible Load 



Allowable P= ? 



 Shear Stresses in beams of Circular cross section 

The exact distribution of shear stress in a beam of 

circular cross section is very complicated and 

only that along the neutral axis can be determined 

relatively easily. 



 Shear Stresses in the Webs of Beams with Flanges 



Shear Force in the Web:  = (The 

are of he shear stress diagram  x 

the thickness of the web) 

V = [min h1  + 2/3 h1 (max - min )]t 

= t h1/3 ( 2 max+ min ) 

Shear force in the web is 90% -

98% of the total shear force V 

acting  on the cross section 

 

        Assuming the web carries  

        all of   the shear force…  

         avg = V / th1   

 



 Built-Up Beams and Shear Flow 





Shear Force in Fasteners : 

In many applications, beam sections consist of 

several pieces of material that are attached together 

in a number ways: bolts, rivets, nails, glue, weld, etc. 

In such so called built-up sections we are interested 

in knowing the amount of shear stress and the 

resulting shear force at the cross section of 

fasteners or over the glued surface . 



Ex. 5-16 The plywood is fastened to the flanges by wood screws having an allowable load 

in shear of F = 800 N each if the shear force V acting on the cross section = 10.5 kN. 

Determine the max. permissible longitudinal spacing s of the screws.  

Use 45 mm 



Find the spacing for each case 



I 
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 Torsion Deformation of a Circular Shaft 

Torque is a moment that twists a member about its longitudinal axis. 

1. Radial lines stay straight 

2. Circles remain circular 

3. Longitudinal lines twist into helix. 

Angle of twist (  ) is defined as the rotation of a radial line from a fixed end to a cross section 

some distance x from the end. 

Units N.m or  Ib.ft 



Bar subjected to torsion by 

torques T1 and T2. 

Sign Convention: 

Right-Hand Rule 

+ 
_ 

+ _ 



1. The longitudinal axis of the shaft remains 

straight 

2. The shaft does not increase or decrease in 

length 

3. Radial lines remain straight and radial as 

the cross section rotates 

4. Cross sections rotate about  the axis of the 

member 

 

The right end will rotate with respect 

to the left end of the bar. The angle of 

rotation = Angle of twist  . It changes 

along the length L of the bar linearly.  

Limitations 



Before torque application 

after torque application 

 

r 

d 

For pure torsion      max  = r  /L 

: Rate of Twist : 



Tensile and compressive stresses acting 

on a stress element oriented at 45° to the 

longitudinal axis. 

Determination of the resultant of the shear stresses acting on a cross section. 

The Torsion Formula 





Circular tube in torsion. 





Angle of Twist 



This rotation is called the twist angle φ. 

 The twist angle per unit of x-length is 

 called the twist rate :   = dφ/dx. 



Bar in torsion. 

D=30mm 

L=1.2m 







Non-Uniform Torsion 

Case 1. Bar consisting of Prismatic segments 

with constant torque throughout each 

segment 



Find the shear stress in each part of the shaft 

 Find the angle of twist  of point B relative to D     

Free-body diagrams. 













Thin walled Tubes 

Shear stress and shear flow 

Shear flow =   . t  



Cross section of thin-

walled tube. 

Torsion formula for thin walled tubes 

f 

b 

f f ( 

2t  Am 



Thin-walled circular tube 

Thin-walled rectangular tube. Am =   r2  

Shear stress constant around the 

cross section 

2t  Am 

T 

2  t r2 
= 

Am =  b h  

T 

2 t1 b h 

T 

2 t2 b h 

vert = 

Horiz = 



Angle of twist  for a thin-walled tube 

J Tensional constant of thin walled 

tubes of constant thickness  Tensional 

rigidity 

m 





t = ? 


