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Chapter 1
Preface introduction
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Comparison between Discrete & Analog Devices:

DSP:

Jor High order filter, it is simpler, more accuracy, no aging

more apps like adaptive filters( Varactors ) due to wireless ch. (motion)
high flexibility ( Software Defined Radio ): can switch from FM to CDMA
by switch; because it's a program.

Limitation:
Complexity: high sampling rate
Cost, size.

Analog:

But:good for simple filters. deal Fiter

limited by 60 dB at cut off freq. ‘ \ s B
(\,est) $o




Chapter 2
Discrete-time
Signals and Systems
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X

X(n)2 X(t=nT) '

Monday

't 27 3¢

Some basic signals:-
1) unit sample sequence

S (n):E J

0 ndo

IS (n)

h=2 h>2 O

u(n]:il
o h<o

I w(h)

Ur(n)=) h
(4 h
I (v

L-tlpo V\ 2
Classtification of signals:-
Energy signal: Power signal:
F- i \th)\7 . X(O) i an energy P=Lim ’ é/ \X(n)\z. X(n) B g power
h=—ee Mmoo 4| n=p

Signal z—'.‘_f-i) o< E<o0

Periodic / Aperiodic signals:

x(n) is periodic with period = N if x(n + N) = x(n)
N: smallest integer satisfying condition.

,(:')mtl é) o P <e0

If there is no N-value satisfying condition, x(n) is Aperiodic.

EXA:  xin= 5n (25, n)

Solution EXA: determine periodicity

SivBT fo(aww)) = Sin(271 fon) a) %= eslo.o) i)

s N ),

00

st ()

S (270 n 425 fopr)

forv= k (i».}eje,v)

(1)

fet —[F7]

> h )n}l’e/ n= ("’"/ ”)

2) unit step signal 3) unit ramp signal

hz, e

o

EXA: LA xih=ul)

fin 1 2 \xm\
F= N —oo 24+ Nn=_p i
st __\ é’i

e I 24| n=o

e fim NH _|fo

= o < oo
NpoO 2/ +| <]>

’o X[h):lll(h) h _a Wower 5ijﬂﬂ|.

£, = k g inkegor & X0 s goriedic wibn gerisdaos (p=200).
‘ /\Jv-—— 2
\’ Va bional
EXA: A= g, 2T EXA: x(n)= Sin3n
o
- w5 =1 1\,95,.;?\ = 5/14 27 (%)n
Jox \Lf vational—  X(n) i ?M'W{f(- Jo= % — NoT ralional.

s X)) Y NoT ﬁ)erio/ic



Find periodicity:

X (W) = cos '\\‘Zn __5)5-1_%"\_ + 3“5( 1,_’Q+"?")

Xz

X\ Aq.
le“):C"‘z"—l‘:—h_,\ 'rﬂ:‘lq(P"""/{M) M= 4

. . -4 . -
Koln) = Sin T_E_P\_ssihl‘ﬂ'T\z.r\ — ?.- i KPW) M= \b

X3(V\)=Gl(1.$ k—‘.g,_) = c,s(hr,%y\ + :\f}.) —f,= .;_ (0“')’"3‘—‘8

2 X(n) i pmaa(’,z N= }_C/r[ﬂ;;/“z,r’gj = Lemly p,8l= 1
Leas
Commen

Mulbiple

ERY.

Symmetric (even) and Antisymmetric (odd):
x(n) is even (symmetric) if x(-n) = x(n) even

x(m) is odd (Antisymmetric) if x(-n) = -x(n) odd

X (n) ()
Il [l
even oo(/ f, i l

Xe ()= L[ xtm)+ % (-n)]
X))z Xe ) + Xotw)  — @O r

X(-n) = Xoln) 4 Xo Lw)
- X lwy — Xoln)y @

Xo (n) = LT % (n) = si=+]]

ignal : 31 1 ‘f (ml'hu! ’/j wr’"l""j f(ifcrfsz-éime- Sijnt\)

@
,,_‘ 2 2 3
@x(h)= looo oo 02 23 4 o o...]
T
h=o

Manipulation in time: 1 tr
Shift in time:- y '[ T
x(n - k) is a delay of x(n) by k-units ( shift to the right by k-units ) T, ——
+ve. jnteger Hen- 2
x(n+k) is a shift left by k-units. AT
Cra)
Reflection (folding):- x(n)—X(¥) P
‘ X(n) \ X(-n) T T T .
\ X -2 -1 9 |
R EL i)
Reflection + Shift  x(-n+2) = x (-[n-27)
1- fold x(n). AX(n) AX(=ha2)
2- shift right by 2. ! o ‘
\ ° t o
[l — o [
2 -\ o 2 vt 2 3 4



Discrete-time System:

Is a device or algorithm that operates on a discrete-time input signal to
produce an output discrete-time signal according to mathematical expression
or any rate.

EXA:
Yinlexn)  delay sy =0 gledz Xem) =)
X(h):foﬂ 2 1\‘ = Sj vi= | lﬂLl)_— X(\-‘l)':XLU)
Wiz o 2 | 3 57 n=2  ylz2)=xl1)
T
n=0
EXA:

) = L0 tlas) x4+ x(n=)] i moving  avg ;n.}

X(n)= fpp_..ao"}/ 2/1);/|)1,'5/9 o .-_j

n=e

0\5 N=o ‘9(.0):_-%— [X(\) -\-)((0)+X(—|)j n=1\ ‘ﬁ('): ——\ffx(z)ﬁ')(ll) -'\’)((")j
_,3_[ -\—D+J /3 - 3[2 —\—‘—\-OJ
am:Eoo.--o,t,g,z/l/%,l/z,%,l/o_-_]

Elements of discrete-time system:

%Ln)

—_\ nw) = X (n "
A/(/(% )&1,L-f-)_/§>~_-wL T > Digitdl Ajﬂ(/

Gn//énhl‘
Melliplier ) \f}_;, Yl = ax ) = Dighal  Mlbipliee
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Signal X (H]—)% Y= X(n) Xo ()

Mull iglier X0

Unit ,&/ay X (n) 2“ . Y(n) = X -) Causal = Slq AL reﬂa}s‘fer.
element

N\ Ny

Uni{ M(\loll’\(e X(n)—s
e[emevrlr

= > Y(n)=X(n4) like voice vecogmition. = v

EXA: j(V\l= -‘\T Y(n-1) + .;. W) ¥ _!z-x(n_l)
constant cocSficients diff. eqh- @t(?- Y in block Aiagram.

Soluﬁon
X 2 + — Y (n)
s -!
t L T
z 5

Classification of discrete-time systems:
Static / dynamic system

A system is static or memoryless if y(n) depends on input samples at time (n)
only. Like:-
j W= 4a )((V'\)

[ éi
Y (n)= 1 Koy + b (n) Stalic

yin) = (nez) X (n)

A system is dynamic ( with memory) if y(n) depends on previous or future
x(n). Like:-

ﬂ(n)= X(n) 1 3*(n-Y ijmmic.
Y(n)= 2 X0+ 5 XN

Time-invariant, time-varying:
A system is time-invariant if
given X(N) —= yln)

implies X=K) 5 9ln-k)  for any xin) £ any k

Test of invariance of a system:
I_ Yn) = T Lxm]

2. Find Y(n-¥) —
I_ Delay ifp by kewwbts and heb oo 9ln) 2 TOx(n-k)]
d_-1f 9(a=y(n,k) = Sjslem s fime-invarient .

P bl



g())(;z:ﬁc(l)(:femnme invariance of JMW=In x| - Trem?
Y(n-k)= (n-k) X (n-¥)
3(V\;l<) :Tf)(("\-k)] = ¥n-k)
Y (V\-‘c) %+ lj(w;k) => S'gsfm " émc-vaginj.
EXA: Y(n) = xn) goUing
Solution
9()‘1——\(): X(— (V\—k)): X(-‘Vl + k)
y (n,x)=T[ X (=) Y= X(-nk) + Yn-k)
-Sgséem » Eimg~u,4./3'nnj.
EXA: Yin)= X(n) coswn
solution
Ylo=k)= X la-k) cosve(n-k) X) ‘,@_, Y(n)
\ﬂ(V\)k) é TEX(VI-—\()] = X(V\—k) Coswan Cas Won

Yla-k)# yn,k)  => Time- varying.

EXA: Yyn)= X)) =X (n-N)

Solution
Y(n-k) = Aln=k) - (- \e~1)

9losk)= % (k)= K(n-1-k) = yla-k)

[ime— inwrrient .

Linear / Non-linear systems:

a system is linear if
T [ axin+a, ] = a,Tlqtn]+ a, T %, (n)]
Test:-
= Lef X ()= &xw + & %50

&~
Z- Y(n) =T ()] Y ()= T )
3o Ay (Mg F Y0 9 ()= T K]
E1M\i\'3_—_>LihuY sj}f&m.

EXA: investigate linearity Yn)= x(n)
Solution
M X(0) = & X () A dy Ao (n)

W) = T a0+ dy Ko (n)] = A X (@) dy X )
Y (W= Tx ] =X (r)
Y, (W= Tx )] =5 ()

a, \j\ L"\) ‘\'ﬁz‘-ﬁl(h) = a\y\[\,\"“) - 41&(h7.) — j(n )
System ' _Linea




EXA: 9 (m= x(n
Solution
Ll X gt gt

Y& T Y Tt a xaw)]

T 2 1
= AX (W A X2(n) x2aq X (w) Xy (M)

'j\(V\):T (3w} = Xs(n) 4) 9(n) %Y, () F )
%(n): = *;(W) :a\\x}(v\uazx{(m)

Sytem B Nen- Linear .

EXA:  y(n)= Axtw+ B
solution
Lk X(N)=A X(n) + &y Xylw)

U)(V\> = AE“\)(\(V\’ A 47_)(1“\)] +'B: Ad\)(\(v\) ‘\'Aﬂl)(l(h) +-B
Y = TG )] =Ax, () +8
%: = Ax, () +03

A () + A2 Y,00) zahtyin) + 4, B 4 4 AX(0) £ 4, @ = a Pl sa Axn) + (4 4%)8 + Y(hn)

> /\/O/L/- [mear .

Causal / Anticausal systems:
A system is causal if output at time = n depends on input at present and
previous time ( x(n), x(n-1) ---) and not on future samples ( x(n+1), x(n+2)---)
EXA: y(n)= X(n) = X{n-)) CAusal
Yln)= X0+ 3xM+4)  Ankicausal
yin)= (n+2) x(n) Cansal

= X(-
yin)= x(n) fubwe

h=-1 = \)(-") = )((|)

h=1= y())= X (=) Anéimu!a‘

9("):. )((Zn)

n=2=> g(z):)((tﬂ An)—f CﬁMSdl.
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EXA: yin= ¥ (=)
ﬂ(z)——-x(q’) AV‘J'I' cous.

Response of LTI systems to arbitrary inputs (convolution sum):

LTl
A S ) b—sy(n)

AL = == =Xy S s X(a) S(0) 4 X() Sla=1) 4xf2) S (N-2)+- - -

- 4
= = X $(n-k)

ks-v

Deline:
h(vok)2 T &h-k]
Ylw= T L xm]
= TLE x0) stm)= £ TLx05ak)) Linewtty "

== %) T Steh) = Z «(1) hiwH)
k=—wo == 00

Yn) = és_wx(k) hinek) | = £ x0) h (=(k-n)

Convolution Sum

EXA: find the output of the LTI system whose ()= {1, 2,,-1%
For the input xin=11,2,2,} e

Solution , x(¥

3
2
- ‘I ] X T;h _ j(,)=2Xl+]><2=q.
hit) Y = Ix\ +2x2 +ix3 =3
2 y (== x\= |
1 | f > n % oulpat : ns(-, 5)

= 3{,?\): ["-D)ﬂ),) ‘f,B, B, 3 /-—'l)—\)o,p _._]

e

Properties of convolution:

1) commutative law:- X () % h) = him) X0

X(n) W = ) yon)
% () —s| b e g = ey s Yin)

2) associative law:-
[ X * hin) ) % hy() = x () % [_L.(n)* hatw )

'\(ﬁ)r
X("‘) Ym = X(n)—An, ) #hy(m) [ Y0)




3) Distributive law:- x(n) e [ hln) +h )] = X (n) xhitW) + Xn) % hy(n)

o Xd:- —
W h{n)= —D—@‘D‘
)((V\) m Lj(n) = X(h) — h‘(“) +h7_(“) ﬁ(.n)

LTI systems described by different equations:
Structures (block diagrams):-

N M
Yl = - 2 A9 + Z ¥k
k=| t:.o

indicale the order

1st order system:-

j (n)= — & 9[;4-]) Y Io,)((ﬁ) .\.\,‘x(y\_\)

be b,
X ) - D 9(n) X0 @ > 3@E——>Yn)
E. ] Tae, fodd 5
a"{cf fwm-—I Simalation Divr.m \f\-._('\)
x (n) —{ () ha(m) | 9(n) Xt @ > (EH—> (1)
o ‘315 <
~ M N
y(n) = _E a Y(n-k) +kZ by X (n=Ik) Orrect foem-I  simalation Diagram s Yeopwe Shift rzjix/ars.
= =0

AL BNy

Yy(n)

?

I —an T

EXA: Ytn) =-29y(n-" + 29(n-2) +g(n-3)+ 4 x(n)-3x(m-)+5x(n-3)
Solution
Xn) Y(n)

L{

o~

=l
-3
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Wednesday 2/20/13
EXA: y(n)= ~29(n)) 4 3Yym-2) p9n-3) +4X (R) =3 L) 4 5XN=3)
Solution
Dire et form -I pirect forM—]I
: )

EXA:
AN

Solution

Yn)= _ljfxtmx ta=3)] 49 (n-1)

EXA: -\ -
X(ny——| 2 __)| 2

solution

> Y (n)

Y(h) = Lxn-2)+Ly(n-) +1y-3)

EXA:
) 5|2\

A\

A9

Ae

<+

0

Solution ’@“@_@_ A X(-) x a0 XM) = v (W)

Ym) = &y la-r) b uilb)
= A & Xln-2) + Aox(n-) ] 4 & X (n-)) +a0x(n)

= GoX(n) 4 (A, +Ga;) X(n=) X M A X(n-2).

Correlation of discrete - time signals:

Fxy U= f:' A In-f) - :%. Xaf)Y (n) E rey ()= ryx (-4)

Vp(l): 2 Y X(ng) = = Y (nef) Xw)




EXA: xtn) Solution

I [} Yg\j (0):@\*‘) 4+ @ i\ H¥2 :\
L ﬂ\3t.m)
A'jLV\) 12
42 \
\ o 1 Sn
1 - e 2 37
® -l 3 l 2 >h l’"
1 A &\j{l)=[—\*l)+o= -\

o’e_Kyy )L 2,920,243, 5/1[) =, =2,0,0])

[..o
Relation to convolution:

m(l)= <) » )(-1)

Iy =xw)
vax (£) = x (1) % x (4]

Y*ﬁll‘ = r# (—l)

Input - output correlation:
X(n) ) | yw
Vox(0) = 9(t) % x(-£) = Cyt)w b)) % x(-£) = hlt)x{ x(0)x (-0
vy x () = vix () » h(£)
L..;;M.ll, si)
v (D)= glt) #9(-£) =[x (2) % h(0)) % [ x(L8) & W)
ey )= nxll) % v, (D)

Radar detect:-

tﬁ(n) = L X(n=P) 4+ w(w

ey W) = 3 i) Ynt) = F XN Cax (w-L 2) + wint)]
= Vo (Q+ % Yax (L+P)

Y')(\) (-'V) = perx(ﬂ)-l» V)lw(-'D) j‘ er)((O)I >/ I Vxx (})\ }




Chapter
The
Z - Transform



AXM

] | > s et |
y3 -sé,
XM = o - = +x0=2) S(b+2) 4xd-) S( 1) +X(0)EH) + x Q) $H-) 4 - - S(t-b) e 5. 2
LOxw] . xlde 4 xl=1) &’y 2lo) 5 %(1) 25-) X(m)e'té--
St 2= i X&) = x(s)] ¢ D X)s A2 4 x(nz+ Ki) ¢ X 2" 4 x (2]
e=e
o
w {xC2l= o xmy 27 e : x=01, 47 5 x(z)= )57+ +7 = lx 4o
- —o2
h=o

Z vs S - plane:-

fln S g

2= eS= es-ﬂw = \(

Region of convergence:-

Is the set of z-values for which x(z) has a finite value.
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EXA: find Z-transform & ROC (region of convergence)

2 =Y =3 -1 -3
= 2 +22+5+F2Z 10+ 2

S(wn)

)‘|(n)= lezp O)|7
n:..ﬂ
Solution
X{=z)= 1224284 5 2% (D E 4 x(2)F + Al3)2
Roc @/ E-QLﬂne excepl z=0 5 2=o0
Xz (n)= § (n)

X (2=\ , Roc: M 2-pLane.

Xz(2)= S(n-4)

- GZOC,.W(/

Lo, 1

2- e)((‘!—el’ 2=0 .

)<3(2)= | =2
)(-fl")= 5(""‘3)
K(2)e 2 1% ~(=3) — 2, Roc M a_plane excepl 2=e0
EXA: X (n) = (\) w(n)
Solution B - o 2 -
X@) = Zxt) @ = 2 (2) & = Z(3%)
{l-r AtAPA L - = \iA ) if \A‘<\} = X(?‘)_—ﬁ i ’\22_‘l<\
ROc \zl>L e
— \\
Region of convergence:
I
= ye
- __')V\g
» X(2)=Z xn)r e
Il xS0 & S| em 77 Anficassel s ignal
<§IX(n3rl Coc: |zl <n
< ”:i‘ Xn) v " |
< 3‘\’ xemy F +nia‘ ’%Z Cousal g'm/ > /‘QOC
—
= \x(=n x<w) Roc: y 2
5 bxe )r'+€l | g —
Bkt camsal c,..m&rl 4"{’ -
pm’(: ALXIV\)
@t e Roc; ¢27%

2] fike ) (enmile)



Causal + Anticausal:-

Ro c
\{J &’
Case-l . rp<|zl<n

Y Anli cassd  Sigral

: | <r
4 hon k/ Qoc: | = |
Coonisnl Keooc
Case -2 : 720 No  mbersection R /yha/ 7 //
ocC : 7 Iz
rC2) /w ,,,,é exish 1”‘lrJ 1
EXA: X(n)="utn
oc
Solution _ _ . | ////@
)\(—f): itxv\ih = i(o( 2-') = I_ ) QOC 19\'2'— | <\ =) l’Zl 7‘°LI ‘E
nzo h=e \ -~z //
~ L
" ytn) 2 ‘ Roc
| - -1
“c 2| >l
EXA:  X(n) =-o ul-nd)
Solution
)((V\):—-okv‘ut(_(n-n)\) "'TT T
5
X2 =% " Lk feon
h= -2
X (z) z-L%(ocuf VAR e = ATnAes ] = A A < ]
A= —f 2 aolla gy - _
= o' 2 oz =\ | — o2
alonot) 2 -l Roc D Tzl 1= lalc el ]
I—' |
- | 2] <\al \J/

Properties of Z - transform:
1) Linearity:-
%) <2 X
Xq,(h) éﬂ )(1_(?)

phen

Roc: Inbevsection 4 RecCs s x(2) Q A=)

a, X, (W) 4% Kz n) s A ALz dx 212

EXA: ol 2t peoc & xtwe3 (2 uta) -
Solution '__‘V—/) @2ocC
X(z)z 3 — *
-2z =32

q. (3)":4 (n)
 A—

Ko(n)
b <
| - , g_/
| =3 3 =3

—

, Roc . =13 s — Roc .
—

—




EXA:
x (=) ulm -3(2)" wEn)

== I—2&

ra)al o 2 foc 4 <iuc 2

EXA: % () 5(1)uim 4(1',')h a(-na)
A2yz ,13\7%3 Roesn't exik.
R S -4
- B \2-\<4:
E : XLh) = o5 (en) uln)
W, =)Wen jwe \1 —\Wo n
= ’I'Z eJ n(.\(\'\).\_-\ie a(n) _—.l.z_(e)) u\k_h)+.£.(e) )u(h)
_\We | _')Up 1
5 X(z) = L ' eV _ A l-e’ #Fal—e= =1
7 R s e ST LIy
_)
Cos (won)uln) «—2 5 | - 2 cosws o C: | =2l = |
)= 2 ' cosw, 4 =2
)
Sin (o) w(n) <__?—> Z Sinwe @O( | 1 2 l
) - 2 'Z—( CosSlg + 'E-z
if ul=n=1) — 5  z-side x (=)  Axa

2 —2(coS ) 2"

|+ Z_I-Z(Cosu,,)aJ

1™
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EXA: K = i \ ogn g N-\
=4 W
Solution .
Y (=)= %p Xy Z
N<
- L.z"
h=o
/V_I ln N n N y c ¢ 4 . .
= i(i) Z-ﬂ = |- a j Z-a'\= [l*ﬂ+“1._j_[ﬂ+‘+a+___]=l*ﬂ*‘*al+‘ =_|'-
n=o h=zo I—a n=o >
> X@) = )l=2; 25 |
- 3
N Z.:l

If the linear combination of several signals gives a finite-length sequence,
then ROC is determined by the finite duration nature of the resulting

sequence.

L
# Sinlwm) u(n) «—Z= s |- Z Sinws .
(-23 Coswo + =~

Time - Shift property:
X(n) 22 5 X(z)

Xk o T ¥(z) |
Roc i ﬂw sdme as X (z) [excepﬂ wm quecfaﬂ Ca/ws]

* Qrcof...
M 7= n- k

Z -h
n:-wx (h-k) Z

- k < _
z(m*)=2 x(m)g"‘;k - X(z) Z

EXA: X\(“)' C l)2/g)7’J9)0:|

L nzO
-\ -2 =3
Xy (2= 1 +23 + 537472

X\w-2)= Lo,0,1,2,5,%,0,0 ]
n=90
Xz (2) = 22427 457 172
(1423 452 +72)

) f



Scaling in the Z-domain:

X(n) «—2—5 X(2) ; Roc: nLlal< i
a” An) —2 o X(d'z) Roc: \alvi<\2lclaly
adx(n) g Za xm = T X (0"%)-“ i wsl\la'zlers 9 \aly <lzlaly
EXA: )

Xn) = &” cas(w.n) U(n)

Solution l
CoS(\daV\)M(v\)QL) | - 2P 0o>\z2) > |
- 227 o 27

o\nCQS(“p n w(w) é \ —_o\z-‘coSu, l 2—[ )l a ‘

| — 28 ¥ Coswp+a®z=?

. w
EXA: X (n) = Ll}-)hl_—z ('-{')hukv\\ A3 (,\{) u(_h—l)]

Solution X (n)

Y (2) - 2 _ 3 A A<l
l-},‘?' 1_41__?4 1 < 2

Xle)= X, (a'2) = x ( 22)

-2 _ 3 > <lzl< o=
\ -1 \__| =\ \2
\ - ’q(j%) -Z_(Z%)

Time reversal property:
=) o2 - -
Z X F" s Z xm= Zam) (F) 5 v < lBln 5

h=- Mo

I xm) 2, X(2) v, <)2l<va
phon X 2, x@)  L<l2l<

EXA: Sl b for  x(n) 2w

Solution
un)= lhu\Lm) = D(V‘utv\)

uln) = ' oo > \2l>)

EXA: A (n) =u(=n)

Solution o x(=(nan)

X (=2) = ! o< |z] <) -2 2 -\ \-z

—_—

| -2




Differentiation in the z-domain:

X(2)= S X\ 3"

A*XR) _ S on xm 2V oy 2 xR - w Xn)|Z2
d= A=
If xmyeZ . X Sovie.
%’W/ nxin) 2o -%—M j Roc
A=z
EXA: Lef xtn)= na” aw)
Solution
auln) o =2 \ l21>\al
\ —az
" e 4 DI (P it )
N Alpn) e——» 'zi}h_a?j = -2 \- ‘Kz— azx
=\
natulnl ¢ T e% |21 > lal
K\—a‘zﬂ)
nuln) % 7 _L. 2] 211l
W-Z")
EXA: find inverse transform of
X(=) =[ng L\-\-di‘—‘) ;  Rex: \2\ > \al
Solution
_elx(s\ = —2) (a3 _ _ ag _ _as'
1=z |4+ az \ + ag \m ) =
o\(-a\)ﬁu(n) = = A
= (-a) g
V
lx aF!
nxin)
n-
S0 X(n) = al(-a) u(n-V)

n

Convolution property:

i) = X(2)

aln) = 5 X, (2)

Hhew

AN % ) 2 5 x(2) X (@) ; RocC : ok Loaik He mhevseckion £

X @) G x (2.

Rocs {f



EXA: F;.n} e cmolntion 5(

X L= [},—’z, \J

NnN=0

A (n) =‘l l ogn g 5
o MML
Solution

W) = Nn)X Aq(n)

=2
A(P)= \ - 25 42

1 -5
L= \+32 —rz?;z"‘,\_z"“_\?,—

AL -7
D Y (@)= A=) Ko@) =l=F 2" 2

oo j(n)::[lrl A o o0 © o -1 ]

The system fn. for LTI systems:
d o i (T
Yin) : o/
hin) - wpalae respanse .
Yin) = Xgn )% h (w)

Y@ = Xlz) H(z) = |H= Y&
K=

Y= 2 [=)]

ﬂe: Ya)= T yba-1)+x(n)

Sy sl ‘g
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$ oyl + = b, %
j(“): _kg‘qk‘j - +/¢=o k (n-¥%)

APQ) Z - J-mhs».’}prm
/(;) - zqk;y(g)«g b Z x(,) N )’(-«»)fl* 24,‘2] = x(a)Zb 3"

Hiz)o Yo _ = k%

Poles and zeros:
Zeros of H(z) are values of z for which x(z) = o
Poles of H(z) are values of z for which x(z) =

Stability:
-An LTI system is BIBO stable iff the ROC of the system fn. includes the unit
circle.

-A causal LTI system is stable if all poles of H(z) are inside the unit circle.

H(?) S —_—
(2-p.) (z-p)

EXA: find the convolution of

X(n) = Atulv) X2(n) = w(n la ] <)

Solution

Y(n)= X (n) x Xy (0

YD = X2 B = x(2)= l2lolal,  Aq(e) - 1=l

/
> X(3= \ =( l)(l _ a ) Roc: |zl > //‘\

(\—axh)1=-2"") | —a -z = aZ
~ /
j(V\): _]tl‘;(u\(n)—ﬁ(d)hu(nj) - /

— 7 _~

EXA: det. The system fn. H(z) and the impulse response h(n) of the system
described by:-

Y = L 9lnd) + 2x(w
Solution
Take 2- Jyﬂy’fpm
Y (2)-= —'ze‘>/(z)+zxL%)=) y(=)[1- 132 2%¢=)
=2 H(z= Y. _ 2 hiny=Z [W@]= 2 (11" uim.

X2 -tz 7




EXA: find the z-transform of:-

Xln)= (y\—'l-) (o. Sj‘_lc'as(";\' (u_-z.)) uln-2)
Solution

_) 1
h os‘ C"‘(W')u(“)")oé(c,s"'n)u(u); I - (O Scps L )2' - l—o.f‘sz ]‘1'.?|>-2L
2 |- 2Zxo. Sx(asl)-z +0.5°% %J 1-0.5F 4a25F°

. -2 ~4
—o.5 -
h 05" Tt o 2 __zﬂ () = 0.25% =952 & 50252
P} -
2 I-F +o0.255%_ 0.26 3> 4o 06252

3

X(z)= 2-?[-3%(!-—@?_\52" 1)]

1-2:53" xo0.252

EXA: find z-transform & ROC of:-
X ny = (a“+ ") win)

Solution .
X(n)=a ula) (d"—) u ()
X(2)= _ - |l .. . Roc . |=z> mmcfmn ; H.,}
| —ag |- z2
EXA: .Zl(h"-rn)(}L)h—‘u(h_l)
Solution
25 PO I S L
l_-_(z—‘
3
-1 2\ l (
(5) v o 2 = 12>
|——2"
-1 - )
n( LY wln- ,? - 2 (N = (FET =
(3)\“\‘)é§" - [n— J 3 (- +3)° CEYk
-l 1| -2
h —— (- ") ?l? = Z +33
( ) Uln @é [(I—Ti)-] Q——é' 2_|)3
2 - | =
= =L [ 2 £ +35¢ ocC - | » L
MR Q";Le")3] o s
EXA: X(n) = )" hz o wln)
()i)—h n<e w(-n-1)
Solution
X(n) = (—3'—)" ulh) 4 Zhu(-n-\)
X (=)= ’ _ : _ Roc: <2<z
| — _BLE_\ \ = 22
L,IEl?-!; L 1=l <2




EXA: find z-transform of:-

x(n)= (n-l-)) (—g—)h-zu(h-ﬂ)
Solution

-5 3
X(n) = na) (L) ()" wlm3y

\

Inversion of z-transform:
1) contour integration:-

| Wt

4
(_;)u(,\) .= . l’-zl>-§ = (= ulnes) o =2 — l’-zl>-l§
,— ’?12 '—‘ ?2
3 3
X(z)=3 |2 (4)(1;(?_ _ Roc. =zl > L
I - 57 A= | = 33
3 2
1 2 . 32+ 2
|——3l-2"l l——jl_?-l

X(V\) = _\ ﬁX(?) 3"-‘12-
2r)
C

é; . Integration over a closed path that
encloses the origin and lies within

ROC of X(z).
2) long division.
3) Partial fraction and table look-up.
Long division:
X(@=8C -5 C 2"
(@)
EXA: find the inverse transform for:-
X (2)= -
1= L 53 4057
a) goc: lzl»l  , L) Roc: Jzlco.s
Solution \ .23 + %%
4 ~2
a) caunsal-- (normal order) i A 2l B -
\ - £ 7'y 17
2 " 27 ..‘_?"’7‘
o X(@l= 1+ 235 + %?__,t_, - = S x(n) Z ‘ z
2 = 3
Xfa) }i'z —%3 + %—?
:> X(V\): llli'/:.’-q/ __] —?{'Z-——?—"?—g
[ Z:s a2, z25"
T -



b)

EIRTX ¢ lov\j division _in  reverse prﬂer>-

2
22 4+ 5231-“-1'?44—- --

-3 |
2
| —32+22
32 _2=
32 — %2 4 62
72* - 62°
275 XC”):E"";H;5,2/O)O}
771:0
|
<uln) «—= 5 —
| = a2
_I
)

h o(““l“) q% —_—
(—x=z')?
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EXA: find PF expansion of:-

X(z): \

l-lsZ'vo.52 2

Solution
- X(3)= ="
2=\l.§24 0.5
;. x(#) _ 2 _ 2
z Z\.5%x 05 (z-Y(2-0.5)

)((&)?Al R Az

Z 2-\ z-s.5
A= (= ’I)X_L%)l = = I =_\ =2
z 2 2-0.5 2=\ l-o.5
Az= (z-es) X2 | . = | = 25 .
29.¢ 2 os._1\

Z=085

% X(Z),: 2 \
Z 22— Z2-05




EXA: find PFE of:-

X(z) = L
\—- ' +os55?
Solution
X(z)= _2*+ = = Xz 24\ _ z+\ - A N Az
%~ 2+o05 2 z*-2+ros5 @-0) 1) z-f Z-f.
fi=Lof, €2 = Lo
]
Al=(z-R) X&= | = =4l _ 343+ = L-33
= 2=, ?"fz +J—_._’ ,'_‘ z z
2:f) 2 z ~2 )2
Ao = (2-¢) X(;)I = 2+l | = )_+~)2
z 2@, *hap, v
Case-II: Repeated poles
EXA: I N
X2 (+2h0-2Y"
Solution =
X(2)= Z = X2) . == - A e A3
@E+Y (=-)® z @+ (=-y® 2\ =1 (2-Y
+ I - _A Az | _As L AL
(z+)(=)" 2+l @-) @=-1)* " N (z-n*-
ECR £ S N R
2 2= (-2 Lo (1) 2 %
Az = @-0)° X(2) = =° | 1
z z=) Cand N9 2

A= i:AI(Z—|)2+A2(?_|) L As
Z1 2+l

%(2—2:1 )_lﬂ - <}A;L:-/’)7(%+3) + A2 +o)‘

0% Az= A_ f?-')‘z X (=) | i_'_ 5 nrno.4 a(erl’wl{ivcs]
’{3 = 2=\

A= f_z(i>l_|= (2-&!)(22)—2"‘\“‘ -3

?"’I (2+‘)z

PAC X(%) = 1/4 + 3/4 + | /2
z T4\ 2-1 \3'\)"




Inversion step:

- Distinct poles:-
X(z')__: A A= e 4 Aw
z'— Z =-N 2-f2 Z-Q
X(z)= A A= . Aw
I-Q& \-'?z’?‘-’ I-?M’e’"
-1 I
Z T ] = @) um
h
- (Py) wl-n-1) < 2
- Multiple poles:-
-1 pa
Z LT ] = { wputn { Roc
_V\P"U{-V\—l) v

EXA: find inverse tr. of:-
X (? ) = !

— a) |=) >

-5z v 052" ?
Solution
_)<_(2—) = 2 —_ ! = X('Z'): [
“ =+ =2-25 | — o5
a) ]?I 2 I :_) X(V\) = Zuém) _ (O.S)MMLV\)
b) | 2‘\ o0.5 —> )((V\) = —Zu(—V\-—\) +(0-5)h ul-n-1)
c) o.5<l=l<) = X = —2ul-n-1)_ (o-s)huLV\)

EXA: find the causal signal inversal tr. of:-

X(2)= ’
G+ =Y(-7)

{1 Roc: =zl > If)

=) < \fl

=21 > B

=) < Pr

b) Izl <os |

Solution
X(z) _ /4 374 /2 = X(z)= M4 . 3/ 057!
Z Z2+) 2=\ (2-1)° P - B (R
o X(a) = %(-\) un) + 2 aln) + 0.5nuln)
- Complex conjugate poles:-
X (‘Z.) - Ak + Ak A ‘\'i “+ -
- P&’ - P s =R,

MG Gy

ﬂ) = ><(V\) = 2 IAk‘ rkh Ces
1| ()
|Ak|e" - rké' k

_jod - Bx
lAk|eJ ¥ ne

(Ben + &) un)

c) 0.6< |=lI< |



Suggested problems:-

Ch. 2
7-16-17-22-23-27-30-31-33-34-46-47-48-49-51-53-57-58

Ch. 3
1-2-4-8-11-14-15-16-19-25-26-38-40-41-43-51-55-56
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vh
2= _ Ak Ak
X -0 27 N -0 27
B ;
Pk = ﬂ‘ej ® 2| Ayl K‘:‘ cos (Bkn-u-o(k) uln) o = Ak - -+ Ak T
Ae WAl ™ L -0
k= \Ak

Solution of difference equations with zero-initial conditions:
1) take z-tr. of difference eqn. :-
- 443
Z,

2) take z-tr. of  x () (2
3) obtain Y (2)= H(=) x(2)

D y(n = Z"[)’/z)] .

EXA: find the unit step response of the system described by:-

Yn)=0.9 Y n-\1 2.8\ Y(w-2) 4 X(n)
Solution

)((V\):\A(.V\)
7/(2—)“—0-9’5‘ V) - 23 Ty(z) + X
= Y(:Z)Yl—oez—l + 09|§1] = xé?:)

Hz = Y - ! A(2)= _|
X(2) | — 0 92 voqzg’ 7 \— 27
Y(=z)= x(2)4(z) = ' x | — = l
_ go=! 2 — = L e
[ 092 +0.912 2 (|_o’9é)1%_\)(|_0'9e31%_|)(l__e_|)
- 0.642 - je-°49 0.542 +10-:649 N |.099
| — 0.9 c,)lrlj 2.\ | — 0'3 _c,)l'l'l'l _z—l I— _t—l
o’o Y(n) = \.a%‘z(o-ﬁ)n Cas( Dg_n _ 5.2°)u(y\) + 1.o9u(wn).
EXA: find the convolution of :-
S L 2"u(-n-1)
X2 (n) = (.é.)" u(n)
Solution
M) =X (n) % Xy (n)
Xle)= _V V. e L<|=)<2
s 1 ‘- 2E (-42)(1-22")
X (2) = |21 7%—

)| —
l—'?—_?




s -
(2)= ~3¢E L o< |zl 2
/ (l=22)1=-22")(1-%7] ‘

= _2 Y S -V L < |=l< 2
I_-:l’-z-' -2z I__ZL?T'

Fo Y= 2 (%)V‘u(m + eg,_(z)“u(—w—n)+\7°(7‘)“u(n)

EXA: a causal LTI system with I/O
xtn)= (1Yt ~ Ly uln-)

y(n) = (LY uln).
Find: a) h(n) b) the difference egqn. c) direct-form II realization
d) Is the system stable?

Solution
P |
X(2) = ' L Z I
- +¥ T - -5 =
2 2
Y(2)= )
l— 2_‘
- _
H(E): l_"Zl2 — ]-——%.2‘ - _ 2 N -
W- % =0-L ") —E T 43 [ — =

L’

h(n)= ’i|[/‘/(2)]= -2 (Jf)nu(“) + 3(1|?)hq(v\)

b Y(2)-% 7 praiaks2y@ = 0o - L3 x(2)
Totbe invervse br
‘j‘.“)": %j(v\-l)_% ‘9(”_2)_,, x(n) -%X(t\-l)

c) x(n\_)@

00) Stable syslem (Coles  ave mside unib  comcle ) .




EXA: find the causal signal of x(z):-

X(2) = _\+2d +7"
| 442 £ 422
Solution a3
Az) = 1 4, 27 +7F
4 (44! +4 272
X (=)
X| (2) - % ?‘\‘l - A, AZ
2 (2+2)* 2+2 T2
- ? % (2) z - Xz 4 - 3
Az = (2+2) )‘; |?=’2 (2 =+ |)/ ) A :.?(; [(’3“"2 = }23'2 ‘A 2 zal)i:’z =
X\ () - -os 3/4 = (2) = _ 3/ _ _os5%' - S/ _ _e.5%
= (Z+2)" + =2 D X lx 22 (e 22 )2 g t l_ (_2)24 - (-2)z"
—|
X)) = L s+ 2 (=2 an) + An (- 2)" w(n) 1 2) Z )
* (\ - (-2 2")?
Inverse transform using contour integration:
()= _L > xme"'de
27
(=4
= 2 Vﬁs.'ﬂ(u.u o; X(E) -Z“-\ )
Al pores of o (g)g™!
insialg C
C: closed path (circle) enclosing the origin and within ROC of X(z).
Cauchy residues Theorem:
1) sample poles
Res] £2) o 3] =§che.> $ o ik C
. o 2o ouwtside C.
2) multiple poles
) “ o ,
@esf (2-2) o* 80:' (k Te-1! L‘L_‘?— z=2
EXA: find inverse tr. of:-
S f: ;((2) — \zl>\al
(d C
Solution , a
-1 \ 2" T
)((v\) — # i& X (=) 2 J‘Z = 2\TJ® = -—E}j @ —) AZ 5

XLY\) = Qe/s['z-:d] 5 Z,=4a , {(Z) :_'_2“ - X ()= 2“'%:a= olV\

ld ==\ xtma Ly . = L1 g, - Pes(3=a) +Res(zm0)
2 2

‘ (= —a) 2m) 2z —4)
=) X(") = _3|2=4 A’#I?:og %-*. %:O ’
-2 ‘ !
-2) = _! = =\ = = = = = — <0
Mmoo e et = o) e frlend) m e,
-2 | -
A{c;)/m J_(a—n)"]'x G-l <_’ 2=y " Az
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e \a‘)‘ = - For h3o _-pa"

2~ for nce =y W=

EXA: find causal signal x(n) having Z-tr.

A(2)= \ lzl>\
C+2)-2')

Solution

I- For w3z 0
+2

Al = Reslz=1] 4 Qas[z=21] = (z-:.)z L—“’ s %5

Z—;u;' J?: -Lﬁ)-i}w

_|)

na2
=

_

=2+

J)v\-xz et
) )(LVl) = :l-‘ é —(w = (_w-z) jw — | : & ] _
27 o (W) (w'=1) 27) ¢ (ww)(1-w)

+Qeles are  oulside (c’) = (Ze$ =0.

e K(n) =[-,;—(-\)n+ %- +ﬂz.J u(n)

1 n+2
Ximy= L O _2 ,_|§> 2 J
R R v o R R -3 | oy

>J?=I

n |
= () (=+V) (haz) 2™ _?"*2J = v 20w 0 3.
T = )2 B L A B
Z_F;v r\(O

G




EXA: find causal signal x(n) having Z-tr.

3= '-Iz"’
l- 3.62"+.522%

X(2)=

a) ROC: o5 < |=2) <3

b) Roc : J 21> 3
) Roc : |2l <o.s
Solution
X(n)=_1 é’ 2“-‘(3—"’2’—) Jj = 1 é 2}-(33_") Jg =
27 / =352 41527 2 E 21352415
a) o5 <12\ <3 C /- 1=
’ 0'5 \’
I- Fev no \ )
\" 3/,

Xn)= @C&feoﬂ‘ 4'( 2-—_0.5]

=Zv\(32_q!| =(‘_.) .
z-2 2=05 %
2. F"’ n <P
220 3 (o= -w"}’u
X(n)= L. w'h(‘Sw"— y)(-w?) J” = _1 & w‘"(},_;' - ;.,) y "
e mute 5 2 H e (e2)

() (3= 3y
310

e BRI L)
< (v -2)

> xn) = Reslw= =
w:-:’;,-

oo X(n) = (.L_)hu(m) -2 (ZJV\ u(—m-—l)

Izl >3

$

C

L) Roc:

)((Vl)e. ,
27)

2'(32-4) Az
(-¥(2-%)

= Res(2=53 + Res[2= %]

+ Eh (’;z_‘})
z -3

— (3= "wm
—J_?_(}; 4) |2=3 ’h's - 2(‘3)4-(,2_) .

2- For nc<e

l2) >3 ocluley

X(n)= O

€)  X(nso (ov- nzo

1L P =(32-4) Ja

2nj Z @-3)(z-0.5)

L<|wl<c2 \ Y
3 T

X(n)= @esrw = -%3 + Qe$rw=2]
= =L 23" ugen-)




Correlation of 2 sequences:

If xew) =2 X (=)
xzu\) 2 )(2('2-)

Vg, U= XNt xalm) o 2 5 R, (7) = X(2) Xo(37) .

ROC: whevsection g RocCs 4 X (z) £ X2 (z7")
EXA: find the autocorrelation of:-

X)) = (.2‘.)" uln)

Solution 121 22 12! <z goc_
QX)( (?):X(.?) )((Z_l) = | X ! ,\7__< \'2\< 2
I L
Rux (2) o /3 477 Ru(z)-__4/3 __4/3 Lel=le
] 2-0.5 -2 \ - 0563 |- 22"

o yy ) = i,(o.s)’u(m%(z)’uu_;)_
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One-sided z-transform:

ex.: 9('\) = _‘z. 9(“—\) + X (V\) l

Nz —>  Ylo)= Ly 4x(p) = |

=4
XM= 2 X E

Time - delay property:-
if x(n) <> X (2)
Per xu-v) =zt 75 x(B) [ K xha) 7l i (D
20 () b k() e D) =D

-4

Because : X‘f (z)= ﬁ(})lu(n)xtn) 7 T
]9 I I

- —
Time advance property:-
+ +
|.f Kn) = > X (?)
2 < -
,Mw x(ntk) ;’*_; zk XJ'(?)_ X(o) -x() 22— X(2) & = -~ ~ )((k_()?‘

EXA: find the unit step response of the system

Yn)= 0.99h-1) -0:8\ y(n-2) + x
With initial conditions 9 (-) = Y(-2) = |

Solution

T ake one —sided 2 —tr. .
)/J(rz-) = 0.9 [ %‘lyLz-} 4 tﬁ(-l)l - o-%l[__f y+{z) x 9(—2) + 'j(—l) ;“ }

= _\
= >/+(2) [l —0~92—(i—o.212-11 = X@) +09x| -3 x| ~o.81xlx2
-\
= 009 - o9\ 2 4 |
+ | — z_\
% y (2) = L.099 . _0-5684j0-445 . o- 568 —jo-445
l— 2z | — 0-9901”"2-’\ | — 0-9561”32-—\

w (4
= Yln = |.o99uln) + (.44 (o.e) ces ,}w + 3% ) u(n)




EXA: solve Yn) - 79(n-) = 4y n-2) = Xn) +2x(n-1)

For X n) = Llv“»\(V\)
With initial conditions Yy@)=1, y (-2) = 2

Solution

FX*(2) cansal = 200 o 35¢(2) w0 ] /

Y — I—Y<!
y+(z) -3 ="y (=) 4 9[—0] - W[ 2—17+('*) *7"1“?(*‘)’5‘] = 2)«27 X' (=)
|
~ yv¥(z) - 4.3 4z 0. .36
>/ (=) = Y @ -49%)" ’ (“"f:—‘ N |2

e Y = 12w (4 ubn) e 009 @) un) (3¢ (U uln)




Chapter
Frequency Analystis

Of

Discrete - time Signals



For continuous time signals, freq. range (-© — 0O )
For discrete time signals, freq. range ( o , 2 ™ ) periodic.

Lo

PN
1 { >t f"ﬁ_‘l’,
2V >
/ Vv : ‘j I
(0k— 27 fs = = | sF
' g4k 19k
7.4k —» <« exa:lok
Periodic Signals:
X(n) A @er:ol.;c F Xl = x(n+p)  for Ml ).
N }MM [/l@a/ S_th%;yu/y Covulfl’ion-
* X(n) cam be rep. by  N-larmonics:-
Ao FETT
X(n) = I(Z Ce eJ fjn%@w's
-0
N-) Jamgen
l J A :
Ck:WgDX(M)e /\ML}AVJ
Derivation of Fourier coefficients:-
% jzkn gzvin/m
X(n) = = 4 e Multiply both sidesby ¢
o = -1
o 2 /vﬂn = n_\M fzbwlry?k-f%/‘f {’foﬂuc{' Prom 1 (0 —> v-1)
f X(n) € = E e e
h=0 n=0 k=0
n
V=) - )z-n[k—f)’l//‘/ T( szv(k-f)//v) T
= 2C Z € €
k=0 Nn=0
— g
lqg.)21f _ |(_)| - [ o k#[
N k=

3217[#-?)//1/

-—

£H§=‘ COXO +C O -\-~~—+Qx/v 4‘(:(*( xO 4--- +CO

-1 _jzutn
Cp= S xt) eV

N n=0




EXA: find Fourier coefficients for the signals:-

o\) X(,V\) :coSG"IT'VI

= co5 LT (Z
2

- (ZTTF;V)) = )C; = ,-[(—\ irror/iowa/-

2

A{)fe/riojic,
b) X(W = Cos Xn
= cos 2T t n = pozé_#/l/:{
N BEE — 2EEX N J
CL:: | i X(n) e = /1‘2 cov» Ln € ¢ = < + © i ——%Z(Le
m n=o0 6 3 —> 2
jeuln j27 (F)n
= —IZ-G’ +%C
- | C :_I_
C| - -Z =1 -

o ?C’/C')CZ/’”)C/W'Y
(t___._— fbtgfwl{//ll (Ck 3 fav"{oj[c)
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EXA: Xn) = 2 + 2cos Tt e TR &L ocos 3T

Solution
X(n) = 2 + 2cos ,“;_y-. + <95 T—EV'— ,\-——lz- c oS ?,%r_y\
M=\
'ZCC”-!E%’ 20952.“%'4 —2> ), = »\E / /U.‘: 3 N: LCM(N//NI//VZ//\/"'>
c:s%szﬂ.‘{v\—a f. “~q|; , | M= s Lc,,\((,q/g)
casf,‘lln 2 0;51,‘\7%» ——9)2:.2_ ) | Ng=3
- LA TN 37 ,
_)—qﬂ -)1%:\— .)15_“" 17 J4 -)clf JZJ%"—
Xtn)= 242 e «+e € +e e + e 2 e
2 2
\ {

Jz—ﬂ—" s ( J“’Tn"%' ’JZﬂqh*%’ lJznlh _Jznl,.
=2+t ¢ . e + ~e + le £ Le +_'L1€_
C’ G C.' C‘L Ca C} (G

Co =
~ (| | l
C. o= | =48 G Q—[?/}\/f/’e,/o/’q‘/i/‘ll\]
C,=C2=2L 2 Ca+3=C Co & G
Cy2aCrzxn = Caey =Cg
EXA: Xx() = [1{ I o o]
nh=o0
Jind Fourier coefficients. - - - T (T T - -
D Q Q o
Solution — 51k ek
s A
Co2 bl 2 x(n e :,L[X(")C%X(\)f +o+0]
h N oo q
)-'n_k
- 2
1]+ le J kz2o,1,2
L‘ Id
Magnitude spectrum
Co = ,{-“Cl—f,]:‘l/z /\lckl
\ "j%xl ( 4 -
C_\':'—[-l"‘C J:'q(l J) = i T
\,JL
Cop = (/Jr - ( (::_
~i%x (; :1'_ 7 T
C =~ ( ,I_ —_— L' 0. N
? “‘E < J ‘1( A9 o | 2 3 >k
Phase spectrum:- A FCx
L
Q‘

W0
’
~

i 4

O——’_._
NG

\
=)=




» If xm) & real

q

_j]T!r(L-l)//v 1/[
% < §,'”(’nkL/NJ [<:t: Q /’I”,. /l,

'] 2/\/] kv . .%n_(-k)ﬂ
C;: = C-k ra' xX(n) =) »/'\7 fx(vne ] - | Z_x(w)e :C—k
. . A X ()
EXA: find Fourier coefficients. (B
Ao
Solution o Lo L TN
. n
o L Tam ¥ Ep( &%)
= — X(n -
k v : N nzo <
-) 2Lkl
= _A_ [ — € " k 3 <
N o _-iZEk
AS =0
TEL/n jTEL/n § L/ | k()
= ! € — x 2) = € ;’lﬂ ('TT'kL//\/)
Tk JTE/N Tk 2} Sin (TE/N)
e e — €
A C; = A/VL_ k-o 1

RN
1‘. Ll BN

Sin (TE/N)

TkL - T » k= I
N

Power spectral density (periodic signals):

N=o n=o k=¢°
N - * v-\ -JZM N »
el A 7V N 2.
k=o N nzo k=9
N-! 2
= é [C | Parseval’s eqn.
Fourier Transform for Aperiodic signals:
W @ ~jwn
X(n) = L [ xwl e Ao X (w) = S %l &
2% o7 N=-o00
oo aj(wt2m)n 29N _juwn
X(wtzn) = 2 ¥ e = ZTxwm e & = T xm)
X (w)

oo X(w) & fg"l'wlfc ui#' ?erwaf =227,

- N= S©
rt|<:'5 (L:\9

v Elﬂ
N-! 2 | + \ = (n) [ iN:l . -1 1
Fx = ’(ﬁ { [ x(n)) i Zx(n) X (w = i %> Ck e

_jLuV\

e - )<(,V‘))




Derivation of F.T.:

iwh

Xz 2 e lbipy by 7 aid begabe wer (<71,7)

T wm NN )wm w(V‘\ Vl)
5 Pwwe e S [ e @710 - 2 [ ]
-7 -_— ==
;_/A/—\J
J‘N(W\-V\) i I
T = € ’ =0 M3 N
J("’““) -1 )
J'"("“-V‘) S (m—n) - ]_-: m=o
= £ - < x2J = Sin -”_(W"”) o mz o
)y (m=n) 2) J(m-)
T julﬁ'\
ge S\X(u) e Xw X(2) xO =+ )((( O 4 —- - 4 x(m)23 — - —
— Jum
X(m) = [)((w)e Ju

Convergence of F.T.:
1) if x(n) is absolutely summable

f\)((w)l < o0

N= <00

Jhun X exista

» Lim ’_—X(w) - Zxcm éjw"‘j . O

N— © n=-p




Monday 4/1/13 8:25 AM

1st exam-Q3)

X (n) A— A D—— (D > Y(n)
NI
o5 0.5
ﬂ(n)= 2.9 j(n—’) ~Y(n-2) 4+ Xx(n) ‘

+ @5X(n-1) 4+ 0 -5 < A(n-) x05 ><(V\—2)>

2- if x(n) is square summable:

% lx(w)lz < o (m;& )

enerqy
N=_o2

Mean-squared convergence

g

+ 5 N -
%}m f\X(w\-XN(w)\aQw ;o Aulw)= S xw)e M«:rea‘.

H:—/\'
N=00 _g
K()
/f Xn)x  Sinun
V_,wo We, wn
3- if x(n) has a pole on the unit circle. @
Xn)= «ln) } X(~) = ? X (2) \?-.ei“‘ wi 0,27k
= ] [ —
X (%) — impulse w=o0
EXA: find x(n) for X(w) A Xtw)
|
1 —>
° -n -wQ wc T
Solution
* : d ) 1 )
JWV\ < _)V‘V\ an l,/(. . "’c"‘ __JU‘Vl
x(n):l_§x<u>e bo = L e Ju o L2 S (&)
270 2a zZmn ‘o 2 J'n —we JZT!V\
- S;v.ucvn w YZe = We Sinc Weh
T h We o
D X(h) = % Sinc wn nt o
We n=0
=




Periodicity in one domain <---> discretization in the other domain

Like:- W

_[\\I

|\I|,ll} 1

Cie

HEN

N%
X

il vk Rk
Relation of Fourier transform to z-transform
X(2)= T x(n) &

S @
2-=e - €

X(w)=z x(=7) ‘
- < ‘@\ If ROC of X(z) includes the unit circle
Energy density spectrum [Sxx(w)]

2 2 5y 2
Ex= 2 el = L [IX )] dw
ESD R m
S () = X o X )
For real x(m):-

' (0) =X (—w)

= Sxx(w) = X(W) X (—w) E

S;(K(W) = Sxx (—w)
Sax (=2 = X (=) K@)

(even 6

EM:ﬁndF.T. Of X {V\) - J“

wu(n)

la| < |
Solution

X (w) =

_ywn
2 X)) e
soper X (=) =

(| — az-!

QOC \V\C\u_l}/’ (A\mk WCZZ 4@7
= X(w) = X() )
2= ¢’

. ~j
w [ —4eJ

/l/cw S)(X(-'*’) = X( '-) XYV-‘)

— \ \
| — a e

- ) - \
T —w : -

e { —k—aL_Za(cg;w




EXA: Find F.T. of

X(n) = éA o< S L\ A
[} o o i ] ] - LI.‘ - >N
Solution
X (=2)={ AL z= @OC . AU 2 ¢lane excepl z=o
A
A - _%\ 2+ | =) ]V\C[uAQ/S |2) =1\ (umﬂ civ:fe)-
| — 2
= X(W) = AL W =o0
o= jut —juwb .
N @ ‘e 2 . 2
z’% é)"‘/z _ ~iw/2 z)
- Ae-)'%(L -1) < ’gw:;:) w o
A'_ w=0
A X (w))

—_—

\ u_uL—_“ﬂ-:) (,J:;Zt"l.
2

AVAN SN L
!

un (W
=T

2w
[
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xXn)

EXA: find F.T. Of x(nn) A
artofs g Np

Solution Mmook i
~-(2m+y)
X(z2)= A [;_ 2 ) ZM Roc - AM z-qlane &Kcerl 2:0, %=z02 (eveh if';qM,'nj a-,se)
—_— 2"
ml oM el mat  _mk
:AZ_IZ - -2 2 = A =z —=zv
2/2 21-—?—/2 ?‘/z_?- 2

EXA: find F.T. of x(n)

|
Y(n) = o\\n lal < |

Solution
XW) = A wn) + a  u(-n-)

X(?—): J _ l t — qeqf : \ d\ < I?J < —(%-‘- I .(V\C[U\JM l’-ZI:\
| - a3! - %2
_)'uo W
Xlw=XG@)| =_ 1 V. (s-a)¢ L ac
=8 ma T g P e el
= _a’-l - \ —a—
aei"; aéhd_ (o) | +a~ — 2 xcos v

Symmetry properties of F.T.:
Real & even x(n) <---> Real & even X(w)

-Jwh )

o?
X(w)s T xme = Z X cpswn —j 2 xLn)Sinwn

20 oven eve "o N=-= EUZ?( W

o
- 2 X(n) coswn

N=—oo

_— X(V-‘) 17, (qu/X(W) v even in (w)

» X(w): Real ¢ even:- T
= Coxrer e du l [f"x () Ao jXR(”) 5in(wn)lw]
Y, = Z_;LX((,,) = 55| 2 XelWasondw + e

cven

)(R(y‘) ivw in w
e X)) s real & even Xz (n)
Even |= Even
Sumary.-  Real oj% = Real
Even 1 J Cven

X(n) X(w)




~Jjwh

o X(w) = Zxwm e
X (w) = Z xt) "
Xlw) = £ fm &
S'jnqj F T . Qu/[ Signajs
X (n) X (w) real X )= X ()
X*(n) X*(—w) )((Y\) X@(w) = XR (-w)
X'Cn) Y (w) Xg(w) = - Xz (=w)
)(g(h) Xe(wJ = '7 [)({w).;.x'(.w)—] | X(.N)I = \ )((-w)]
J X ) Xolw) = J{[-X(W)—X'(-N)] L W (w) = - £ K (-w)
Xe (M= L[xm 4iw] Xg (w) X M= Lxe) 4xfm] s Xg (W)
Xolnl = L [xm) _ '] JX1(w) Xo(nl = Llxt) —x (] e K ()
Properties of F.T.:
1) Linearity:-

If x5 Xi(w W” PR SN QYRS ' 31 NP —— Q'Xl(w)_y Azxz(w)

*z(h) —> Xz(W)

2) Time shift:-

jwk
If x(n) 5 Xl(w) ﬂw"' Xn-k) o« 5 C—J X (i)

3) Time reversal:-

If x(n) e 5 X(w) ﬂ% xn) o o X(-w)

pPY”)(f’
o =\ " _'(—-u)hﬂ
FL x(-n)] - 2 xin)e) " m=m Sy 3 LS - X(—w) X
S-of M= —of

4) Convolution Theorem:-

If NN S Xilw) ﬂlﬂm Xn)= A(n) s Ko o 5 X(w) = X\(N)X7(V")
*z(h) “—> Xz(W)

EXA: find the convolution of =X {1, ‘/'}

Pazo

Solution

_jwn _jwl- ° _'lu(l)
X(h) =X, (n) % X () = X\Lu) = 5%(»-):) _ le_!u |i (& \eJ = | +2cosw - Xz(w)

—5 X(w) =><\(U) Kolw) = U“'2¢95‘~')1= \ 4 Yoswrtcoss = 34 Yosw+ 2@s2w
o e m jae 2w TeTai
NP St P T :
5> xn)= { |/2/,?/2/13

n=9




5) The correlation Theorem:-

I’f X ln) «e—>s X((W) ﬂl@"’ 58 )(1(") = E-”)(l(.k) XZ (k-n) —> Sx\)(t(w)z )(\(w) XZ (-w)
¥ (n) s X (w) 1_, Cross-energy
For real x(n) demity spect um.

Vax (1) e X(w) X (w) = | Y(w)]

Vax (1) e Sax(w)

6) Freq. shift:-
.
If x5 X(w) ;%Lw e X(n) s Xl
k?l’vo‘;w

JWon  _jun _J(w ~Wwp/h
Ex(n) ’ e 2 K(n) € —

~7) Modulation Theorem:-
tf oy 5 X(w) %&w X(h) Cosluun) a5 L [X(w—w,) +Y(w+u,):|

8) Parseval's Theorem:- 5
I-{ Xuln) «— > X|(W) W n%_j W(n) X«z(") = ,zl_. g-—[ \U“))Xz (‘*’) Jw

X-L (n) &e——> Xz ((‘d

*@raag:- + '
R.H.S. = f Do) e = L ([ex e ] G w) dw = Zx\m;;_[rx;w? L
- zm ~-m == m

X3 (n)
= S Xn) Xaw)




e Fnl g a@ec?mu ../2 Ao peneclic Sanpnl: —

e - f ,\,1.1,.,,,2,,-1,?, B

M
—1ln=n v

s)ﬂsLnK e

—{— Z ey €
j‘l"—k*
*‘—'-——‘-LEllze ol LV

-):.‘.aom
e ? & PRV

-‘J Ek _')‘!:wn
+r 2 & 1]

w
exp TRALE &
X = 2 Ue=n)
S\ Xeay ki—) Ucn)
T 2. B Es L5
‘ =) (-1 2" (incluctes unt ey .
b e T civele &«
: IDMI :‘%, “’%L“_“’EQ“"“*;‘!ES_U ."-V,W_L‘gl_»_._-_d *
S o AR T ) - «
B R 3 N L e = *
N X - wc-w) - \ = -
Gt
o -
f b 4]
: ——
AWz fae) g Ul , K< @
-
LY ”
SodlE L SN SO 1 G - R > K| —
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Response of LTI systems to sinusoids:

"Hoh ‘_.).W’n
X(h)= coswon = L ) T
2,
Ailin) X2(n)

Yln)=xon) 4l (wo) 4 xw Hwe)
jwon J*H("’e) -jwon )*H(‘*’c)]

R (w) = lHWo)\ 1% Hwe) } lj(vg)— U"_‘.(w" [ +€ e
hlw) = lH o \ é-.)z‘rHLWo)
H|xj(y.) ~\Hw,)l Cos(w,v.+<)'.l-l(wq))

a foe X(n)a Sinyn

ju\) = ‘ H (Wo)l Sin (th +4 H(U’c))

—

Effect of | H(wo) |:-
l— G;di" lH(Wo)l
2~ Wnase ‘; H(wo)

EXA: find the output of

X(h)= \0- ;$ih]£n+20ca$1TVl , aqelied bo LTI syshom with..
h(n) = L—-) uln)

Solution
Hwl = ,%c;i“
st ‘
i“y ‘m WQ:O _— H(W:-OJ = \—'Lco = 2 égo
2" temm wWo= I . W(ws= ‘LZ): \_,\‘i,_;iﬂ"z = é—é’
=

o 2. ° 2
o Ylhs 0%2 - 5x Zn( T _26:4") 42052 cosTm

Steady state and transient response to Sinusoidal inputs:
won

Let X(n) = ¢ w(n) ANM to y&@m =

hin) = (J—) wn)

. . | o |
e L [ B A

-+3
. j“aVl
Pﬂr"\ll S 9(") = (W)( )u(“)+<l \ )w‘> e uln)
5¢€

\ 2‘)—: ( “ (
/( | — e)"‘v?-J |- ,i—'g- fracl'(an 2
“— —_ -

Transient response Steady state




Nn) — l"(“) = Y (n) = X(n) & h(n)

U (w) Ve = X() Hlw)
I__, y(n) = _lgyu.,)erhcpw
2T g

s Syylr= Vel 2V XEIH@P S e Set) W)l

EXA: an LTI system with h(n) = (+ )“ uln)

an( infu{ X(W = (%)h u(n)
Find the output energy spectral density.

Solution
X W)= ‘ F\(W): \
e e =
7% F R N
\—JH—E"" \_.,_tt:\

gyy (U) - \ )’(w)l [ \

C= @ = \l- Leosss 1% smnl Ve L oosue L sinul®
Syy(w) = \
Y (% _’%Casw)(%—cosw)
System response to periodic signals:
Givem  X(n) ‘Jerl‘OIic ( Fexioj=kl )
N-l
X(n) = Z i Xk(m)
/:=a k=e
ZJLI‘-h )ZLI‘—"‘—
)(k(!l) (j; _— \jkflﬂ) = H(z/gk) (L e N
p-) j "
sl g0 = G T( 23£) ¢ Cy= G A 22E)
v
T [hw)]

An LTI system modifies the shape of an input periodic signal by modifying it's
harmonics.




Given periodic x(n)

X(n)

Solution

) Hewl = ()|
2) F\'vw( Cb(

3) Find  Cpy=Co i (22K)

Nt c2mkn
’*) y(") z k:ZO(kvé) N

Yln=e) = [--D

=7

ERER RS

qﬂ)lta@ to y(n) = —%—jtn-\)-\ZanJ

J NWso,ly---/N-)
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EXA: a digital filter described by
Y =x(n) ~ X(n-1°)
Find o) Fres. Response H (v)
b) osp for  x(n) = cos L +Fm(LTnef

Solution (unit circle)

Y= x@ (- ) log Y= xw) -@"%w] D

H(z)= 1= i'o___,, H(w) =1 —E)lo ) —s sine g(n) i finike , ROC 4 Ml ?-gflm excegh 0,0 :;ancw'esj
Hlw=L) = AP U AWt

< fo J\JZ R -) ‘*TTT'

H(w=1)m 1-C B N - VL.

_—:-)j(n)=2CoSIIon +3f3—)fih(—-[;—h+%——%)

Design of simple digital filters by pole-zero placement:
Freq. response (graphical):-

Hiz)= ¢ (12 3) (-2 3)- --
J U=0zJ0- g2

qain

W J’\/N ~w( -m) jw
H’((ﬂ): G i’vlkl(’—?\‘e) ) . e. - G e) N Jr:t(@-?\a) {Af}ume N)M%ffafer}
N ~jw JwiNv N o
Jg-ae) e 7 (¢™-4.)
¢ b 14 =] =

> | H] = = o N e
W / \
T 16™4.) i € loes 2v
g\j}
\‘ /

Pole-zero placement principle:- T
1- place poles near points (frequencies) to be emphasized.

2- place zeros at frequencies to be de-emphasized.

3- all poles are placed inside the unit circle (for the filter to be stable.)

4- Zeros are placed anywhere in z-plane, mostly on the unit circle (for exact
zero.)

5- all complex zeros & poles must occur in complex conjugate pairs.

-0
(z-0¢")(z-0¢")
— (1)22'-(2‘)('05@)?- -}Pz __7@o\r \j(V\) (9/?) éﬂ Lf real.
EXA: design a LPF to have one pole to satisfy |We) |= | For w=
lH(u)|= c.0#Y for w= ];.
Solution (=)= G \
‘ : L=z __— \ (To be )
a.owH = rejs = aéo — w=a for LPF) lpu{' f,( ‘H?F w =T \emphasized
® > H (= = G - 6%z s Rlul= § e'J 3 \H(wl\:» & !

\—a% z-a e a l@i¥_ al




| H(w=0)] = [ = & —> |G=l=-a

| e°—al
\H(w: F‘Z)l: Q.04 = = &
— :
l e)z—a‘ [ J‘“J
2 2
o & _loom) —(2
| +a’
2
2
= M = (O- 07“"’) =) o.99"l5a2-24 4+0.9995 = © _—> a= (i y 0.9
|+ a* [ v
0o & ealmag=la03=0.] =D H(?):L
l— 092"
EXA: same as the previous one , but with a zero:- IH (Tr)) ~ 0
Solution o
He) =2, % J7 ! P a8
"_ =G% ; #alé=l |, fsrd-ae =a
a.o#x---&
! .-“5 v -l Jw
5> H@=6 2 g 2t o Y Ge +]
\ —a 2-q er—q
€741 ° 4l
Sl = Gle w1l o Thu=l=1=6lexl _ 2G
-4l le®—al I—a
il
J
=-)3H(1'-")‘“G’-\—e Yl = G‘J’*'l = 0.07Y%
)z (j-al
le' =gl J
2 ) 2 l-—ﬂ 2 2
—G (f + | = looz4) = (—2)_& = (0-07"'5)__% o.9g9az—24+o.999 Ey-)
(+a? | +a?

= (( O?(,% G= | —4 = . 49)
>asll, @UID 5 2.0

S| H@E) = o 0¢ol { +2z"

|- 0.9422"

EXA: design a two-pole (identical) LPF to have |Hcl=1 Ll =4

Solution ol - | | c - .
H(‘b):‘ | e = H(u) = S = HC ) _ = - | = G= Q_‘,) ‘ )
w0t (=) ’ (1-¢)"  U=p)? :
2 2 2 ,
l H(%)‘ = G - - G; = %=J:f%29@t(ﬁ-') —G@J-((i—l):o
=< Tl i-plost-gnm)|” -2 €]
f’E-’jzl/ .07 . élo' 4‘ => H(Z): 0.4 68
(\ —0.222")?




Notch Filter: N IH (w)! />\
l ‘]Uv
T \
Hz) = g (1-22' )1 -=.7) ’§ Hes G0-200-3%") 5
Z-\alcjw' y 2ol \/—1 X
( )u-_()( A Wo T
— H@=6 Glfcz I~& & >
(1= v (\—"é)w?; w
\ °
= G [ (205“.)'{-‘*1-1 K \\\
=2 vrcosw, z'4 rrer

Disadvantage: it has a big delay ( impulse response:p”n needs more time

until it reaches the steady state.)

Suggested problems:
Chp. 4:-

4,5, 6379 9,10,12,22.
Chp. 5:-

3’4’ 6’ 7’ 8’1 091 6’17’1 9’21’22’24,30’32’52’54’ 62’ 68
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Chapter 7
The discrete
Fourier

Transform
(DFT)




Applications:
Power spectrum estimation.
Filtering.

Correlation. Ve
Freq. estimation. M
Sam (]7 les 21
Freq. Domain Sampling and reconstruction of time domain signals:

o0 . o 1 T
—~jwn —)(ZW'E)"
X (w) = ni_:éth)e = X(Z%Ek); "Z;(lh)e 5 k= oo
=\ __-z‘n*'l n-! g2xkn  2N-I J2EEnN
X(2T) 2 o s S x? 4 S gm e L Sumé®
N n>-pA h=o - H:A/ *

- |

ZwIN -
= shiftm time by (LW) .
w=I irk - V-] ark N=! re2 2xkn
- 2k (notw) o xkn RpY
=2 . xnaw) € =2 2 xindtw) € - LE x(n-.lﬂ)]e
=—c0n=° [:—-0":[N h=o = - @
e~
Xeln)

xg(n) : 67€/V|'0¢(l'62 —s Xplaw) = xp(n) o~
= Xpln) s (PQ/VEOJ(( = N

.2tkn
2 X (m)éJ -
f N-l __-err_/\f_h
|
i v ‘l\_/- EOXP(V\) e

2T

s x(22k)

n

n
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Applications:
Power spectrum estimation.
Filtering.

Correlation. Ve
Freq. estimation. M
Sam (]7 les 21
Freq. Domain Sampling and reconstruction of time domain signals:

o0 . o 1 T
—~jwn —)(ZW'E)"
X (w) = ni_:éth)e = X(Z%Ek); "Z;(lh)e 5 k= oo
=\ __-z‘n*'l n-! g2xkn  2N-I J2EEnN
X(2T) 2 o s S x? 4 S gm e L Sumé®
N n>-pA h=o - H:A/ *

- |

= shiftm time by (LW) )

w1 irk - N=l ark N=! pe2 2rkn

= DEE(n-LW) ~JiLEh ISRe =
=Z %o X(ndw) € ( =Z Z X(n-fn) € = LZ x(n..(/v)]e

xg(n) : 67€/V|'0¢(l'62 —s Xplaw) = xp(n) o~
= Xpln) s (PQ/VEOJ(( = N

.2tkn
2 X (m)éJ -
f N-l __-err_/\f_h
|
i v ‘l\_/- EOXP(V\) e

2T

s x(22k)

n

n
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23k p-! e
Xpln) = 2 Ge ’\ Ke(n) = 'I/\Tﬁz (_Alg_*) e Reconstructed from the samples:
G- 4 K2 X(2gk) s keopto wo

XL n=w) x(h-znr)

/

Reconstruction of x(n):

x(n) has a finite duration of 0 < n < L-1
N: no. of samples on X(w).

1-if N >=L

x(nl = ¢ Xo(n) o ng N-) }\
{ o oo chore ™M \\\

2-ifL>=N j\
!\\ ) : \n}

Expressing X(w) in terms of X(2pie*k/N) {k = 0,1,---,N-1}:
Assume N >=L x(a) = Xp ()

-~ =N

oo _jwh o9 Nl J~‘Z _jwh =2 Nl _J(w_zms)"
wj= Zxm & =2 [Le X e Ve il ze ]
=- N=-o0 k=0 N=-00 /Vk:g
v jw —JWN ) o - 2
x Deline : @(w): 1 2 (e'J )w =1 |- e _ S (wn/2) éJ (v-1)/
N h=o N | — e-Jw /\/sm (u/z)
4
i‘ Y\u“ d/f %M:'ﬂ: u:Z'Nl
\ (W \%(u)l
° %
,'/\\ .h‘\
“ -%V’:NI ! zwn\/{%xz / |
Z“_T; (\ZJ,S—MZ 2T

Yl = £ X(zzt) pl-2pk)

EXA:let X(n)= a"uln) e—s X(w
The spectrum X(w) is sampled at w=2mk/N ; k=o,t,- -, ,N-
Determine the reconstructed time signal & the reconstr}lcted spectrum.

quz x(m»»/)
Solution W)
0® 2 .t o %4
Xg(n) = 5 xn-fy) = lZ a " g tfa"” w,
= -4 =-? =~

£ Canl‘ril’df"” ;_,N-| N ;X/-I 2Ne contr.
> m N oo W n
m= -[:) )(f(”) = an l‘% a =~ a mf_o(a”) = L 4’ 2 w(n) i l’j scal ""ﬂ}

0o l—q”




N p=t . N'l wh _)w N
W) o Same™ . S a2 | 1 i-Ge)
><( hz=o ? € h=o l-—a("-J € l__a;\/ |\ — a_e.J'w
—jw\N Ik N
Y(w~7-11|‘) = | 1 —(ae ) | l-aNe)N - |
. =" | _(a é)w) l~o I - de“)z%k‘ | — g
Y(w) = \ M
The DFT:

Nt _i2Ek
DET: Xt = 2 xw@7 " kagt,— wo
jIke £ e X
IDFT @ wen) = —,‘\7 2 X(k) € jons 0,\, — == Nt (~) (v)

Fourier Tr. = TFf L >N, {runcake ﬂzg Synq/( 40 N-pvinl'f-

EXA: let x(n) = | 0 sngl-|

o Ase uhare

Del. N-pt. DFT for w2l

Solution ,_ , [ L .
)= & xm e ZE) a1 L snpp  J
h=e Nzo [ - e"w Sin (w/2)
L 21mk/y 2k (ot
= X = 5, (7)) 515D
2Tk
i ()
- If p=L
_j wk(L-1)/L
X (k) = Me =) L k=0
Sin (kL)
o ksl 2, --pmv-)
L= nNM=10 o,
' /orck in

(Zero pending) * & information

] !’ co :-i N e N

10
Tf Lz, w290
\\
\

Loy Myl

wh

Xlwe € xtny @
W:Z_%k’
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X(n) =X (V-n)

Conjugate even:

Conjugate odd: ()= —x*(n-n)
X(n) X (¥
K X (vp
X[y -n) )(’(k)
Kg (n) XCE{L): %EX(I:H )C(N-UJ

} X1 XCO(U = %EX{I:) = )('(N - k)J
X co(n)a _'z.D((a)‘l-)(‘(N-Vl)] Xg (k)
Keot)= L xa—xGn)] k1 (k)

Circular convolution:

)(\(V\) % X\(k)

Xaln) o 2T o Xa (k)

Shen

X n= Lz 1 =2 1]
Lm=['1" 2 3 4]
Solution

Time reversal
¥ o BET, X(k)

Circular time shift

XCn) < PPT . X(k) sl
Aln-2)), eoer . X(K) e a

X(n) X k)
Even |== = Even
Real OJX 0dd
odd \‘. odd
:r_r”‘ﬂ'j- Cven g 2| Even
time frei/

Real  x(n)

1 ((n) o xon) BETS X(E0), < X(n-K)

X (k)= x"(p-¥)
X@(k)= Xg (w=k)
XI(I\:) = ~X_‘_[(:V—|<)

| x®] = | xCp-k)]
FX(K) = - & X(u-¥)

X ) () () «BFT5 Xilk) X, (k)

EXA: Find the Circular convolution of:-

Y(o)=ix2+ 4x\43x2 x2xl = |4
y()s 2x Z+1xl + 4x2 + 3x)= |6
y(2)= 1%
g (3) = \8

— ym=[ 16 ]

Real

Timag.



Circular freq. - shift

X(n) ¢ oer X(k) V
JZRTI"‘ N‘DF’T X (k-4)

Circular correlation

i Py (W) = ) 0ty Rey () [ XE N

?;()( (U & > \X(k)‘z j k:o/l/---[v-l

Multiplication of two sequences
— Convolution

Xy(n) X «PFTo L X\(k) @ % (k)

Parseval's Theorem

N-t N-1

S xmwy'm = X (k) Y (k)
h=-o

|
N k=

I+ ym=xm)

=\

LS

- N-\ 2
lxml™ = o 20 [ X))

° Nk

T Eneray

(N in time may be less than in freq. or the opposite --->
so we can calculate the energy with the less symbols.)

S
"
0

J 1::0/ = N=l
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Wednesday  5/1/13

EXA: Given
is an 8-point DFT of real valued x(n).

Solution
X(k)= XT(N-k)
X(5)= X"(9-5)= X'(3) = 0125+ yo.05
X(4) = X (3-6) = X'(2)=o0
X (3) ;X'(%—?)—_ )(’(I)z 2\26 +jo0.2

Find the remaining points (x6),x(§), X(#¥)

EXA: find the circular auto correlation of

X(n) = (ps(zﬂkoh/N) ochg N
Solution ot X o
nevau —= Al - o O -
Erergy = 5z, 4 21X
J.ZV”:I"" -)20 koh
=) x(n):,,l;[%e +_/‘zie N:l
) )((k);EO o -L:—o ﬂAZ/_O- —oo—_\
1\
Tko :-k. N
- F= N YNV -
> E- L {04

EXA: Complete the energy if the N- point signal

J

e

X(M):Co&(?ﬁln) ogh g M-
Solution
~ ~
ny(l) > Ryxx (k)
>
= X(k) Y (k)
2
= ?Xx (ﬂ) %—L \ X(l()’ }' \<: 0/\ - N_\
')Zy__h -:)Zl’—h JELy
ROV SR
> XCG) = N X(nay) ] A(K)= [ o N eo-=-=o
X (') = % l::_T
= €. k):[ Aj_} O - = - N7
= eo(x( (24 = =4 ,E‘_N-‘ )Z?L[
—-)?xx (IJ: IDFT[ Rxxa)_]‘: f}\—J ‘ZXx(k)e ~ =
'zj'l -’Zﬂ =9
S A R on

X(k)= Le25, o125-303, 0, 0125 -j0.05,0, - ]

nN=) szgﬁn,
2 (k) e
k=0
LI
N
-+ 76 }
po]
2
Jo
jErel _jenl
e e
.Zﬂ ],
Jw
,17 [Pxx(l)e + Rxx(y- @J
N cos 7-_"’_0
2 N



EXA: Given 8- point DFT of

X = L1 1 1 1 o o o o]
Find the DFT of

((h Ll o 0 oo | 1 1]

Xom)z[o o L 1 L I o o]
In terms of DFT of x(n)
Solution

X, () = X ((u—sJ)/,
_)'2;
x(n=0) e—s X (k) e

n

27nk5

=X (K= X<
Xz X tn-2))g
= Yo (k) = X(k) EJ e X(k)e

5Tk

EXA: Given (Lo 1| 2 3 4 o]

a) Find the sequence s(n) whose 6- point DFT is

2w

S(H= uk X(® g ¥ 3;’7}

N

b) Find y(n) whose 6- point DFT is

V(€)= Read [ X(#)]
Solution o
a)  S(K) = (&5 x(k) € X(K)
) S vy O
= Xn)= x((h-})),
— s@=[3 4 o o 1 2]

L) ) - veal [ X(+)]

X () s Xg ] A = Lo 1 2 3 4y o]
=Lf x(m + X ()]

=> Y= szx(nux"(_m)J =[e L 3 3 3 1]




EXA: find the DFT of 8(n)

Solution

S(h) > X(“): \

X (k) = X(u)/ kso, - -— Moy
w2 ZTTk ~JNow
N S{ g(ﬂ-ha) &> [ }

e
X (k) =) b= 0,1 <o MO X(e)= &
A X

EXA: Given x(n)
If we sample X(z) at

2 = eJ Kk
Find the sample the IDFT of [ T T T T T o
po) 1l 2 3 4

Xl{k): X(‘Z-)I j.z_lk ke =20,1,2,3
“

2=C

Solution
X\(n)= Xplh) I 3 gi X(n-/v)j

. ST T
T T T 17T 1 Xy(n)=L 2

X (n-4)
I T

X (n=-3)
-V

X(nty) 2 2 1

X(v\-(-gJ




_)-un

- 1t e e x(n) y
5 X(W) X-1) ,,Qw = f Klu-) [X%ﬂ]dw
=T -7 % (w) X)) — X‘(_n)
)™ “
=212 € KX (w) = ~347
Yy(n)= X(2n) '
S Xn) ks
—- .- m) €
Y(w)- M:even
0 T P
= = X(m)(@m &=
M= — oo 2
- ,lz_)((%) + ,Zl_ X (,;i_’ﬂ‘) then subsbbabe o~
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EXA: Use symmetry properties to calculate DFT of 2-real even & 2-real odd
simultaneously using one N-DFT only.

Solution .
X\ (n) 7‘7.6( n)’z (eaﬁ

) Y2n
Generale X(w)=  Xoln) 49?(n)+j[>‘7.e(")+‘5:(n)] ] X\e(kJ: Va(k);V\z(-k)
N
Velkde Vg (E) 4+ jVE) 4 §VF (k) = 7{(&):"“(")2;\“‘("‘) :7);'(;):.3[1M]
o VPO = VEGO INeCR) e (k) 2 VEG 5VECR) |, XE (k)= -y [1VEG0 2 iNVE(R))

The Fast Fourier Transform (FFT):

el (7
. > i
Kll) =2 XLe) Wy aopite s it
Deline flal = X(2u R
=R VI etz N louyy) (J:L’l.’,’, s
2 ) = PRl
( )77 “; Xln) W«*.,b%/.z.Lﬂﬂ, :

)((lf):ﬁ (k)fuﬂkﬂ(“ ; k=o0,1, ~-= p-

wheve: £ (k) ] o ?oiv\l: PET  filn) = ﬁ-(?*%’) = E(l:)
Fi (k) f2(n) ﬁ(k*f}—_’) ALY,
2 2 2 k 4 NA k
% + ”z“' g, Ty

» X(k) = q(k) + ‘\/,Jk £, (k) k:ﬁ//)-"/‘é-l
Ky = 6 (k) = wk () I
F ()= DFT (fi(n))
N

2

% Radix_2 FFT.

EXA: 8-point FFT:-
% (o) FCo)
¥ (0 —] L s X(9)
K(1)— b (U AN Lve
f tn) ()— 2T £ () SN Ly (2
a— R (D) SN )

X (4)—

fwmd x(s5)—
\l/ ) xe— 2T
Xz X3 —

'Fz (3) ~ w,’ __\




Suggested problems:- 64 Y09% (92
7.1, 4,7,8,9,11, 14, 19, 20, 25 \ 902U \of glzo
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