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6. MAXWELL’S EQUATIONS IN TIME-VARYING FIELDS

7e Applied EM by Ulaby and Ravaioli



Chapter 6 Overview



Maxwell’s Equations

In this chapter, we will examine Faraday’s and Ampère’s laws



Faraday’s Law

Electromotive force (voltage) induced by 
time-varying magnetic flux:



Three types of EMF



Stationary Loop in 
Time-Varying B



cont.



Example 6-1 Solution







Ideal Transformer



Motional EMF

Magnetic force on charge q moving with 
velocity u in a magnetic field B:

This magnetic force is equivalent to the 
electrical force that would be exerted on 
the particle by the electric field Em given 
by

This, in turn, induces a voltage 
difference between ends 1 and 2, 
with end 2 being at the higher 
potential. The induced voltage is 
called a motional emf



Motional EMF



Example 6-3: Sliding Bar

The length of the loop is 
related to u by x0 = ut. Hence

Note that B increases with x





EM Motor/ Generator Reciprocity

Motor:  Electrical to mechanical 
energy conversion

Generator:  Mechanical to 
electrical energy conversion



EM Generator EMF

As the loop rotates with an angular velocity 
ω about its own axis, segment 1–2 moves 
with velocity u given by

Also:

Segment 3-4 moves with velocity –u. Hence:





Tech Brief 12:  EMF Sensors

• Piezoelectric crystals generate a voltage across them proportional to 
the compression or tensile (stretching) force applied across them. 

• Piezoelectric transducers are used in medical ultrasound, 
microphones, loudspeakers, accelerometers, etc.

• Piezoelectric crystals are bidirectional: pressure generates emf, and 
conversely, emf generates pressure (through shape distortion).



Faraday Accelerometer

The acceleration a is determined by differentiating 
the velocity u with respect to time



The Thermocouple

• The thermocouple measures the unknown temperature T2 at a junction 
connecting two metals with different thermal conductivities, relative to a 
reference temperature T1.
• In today’s temperature sensor designs, an artificial cold junction is used 
instead.  The artificial junction is an electric circuit that generates a voltage 
equal to that expected from a reference junction at temperature T1.



Displacement Current

This term is 
conduction 
current IC

This term must 
represent a 
current Application of Stokes’s theorem gives:

Cont.



Displacement Current

Define the displacement current as:

The displacement current does not 
involve real charges; 
it is an equivalent current that 
depends on 



Capacitor Circuit

Given: Wires are perfect 
conductors and capacitor 
insulator material is perfect 
dielectric.

For Surface S1:

I
1

= I
1c

+ I
1d

(D = 0 in perfect conductor)

For Surface S2:

I
2

= I
2c

+ I
2d

I
2c

= 0 (perfect dielectric)

Conclusion:  I
1

= I
2





Boundary Conditions



Charge Current Continuity Equation

Current I out of a volume is equal to rate of 
decrease of charge Q contained in that volume:

Used Divergence Theorem



Charge Dissipation
Question 1: What happens if you place a certain amount of free charge inside of a material?
Answer: The charge will move to the surface of the material, thereby returning its interior to a 
neutral state.

Question 2: How fast will this happen?
Answer: It depends on the material; in a good conductor, the charge dissipates in less than a 
femtosecond, whereas in a good dielectric, the process may take several hours.

Derivation of charge density equation:

Cont.



Solution of Charge Dissipation Equation

For copper:  

For mica: = 15 hours



EM Potentials

Static condition

Dynamic condition

Dynamic condition with propagation delay: Similarly, for the magnetic vector potential:



Time Harmonic Potentials

If charges and currents vary sinusoidally with time:

we can use phasor notation:

with

Expressions for potentials become:

Maxwell’s equations become:

Also: 



Cont.



Cont.



Example 6-8 cont.

Cont.



Example 6-8 cont.



Summary



7. PLANE WAVE PROPAGATION
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Chapter 7 Overview



Guided EM Waves Unbounded EM Waves



Maxwell’s Equations

For sinusoidal time variations: For any vector field:

Hence: and 

Consequently, Maxwell’s equations become:

We will use these to derive the wave equation 
for EM waves.



Complex Permittivity



Wave Equations



Lossless Media

If the medium is nonconducting (σ = 0), the wave does not 
suffer any attenuation as it travels and hence the medium 
is said to be lossless.



Uniform Plane Wave

Cont.



Uniform Plane Wave

General Form of the Solution:

For a wave travelling along +z only:

Application of yields:

Summary: This is a plane wave with

with



Summary from previous slide:

Time-Domain Solution



Wave’s Phase Velocity  



Cont.



Example 7-1 cont.





Directional Relation Between E and H

For Any TEM Wave 





Wave decomposition



Tech Brief 13:  RFID Tags



Overall System View



RFID Tag Communication



RFID Tag Frequencies



Wave Polarization

Plane wave propagating along +z :

If: 

then



Polarization State

Polarization state describes the trace of E as a function of time 
at a fixed z

Magnitude of E Inclination Angle



Linear Polarization:

E traces a line( in blue) 
as the wave traverses 
a fixed plane 

or



Polarization Handedness



LH Circular Polarization:



RH Circular Polarization:



Cont.



Example 7-2 cont.

Wave with electric field magnitude
of 3 (mV/m)  traveling in the +y-
direction

Cont.



Example 7-2 cont.



Elliptical Polarization: General Case

Linear and circular polarizations are special cases of elliptical



Cont.



Example 7-3 cont.







Tech Brief 7:  LCD

Liquid crystals are neither a pure solid 

nor a pure liquid, but rather a hybrid of  

both. One particular variety of  interest is 

the twisted nematic liquid crystal whose 

rod-shaped molecules have a natural 

tendency to assume a twisted spiral 

structure when the material is 

sandwiched between finely grooved glass 

substrates with orthogonal orientations.



Operation of a Single Pixel



LCD 2-D Array



Lossy Media

Cont.



Lossy Media



Attenuation

E and H fields:

Cont.



Attenuation

Magnitude of E

Skin depth



Low and High Frequency Approximations



Example 7-4:  Plane Wave in Seawater

Cont.



Example 7-4:  Plane Wave in Seawater

Cont.



Example 7-4:  Plane Wave in Seawater

Cont.



Example 7-4:  Plane Wave in Seawater

Cont.



Example 7-4:  Plane Wave in Seawater





dc vs ac Current Flow in Conductors



Linear Conductor

For a conductor with E0 at the surface:

Total current crossing y-z plane:



Surface Impedance

Thus, conductor is equivalent to a resistor in 
series with an inductor.



ac Resistance of Coaxial Cable

Since in the ac case, most of the current 
flows through a very thin skin along the 
outside of the inner conductor and along 
the inside of the outer conductor, we can 
use the results of the planar conductor 
to figure out the resistance of the coax. 
The procedure leads to the following 
expression for the resistance per unit 
length:





Power Density

Poynting vector:

Total power intercepted by A: 

Time-average power density:



Power Density Carried by Plane Wave

For a plane wave with E field :

the average power density carried by the wave is:



For a plane wave travelling in a lossy medium:

the power density is :

Plane Wave in Lossy Medium





Summary



8. WAVE REFLECTION & TRANSMISSION
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Overview



Signal Refraction at Boundaries

Radiation by antenna (Chapter 9)

Wave propagation in lossless medium (Chapter 7)

Wave propagation in lossy 
medium (Chapter 7)

Antenna reception (Chapter 9)

Wave refraction across a 
boundary (this chapter)



Normal and Oblique Incidence



Normal Incidence

We can use all the transmission-line 

concepts and techniques of Chapter 2 
to analyze plane wave reflection and 
transmission at interfaces between 
dissimilar media 



Modeling Normal Incidence



Individual Waves

Note ‒ sign

Note + sign

Note ‒ sign



Boundary Conditions



Total fields

At the boundary z = 0:

Solution gives:



Reflection and Transmission Coefficients

Similar form  as for 
transmission lines



Analogy of Normal Incidence to Transmission Lines



Power Transfer

Medium 1

Medium 2





Cont.



Example 8-1:  Radar Radome

From transmission lines, since Media 1 and 
3 are the same (air), no net reflection will 
occur at z = ‒d if the radome thickness is 
an integer  multiple of 



Cont.



Example 8-2 cont.



Cont.



Example 8-3 (cont.)

Cont.



Example 8-3 (cont.)



Snell’s Laws



Angles of Incidence, Reflection & Refraction



Nonmagnetic Media

Index of refraction n:



Refraction

When the refraction angle is 
90 degrees, the corresponding 
incidence angle is called the 
critical angle.





Optical Fiber



Modal Dispersion

Highest data rate:







Oblique Incidence

Plane of  incidence is defined as the plane 

containing the normal to the boundary and the  

direction of  propagation of  the incident wave (x-y 

plane in the figure).  

A wave of arbitrary polarization may be 
described as the superposition of two 
orthogonally polarized waves, one with its 
electric field parallel to the plane of 
incidence (parallel polarization) and the other 
with its electric field perpendicular to the 
plane of incidence (perpendicular polarization).



Perpendicular 
Polarization

For a wave incident

Incident Wave

From the figure:

Hence:



Perpendicular 
Polarization



Perpendicular 
Polarization

Applying Boundary 
Conditions

Tangential E continuous
Tangential H continuous



Solution of Boundary Equations

1. Exponents have to be equal for all values of x.  Hence,

2. Consequently, remaining terms become 3. Solution gives expressions for 
reflection and transmission coefficients:



Cont.



Example 8-6 (cont.)

Cont.



Example 8-6 (cont.)

Cont.



Example 8-6 (cont.)

Cont.



Example 8-6 (cont.)



Parallel Polarization



Reflection Coefficient vs. Angle



Brewster Angle

Perpendicular Polarization

Parallel Polarization





Power Reflectivity and Transmissivity



Summary For Reflection and Transmission





Tech Brief 16:  Bar-Code Reader



Tech Brief 16:  Bar-Code Reader



Waveguides

• Examples of non-TEM transmission lines

• We covered the basics of wave      
propagation in an optical fiber earlier

• We will now examine wave propagation in 
a rectangular waveguide with metal surfaces

•The energy is carried by Transverse Electric 
or Transverse Magnetic modes, or a 
combination of both



Coax-to-Waveguide Connection

An extended section of the inner 
conductor of a coaxial cable can serve 
to couple energy into a waveguide or 
from the waveguide



Transverse Magnetic (TM) Mode

Applying Maxwell’s equations to a wave 

propagating in the z-direction with its Hz = 0 

(for the TM Mode) leads to:

m and n are positive integers



Transverse Magnetic (TM) Mode



Properties of TM Modes

1. Phase constant
For a wave travelling inside the guide along 

the z-direction, its phase factor is e−jβz

with:

2. Cutoff Frequency
Corresponding to each mode (m, n), there 

is a cutoff  frequency fmn at which β = 0.  

By setting β = 0 in Eq. (8.105) and then 

solving for f, we have

A wave, in a given mode, can propagate 

through the guide only if its frequency f > 

fmn, as only then β = real.

3. Phase Velocity

4. Wave Impedance in the Guide

Whereas properties 1 to 3 are common 
to both modes, property 4 is specific to 
TM modes.





(cont.)



(cont.)



Transverse Electric Mode

For the TE mode with Ez = 0,

TE mode properties are the same 
as TM  , except for wave 
impedance:





Properties of TE and TM Modes



Propagation Velocities

2. Group Velocity
The velocity with which the envelope—
or equivalently the wave group—travels 
through the medium is called the group 

velocity ug.  As such, ug is the velocity of 
the energy carried by the wave-group, 
and of the information encoded in it. 
Depending on whether or not the 
propagation medium is dispersive, ug may 
or may not be equal to the phase velocity up.

1. Phase Velocity  
The phase velocity is defined as the 

velocity of the sinusoidal pattern of the wave



ω-β Diagram for TE and TM Modes

1. Note cutoff frequencies along 
vertical axis.

2. The ratio of the value of ω to that 
of β defines up = ω/β, whereas it is 
the slope dω/dβ of the curve at 
that point that defines the group 
velocity ug.

3. For all modes, as f becomes much 
larger than the cutoff frequency, 
the ω-β curve approaches the TEM 
case, for which up = ug.

4. 



Zigzag Reflections





Resonant Cavities

A rectangular waveguide has metal walls on four 
sides. When the two remaining sides are 
terminated with conducting walls, the waveguide 
becomes a cavity. By designing cavities to 
resonate at specific frequencies, they can be used 

as circuit elements in microwave oscillators, 

amplifiers, and bandpass filters.

Resonant Frequency

Quality factor
The quality factor is defined in terms 

of the ratio of the energy

stored in the cavity volume to the 

energy dissipated in the

cavity walls through conduction.



Cont.





Chapter 8 Summary



2. TRANSMISSION LINES
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Chapter 2 Overview



Transmission Lines

A transmission line connects a generator to a load

Transmission lines include:
• Two parallel wires
• Coaxial cable
• Microstrip line
• Optical fiber
• Waveguide
• etc.



Transmission Line Effects

Is the pair of wires connecting the voltage 
source to the RC load a transmission line?  
Yes.
The wires were ignored in circuits courses. 
Can we always ignore them?  Not always.

Delayed by l/c

At t = 0, and for f = 1 kHz , if:

(1)  l = 5 cm:

(2) But if  l = 20 km:



Dispersion



Types of Transmission Modes

TEM  (Transverse 
Electromagnetic): 
Electric and 
magnetic fields 
are orthogonal to 
one another, and 
both are 
orthogonal to 
direction of 
propagation



Example of TEM Mode

Electric Field E is radial
Magnetic Field H is azimuthal
Propagation is into the page



Transmission Line Model



Expressions 
will be 
derived in 
later 
chapters



Transmission-Line Equations

ac signals: use phasors

Telegrapher’s 
equations



Derivation of Wave Equations

Combining the two equations leads to:

Second-order differential equation

complex 
propagation constant

attenuation 
constant

Phase constant



Solution of Wave Equations (cont.)

Proposed form of solution:

Using: 

It follows 
that: 



Solution of Wave Equations (cont.)

In general: 

wave along +z because coefficients of t and z
have opposite signs

wave along –z because coefficients of t and z have 
the same sign



Example 2-1:  Air Line







Lossless Microstrip Line

Phase velocity in dielectric:

Phase velocity for microstrip:

Quasi-TEM



Microstrip (cont.)



Microstrip (cont.)

Inverse process: 

Given Z0, find s

The solution formulas are based  on

two numerical fits, defined in terms 

of the value of Z0 relative to that

of the effective permittivity. 







Lossless Transmission Line

If

Then:





Voltage Reflection Coefficient

At the load (z = 0):

Reflection 
coefficient

Normalized load 
impedance



Voltage Reflection Coefficient



Current Reflection Coefficient





Standing Waves

voltage magnitude

current magnitude



Standing-Wave Pattern

Voltage magnitude is maximum 

When voltage is a maximum, current 
is a minimum, and vice versa



Standing Wave Patterns for 3 Types of Loads



Maxima & Minima

Standing-Wave Pattern



Maxima & Minima (cont.)

S = Voltage Standing Wave Ratio

For a matched load:   S = 1

For a short, open, or purely reactive load:





Example 2-6:  Measuring ZL with a Slotted Line



Wave Impedance

At a distance d from the load:



Input Impedance

At input, d = l:



Cont.



(cont.)

Cont.



(cont.)





Short-Circuited Line

For the short-circuited line: 

At its input, the line appears like 
an inductor or a capacitor 
depending on the sign of





Open-Circuited Line



Short-Circuit/Open-Circuit Method

 For a line of known length l, measurements of its 
input impedance, one when terminated in a short 
and another when terminated in an open, can be 
used to find its characteristic impedance Z0 and
electrical length







Instantaneous Power Flow



Average Power



Tech Brief 3: Standing Waves in Microwave Oven

The stirrer or rotation 
of the food platform 
is used to constantly 
change the standing 
wave pattern in the 
oven cavity 



Tech Brief 3: Role of Frequency

At low frequencies, 
absorption rate is small, 
so it would take a long 
time for the food to cook

At very high frequencies, 
the food cooks fast, but 
only its the surface layer



The Smith Chart

 Developed in 1939 by P. W. 
Smith as a graphical tool to 
analyze and design 
transmission-line circuits

 Today, it is used to 
characterize the 
performance of microwave 
circuits



Complex Plane



Smith Chart Parametric Equations

Equation for a circle



Smith Chart Parametric Equations

rL circles

xL circles

rL circles are contained inside the unit circle

Only parts of the xL circles are contained 
within the unit circle



Complete Smith Chart

rL Circles

Positive xL Circles

Negative xL Circles



Reflection coefficient at the load



Input Impedance



Maxima and Minima



Impedance to Admittance Transformation



(c)

(d)

(a)

(b)

(e)
yin = 1.15+j1.7

Yin = yin Y0 = 0.023+j0.034 S



Given:  
S = 3
Z0 = 50 Ω
first voltage min @ 5 cm from load
Distance between adjacent minima = 20 cm

Determine: ZL



Matching Networks



Examples of Matching Networks



Lumped-Element Matching
Choose d and Ys to achieve a match at MM’





Cont.



Single-Stub Matching











Transients

Rectangular pulse is equivalent to the sum of two 
step functions



Transient Response

Initial current and voltage

Reflection at the load

Second transient

Load reflection coefficient

Generator reflection coefficient



T = l/up is the time it takes the wave to 
travel the full length of the line

Voltage Wave



Current Wave
Reflection coefficient for current is the 
negative of that for voltage



Steady State Response



Bounce Diagrams







Technology Brief 4:  EM Cancer Zapper



Technology Brief 4:  High Voltage Pulses



Summary




