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Exercise 1.1 Consider the red wave shown in Fig. E1.1. What is the wave’s (a) amplitude, (b) wavelength, and (c)
frequency, given that its phase velocity is 6 m/s?

v (volts)
6l
44
24
0 t t + t + x (cm)
DY 3 5 7 9 1\
44
64
Figure E1.1
Solution:
(a) A=6V.
(b) A =4 cm.
_4p_ 6
© f= A= 1%102 =150 Hz.
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Exercise 1.2 The wave shown in red in Fig. E1.2 is given by v = 5cos2mt /8. Of the following four equations:
(1) v=>5cos(2nt/8—m/4),
(2) v =>5cos(2nt/8+ /4),
(3) v=—5cos(2mt /8 —1/4),
(4) v =5sin2mt/8,

(a) which equation applies to the green wave? (b) which equation applies to the blue wave?

v (volts)

Figure E1.2

Solution:

(a) The green wave has an amplitude of 5 V and a period T = 8 s. Its peak occurs earlier than that of the red wave; hence,
its constant phase angle is positive relative to that of the red wave. A full cycle of 8 s corresponds to 27 in phase. The green
wave crosses the time axis 1 s sooner than the red wave. Hence, its phase angle is

1 T
=-X2T=—.
Po=g 2=
Consequently,
v =5cos(2xt /T + o)
=5cos(2nt/T+ m/4),
which is given by #2.

(b) The blue wave’s period T = 8 s. Its phase angle is delayed relative to the red wave by 2 s. Hence, the phase angle is
negative and given by

2 T
¢0:_§X2ﬂ:_§7

vV =5cos @ T
N g8 2

= 5sin2mz /8,

and

which is given by #4.
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Exercise 1.3  The electric field of a traveling electromagnetic wave is given by
E(z,t) = 10cos(m x 10"t + mz/15+ 7 /6)  (V/m).
Determine (a) the direction of wave propagation, (b) the wave frequency f, (c) its wavelength A, and (d) its phase velocity .
Solution:
(a) —z-direction because the signs of the coefficients of ¢ and z are both positive.

(b) From the given expression,
o=mnx10" (rads).

Hence,
o 7wx10’
= _—= =5x10° Hz = 5 MHz.
f 7 o 5x10°Hz=5 z
(c) From the given expression,
2t =w
A 157

Hence A =30 m.

(d) up = fA=5x10°x30=1.5x 108 m/s.
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Exercise 1.4  Consider the red wave shown in Fig. E1.4. What is the wave’s (a) amplitude (at x = 0), (b) wavelength, and
(c) attenuation constant?

v (volts)
5 (2.8,4.23)

(8.4,3.02)

Figure E1.4

Solution: The wave shown in the figure exhibits a sinusoidal variation in x and its amplitude decreases as a function of x.
Hence, it can be described by the general expression

2
v =Ae *cos (Zx + ¢0> )

From the given coordinates of the first two peaks, we deduce that
A=84-28=56cm.
Atx =0, v = -5V and it occurs exactly A /2 before the first peak. Hence, the wave amplitude is 5 V, and from
—5=5cos(0+ ¢p),

it follows that

(I)() =T.
Consequently,
27x
V=275 * —+r).
e cos < 56 + >
In view of the relation cosx = —cos(x =+ 1), v can be expressed as
27x
v=—-5¢ *cos— (V).
e “cos 56 V)

We can describe the amplitude as 5 V for a wave with a constant phase angle of 7, or as —5 V with a phase angle of zero.
Atx=2.8cm,

27 % 2.
V(x=2.8) =4.23 = —5¢ 8% g <7r5><68)

— 5872.806
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Hence,
o280 _ 4.23

5 )
and

1 4.23
a= —ﬁln <5> = 0.06 Np/cm.
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Exercise 1.5  The red wave shown in Fig. E1.5 is given by v = 5Scos4mx (V). What expression is applicable to (a) the

blue wave and (b) the green wave?

v (volts)
5 3V
3.52V
1.01V
0 x (m)

-5
Figure E1.5

Solution: At x = 0, all three waves start at their peak value of 5 V. Also, A = 0.5 m for all three waves. Hence, they share

the general form

_ 27X
V=Ae *cos ——

A
=5¢ *cos4mx (V).

For the red wave, oo = 0.

For the blue wave,
3.52=75¢0°% =» q=0.7Np/m.

For the green wave,
1.01 =5¢7%5% =» o =3.2Np/m.
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Exercise 1.6  An electromagnetic wave is propagating in the z-direction in a lossy medium with attenuation constant

a = 0.5 Np/m. If the wave’s electric-field amplitude is 100 V/m at z = 0, how far can the wave travel before its amplitude
will have been reduced to (a) 10 V/m, (b) 1 V/m, (¢c) 1 uV/m?

Solution:
(a)
100e % =10
100e %% =10
e 0% =0.1
—0.5z=1n0.1 = —-2.3
z=4.6m.
(b)
100e 0% =1
In0.01
= =9.2m.
Z 05 92 m
(©)

100e 92 = 107°
1078
‘=05

=37 m.
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Exercise 1.7  Express the following complex functions in polar form:

i1 = (4_]3)27
2= (4—j3)"2

Solution:
21 = (4—j3)?
_ [(42+32)1/2 iftan713/4}2
— [5/=36.87°)% = 25,/-T3.1° .
= (4—j3)1/2
_ [ 32y gnts]
=[5 536.870]1/2 — +/5/-184°

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 1.8  Show that \/2j = +(1+ j).

Solution:

/™2 =0+ jsin(n/2) = j

V2j =262\ = £/2 /4
= +v2(cos /4 + jsinm/4)

-=(J5+15)
= +(1+4).
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Exercise 1.9 A series RL circuit is connected to a voltage source given by vs(z) = 150cos @z (V). Find (a) the phasor
current 7 and (b) the instantaneous current i(¢) for R = 400 Q, L =3 mH, and ® = 10° rad/s.

Solution:

(a) From Example 14,

Vs
R+ joL
_ 150
400+ j105 x3 x 103

150
=2 —0.3/4369 (A).
400+ j300 (A)

I=

(b)
i(t) = Re[le’®]
= %6[0.3671’36'906’]'10%]

=0.3cos(10°r —36.9°) (A).
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Exercise 1.10 A phasor voltage is given by V = j5 V. Find v(r).
Solution:
V = j5="5e/"?
v(t) = Re[Vel
= Re[5e/™/ 26/

= 5cos <a)t + g) = —5sin®w (V).

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Chapter 2 Exercise Solutions

Exercise 2.1
Exercise 2.2
Exercise 2.3
Exercise 2.4
Exercise 2.5
Exercise 2.6
Exercise 2.7
Exercise 2.8
Exercise 2.9
Exercise 2.10
Exercise 2.11
Exercise 2.12
Exercise 2.13
Exercise 2.14
Exercise 2.15
Exercise 2.16

Exercise 2.17

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 2.1

Solution: Two-wire air line: Because medium between wires is air, € = &, U = o and o =0.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics

d=2cm, a=1mm, O, =

R |:717f,uc:|1/2:0
Oc

<47c X 107> <20>

= ———)In|( =)+
T 2

=4x 10" "In[104+v99] = 1.2 (uH/m).

G =0 because ¢ = 0

o e _ wx8.85x1071
1n[(5§)+ (2”2)2—1] In[10 + /99

=9.29 (pF/m).

Use Table 2-1 to compute the line parameters of a two-wire air line whose wires are separated by a distance
of 2 cm, and each is 1 mm in radius. The wires may be treated as perfect conductors with o, = oo,
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Exercise 2.2  Calculate the transmission line parameters at 1 MHz for a rigid coaxial air line with an inner conductor
diameter of 0.6 cm and an outer conductor diameter of 1.2 cm. The conductors are made of copper [see Appendix B for p.

and o, of copper].

Solution: Coaxial air line: Because medium between wires is air, € = &, U = Up and o = 0.

a=0.3cm, b=0.6 cm, Ue = Mo, 0. =5.8%x 107 S/m

Ry = V ﬂ-f.uc/cc

=[mx10°x 47 x1077/(5.8 x 10")]'/2 =2.6 x 107* Q.

R (1 1 2.6 x107* 1 1
R=(-47])= —2.08x1072 (Q
2 <a+b> 21 <3><103+6><103> 08> 107 (<¥m)

o, (b 4 x 1077
L'="In(-)="—-In2=0.14 (uH/
2 n(a) 2 ! (HH/m)

G =0 because 6 =0

o 2me 27 x885x 10712
~In(b/a) In2

=80.3 (pF/m).
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Exercise 2.3  Verify that Eq. (2.26a) is indeed a solution of the wave equation given by Eq. (2.21).

Solution:

V(z) =V, e P4V, el

d*V(z) ~ 9
d? 9
d2 (VoJre_yZ + Vo_eyz) - 7’2(VO+e_YZ + Vo_eyz) =0
z

72V0+€77/Z + 7’2Voi€yZ - 7’2Vo+e7yZ - 72V07€yz =0.
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Exercise 2.4 A two-wire air line has the following line parameters: R’ = 0.404 (mQ/m), L' = 2.0 (uH/m), G’ =0, and
C’ =5.56 (pF/m). For operation at 5 kHz, determine (a) the attenuation constant o, (b) the phase constant 3, (c) the phase
velocity up,, and (d) the characteristic impedance Zy.

Solution: Given:

R = 0.404 (m&/m), G =0,
L' =2.0 (uH/m), C' =5.56 (pF/m).

(a)
Ot:?ﬁe{[(R’+ja)L’)(G’+jcoC’)]l/2}
= Re {[(0.404 X 107+ /27 5 x 10° 2 X 1076) (0 + /27 x 5 x 10° x 5.56 x 1072)]/2 |

= Me[3.37 x 1077+ j1.05 x 1074
a=3.37x10"" (Np/m).

(b) From part (a),

B =Tm{[(R + joL')(G + joc') 2|
=1.05x107* (rad/m).

© o 2rx5x103
upzﬁzmzwlog (m/s).
(d
_ R+ jol
7 Ta+jB

04041077+ j5x 10> x2x 10°°
337 x1077+,1.05x 1074
= (600 — j2) Q.
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Exercise 2.5  For a lossless transmission line, A = 20.7 cm at 1 GHz. Find &; of the insulating material.

Solution:
A
Y= e
2 2 3 2
e— (M) ()2 3x10 —21.
A fA 1 x 108 x20.7 x 102
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Exercise 2.6 A lossless transmission line uses a dielectric insulating material with & = 4. If its line capacitance is C’ = 10

(pF/m), find (a) the phase velocity up, (b) the line inductance L', and (c) the characteristic impedance Zj.

Solution:
(a) .
c 3x 10
Up = —— = = 1.5 x 10% my/s.
Ve V4
(b)
Up = W ’ Uy, = LC
N ! =4.45 (uH/m)
T 20 T (15X 1092 x 10x 1012~ T R
(C) 1/2
L 4.45 % 107
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Exercise 2.7 A 50-Q lossless transmission line is terminated in a load impedance Z;, = (30 — j200) Q. Calculate the
voltage reflection coefficient at the load.

Solution:

-7
7L+ Z

_30—,200-50  —20— ;200
~ (30— ,200)+50 80— ;200

=0.93/275,
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Exercise 2.8 A 150-Q lossless line is terminated in a capacitor whose impedance is Z;, = —j30 Q. Calculate I'.
Solution:
L7
o ZL—%0
ZL+7Z
- —j30-150 — 1 /-1574°
—j304150
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Exercise 2.9  Use CD Module 2.4 to generate the voltage and current standing-wave patterns for a 50-Q line of length 1.54,
terminated in an inductance with Zp, = j140 Q.

Solution: Standing-wave patterns generated with the help of DVD Module 2.4 are shown.

Module 2.4 Transmission Line Simulator Options: View Plots (phasors) -
g= [ .
; -
864.073 _ C|V|=446402 [mV] d =039 A =1173mm EIVSI_
NTGH]
[mWV]
0.0
i 0
— ©|1|=14797 [mA ] 2V IZy
IT(d)|
[mA]
0.0
i 0
Standing Wave Pattern - | V | &1 | -
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Exercise 2.10  If I' = 0.5/=60° and A = 24 cm, find the locations of the voltage maximum and minimum nearest to the

load.

Solution:

I'=0.5/=69, A =24cm

61 A . .
Inax = s + b} (because 6; is negative)
— 24 24
= ﬂ-ﬁ-— cm=[—2+12] cm = 10 cm.
4r 2

Imin = lmax — 1 (because Imax > A /4)

24
= <10—4> cm =4 cm.
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Exercise 2.11 A 140-Q lossless line is terminated in a load impedance Z;, = (2804 j182) Q. If A =72 cm, find (a) the
reflection coefficient I', (b) the voltage standing-wave ratio S, (c) the locations of voltage maxima, and (d) the locations of
voltage minima.

Solution:
Zy =140 Q, 71, = (280+/182) Q@
(a)
r— 2L —7Zy
21+ 7y
280+ j — j
_ +].182 140 _ 140+].182 059
280+ j182+140 420+ j182
(b)
§_ 1+ T _1+0.5 _£_3
S 1-I] 1-05 05 7
(©)
6,4 ni
lmax:4r7+7, n:O,1,2,...
(297/180) x 0.72 nx0.72
= +
4r 2
=(2.9+36n) (cm), n=0,1,2,...
(d)
A
lmin:lmax"‘z

72
= [(2.9+36n)+4] cm

= (20.9+36n) cm, n=0,1,2,...
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Exercise 2.12 A 50-Q lossless transmission line uses an insulating material with & = 2.25. When terminated in an open
circuit, how long should the line be for its input impedance to be equivalent to a 10-pF capacitor at 50 MHz?

Solution: For a 10-pF capacitor at 50 MHz,

7oL _ —J __.looo
©T joC T 2w x50x106x10x 1012 g
ﬁ:2j:27r\/87227cf\/87
A o c
27 x 5% 107v/2.25
= X;; 108F:1.57 (rad/m).

For lossless lines with open-circuit termination,

Zin = —jZocotfl = — j50cot1.571

Hence,
1000
—j—— = —j50cot1.571
T
or
[=5.68 (cm).
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Exercise 2.13 A 300-Q feedline is to be connected to a 3-m long, 150-Q line terminated in a 150-Q resistor. Both lines are
lossless and use air as the insulating material, and the operating frequency is 50 MHz. Determine (a) the input impedance of
the 3-m long line, (b) the voltage standing-wave ratio on the feedline, and (c) the characteristic impedance of a quarter-wave
transformer were it to be used between the two lines in order to achieve S = 1 on the feedline.

Solution: At 50 MHz,

c 3x108
fo=Z=5 07 Om
(@) -
—=2=05.
A 6
Hence, Zin = ZL =150 Q. (Zin = ZL ifZ= n),/2)
(b)
 Zin—Z 150-300 —150 1
 Zin+Zy 150+300 450 3’
G LHID 145 43
C-r =123
(©)

7%, = 7173 = 300 x 150 = 45,000
Zyp =212.1 Q.

where Z; is the feedline and Z3 is Z;, of part (a).
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Exercise 2.14  For a 50-Q lossless transmission line terminated in a load impedance Z;, = (100 + j50) Q, determine the
fraction of the average incident power reflected by the load.

Solution:

Z —
r_ 4 Zy
Z1.+Zy
~ 100+ ,50—50 50+ 50
~ 100+ j50+50 150+ j50

= 0.4566 .

Fraction of reflected power = |I'|* = (0.45)? = 20%.
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Exercise 2.15  For the line of Exercise 2.14, what is the magnitude of the average reflected power if |VO+| =1V?

Solution:
Vo2 02x1
27y  2x50

PL = =2 (mW).
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Exercise 2.16  Use the Smith chart to find the values of I' corresponding to the following normalized load impedances:
@)z =2+,0,®)z =1—j1,(c) zL = 0.5— j2, (d) zL = —j3, (e) zL = 0 (short circuit), (f) zi, = o (open circuit), (g) zp = 1
(matched load).

Solution:
(a) oA
I'=—/5=0.33
OR
(b) 0B
I'= —/6=0.45/-634°
OR
(©) oc
I'=—/%=0.83/=50.9°
OR
(d)

= @&: 1/-36.9°
OR
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(e

r:@ﬁzlgsoo:_l
OR
(f) OF
I=——/6=1
OR
€9 06
=—=0
OR

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 2.17  Use the Smith chart to find the normalized input impedance of a lossless line of length / terminated in a
normalized load impedance z;. for each of the following combinations: (a) I = 0.254, z;. = 1+ j0, (b) I =0.54, z1. = 1+ /1,
(©)1=03A,z.=1—j1,(d) I =124,z =0.5—j0.5,(e) l =0.1A, z;. = 0 (short circuit), (f) = 0.44, z;. = j3, (g) [ = 0.2A,
zL = oo (Oopen circuit).

Solution:

(a)

. OR CONDUCTAKY
e

Zin=1+j0
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(b)

013

T, ey, O
;f/\’*/"'\ \u_‘s i ‘nﬁ*' ”"*r{,‘\
4 gng < 035 Tl

W,

5 ‘:‘Q“‘%‘é
ﬁ & & &@“‘“
LI

[

0,

At

V)
oo

Zin=1+/1
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(©

0.638 %

0.76 + j0.84

Zin

(©2010 Prentice Hall
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(d)

Zin = 0.59 + j0.66
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(e

.

]
3
i

Zin = 0+ j0.73
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()

0,
e
03

012 013
I B e
037

#
i
1
!

BE
%

0+ j0.72

Zin
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(2

Zin=0— j0.32
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Exercise 3.1  Find the distance vector between P;(1,2,3) and P,(—1,—2,3) in Cartesian coordinates.
Solution:
—
PPy =R(xy —x1) +9(v2—y1)
=Rk(—1—1)+§(-2-2)
— 24

2(—27)

+
+2(3-3)
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Exercise 3.2

Solution:

AXBZﬁABSiHGAB

Sin O = [A % B|
AB
|(X24+93+23) x (—X—§5—12)|
; V2227
| —210492+23 — %3 — §3 +K15|
a V2227

CR12-§-27] 144+ 1+49 pp
V22:/27 V2227 ’

a5 = sin~1(0.57) = 34.9° or 145.1°.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics

Find the angle 8 between vectors A and B of Example 3-1 using the cross product between them.
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Exercise 3.3  Find the angle that vector B of Example 3-1 makes with the z-axis.

Solution:
B-zZ—=Bcos0
(—X—§5—12)-2=+v27cosH
—1
cos = ——

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 3.4

and (b) A x B.

Solution:

(a)

(b)

Vectors A and B lie in the y-z plane and both have the same magnitude of 2 (Fig. E3.4). Determine (a) A-B

\ P2

Figure E3.4

A-B = ABcos(90° +30°)
=2 x2xcos120°

= —§2c0s60° +22cos30°
= —§1+21.73
AxB=§2x (—§1+21.73)
=X3.46.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics
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Exercise 3.5 IfA-B = A-C, does it follow that B = C?

Solution: The answer is No, which can be demonstrated through the following example. Let

a w »
([ .
o P po
[N NS T
+ +

e &

!\.) -

A-B=2,
A-C=2,

but

B #C.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 3.6 A circular cylinder of radius » = 5 cm is concentric with the z-axis and extends between z = —3 cm and
z=73cm. Use Eq. (3.44) to find the cylinder’s volume.

Solution:
dv =rdrd¢dz
Scm 21 3 cm
y = / rdrde dz
r=0 ¢=0Jz=—3 cm
2 (5 cm
o TR
0

2
= 75 X2 x 6 =471.2 cm>.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 3.7  Point P = (2+/3,7/3,—2) is given in cylindrical coordinates. Express P in spherical coordinates.

R=3/rP+2=1/(2V3)2+(-2)2 =4

o= g (unchanged)

r 2V3 T 2n
9:t -1 — =t -1 _— :—6()0:—— _
an <Z> an ( ) ) 3 or 3

Solution:

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 3.8  Transform vector
A=X(x+y)+¥(y—x)+12z

from Cartesian to cylindrical coordinates.

Solution:

=X(x+y)+y(y—x)+2z
(fcos¢ — ¢ sing)(rcos ¢ + rsing)
+ (Rsin@ + ¢ cos ) (rsing — rcosd) + 2z
= t(cos® ¢ + cos ¢ sin @ 4 sin” ¢ — cos P sin ¢)r
+ ¢ (—sin¢ cos ¢ —sin® ¢ +sin @ cos ¢ —cos® ¢ )r + 2z

—fr—Qr+iz.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 3.9

Solution:

(a)

(b)

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics

Given V = x?y +xy? 4 xz%, (a) find the gradient of V, and (b) evaluate it at (1, —1,2).

V= xzy —i—xy2 +x22

LAV V. JV
VV—xg—l—ya—y—i-za—Z

=% (2xy+y* +2) +§ (6 +2xy) +22xz.

YV 12 =%(=2+1+4)+§(1-2)+24
R3—§+24.
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Exercise 3.10  Find the directional derivative of V = rz?> cos 2¢ along the direction A = £2 — 2 and evaluate it at (1,7/2,2).

Solution:
V =rz’cos2¢
oV .19V v
VW=t— - 47—
r8r+¢r8¢+z8z

a2
= f7%cos 20— ¢ —rzz sin2¢ +22rzcos2¢
r

av
2 _VV-4
di A
A
=VV.—
A
A D ~ 2 . N fz_i
= (Ffz°cos2¢0 — @ 2z°sin2¢ +722rzcos20) -
( o—¢ ¢ ) NG
B 272 c0s2¢ — 2rzcos2¢
V5
dl _ 2x4cosm—2x2cosT
dl |(1,2/22) V5

=—4/V5.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics
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Exercise 3.11

The power density radiated by a star [Fig. E3.11(a)] decreases radially as S(R)

= SO/RZ, where R is the

radial distance from the star and Sy is a constant. Recalling that the gradient of a scalar function denotes the maximum rate

of change of that function per unit distance and the direction of the gradient is along the direction of maximum increase,
generate an arrow representation of VS.

Solution:

/
(b) AV'E

/1\\
/ AN

Figure E3.11

So
(s d a1 9 .1 9\
VS = (RaRH’ %0 ? Rsino 8(]))
.~ So

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics
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Exercise 3.12  The graph in Fig. E3.12(a) depicts a gentle change in atmospheric temperature from 77 over the sea to 7>
over land. The temperature profile is described by the function

T(x)=T1+(L—Ti)/(e " +1),

where x is measured in kilometers and x = 0 is the sea-land boundary. (a) In which direction does VT point and (b) at what

value of x is it a maximum?

Solution:

T

Tzf
N

Sea Land
(a)
vT

Sea Land
(®)

Figure E3.12

Th,—T
T(x) = 1+ei‘+i
. oT
VT—XE
39 (7. BT
_X8x< 1+e"+1>
=%(—T)) i(e—’ur 1!
ox
= ﬁ(TQ — Tl)eix(eix + 1)72
_ﬁe x(Tz—Tl)
(efx_i_l)Z

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics
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Exercise 3.13  Given A = ¢~ 2 (Xsin2x+ §cos2x), find V-A.

Solution:

A = e ? (%X sin2x + § cos 2x)
0A, JA, 0A,

VA= T T

_ 9 =2y i 4 2y
= a(e sm2x)—|—a—y(e cos2x)

=2¢ 2 cos2x —2e ¥ cos2x = 0.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 3.14  Given A = frcos¢ +@ rsing +23z, find V- A at (2,0,3).

Solution:

A =*frcos¢ +(ﬁrsin¢ +23z

14 1 dAy  OA,

1d , 1 0 . 0
f;g(r cos(,b)—i—;%(rsm(b)—i-afz(?)z)
=2cos¢ +cosd +3

V-Al03=2+1+3=6.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 3.15  If E = RAR in spherical coordinates, calculate the flux of E through a spherical surface of radius a, centered
at the origin.

Solution:
E =RAR

T 2
fEas— [ RAR-RRsin 6 6 d¢),
s 6=0Jo—0 =

= [—271:AR3 cos 0 }(ﬂ
R=a

= 4TAG’.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 3.16  Verify the divergence theorem by calculating the volume integral of the divergence of the field E of Exercise
3.11 over the volume bounded by the surface of radius a.

Solution:

Divergence Theorem: / V-Edy = % E-ds
4 N
From Exercise 3.11,

%E-ds:47rAa3.
s

For the left side of Divergence Theorem, with E = RAR,

a rm 2w
/V-Ed”i/:/ / 3A-R%*sin6 dR d6 d¢
v 0o Jo JO

3AR |
=3 x (= cosB|T) x m[s”
0

= 47Ad’.

Hence, Divergence Theorem is verified.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 3.17  The arrow representation in Fig. E3.17 represents the vector field A = Xx — §y. At a given point in space,
A has a positive divergence V - A if the net flux flowing outward through the surface of an imaginary infinitesimal volume
centered at that point is positive, V - A is negative if the net flux is into the volume, and V - A = 0 if the same amount of flux
enters into the volume as leaves it. Determine V - A everywhere in the x—y plane.

VAPV BUASANEN
AP EE BR SRV
o L
P NN Tw T
_I‘L - W% x . ,—10
T N xS T
N r a7 T
NNV 2SS
NANNW S
Figure E3.17
Solution:
A=Xx—%y
_8Ax aAy 0A,
VA= Ty T
_9x dy
~odx dy
=1-1=0.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 3.18  Find V x A at (2,0,3) in cylindrical coordinates for the vector field

A =110e > cos ¢ +210sin .

Solution:

A =110e > cos ¢ +210sin ¢
dA .
VxA=f <1 94, —¢> +¢ <aA’ —%> +21 <arA¢ aA’)
r

ro¢ oz dz  dr ar Y 99
. (19 , ~ (0 o d )
= <ra¢(105m¢)>+¢ <az(10€ cosq))—&r(lOsmq)))
! J —2r
+z;%(—106 cos @)
—2r
:fIOCOS¢+210€ sing
r r

V x A|(27073) =Tr5.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics
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Exercise 3.19  Find V X A at (3,7/6,0) in spherical coordinates for the vector field A = 0 125in 6.

Solution:

VX AlGa/60) = ¢ 4sin30° = ¢ 2.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall
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Exercise 4.18
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Exercise 4.1 A square plate in the x—y plane is situated in the space defined by -3 m <x <3 mand -3m<y<3m.
Find the total charge on the plate if the surface charge density is given by ps = 4y> (uC/m?).

Solution:
Ps = 4)72
0= /ps ds
S
3 3
:/ / 4y? dx dy
-3J-3
3
4y3x|?
_ y?" =432 uC=0.432 (mC).
-3 _3

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 4.2 A spherical shell centered at the origin extends between R =2 cm and R = 3 cm. If the volume charge

density is given by py = 3R x 10~* (C/m?), find the total charge contained in the shell.

Solution:
py=3Rx107*
Q :/ pvdr
V4
3 cm T 2
_ / / 3Rx 10°*-R2sin6 dR dO do
R=2cmJO=0J¢=0
3R4 3 cm
= x107* X2X21w
4 2 cm

=37 x107*[(3x107%)*~(2x107%)*] =0.61 (nC).

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics
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Exercise 4.3  Four charges of 10 uC each are located in free space at points with Cartesian coordinates (—3,0,0), (3,0,0),
(0,—3,0), and (0,3,0). Find the force on a 20-uC charge located at (0,0,4). All distances are in meters.

Solution:
Z
A
F, | P2
F, F,
Q
R Q]
Ry
s R; 0, _
R, Y
R,

<,

R, =—X%3

R, =%3

R; — —§3

Ry =¥3

R=124

F| = 001 R—-Ry  00,24+%3 00, (24+%3)

 4meg R—R]P 4mey 125 500me
_ 00> R—R; _ 00, 24 —X3 _ 00,
drey IR—Ry]P 4mey 125 5007e
_00s R—-Ry  00524+§3 005
4wey IR—R3]3 4mey 125 5007e
:QQ4 R—-Ry :QQ424—5’3: 004
Amey R—R4|?  4mey 125  5007e

(24 —%3)

2

F; (24+793)

F4 (24-93)

F=F +F,+F;+F,
200 10712 32x 10712

216) = 2 — 2023 (N).
s00me 210 =25 ges K102 2 (N)
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Exercise 4.4  Two identical charges are located on the x-axis at x = 3 and x = 7. At what point in space is the net electric
field zero?

Solution: Since both charges are on the x-axis, the point at which the fields due to the two charges can cancel has to lie on
the x-axis also. Intuitively, since the two charges are identical, that point is midway between them at (5,0,0).

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 4.5  In a hydrogen atom the electron and proton are separated by an average distance of 5.3 x 10~!! m. Find the
magnitude of the electrical force F; between the two particles, and compare it with the gravitational force F; between them.

Solution:

. Geqp (1.6 x 10719)2
© 7 4menR? 4w x 8.85x 10-12(5.3 x 10-11)2

=82x1078N.

Foe Gmemy _ 6.67 x 1071 %9.11 x 1073 x 1.67 x 10~%7 6% 10~ N,
R? (5.3 x 10-11)2

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 4.6  An infinite sheet of charge with uniform surface charge density pj is located at z = 0 (x—y plane), and another

infinite sheet with density —ps is located at z = 2 m, both in free space. Determine E in all regions.

Solution: Per Eq. (4.25), for the sheet at z =0,

7 PT:S , forz >0,
E = ‘;)
72— forz<0
2&
Similarly, for the sheet at z =2 m with charge density —p,
2> forz>2m,
2€&)
E, = D
72— for z < 2 m.
2€&y
Hence,
0, for z < 0,

E—FE +E, = 2%, for0 < z<2m,

0, for z > 2 m.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics
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Exercise 4.7

Two infinite lines of charge, each carrying a charge density p;, are parallel to the z-axis and located at x = 1
and x = —1. Determine E at an arbitrary point in free space along the y-axis.

Solution:

Ay

Vi

The distance between either line of charge and a point at y on the y-axis is 7 = (1 +y?) 1/2
For line 1,

. T —X+¥y
T T
For line 2,

r X4y
g r2_ _XTYy

SO
Using Eq. (4.33),

E=E|+E;
_ tip; B0
2mweyr  2mEyr

_ (XA R+Iy)e
27'[80(1—|-y2)

__ Yoy
2reg(1+y?)  meo(y?+1)

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics
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A thin spherical shell of radius a carries a uniform surface charge density ps. Use Gauss’s law to determine E.

Exercise 4.8

Solution:

Symmetry suggests that D is radial in direction. Hence,
D =RDg
ds =Rds

%D-ds: jéDR ds = Dgr(47R*) = Q
N S
0

Dp=-——
R™ anr2
e For a Gaussian surface of radius R; < a, no charge is enclosed. Hence, Q = 0, in which case £ = 0.

0= 98(4”02)

R JAmpa® L psa’
o R psa” _ RPS”’2 .
ER;

e For a Gaussian surface of radius R, > a,
D R

S =.Dr= 2~ 2
€ & 4TeR; 4meR;

and
E=

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics
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Exercise 4.9 A spherical volume of radius a contains a uniform volume charge density p,. Use Gauss’s law to determine

D for (a) R<aand (b) R > a.

Solution:

(a)

ForR <a,
%D-ds: %D, ds = D,(47R?)
S S

Q within a sphere of radius R is

4
Q:§ER3PV
Hence,
2 4 3
47TRDR:§7erV
R N . OyR
D,_p; , D:RD,:Rp; , R<a.
(b)
- T~
/,’ \\\
l/ ¢ s
/ \
! \
I \
1
'\ I
\ 1
\ I
\ /
\ /
N ’
“ ,
~ -

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics
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For R > a, total charge in sphere is

4
Q:§”a3pw
2 4 3
4R DRzgﬂa Pv,
3
D:ﬁD,:AgVI?Z . R>a

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 4.10  Determine the electric potential at the origin due to four 20-uC charges residing in free space at the corners
of a2 m x 2 m square centered about the origin in the x—y plane.

Solution:
y
1
Q¢ Q
R
-1 1 1 x
Q% oN)
-1
For four identical charges all equidistant from the origin:
40
4drnegR ’ f (m)
C4x20x107°  V2x107 V)
4megy/2 meg .

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 4.11 A spherical shell of radius R has a uniform surface charge density ps. Determine the electric potential at
the center of the shell.

Solution:  Application of (4.48b):

1 Ps
=— || =d
(R) 4me Jg R s
= - ps(4TR?
. -

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 4.12  Determine the density of free electrons in aluminum, given that its conductivity is 3.5 x 107 (S/m) and its
electron mobility is 0.0015 (m?/V -s).

Solution:

0 = N Uce

o 3.5x 107
" e 0.0015x1.6x 1019
= 1.46 x 10 electrons/m”.

Ne

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 4.13 The current flowing through a 100-m-long conducting wire of uniform cross section has a density of
3 x 10° (A/m?). Find the voltage drop across the length of the wire if the wire material has a conductivity of 2 x 107 (S/m).

Solution:

J=o0F

E="
(o]

V =EI
Jl )

= S (where [ = length of wire)
3 % 10° x 100
2 x 107 > ¥

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 4.14 A 50-m-long copper wire has a circular cross section with radius r = 2 cm. Given that the conductivity of
copper is 5.8 x 107 (S/m), determine (a) the resistance R of the wire and (b) the power dissipated in the wire if the voltage
across its length is 1.5 (mV).

Solution:
(a)
R I 50
 0A 5.8x 107 x 1(0.02)2
=6.9x107* Q.
(b)

V2 (1.5x1073)?
P = —_— =

R~ 6ox104 >3 mW)

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 4.15  Repeat part (b) of Exercise 4.14 by applying Eq. (4.80).

Solution:
P:/G|E|2d’1/
vV 15x1073
E=—=-""—"_=3x107 (V.
] 50 3x10 (V/m)
P=cl|E|r
=5.8x 107 x (3x 107°)? x 50 x 7(0.02)?
=3.3 (mW).

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 4.16  Find E| in Fig. 4-19 if E; = X2 — §3 423 (V/m), €] = 2¢y, & = 8&y, and the boundary is charge free.

x-y plane

Solution:

E; =%2-93+23 (V/m)

Given that the x—y plane is the boundary between the two media, the x- and y-components of E; are parallel to the boundary,
and therefore are the same across the two sides of the boundary. Thus,

Ei = Ey =2
Eiy = Eyy = —3.

For the z-component,

&1 E1;=&E; (ps=0)
_8, 8&p

Elz—_ 2z =

—-3=12.
€ 2&g

Hence,
E, =%2—-934212 (V/m).

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 4.17  Repeat Exercise 4.16 for a boundary with surface charge density p; = 3.54 x 107! (C/m?).

x-y plane

Solution:

From Exercise 4.16,

For z-component,

&l
_ 8gyx3+3.54x107"

2g)
3.54 x 10711
=12+ 2% 8.85 x 10~12
=1242=14 (V/m).

Hence,
E,=%x2-93+42Z14 (V/m).

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics
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Exercise 4.18 The radii of the inner and outer conductors of a coaxial cable are 2 cm and 5 cm, respectively, and
the insulating material between them has a relative permittivity of 4. The charge density on the outer conductor is
p; = 10~* (C/m). Use the expression for E derived in Example 4-12 to calculate the total energy stored in a 20-cm length of
the cable.

Solution:

_ P
2mWEr

1
We:f/ eE> dv
2 )y

1 5 cm
= _¢l E*(2mrdr)
2 r=2 cm

5 cm 2
= nel < pi ) rdr
2 cm 27[8"

_ il [
471'8 2cm ¥

_ P (3
_4n€1n<2 —41 Q).
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Exercise 4.19  Use the result of Example 4-13 to find the surface charge density ps on the surface of the conducting plane.

Solution: According to (4.95),
€1E1, — &Ey = ps.

In the present case, Ej, (in conductor) =0, & = & and E, is the z-component of the expression given in Example 4-13,
evaluated at z = 0, namely

o 20d 1
"7 4ne (X2 +y2+d?)3/2°
Hence,
Qod
=&k, =— .
P = B = T (@ 2 22

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall
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Exercise 5.1  An electron moving in the positive x-direction perpendicular to a magnetic field experiences a deflection in

the negative z-direction. What is the direction of the magnetic field?

Solution: The magnetic force acting on a moving charged particle is

Fn=quxB
In this case,
q=—e
u==xu
Fn,=-2F,
—72F, = —XuexB

For the cross product to apply, B has to be in the positive y-direction.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics
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Exercise 5.2 A proton moving with a speed of 2 x 10% m/s through a magnetic field with magnetic flux density of 2.5 T
experiences a magnetic force of magnitude 4 x 10713 N. What is the angle between the magnetic field and the proton’s
velocity?

Solution:
F = quBsin0
F
sin@ = —
quB
B 4x1071
C1.6x10719%2x 100 % 2.5
=0.5

6 =sin"10.5 = 30° or 150°.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 5.3 A charged particle with velocity u is moving in a medium containing uniform fields E = XF and B = §B.
What should u be so that the particle experiences no net force on it?

Solution:

F. = gE =XgFE
Fn=quxB=¢q(uxyB)

For net force to be zero, Fy, has to be along —X, which requires u to be along +2Z. Thus,

qE = quB
E

u=—
B
E

u=zz—.
B

If u also has a y-component, that component will exercise no force on the particle.
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Exercise 5.4 A horizontal wire with a mass per unit length of 0.2 kg/m carries a current of 4 A in the +x-direction. If the
wire is placed in a uniform magnetic flux density B, what should the direction and minimum magnitude of B be in order to
magnetically lift the wire vertically upward? (Hint: The acceleration due to gravity is g = —%9.8 m/s%.)

Solution: For a length /,

Fo=—-2020x9.8=-21.96] (N)
Fn, =%xIIxB
For Fr, +F; = 0, Fy, has to be along +2, which means that B has to be along +¥. Hence,
1.96/ =1IB
B= % =0.49 (T), and

B = $0.49 (T).
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Exercise 5.5 A square coil of 100 turns and 0.5-m-long sides is in a region with a uniform magnetic flux density of 0.2 T.
If the maximum magnetic torque exerted on the coil is 4 x 10~2 (N-m), what is the current flowing in the coil?

Solution:

Tmax = NIAB

 Thax . 4x1072
~ NABy 100 x (0.5)2x0.2

=8 (mA).
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Exercise 5.6 A semiinfinite linear conductor extends between z = 0 and z = o along the z-axis. If the current / in the
conductor flows along the positive z-direction, find H at a point in the x—y plane at a radial distance r from the conductor.

Solution: From (5.27),

~ 1
H:¢4—m(cosel —cos6,)

For a conductor extending from z =0to z =0, 8; =0 and 6, = m. Hence,

R o
H=¢_ —(1+1)=¢5 — (A/m).

RS
dmr
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Exercise 5.7 A wire carrying a current of 4 A is formed into a circular loop. If the magnetic field at the center of the loop
is 20 A/m, what is the radius of the loop if the loop has (a) only one turn and (b) 10 turns?

Solution:
(a) From (5.35),
1
H=72— tz=0).
z 2a (atz=0)
= L = =0.1 (m)
“ToH T 2x20 '
(b)
NI
H=—
2a
NI

a=5=10x01=1 (m).
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Exercise 5.8 A wire is formed into a square loop and placed in the x—y plane with its center at the origin and each of its
sides parallel to either the x- or y-axes. Each side is 40 cm in length, and the wire carries a current of 5 A whose direction is
clockwise when the loop is viewed from above. Calculate the magnetic field at the center of the loop.

Solution:

The direction of the current will induce a magnetic field along —Z (according to the right-hand rule). At the center of the
loop, each segment will contribute exactly the same amount. Each of the four contributions can be calculated using (5.29)
with @ replaced with —Z:
1l
H=-71——-—.
! 27/ 4r? + 2

In this case r = /2. Hence,

1l I
H, = -2 — s
1 27(1/2)VET 2 V2 7l
Finally,
A
H=4H, = —2
V2 ml
4
a5 105 (A
V27T x04
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Exercise 5.9  Current / flows in the inner conductor of a long coaxial cable and returns through the outer conductor. What
is the magnetic field in the region outside the coaxial cable and why?

Solution: H = 0 outside the coaxial cable because the net current enclosed by the Amperian contour is zero.
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Exercise 5.10  The metal niobium becomes a superconductor with zero electrical resistance when it is cooled to below
9 K, but its superconductive behavior ceases when the magnetic flux density at its surface exceeds 0.12 T. Determine the
maximum current that a 0.1-mm-diameter niobium wire can carry and remain superconductive.

Solution: From (5.49), the magnetic field at r > a from a wire is given by

1
H=— >
2rr’ r=d
At the surface of the wire, r = a. Hence,
Uol
B = H =
HUo ra’
- 2naB
HUo
27 x0.05x 1073 x0.12
= =30A.
47 x 1077
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Exercise 5.11 The magnetic vector M is the vector sum of the magnetic moments of all the atoms contained in a
unit volume (Im?). If a certain type of iron with 8.5 x 10?® atoms/m> contributes one electron per atom to align its spin
magnetic moment along the direction of the applied field, find (a) the spin magnetic moment of a single electron, given that
me =9.1x1073! (kg) and i = 1.06 x 1073* (J-s), and (b) the magnitude of M.

Solution:
(a) 19 34
e 1.6x10719%x1.06x 10~
= = =93x107* (A-m?).
" o 2%9.1x10 3! 9-3x (Am?)
(b)

M=nmg=85x108¥%x93x107#=79x%x10° (A/m).
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Exercise 5.12  With reference to Fig. 5-24, determine the angle between H; and fi, = Z if Hy = (X3 +22) (A/m), y,, =2,

and y,, =8, and Js =0.

Hln\ZHl d ¢ " ﬁz Medmum 1
E e 0 o6tfle
@i @ A
H2t 2
H2n a b
H, —A]— Medium 2
W
Solution:
H, =x3+122
Hlx = H2x =3
MiH ;= U Ho,
1) 8
H,="Hy,=—-x2=28
1z 1 2z )
Hence,
H; =%x3+128
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Exercise 5.13  Use Eq. (5.89) to obtain an expression for B at a point on the axis of a very long solenoid but situated at its
end points. How does B at the end points compare to B at the midpoint of the solenoid?

Solution: /
B= 2#7” (sinB, —sin 6y)
For a point at P with 8; = 0 and 6, =90°,
B3 unl 5 UNI

which is half as large as B at the midpoint.
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Exercise 6.1  For the loop shown in Fig. 6-3, what is V' . if B = §B( cos ot?

Solution: VI . = 0 because B is orthogonal to the loop’s surface normal ds.
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Exercise 6.2  Suppose that the loop of Example 6-1 is replaced with a 10-turn square loop centered at the origin and
having 20-cm sides oriented parallel to the x- and y-axes. If B = 2Bgx? cos 103t and By = 100 T, find the current in the circuit.

Solution:

0.1

0.1
_ / (210022 cos 10%) -2 dx dy
0.1 Jy=—0.1

x=—

0.1
= (100cos 10%r) x 0.2/ x* dx
J—0.1

310.1

— 20cos 10°1 %

—0.1

20
= 5 cos 10%((0.1)* +(0.1)*) = 13.3 x 103 cos 10°z.

Vemf

R
N dd

R dt

10 4

=~ 1000 5(13.3 x 1073 cos 10°1) = 133sin10%  (mA).

I =

Att =0, d®/dr <0 and Veys > 0. Since the flux is decreasing, Lenz’s law requires / to be in the direction opposite that

shown in the figure so that the flux inducted by I is in opposition to the trend of d®/dr. Hence, in terms of the indicated
direction of 1,

I =—133sin10% (mA).
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Exercise 6.3  For the moving loop of Fig. 6-9, find I when the loop sides are at y; =4 m and y, = 4.5 m. Also, reverse
the direction of motion such that u = —§5 (m/s).

Z
A

Solution: Aty; =4 mandy, =4.5m,

B(y;) =20.2¢ %14 =20.1340 (T).
B(y;) =20.2¢ %145 = 30.1275 (T).

/ llXByl dl

= (—y5x20.134)-X dx

=0. 7l—067><2—1340 V).

Vis=uB(y2)l =5%0.1275x2=1275 (V)

I V43;V12 _ 1.275;1.340 — 13 (mA).
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Exercise 6.4  Suppose that we turn the loop of Fig. 6-9 so that its surface is parallel to the x—z plane. What would / be in
that case?

Solution: [ = 0, because in that case Vi, and V43 would always be equal because both are always at the same value of y,
and hence the B field is the same for both of them.
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Exercise 6.5 A poor conductor is characterized by a conductivity 6 = 100 (S/m) and permittivity € = 4&p. At what
angular frequency @ is the amplitude of the conduction current density J equal to the amplitude of the displacement current
density J4?

Solution:

If |J| = |Ja|, then 0 = we, or

o (e} 100
w=—

-9 _ =2.82x 10" d/s).
e && 4x885x10712 % (rad/s)
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Exercise 6.6  Determine (a) the relaxation time constant and (b) the time it takes for a charge density to decay to 1% of
its initial value in quartz, given that & = 5 and 6 = 10~!7 S/m.

Solution:
(a)
e &g& 5x885x10712
Tr:7:70: o1 = 4.425 x 10° s = 51.2 days.
(b)

pu(t) = pyoe /"
P 901 =512
Pvo
t

1n0.01 = — ——
n0.0 512

t =—51.2In0.01 = 236 days.
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Exercise 6.7  The magnetic field intensity of an electromagnetic wave propagating in a lossless medium with € = 9¢p and

U = Uy is given by

Find E(z,7) and k.

Solution:

H(z,) = %0.3cos(10% —kz+7/4) (A/m).

k= o\/UE = w\/e\/E Mo

0 108 x3
¢ 3x10° (rad/m)

H(z,1) = %0.3cos(10% —kz+m/4) (A/m)
H(z) = 80.3¢ /*ee/m/4

V xH= joeE

E= . vxi#
jowe

1 .0 ~

_ngyyz( x)

1o

_ja)syaz

WE

(0.3e_jkzej”/4)

_ 0.3x 1 "

108 x 8.85x 10712 %9
= —§37.7¢ Keim/4

E(z,1) = Re[E(z) /']
= —§37.7cos(10% —z+7m/4) (V/m).
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Exercise 7.1 A 10-MHz uniform plane wave is traveling in a nonmagnetic medium with ¢ = tip and & = 9. Find (a) the
phase velocity, (b) the wavenumber, (c) the wavelength in the medium, and (d) the intrinsic impedance of the medium.

Solution:
(a)
1 1 c  3x10® 108
Uy = = - — = - =
PTVHE  JIogoE V& V9
(b) ,
o 2rx10
k = ;p = 1708 = 0271' (rad/m)
© 2 2 2
T T T
0 Tk o0
(d)

1377
n=yE= /B 2 ser0
€ & V& 3
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Exercise 7.2 The electric field phasor of a uniform plane wave traveling in a lossless medium with an intrinsic impedance
of 188.5 Qis givenby E =12 10e=/*® (mV/m). Determine (a) the associated magnetic field phasor and (b) the instantaneous
expression for E(y,7) if the medium is nonmagnetic (1 = Uo).

Solution:
(a) E is along +2 and the wave direction k is along +¥. It follows that H is along k x E = § x 2E = XE. Hence,

~ 10x 1073 _, ,
H=% ;;? e T — 53¢ (uA/m),

(b) From the given coefficient of y,
k=4n (rad/m).

2 2
& = Moy _ —377 =4.
n 188.5

1 c 3x 108
Uy = —— = =
P Ve e 2

From 1 = 1o/ V.

=1.5%x10% (m/s).

o =kuy =47 x 1.5x 10* =67 x 10°  (rad/s).
E(z,1) = S)%[E(z) e/

=2710cos(wt — ky)
=210cos(6m x 10% —4my) (mV/m).
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Exercise 7.3 If the magnetic field phasor of a plane wave traveling in a medium with intrinsic impedance 1 = 100 € is
given by H = (§10+220)e=/* (mA/m), find the associated electric field phasor.

Solution: N _
H=(§10+220)e /* (mA/m)

The phase factor of H denotes that k = %.

E=-nkxH
= —100[% x (§10+220)]e 7 x 1073
= (—=Z+§2)e ™ (V/m).
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Exercise 7.4  Repeat Exercise 7.3 for a magnetic field given by

H = §(10¢ /3 —20¢/*)  (mA/m).

Solution: B
H = §(10e /3* —20¢/**) (mA/m)

This magnetic field is composed of two components, one with amplitude of 10 (mA/m) belonging to a wave traveling along
+X and another with amplitude of 20 (mA/m) belonging to a separate wave traveling in the opposite direction (—X). Hence,

we need to treat these two components separately:
H=H, +H,
with
H; =§10e /> (mA/m),
H, = —§20e 7> (mA/m).
For the first wave:
E, = —nkxH,
= —100(k X §10e™73*) = —2¢7 /3 (V/m).
For the second wave:
E; = —100[—& X (—§20e/3")]
= —32¢3  (V/m).
E= El —I-Ez
= —2(e ¥ 42¢7%)  (V/m).
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Exercise 7.5  The electric field of a plane wave is given by
E(z,1) =%3cos(wt —kz) +§4cos(wt —kz) (V/m).

Determine (a) the polarization state, (b) the modulus of E, and (c) the inclination angle.

Solution:
(a) Since the x- and y-components are exactly in phase with each other, the polarization state has to be linear. This can
also be ascertained by verifying that y = 0. From the given expression for E(z,7), 8, = 8, =0. Hence, 6 = 6, — 3, =0.

4
W =tan"! (ay> —=tan"! 3= 53.1°.

ayx
sin2y = (sin2yp)sind =0
x =0.

(b) |E| = [E2 + EZ]'/? = 5cos(ot — kz) (V/m).

(c) From part (a), yp = 53.1°.
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Exercise 7.6  If the electric field phasor of a TEM wave is given by E= (§ —2j)e~ 7, determine the polarization state.

Solution:
—j= e IT . pIT/2 — p—iT/2

Hence,

It follows that

Since ay = a; =1 and § = —x/2, the wave is RHC.
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Exercise 7.7  The constitutive parameters of copper are [ = fo = 47 x 1077 (H/m), € = & ~ (1/367) x 10~° (F/m),
and 6 = 5.8 x 107 (S/m). Assuming that these parameters are frequency independent, over what frequency range of the
electromagnetic spectrum [see Fig. 1-16] is copper a good conductor?

Solution: Good conductor implies that
e o
—=—>100
g we

or

(02
=2 o
® =271 < To0e

c 5.8 x 107
f<

= = 1.04 x 10'® Hz.
200me 2007 x (1/367) x 109 % z

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 7.8  Over what frequency range may dry soil, with & =3, ;= 1, and 6 = 10~* (S/m), be regarded as a low-loss
dielectric medium?

Solution: Low loss dielectric implies that
g o
— =-—-<0.01
£ e

or

(e}
—2 _°
@ =21 > 5 01e

1000 100 x 10~

= = 60 MHz.
2ne gy 2w x 3 x (1/36m) x 1079 ?

f>
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Exercise 7.9  For a wave traveling in a medium with a skin depth &, what is the amplitude of E at a distance of 3
compared with its initial value?

Solution: For a wave traveling in the z-direction:
|E(2)| = |Eole™ % = |Eq|e™*/>
where we used the fact that 6, = 1/a. Atz =30,

‘E(Z = 358)’

3
=¢ " =0.05=5%.
|Eo|
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Exercise 7.10  Convert the following values of the power ratio G to decibels: (a) 2.3, (b) 4 X 103, (c) 3 x 1072.

Solution:
(a) 10log2.3 =3.6dB.
(b) 10log4 x 10°> = 10log4 + 1010og 10° = 6+ 30 = 36 dB.

(c) 10log3 x 1072 = 10log3+ 10log 107> = 4.8 —20 = —15.2 dB.
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Exercise 7.11  Find the voltage ratio g in natural units corresponding to the following decibel values of the power ratio G:
(a) 23 dB, (b) —14 dB, (c) —3.6 dB.

Solution:
(a)
10logG = 23 dB
23
loeG=—=273
T
G =10*%=199.53
¢=+VG=1199.53 = 14.13.
(b)
10logG = —14 dB
logG=—-1.4
G=10""*=0.04
g=VG=02.
(©)
10logG = —3.6 dB
logG = —0.36
G=10"9%=0.436
g =G =0.66.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Chapter 8 Exercise Solutions

Exercise 8.1
Exercise 8.2
Exercise 8.3
Exercise 8.4
Exercise 8.5
Exercise 8.6
Exercise 8.7
Exercise 8.8
Exercise 8.9
Exercise 8.10
Exercise 8.11
Exercise 8.12
Exercise 8.13

Exercise 8.14

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



Exercise 8.1 To eliminate reflections of normally incident plane waves, a dielectric slab of thickness d and relative
permittivity &, is to be inserted between two semi-infinite media with relative permittivities &, = 1 and &, = 16. Use the

quarter-wave transformer technique to select d and €;,. Assume f =3 GHz.

Solution: The quarter-wave transformer technique requires that the in-between layer be A /4 thick (as well as A /4 plus
multiples of A /2) and that its characteristic impedance be related to the impedances of the two media as follows:

n*=vmn.

Thus,
Ho _ Uo Ho
&€ 18 En &
or
& =+/E1Ex =V1x16=4.
At 3 GHz,
l_ﬁ_ C . 3X108 .
V& V& 3x10%9/4
Hence,
A niA
d=—+—=(1254+2.5
4+ 1 ( +2.5n)
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Exercise 8.2  Express the normal-incidence reflection coefficient at the boundary between two nonmagnetic, conducting

media in terms of their complex permittivities.
Solution: From (8.24a):

—MNel
02+ Nel

[ Ho Ho
802 1
/ + .UO
1

_ Ne2 = Net
n

é"

5
E
(3]

ol
&
+
&
(3]
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Exercise 8.3  Obtain expressions for the average power densities in media 1 and 2 for the fields described by Egs. (8.22a)

through (8.23b), assuming medium 1 is slightly lossy with 7, approximately real.
Solution: With y; = a; + ji,

E, (z) = ﬁE(i)(e*(al +iP1)z | Telo +jﬁ1)Z)
Ep)*
N1
Sav, = %9‘{2 {El X i—VIT}

—

ﬁ’l‘ (2) =¥ (e~ (@—iBvz _=glartibrzy,

]2
_ 21%2{ |E(]1| [e—Zalz _ |F|2e2a1z _r*e—jzﬁlz —I—Feﬂﬁlz]}
2 ncl

For 11 approximately real, nJ; ~ 1,

 [Eol

S... =
o ‘ 2ncl

{(6720611 - ‘F‘262a|z) + me[_r*e*jzﬁm + r‘eﬂﬁlz]}

With T" = |T'|e/% and yw = 2B,z + 6;, let us consider the last two terms:
Re[—T"e /P17 4 Te2Pis] = Re[—|D|e 7V + |T]e’Y]
= Re[— || cos y + j|T'|siny + || cos y + j|I'| sin y/]
= Re[j2|T| sin y]
=0.

Hence, .
L B

—2047 2 204z
z e —|I'|*e .
chl ( ‘ ‘ )

Sav] ==
For the wave transmitted into medium 2,

1~
Sav2 == EERQ[E] X Hz]

=~ e [x eEi e (@tip)z o g o E0) (on-jpaic
2 *

c2
El|? 1
= 2|f|2@ e %% Re <> :
2 nc2
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Exercise 8.4  In the visible part of the electromagnetic spectrum, the index of refraction of water is 1.33. What is the
critical angle for light waves generated by an upward-looking underwater light source?

Solution:
. ny 1
0, ===
e = T 133
1
6, = —— | =48.8°.
a1 (1)
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Exercise 8.5  If the light source of Exercise 8.4 is situated at a depth of 1 m below the water surface and if its beam is
isotropic (radiates in all directions), how large a circle would it illuminate when observed from above?

Solution:

r=1m x tan 6,
=tan48.8°=1.14m

d=2r=2.28m.
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Exercise 8.6  If the index of refraction of the cladding material in Example 8-5 is increased to 1.50, what would be the
new maximum usable data rate?

Solution:

cne

fo= 2In¢(ng —ne)
3x 108 x 1.50

_ =74 (Mbrs).
2% 103 x 1.52(1.52 — 1.50) (Mbfs)
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Exercise 8.7 A wave in air is incident upon a soil surface at 6; = 50°. If soil has & =4 and u, = 1, determine I' |, 7|, FH,

and 7).

Solution: Using (8.60),

cos 6, — 1/ (& /&) — sin® 6;

cos6;,+ 1/ (&2/€1) — sin® 6,

B cos50° — /4 — sin?50° _ 048
c0s50° 4+ \/4 — sin?50°

T, =141 =1-0.48 =0.52.

Using (8.68),

—(&2/€1)cos 6+ \/ (e2/€1) — sin” 6;

(€2/€1)cos 6 + 1/ (e2/€1) —sin® 6;

—4¢0s50° + /4 — sin% 50°

= = —0.16.
4c0s50° + \/4 — sin® 50°
) n . . _
sin 6; = n—231n91 = ﬁsm50 =0.383
Gt:22.50.
cos 6; cos50°
=(14+T =(1-0.16)————— =0.58.
U (1+ H)cos& (1-0 6)cos22.5° 0.58
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Exercise 8.8  Determine the Brewster angle for the boundary of Exercise 8.7.

Solution:

O = tan ! \ /? —tan~' V4 = 63.4°.
1
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Exercise 8.9  Show that the incident, reflected, and transmitted electric and magnetic fields given by Egs. (8.65a) through
(8.65f) all have the same exponential phase function along the x-direction.

Solution: With the help of Snell’s laws of reflection and refraction (Egs. (8.55) and (8.56)), the x-components of the
exponential phase functions are:

~i . -
EH ~ e Jkixsin 6;

~i . -
HH ~ e Jkixsin 6;

E‘j N efjkl)csiner _ efjklxsin917 (91 — Gr)
I’_VI‘rl N efjk])csiner _ efjqusinei’ (91 — er)
Eh ~ e—jkgxsin 6 e—jklxsinei’ k2 sin et — kl sin ei
ITIh ~ e hoxsin — —jkixsinG; k; sin 6, = ky sin 6.
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Exercise 8.10  For a square waveguide with a = b, what is the value of the ratio Ex /E} for the TM; mode?

Solution: According to the expressions for E,and E, given by Egs. (8.104a and b),

E, t
fx = 7&11(71'))/61) for T™My;.
E, tan(7mx/a)
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Exercise 8.11  What is the cutoff frequency for the dominant TM mode in a waveguide filled with a material with & = 4?
The waveguide dimensions are a = 2b =5 cm.

Solution: For TMy, Eq. (8.106) gives

4 3% 108 1 2+ 1 2
"7 va |[\5x102 2.5x 102

=3.35x 10° Hz = 3.35 GHz.

1/2
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Exercise 8.12  What is the magnitude of the phase velocity of a TE or TM mode at f = f,;,?
Solution:  According to Eq. (8.108), at f = f,,,, up, = .
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Exercise 8.13  What do the wave impedances for TE and TM look like as f approaches f,,?

Solution: According to Egs. (8.109) and (8.111), at f = f,;;,, Zre becomes infinite and Zty; becomes zero, resembling an
open circuit and short circuit, respectively.
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Exercise 8.14 ~ What are the values for (a) u,, (b) ug, and (c) the zigzag angle 6’ at f = 2fi¢ for a TE;p mode in a hollow
waveguide?

Solution: For a hollow waveguide,

c c
T olzher VI1A
ug=cy/1-1/4=0.87c.

0’ = tan™! < ! ) = 30°.
(2f10/ f0)* — 1

1.15¢.
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Exercise 9.1 A 1-m-long dipole is excited by a 5-MHz current with an amplitude of 5 A. At a distance of 2 km, what is
the power density radiated by the antenna along its broadside direction?

Solution: At 5 MHz,

c  3x108
A ? 5 X 106 = 60 m
From (9.14),
1572 (1)°

So = -
R? A
15752 1\?

- (2:7;(5)3)2 x (60) — 82108 W/m>.
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Exercise 9.2 An antenna has a conical radiation pattern with a normalized radiation intensity F(6) = 1 for 6 between
0° and 45° and zero intensity for 8 between 45° and 180°. The pattern is independent of the azimuth angle ¢. Find (a) the
pattern solid angle and (b) the directivity.

Solution:
(a) From (9.21),
0= [ F6.0)a0
4r
45° 2w
_ / sin6 d6 do
0=0J9=0
= —27mcos | = —2m(cos45° —cos0°) = 1.84 sr.
(b) A A
T T
D=— =" —683.
o, 184 0%
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Exercise 9.3  The maximum power density radiated by a short dipole at a distance of 1 km is 60 (nW/m?). If I = 10 A,

find the radiation resistance.
Solution: From (9.14),
g _1salg (1 ?
T TR 2

and from (9.35),

Hence,

SoR>
Riaq = 8072 ( 0 )

15713
_ 80m SoR?
15
80 60 x 1077 x (103)? L
=15 T =107 Q=10mQ.
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Exercise 9.4  For the half-wave dipole antenna, evaluate F(6) versus 6 in order to determine the half-power beamwidth
in the elevation plane (the plane containing the dipole axis).

Solution: From (9.44),
cos|(x/2) cos 6]
sin 6 ’

F(6) = [

To find 6 at which F(6) = 0.5,

M =(0.5)"/2 =0.707.
sin@
Because this equation has no straightforward way for solving for 6, an alternative approach is to calculate F(6) versus 6
numerically and to note the angle at which F(8) = 0.5. Such an approach leads to 6 = 39°. The beamwidth is twice this
value,

B =78°.
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Exercise 9.5  If the maximum power density radiated by a half-wave dipole is 50 (uW/m?) at a range of 1 km, what is the
current amplitude Ip?

Solution: From

_ 152
max TR’
R2 1 332 1 —671/2
10: 7.[15 Smax:|:7z:><(())1>;5()>< 0 =324 A.
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Exercise 9.6  The effective area of an antenna is 9 m?. What is its directivity in decibels at 3 GHz?

Solution: At 3 GHz,

c  3x108

A=F=3p 0Im
dtA. 4w x9

D= = =11310=40.53 dB.
A2 (0.1)2
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Exercise 9.7 At 100 MHz, the pattern solid angle of an antenna is 1.3 sr. Find (a) the antenna directivity D and (b) its

effective area A..

Solution: At 100 MHz,

(a)

(b)

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics

c 3x10®
12—27:3
708 m
4t 4w
D= —=-—"=967.
Q, 13 96
A2D  32x9.67
= =6.92 m?.
4w 4w 6.92m
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Exercise 9.8  If the operating frequency of the communication system described in Example 9-4 is doubled to 12 GHz,
what would then be the minimum required diameter of a home receiving TV antenna?

Solution: P, remains the same, but with all other parameters remaining the same, P, will increase by a factor of 4 because
Prec is proportional to 1/A2 and A = ¢/ f. This means that we can maintain P the same by reducing A; by a factor of 4, or
equivalently by reducing d; by a factor of 2 down to 2.55/2 = 1.27 m.
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Exercise 9.9 A 3-GHz microwave link consists of two identical antennas each with a gain of 30 dB. Determine the
received power, given that the transmitter output power is 1 kW and the two antennas are 10 km apart.

Solution:

2 2
Prec = PthGr <>

47R
P=10°W, G, = G, = 10° (30 dB),
c  3x108
A=—="""_-=0.1 R = 10" m.
73100 m’ o
0.1 \?
—_ 103 6 : . —4
Rec—lo x 10 (47‘[)(104> =6.33x 107" W.
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Exercise 9.10 The effective area of a parabolic dish antenna is approximately equal to its physical aperture. If the
directivity of a dish antenna is 30 dB at 10 GHz, what is its effective area? If the frequency is increased to 30 GHz, what will
be its new directivity?

Solution: At 10 GHz,

c  3x108
2D ) 2 13
Ae:)tm 20034; O 0.07m2.

If f is increased to 30 GHz (by a factor of 3), A becomes smaller by a factor of 3 and D larger by a factor of 9. Hence,

D =9x10° =39.44 dB.
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Exercise 9.11  Verify that Eq. (9.86) is a solution of Eq. (9.85) by calculating sinc?s for r = 1.39.

. 2 2
. 2 sin1.39 0.98
139 = — (222} —os.
sinc”1.39 ( 1.39 1.39 0-5

Solution: For¢ = 1.39 rad,
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Exercise 9.12  With its boresight direction along z, a square aperture was observed to have half-power beamwidths of 3°
in both the x—z and y—z planes. Determine its directivity in decibels.

Solution: Using (9.96) and with

3°xm
=3°= =0.0524
B=3 TR0° 0.0524 rad,
4r 4r

D = =4583.66 = 36.61 dB.

" BBy (0.0524)2
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Exercise 9.13 ~ What condition must be satisfied in order to use scalar diffraction to compute the field radiated by an
aperture antenna? Can we use it to compute the directional pattern of the eye’s pupil (d = 0.2 cm) in the visible part of the
spectrum (A = 0.35 to 0.7 um)? What would the beamwidth of the eye’s directional pattern be at A = 0.5 um?

Solution: Scalar diffraction is applicable when the aperture dimensions are much larger than A, which certainly is the case
for the eye’s pupil (d/A = 0.2 cm/0.5 um = 4000).

A 1 4
ﬁwd_<4000)—2.5><10 rad

~25x107* % 180
B T

=0.0143°
=0.86'

where 60’ = 1°.
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Exercise 9.14  Derive an expression for the array factor of a two-element array excited in phase with ap = 1 and a; = 3.
The elements are positioned along the z-axis and are separated by A /2.

Solution:  Applying (9.110) withap =1, a1 =3, yo=y; =0,andd = 1/2,

: 2
Fy(0) = ‘1_’_331(271'//1)(1/2)0039

— ‘1_’_361'7!:0059’2
:(1_|_3ej7rcos9)(1+3e—j7rc0s9)
— [1+9—|—3(6an089 +e—jﬂcose)]
= [10+6¢cos(mcos 6)).
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Exercise 9.15  An equally spaced N-element array arranged along the z-axis is fed with equal amplitudes and phases; that
is,A;=1fori=0,1,...,N — 1. What is the magnitude of the array factor in the broadside direction?

Solution: Application of (9.107) with A; = 1 for all i,

N—1 2

Z ejid cos 6

i=0

Fi(0) =

_ ’1 | pikdeos® | ,j2kdcosO y  ,j(N=1)dcos6 2

Along the broadside direction (6 = 90°),

F(90°) =[14+14+1+---+1)?
=N2
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Chapter 10 Exercise Solutions

There are no exercises for Chapter 10.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics (©2010 Prentice Hall



	Contents
	Chapter 1
	Chapter 2
	Chapter 3
	Chapter 4
	Chapter 5
	Chapter 6
	Chapter 7
	Chapter 8
	Chapter 9
	Chapter 10

