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Exercise 1.1 Consider the red wave shown in Fig. E1.1. What is the wave’s (a) amplitude, (b) wavelength, and (c)
frequency, given that its phase velocity is 6 m/s?

Solution:

(a) A = 6 V.

(b) λ = 4 cm.

(c) f =
up

λ
=

6
4×10−2 = 150 Hz.
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Exercise 1.2 The wave shown in red in Fig. E1.2 is given by υ = 5cos2πt/8. Of the following four equations:

(1) υ = 5cos(2πt/8−π/4),

(2) υ = 5cos(2πt/8+π/4),

(3) υ =−5cos(2πt/8−π/4),

(4) υ = 5sin2πt/8,

(a) which equation applies to the green wave? (b) which equation applies to the blue wave?

Solution:
(a) The green wave has an amplitude of 5 V and a period T = 8 s. Its peak occurs earlier than that of the red wave; hence,

its constant phase angle is positive relative to that of the red wave. A full cycle of 8 s corresponds to 2π in phase. The green
wave crosses the time axis 1 s sooner than the red wave. Hence, its phase angle is

φ0 =
1
8
×2π =

π

4
.

Consequently,

υ = 5cos(2πt/T +φ0)
= 5cos(2πt/7+π/4),

which is given by #2.

(b) The blue wave’s period T = 8 s. Its phase angle is delayed relative to the red wave by 2 s. Hence, the phase angle is
negative and given by

φ0 =−2
8
×2π =−π

2
,

and

υ = 5cos
(

2πt
8
− π

2

)
= 5sin2πt/8,

which is given by #4.
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Exercise 1.3 The electric field of a traveling electromagnetic wave is given by

E(z, t) = 10cos(π×107t +πz/15+π/6) (V/m).

Determine (a) the direction of wave propagation, (b) the wave frequency f , (c) its wavelength λ , and (d) its phase velocity up.

Solution:

(a) −z-direction because the signs of the coefficients of t and z are both positive.

(b) From the given expression,
ω = π×107 (rad/s).

Hence,

f =
ω

2π
=

π×107

2π
= 5×106 Hz = 5 MHz.

(c) From the given expression,
2π

λ
=

π

15
.

Hence λ = 30 m.

(d) up = f λ = 5×106×30 = 1.5×108 m/s.
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Exercise 1.4 Consider the red wave shown in Fig. E1.4. What is the wave’s (a) amplitude (at x = 0), (b) wavelength, and
(c) attenuation constant?

Solution: The wave shown in the figure exhibits a sinusoidal variation in x and its amplitude decreases as a function of x.
Hence, it can be described by the general expression

υ = Ae−αx cos
(

2πx
λ

+φ0

)
.

From the given coordinates of the first two peaks, we deduce that

λ = 8.4−2.8 = 5.6 cm.

At x = 0, υ =−5 V and it occurs exactly λ/2 before the first peak. Hence, the wave amplitude is 5 V, and from

−5 = 5cos(0+φ0),

it follows that
φ0 = π.

Consequently,

υ = 5e−αx cos
(

2πx
5.6

+π

)
.

In view of the relation cosx =−cos(x±π), υ can be expressed as

υ =−5e−αx cos
2πx
5.6

(V).

We can describe the amplitude as 5 V for a wave with a constant phase angle of π , or as −5 V with a phase angle of zero.
At x = 2.8 cm,

υ(x = 2.8) = 4.23 =−5e−2.8α cos
(

2π×2.8
5.6

)
= 5e−2.8α .
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Hence,

e−2.8α =
4.23

5
,

and

α =− 1
2.8

ln
(

4.23
5

)
= 0.06 Np/cm.
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Exercise 1.5 The red wave shown in Fig. E1.5 is given by υ = 5cos4πx (V). What expression is applicable to (a) the
blue wave and (b) the green wave?

Solution: At x = 0, all three waves start at their peak value of 5 V. Also, λ = 0.5 m for all three waves. Hence, they share
the general form

υ = Ae−αx cos
2πx
λ

= 5e−αx cos4πx (V).

For the red wave, α = 0.
For the blue wave,

3.52 = 5e−0.5α
α = 0.7 Np/m.

For the green wave,
1.01 = 5e−0.5α

α = 3.2 Np/m.
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Exercise 1.6 An electromagnetic wave is propagating in the z-direction in a lossy medium with attenuation constant
α = 0.5 Np/m. If the wave’s electric-field amplitude is 100 V/m at z = 0, how far can the wave travel before its amplitude
will have been reduced to (a) 10 V/m, (b) 1 V/m, (c) 1 µV/m?

Solution:

(a)

100e−αz = 10

100e−0.5z = 10

e−0.5z = 0.1

−0.5z = ln0.1 =−2.3

z = 4.6 m.

(b)

100e−0.5z = 1

z =
ln0.01
−0.5

= 9.2 m.

(c)

100e−0.5z = 10−6

z =
ln10−8

−0.5
= 37 m.
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Exercise 1.7 Express the following complex functions in polar form:

z1 = (4− j3)2,

z2 = (4− j3)1/2.

Solution:

z1 = (4− j3)2

=
[
(42 +32)1/2∠− tan−1 3/4

]2

= [5∠−36.87◦]2 = 25∠−73.7◦ .

z2 = (4− j3)1/2

=
[
(42 +32)1/2∠− j tan−1 3/4

]1/2

= [5∠−36.87◦]1/2 =±
√

5∠−18.4◦ .
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Exercise 1.8 Show that
√

2 j =±(1+ j).

Solution:

e jπ/2 = 0+ j sin(π/2) = j

√
2 j = [2e jπ/2]1/2 =±

√
2 e jπ/4

=±
√

2(cosπ/4+ j sinπ/4)

=±
√

2
(

1√
2

+ j
1√
2

)
=±(1+ j).
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Exercise 1.9 A series RL circuit is connected to a voltage source given by vs(t) = 150cosωt (V). Find (a) the phasor
current Ĩ and (b) the instantaneous current i(t) for R = 400 Ω, L = 3 mH, and ω = 105 rad/s.

Solution:

(a) From Example 1–4,

Ĩ =
Ṽs

R+ jωL

=
150

400+ j105×3×10−3

=
150

400+ j300
= 0.3∠−36.9◦ (A).

(b)

i(t) = Re[Ĩe jωt ]

= Re[0.3e− j36.9◦e j105t ]

= 0.3cos(105t−36.9◦) (A).
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Exercise 1.10 A phasor voltage is given by Ṽ = j5 V. Find v(t).

Solution:

Ṽ = j5 = 5e jπ/2

v(t) = Re[Ṽ e jωt ]

= Re[5e jπ/2e jωt ]

= 5cos
(

ωt +
π

2

)
=−5sinω (V).
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Exercise 2.1 Use Table 2-1 to compute the line parameters of a two-wire air line whose wires are separated by a distance
of 2 cm, and each is 1 mm in radius. The wires may be treated as perfect conductors with σc = ∞.

Solution: Two-wire air line: Because medium between wires is air, ε = ε0, µ = µ0 and σ = 0.

d = 2 cm, a = 1 mm, σc = ∞

Rs =
[

π f µc

σc

]1/2

= 0

R′ = 0

L′ =
µ0

π
ln

( d
2a

)
+

√(
d
2a

)2

−1


=
(

4π×10−7

π

)
ln

(20
2

)
+

√(
20
2

)2

−1


= 4×10−7 ln[10+

√
99] = 1.2 (µH/m).

G′ = 0 because σ = 0

C′ =
πε0

ln
[( d

2a

)
+
√( d

2a

)2−1
] =

π×8.85×10−12

ln[10+
√

99]
= 9.29 (pF/m).
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Exercise 2.2 Calculate the transmission line parameters at 1 MHz for a rigid coaxial air line with an inner conductor
diameter of 0.6 cm and an outer conductor diameter of 1.2 cm. The conductors are made of copper [see Appendix B for µc
and σc of copper].

Solution: Coaxial air line: Because medium between wires is air, ε = ε0, µ = µ0 and σ = 0.

a = 0.3 cm, b = 0.6 cm, µc = µ0, σc = 5.8×107 S/m

Rs =
√

π f µc/σc

= [π×106×4π×10−7/(5.8×107)]1/2 = 2.6×10−4
Ω.

R′ =
Rs

2π

(
1
a

+
1
b

)
=

2.6×10−4

2π

(
1

3×10−3 +
1

6×10−3

)
= 2.08×10−2 (Ω/m)

L′ =
µ0

2π
ln
(

b
a

)
=

4π×10−7

2π
ln2 = 0.14 (µH/m)

G′ = 0 because σ = 0

C′ =
2πε

ln(b/a)
=

2π×8.85×10−12

ln2
= 80.3 (pF/m).
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Exercise 2.3 Verify that Eq. (2.26a) is indeed a solution of the wave equation given by Eq. (2.21).

Solution:

Ṽ (z) = V +
0 e−γz +V−0 eγz

d2 Ṽ (z)
dz2 − γ

2 Ṽ (z) ?= 0

d2

dz2 (V +
0 e−γz +V−0 eγz)− γ

2(V +
0 e−γz +V−0 eγz) ?= 0

γ
2V +

0 e−γz + γ
2V−0 eγz− γ

2V +
0 e−γz− γ

2V−0 eγz = 0.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics c©2010 Prentice Hall



Exercise 2.4 A two-wire air line has the following line parameters: R′ = 0.404 (mΩ/m), L′ = 2.0 (µH/m), G′ = 0, and
C ′ = 5.56 (pF/m). For operation at 5 kHz, determine (a) the attenuation constant α , (b) the phase constant β , (c) the phase
velocity up, and (d) the characteristic impedance Z0.

Solution: Given:

R′ = 0.404 (mΩ/m), G′ = 0,

L′ = 2.0 (µH/m), C′ = 5.56 (pF/m).

(a)

α = Re
{

[(R′+ jωL′)(G′+ jωC′)]1/2
}

= Re
{

[(0.404×10−3 + j2π×5×103×2×10−6)(0+ j2π×5×103×5.56×10−12)]1/2
}

= Re[3.37×10−7 + j1.05×10−4]

α = 3.37×10−7 (Np/m).

(b) From part (a),

β = Im
{

[(R′+ jωL′)(G′+ jωC′)]1/2
}

= 1.05×10−4 (rad/m).

(c)

up =
ω

β
=

2π×5×103

1.05×10−4 = 3×108 (m/s).

(d)

Z0 =
R′+ jωL′

α + jβ

=
0.404×10−3 + j5×103×2×10−6

3.37×10−7 + j1.05×10−4

= (600− j2) Ω.
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Exercise 2.5 For a lossless transmission line, λ = 20.7 cm at 1 GHz. Find εr of the insulating material.

Solution:

λ =
λ0√

εr

εr =
(

λ0

λ

)2

=
(

c
f λ

)2

=
(

3×108

1×108×20.7×10−2

)2

= 2.1.
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Exercise 2.6 A lossless transmission line uses a dielectric insulating material with εr = 4. If its line capacitance is C ′ = 10
(pF/m), find (a) the phase velocity up, (b) the line inductance L′, and (c) the characteristic impedance Z0.

Solution:
(a)

up =
c√
εr

=
3×108
√

4
= 1.5×108 m/s.

(b)

up =
1√
L′C′

, u2
p =

1
L′C′

.

L′ =
1

u2
pC′

=
1

(1.5×108)2×10×10−12 = 4.45 (µH/m).

(c)

Z0 =

√
L′

C′
=
(

4.45×10−6

10×10−12

)1/2

= 667.1 Ω.
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Exercise 2.7 A 50-Ω lossless transmission line is terminated in a load impedance ZL = (30− j200) Ω. Calculate the
voltage reflection coefficient at the load.

Solution:

Γ =
ZL−Z0

ZL +Z0

=
30− j200−50

(30− j200)+50
=
−20− j200
80− j200

= 0.93∠−27.5◦ .
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Exercise 2.8 A 150-Ω lossless line is terminated in a capacitor whose impedance is ZL =− j30 Ω. Calculate Γ.

Solution:

Γ =
ZL−Z0

ZL +Z0

=
− j30−150
− j30+150

= 1∠−157.4◦ .
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Exercise 2.9 Use CD Module 2.4 to generate the voltage and current standing-wave patterns for a 50-Ω line of length 1.5λ ,
terminated in an inductance with ZL = j140 Ω.

Solution: Standing-wave patterns generated with the help of DVD Module 2.4 are shown.
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Exercise 2.10 If Γ = 0.5∠−60◦ and λ = 24 cm, find the locations of the voltage maximum and minimum nearest to the
load.

Solution:

Γ = 0.5∠−60◦ , λ = 24 cm

lmax =
θrλ

4π
+

λ

2
(because θr is negative)

=
[
(−π/3)×24

4π
+

24
2

]
cm = [−2+12] cm = 10 cm.

lmin = lmax−
λ

4
(because lmax > λ/4)

=
(

10− 24
4

)
cm = 4 cm.
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Exercise 2.11 A 140-Ω lossless line is terminated in a load impedance ZL = (280 + j182) Ω. If λ = 72 cm, find (a) the
reflection coefficient Γ, (b) the voltage standing-wave ratio S, (c) the locations of voltage maxima, and (d) the locations of
voltage minima.

Solution:
Z0 = 140 Ω, ZL = (280+ j182) Ω

(a)

Γ =
ZL−Z0

ZL +Z0

=
280+ j182−140
280+ j182+140

=
140+ j182
420+ j182

= 0.5∠29◦ .

(b)

S =
1+ |Γ|
1−|Γ|

=
1+0.5
1−0.5

=
1.5
0.5

= 3.

(c)

lmax =
θrλ

4π
+

nλ

2
, n = 0,1,2, . . .

=
(29π/180)×0.72

4π
+

n×0.72
2

= (2.9+36n) (cm), n = 0,1,2, . . .

(d)

lmin = lmax +
λ

4

=
[
(2.9+36n)+

72
4

]
cm

= (20.9+36n) cm, n = 0,1,2, . . .
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Exercise 2.12 A 50-Ω lossless transmission line uses an insulating material with εr = 2.25. When terminated in an open
circuit, how long should the line be for its input impedance to be equivalent to a 10-pF capacitor at 50 MHz?

Solution: For a 10-pF capacitor at 50 MHz,

Zc =
1

jωC
=

− j
2π×50×106×10×10−12 =− j

1000
π

Ω

β =
2π

λ
=

2π
√

εr

λ0
=

2π f
√

εr

c

=
2π×5×107

√
2.25

3×108 = 1.57 (rad/m).

For lossless lines with open-circuit termination,

Zin =− jZ0 cotβ l =− j50cot1.57l

Hence,

− j
1000

π
=− j50cot1.57l

or
l = 5.68 (cm).
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Exercise 2.13 A 300-Ω feedline is to be connected to a 3-m long, 150-Ω line terminated in a 150-Ω resistor. Both lines are
lossless and use air as the insulating material, and the operating frequency is 50 MHz. Determine (a) the input impedance of
the 3-m long line, (b) the voltage standing-wave ratio on the feedline, and (c) the characteristic impedance of a quarter-wave
transformer were it to be used between the two lines in order to achieve S = 1 on the feedline.

Solution: At 50 MHz,

λ = λ0 =
c
f

=
3×108

5×107 = 6 m.

(a)
l
λ

=
3
6

= 0.5.

Hence, Zin = ZL = 150 Ω. (Zin = ZL if Z = nλ/2.)
(b)

Γ =
Zin−Z0

Zin +Z0
=

150−300
150+300

=
−150
450

=−1
3
.

S =
1+ |Γ|
1−|Γ|

=
1+ 1

3

1− 1
3

=
4/3
2/3

= 2.

(c)

Z2
02 = Z1Z3 = 300×150 = 45,000

Z02 = 212.1 Ω.

where Z1 is the feedline and Z3 is Zin of part (a).
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Exercise 2.14 For a 50-Ω lossless transmission line terminated in a load impedance ZL = (100 + j50) Ω, determine the
fraction of the average incident power reflected by the load.

Solution:

Γ =
ZL−Z0

ZL +Z0

=
100+ j50−50
100+ j50+50

=
50+ j50
150+ j50

= 0.45∠26.6◦ .

Fraction of reflected power = |Γ|2 = (0.45)2 = 20%.
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Exercise 2.15 For the line of Exercise 2.14, what is the magnitude of the average reflected power if |V +
0 |= 1 V?

Solution:

Pr
av = |Γ|2

|V +
0 |2

2Z0
=

0.2×1
2×50

= 2 (mW).

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics c©2010 Prentice Hall



Exercise 2.16 Use the Smith chart to find the values of Γ corresponding to the following normalized load impedances:
(a) zL = 2+ j0, (b) zL = 1− j1, (c) zL = 0.5− j2, (d) zL =− j3, (e) zL = 0 (short circuit), (f) zL = ∞ (open circuit), (g) zL = 1
(matched load).

Solution:

(a)

Γ =
OA
OR

∠θ1 = 0.33

(b)

Γ =
OB
OR

∠θ2 = 0.45∠−63.4◦

(c)

Γ =
OC
OR

∠θ3 = 0.83∠−50.9◦

(d)

Γ =
OD
OR

∠θ4 = 1∠−36.9◦
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(e)

Γ =
OE
OR

∠θ5 = 1∠180◦ =−1

(f)

Γ =
OF
OR

∠θ1 = 1

(g)

Γ =
OG
OR

= 0
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Exercise 2.17 Use the Smith chart to find the normalized input impedance of a lossless line of length l terminated in a
normalized load impedance zL for each of the following combinations: (a) l = 0.25λ , zL = 1+ j0, (b) l = 0.5λ , zL = 1+ j1,
(c) l = 0.3λ , zL = 1− j1, (d) l = 1.2λ , zL = 0.5− j0.5, (e) l = 0.1λ , zL = 0 (short circuit), (f) l = 0.4λ , zL = j3, (g) l = 0.2λ ,
zL = ∞ (open circuit).

Solution:
(a)

zin = 1+ j0
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(b)

zin = 1+ j1
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(c)

zin = 0.76+ j0.84
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(d)

zin = 0.59+ j0.66
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(e)

zin = 0+ j0.73
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(f)

zin = 0+ j0.72
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(g)

zin = 0− j0.32
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Chapter 3 Exercise Solutions

Exercise 3.1

Exercise 3.2

Exercise 3.3

Exercise 3.4

Exercise 3.5

Exercise 3.6

Exercise 3.7

Exercise 3.8

Exercise 3.9

Exercise 3.10

Exercise 3.11

Exercise 3.12

Exercise 3.13

Exercise 3.14

Exercise 3.15

Exercise 3.16

Exercise 3.17

Exercise 3.18

Exercise 3.19
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Exercise 3.1 Find the distance vector between P1(1,2,3) and P2(−1,−2,3) in Cartesian coordinates.

Solution:
−−→
P1P2 = x̂(x2− x1)+ ŷ(y2− y1)+ ẑ(z2− z1)

= x̂(−1−1)+ ŷ(−2−2)+ ẑ(3−3)
=−x̂2− ŷ4.
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Exercise 3.2 Find the angle θ between vectors A and B of Example 3-1 using the cross product between them.

Solution:

A×××B = n̂ABsinθAB

sinθAB =
|A×××B|

AB

=
|(x̂2+ ŷ3+ ẑ3)××× (−x̂− ŷ5− ẑ)|√

22
√

27

=
|− ẑ10+ ŷ2+ ẑ3− x̂3− ŷ3+ x̂15|√

22
√

27

=
x̂12− ŷ− ẑ7|√

22
√

27
=
√

144+1+49√
22
√

27
= 0.57

θAB = sin−1(0.57) = 34.9◦ or 145.1◦.
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Exercise 3.3 Find the angle that vector B of Example 3-1 makes with the z-axis.

Solution:

B · ẑ = Bcosθ

(−x̂− ŷ5− ẑ) · ẑ =
√

27cosθ

cosθ =
−1√

27

θ = 101.1◦.
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Exercise 3.4 Vectors A and B lie in the y-z plane and both have the same magnitude of 2 (Fig. E3.4). Determine (a) A ·B
and (b) A×××B.

Solution:
(a)

A ·B = ABcos(90◦+30◦)

= 2×2× cos120◦

=−2.

(b)

A = ŷ2

B =−ŷ2cos60◦+ ẑ2cos30◦

=−ŷ1+ ẑ1.73

A×××B = ŷ2××× (−ŷ1+ ẑ1.73)
= x̂3.46.
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Exercise 3.5 If A ·B = A ·C, does it follow that B = C?

Solution: The answer is No, which can be demonstrated through the following example. Let

A = x̂1,

B = x̂2+ ŷ1,

C = x̂2+ ŷ2.

A ·B = 2,

A ·C = 2,

but
B 6= C.
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Exercise 3.6 A circular cylinder of radius r = 5 cm is concentric with the z-axis and extends between z =−3 cm and
z = 3 cm. Use Eq. (3.44) to find the cylinder’s volume.

Solution:

dV = r dr dφ dz

V =
∫ 5 cm

r=0

∫ 2π

φ=0

∫ 3 cm

z=−3 cm
r dr dφ dz

=
r2

2

∣∣∣∣5 cm

0
×φ |2π

0 × z|3 cm
−3 cm

=
25
2
×2π×6 = 471.2 cm3.
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Exercise 3.7 Point P = (2
√

3,π/3,−2) is given in cylindrical coordinates. Express P in spherical coordinates.

Solution:

R = +
√

r2 + z2 = +
√

(2
√

3)2 +(−2)2 = 4

φ =
π

3
(unchanged)

θ = tan−1
(

r
z

)
= tan−1

(
2
√

3
−2

)
=−60◦ =−π

3
or

2π

3
.
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Exercise 3.8 Transform vector
A = x̂(x+ y)+ ŷ(y− x)+ ẑz

from Cartesian to cylindrical coordinates.

Solution:

A = x̂(x+ y)+ ŷ(y− x)+ ẑz

= (r̂cosφ − φ̂φφ sinφ)(r cosφ + r sinφ)

+(r̂sinφ + φ̂φφ cosφ)(r sinφ − r cosφ)+ ẑz

= r̂(cos2
φ + cosφ sinφ + sin2

φ − cosφ sinφ)r

+ φ̂φφ (−sinφ cosφ − sin2
φ + sinφ cosφ − cos2

φ)r + ẑz

= r̂r− φ̂φφ r + ẑz.
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Exercise 3.9 Given V = x2y+ xy2 + xz2, (a) find the gradient of V , and (b) evaluate it at (1,−1,2).

Solution:
V = x2y+ xy2 + xz2

(a)

∇V = x̂
∂V
∂x

+ ŷ
∂V
∂y

+ ẑ
∂V
∂ z

= x̂(2xy+ y2 + z2)+ ŷ(x2 +2xy)+ ẑ2xz.

(b)

∇V |(1,−1,2) = x̂(−2+1+4)+ ŷ(1−2)+ ẑ4

= x̂3− ŷ+ ẑ4.
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Exercise 3.10 Find the directional derivative of V = rz2 cos2φ along the direction A = r̂2− ẑ and evaluate it at (1,π/2,2).

Solution:

V = rz2 cos2φ

∇V = r̂
∂V
∂ r

+ φ̂φφ
1
r

∂V
∂φ

+ ẑ
∂V
∂ z

= r̂z2 cos2φ − φ̂φφ
2r
r

z2 sin2φ + ẑ2rzcos2φ

dV
dl

= ∇V · âl

= ∇V · A
A

= (r̂z2 cos2φ − φ̂φφ 2z2 sin2φ + ẑ2rzcos2φ) · r̂2− ẑ√
5

=
2z2 cos2φ −2rzcos2φ√

5

dV
dl

∣∣∣∣
(1,π/2,2)

=
2×4cosπ−2×2cosπ√

5

=−4/
√

5.
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Exercise 3.11 The power density radiated by a star [Fig. E3.11(a)] decreases radially as S(R) = S0/R2, where R is the
radial distance from the star and S0 is a constant. Recalling that the gradient of a scalar function denotes the maximum rate
of change of that function per unit distance and the direction of the gradient is along the direction of maximum increase,
generate an arrow representation of ∇S.

Solution:

S(R) =
S0

R2 .

∇S =
(

R̂
∂

∂R
+ θ̂θθ

1
R

∂

∂θ
+ φ̂φφ

1
Rsinθ

∂

∂φ

)
S0

R2

=−R̂2
S0

R3 .
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Exercise 3.12 The graph in Fig. E3.12(a) depicts a gentle change in atmospheric temperature from T1 over the sea to T2
over land. The temperature profile is described by the function

T (x) = T1 +(T2−T1)/(e−x +1),

where x is measured in kilometers and x = 0 is the sea-land boundary. (a) In which direction does ∇T point and (b) at what
value of x is it a maximum?

Solution:

T (x) = T1 +
T2−T1

e−x +1

∇T = x̂
∂T
∂x

= x̂
∂

∂x

(
T1 +

T2−T1

e−x +1

)
= x̂(T2−T1)

∂

∂x
(e−x +1)−1

= x̂(T2−T1)e−x(e−x +1)−2

= x̂
e−x(T2−T1)
(e−x +1)2 .
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Exercise 3.13 Given A = e−2y(x̂sin2x+ ŷcos2x), find ∇ ·A.

Solution:

A = e−2y(x̂ sin2x+ ŷ cos2x)

∇ ·A =
∂Ax

∂x
+

∂Ay

∂y
+

∂Az

∂ z

=
∂

∂x
(e−2y sin2x)+

∂

∂y
(e−2y cos2x)

= 2e−2y cos2x−2e−2y cos2x = 0.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics c©2010 Prentice Hall



Exercise 3.14 Given A = r̂r cosφ + φ̂φφ r sinφ + ẑ3z, find ∇ ·A at (2,0,3).

Solution:

A = r̂r cosφ + φ̂φφ r sinφ + ẑ3z

∇ ·A =
1
r

∂

∂ r
(rAr)+

1
r

∂Aφ

∂φ
+

∂Az

∂ z

=
1
r

∂

∂ r
(r2 cosφ)+

1
r

∂

∂φ
(r sinφ)+

∂

∂ z
(3z)

= 2cosφ + cosφ +3

∇ ·A|(2,0,3) = 2+1+3 = 6.
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Exercise 3.15 If E = R̂AR in spherical coordinates, calculate the flux of E through a spherical surface of radius a, centered
at the origin.

Solution:

E = R̂AR

n
∫

S
E ·ds =

∫
π

θ=0

∫ 2π

φ=0
R̂AR · R̂R2 sinθ dθ dφ

∣∣
R=a

=
[
−2πAR3 cosθ

∣∣π
0

]
R=a

= 4πAa3.
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Exercise 3.16 Verify the divergence theorem by calculating the volume integral of the divergence of the field E of Exercise
3.11 over the volume bounded by the surface of radius a.

Solution:

Divergence Theorem:
∫

V
∇ ·E dV = n

∫
S

E ·ds

From Exercise 3.11,
n
∫

S
E ·ds = 4πAa3.

For the left side of Divergence Theorem, with E = R̂AR,

∇ ·E =
1

R2
∂

∂R
(R2ER) =

1
R2

∂

∂R
(AR3) = 3A

∫
V

∇ ·E dV =
∫ a

0

∫
π

0

∫ 2π

0
3A ·R2 sinθ dR dθ dφ

=
3AR3

3

∣∣∣∣a
0
× (− cosθ |π0 )× π|2π

0

= 4πAa3.

Hence, Divergence Theorem is verified.
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Exercise 3.17 The arrow representation in Fig. E3.17 represents the vector field A = x̂x− ŷy. At a given point in space,
A has a positive divergence ∇ ·A if the net flux flowing outward through the surface of an imaginary infinitesimal volume
centered at that point is positive, ∇ ·A is negative if the net flux is into the volume, and ∇ ·A = 0 if the same amount of flux
enters into the volume as leaves it. Determine ∇ ·A everywhere in the x–y plane.

Solution:

A = x̂x− ŷy

∇ ·A =
∂Ax

∂x
+

∂Ay

∂y
+

∂Az

∂ z

=
∂x
∂x
− ∂y

∂y
= 1−1 = 0.
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Exercise 3.18 Find ∇×××A at (2,0,3) in cylindrical coordinates for the vector field

A = r̂10e−2r cosφ + ẑ10sinφ .

Solution:

A = r̂10e−2r cosφ + ẑ10sinφ

∇×A = r̂
(

1
r

∂Az

∂φ
−

∂Aφ

∂ z

)
+ φ̂φφ

(
∂Ar

∂ z
− ∂Az

∂ r

)
+ ẑ

1
r

(
∂

∂ r
rAφ −

∂Ar

∂φ

)
= r̂

(
1
r

∂

∂φ
(10sinφ)

)
+ φ̂φφ

(
∂

∂ z
(10e−2r cosφ)− ∂

∂ r
(10sinφ)

)
+ ẑ

1
r

∂

∂φ
(−10e−2r cosφ)

= r̂
10cosφ

r
+ ẑ

10e−2r

r
sinφ

∇×A|(2,0,3) = r̂5.
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Exercise 3.19 Find ∇×××A at (3,π/6,0) in spherical coordinates for the vector field A = θ̂θθ 12sinθ .

Solution:

A = θ̂θθ 12sinθ

∇×A = φ̂φφ
1
R

∂

∂R
(RAθ )

= φ̂φφ
1
R

∂

∂R
(12Rsinθ)

= φ̂φφ
12sinθ

R
.

∇×A|(3,π/6,0) = φ̂φφ 4sin30◦ = φ̂φφ 2.
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Exercise 4.1 A square plate in the x–y plane is situated in the space defined by −3 m ≤ x ≤ 3 m and −3 m≤ y≤ 3 m.
Find the total charge on the plate if the surface charge density is given by ρs = 4y2 (µC/m2).

Solution:

ρs = 4y2

Q =
∫

S
ρs ds

=
∫ 3

−3

∫ 3

−3
4y2 dx dy

=
4y3x

3

∣∣∣∣3
−3

∣∣∣∣∣
3

−3

= 432 µC = 0.432 (mC).
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Exercise 4.2 A spherical shell centered at the origin extends between R = 2 cm and R = 3 cm. If the volume charge
density is given by ρv = 3R×10−4 (C/m3), find the total charge contained in the shell.

Solution:

ρv = 3R×10−4

Q =
∫

V
ρv dV

=
∫ 3 cm

R=2 cm

∫
π

θ=0

∫ 2π

φ=0
3R×10−4 ·R2 sinθ dR dθ dφ

=
3R4

4
×10−4

∣∣∣∣3 cm

2 cm
×2×2π

= 3π×10−4 [(3×10−2)4− (2×10−2)4]= 0.61 (nC).
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Exercise 4.3 Four charges of 10 µC each are located in free space at points with Cartesian coordinates (−3,0,0), (3,0,0),
(0,−3,0), and (0,3,0). Find the force on a 20-µC charge located at (0,0,4). All distances are in meters.

Solution:

R1 =−x̂3

R2 = x̂3

R3 =−ŷ3

R4 = ŷ3

R = ẑ4

F1 =
QQ1

4πε0

R−R1

|R−R1|3
=

QQ1

4πε0

ẑ4+ x̂3
125

=
QQ1

500πε0
(ẑ4+ x̂3)

F2 =
QQ2

4πε0

R−R2

|R−R2|3
=

QQ2

4πε0

ẑ4− x̂3
125

=
QQ2

500πε0
(ẑ4− x̂3)

F3 =
QQ3

4πε0

R−R3

|R−R3|3
=

QQ3

4πε0

ẑ4+ ŷ3
125

=
QQ3

500πε0
(ẑ4+ ŷ3)

F4 =
QQ4

4πε0

R−R4

|R−R4|3
=

QQ4

4πε0

ẑ4− ŷ3
125

=
QQ4

500πε0
(ẑ4− ŷ3)

F = F1 +F2 +F3 +F4

=
200×10−12

500πε0
(ẑ16) = ẑ

32×10−12

5π×8.85×10−12 = ẑ0.23 (N).
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Exercise 4.4 Two identical charges are located on the x-axis at x = 3 and x = 7. At what point in space is the net electric
field zero?

Solution: Since both charges are on the x-axis, the point at which the fields due to the two charges can cancel has to lie on
the x-axis also. Intuitively, since the two charges are identical, that point is midway between them at (5,0,0).
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Exercise 4.5 In a hydrogen atom the electron and proton are separated by an average distance of 5.3×10−11 m. Find the
magnitude of the electrical force Fe between the two particles, and compare it with the gravitational force Fg between them.

Solution:

Fe =
qeqp

4πε0R2 =
(1.6×10−19)2

4π×8.85×10−12(5.3×10−11)2 = 8.2×10−8 N.

Fg =
Gmemp

R2 =
6.67×10−11×9.11×10−31×1.67×10−27

(5.3×10−11)2 = 3.6×10−47 N.
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Exercise 4.6 An infinite sheet of charge with uniform surface charge density ρs is located at z = 0 (x–y plane), and another
infinite sheet with density −ρs is located at z = 2 m, both in free space. Determine E in all regions.

Solution: Per Eq. (4.25), for the sheet at z = 0,

E1 =


ẑ

ρs

2ε0
, for z > 0,

−ẑ
ρs

2ε0
, for z < 0.

Similarly, for the sheet at z = 2 m with charge density −ρs,

E2 =


−ẑ

ρs

2ε0
, for z > 2 m,

ẑ
ρs

2ε0
, for z < 2 m.

Hence,

E = E1 +E2 =


0, for z < 0,

ẑ
ρs

ε0
, for 0 < z < 2 m,

0, for z > 2 m.
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Exercise 4.7 Two infinite lines of charge, each carrying a charge density ρl , are parallel to the z-axis and located at x = 1
and x =−1. Determine E at an arbitrary point in free space along the y-axis.

Solution:

The distance between either line of charge and a point at y on the y-axis is r = (1+ y2)1/2.
For line 1,

r̂1 =
r1

r
=
−x̂+ ŷy

(1+ y2)1/2 .

For line 2,

r̂2 =
r2

r
=

x̂+ ŷy
(1+ y2)1/2 .

Using Eq. (4.33),

E = E1 +E2

=
r̂1ρl

2πε0r
+

r̂2ρl

2πε0r

=
(−x̂+ ŷy)ρl

2πε0(1+ y2)
+

(x̂+ ŷy)ρl

2πε0(1+ y2)
=

ŷρly
πε0(y2 +1)

.
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Exercise 4.8 A thin spherical shell of radius a carries a uniform surface charge density ρs. Use Gauss’s law to determine E.

Solution:

n
∫

S
D ·ds = Q

Symmetry suggests that D is radial in direction. Hence,

D = R̂DR

ds = R̂ ds

n
∫

S
D ·ds = n

∫
S

DR ds = DR(4πR2) = Q

DR =
Q

4πR2

• For a Gaussian surface of radius R1 < a, no charge is enclosed. Hence, Q = 0, in which case E = 0.

• For a Gaussian surface of radius R2 > a,
Q = ρs(4πa2)

and

E =
D
ε

=
R̂
ε

Dr =
R̂Q

4πεR2
2

= R̂
4πρsa2

4πεR2
2

= R̂
ρsa2

εR2
2

.
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Exercise 4.9 A spherical volume of radius a contains a uniform volume charge density ρv. Use Gauss’s law to determine
D for (a) R≤ a and (b) R≥ a.

Solution:
(a)

For R≤ a,
n
∫

S
D ·ds = n

∫
S

Dr ds = Dr(4πR2)

Q within a sphere of radius R is

Q =
4
3

πR3
ρv

Hence,

4πR2DR =
4
3

πR3
ρv

Dr =
ρvR

3
, D = R̂Dr = R̂

ρvR
3

, R≤ a.

(b)
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For R≥ a, total charge in sphere is

Q =
4
3

πa3
ρv,

4πR2DR =
4
3

πa3
ρv,

D = R̂Dr = R̂
ρva3

3R2 , R≥ a.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics c©2010 Prentice Hall



Exercise 4.10 Determine the electric potential at the origin due to four 20-µC charges residing in free space at the corners
of a 2 m × 2 m square centered about the origin in the x–y plane.

Solution:

For four identical charges all equidistant from the origin:

V =
4Q

4πε0R
, R =

√
2 (m)

=
4×20×10−6

4πε0
√

2
=
√

2×10−5

πε0
(V).
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Exercise 4.11 A spherical shell of radius R has a uniform surface charge density ρs. Determine the electric potential at
the center of the shell.

Solution: Application of (4.48b):

V (R) =
1

4πε

∫
S′

ρs

R′
ds′

=
1

4πεR
·ρs(4πR2)

=
ρsR
ε

.
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Exercise 4.12 Determine the density of free electrons in aluminum, given that its conductivity is 3.5×107 (S/m) and its
electron mobility is 0.0015 (m2/V · s).

Solution:

σ = Neµee

Ne =
σ

µee
=

3.5×107

0.0015×1.6×10−19

= 1.46×1029 electrons/m3.
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Exercise 4.13 The current flowing through a 100-m-long conducting wire of uniform cross section has a density of
3×105 (A/m2). Find the voltage drop across the length of the wire if the wire material has a conductivity of 2×107 (S/m).

Solution:

J = σE

E =
J
σ

V = El

=
Jl
σ

(where l = length of wire)

=
3×105×100

2×107 = 1.5 (V).
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Exercise 4.14 A 50-m-long copper wire has a circular cross section with radius r = 2 cm. Given that the conductivity of
copper is 5.8× 107 (S/m), determine (a) the resistance R of the wire and (b) the power dissipated in the wire if the voltage
across its length is 1.5 (mV).

Solution:
(a)

R =
l

σA
=

50
5.8×107×π(0.02)2

= 6.9×10−4
Ω.

(b)

P =
V 2

R
=

(1.5×10−3)2

6.9×10−4 = 3.3 (mW).
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Exercise 4.15 Repeat part (b) of Exercise 4.14 by applying Eq. (4.80).

Solution:

P =
∫

σ |E|2 dV

E =
V
l

=
1.5×10−3

50
= 3×10−5 (V/m)

P = σ |E|2V

= 5.8×107× (3×10−5)2×50×π(0.02)2

= 3.3 (mW).
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Exercise 4.16 Find E1 in Fig. 4-19 if E2 = x̂2− ŷ3+ ẑ3 (V/m), ε1 = 2ε0, ε2 = 8ε0, and the boundary is charge free.

Solution:
E2 = x̂2− ŷ3+ ẑ3 (V/m)

Given that the x–y plane is the boundary between the two media, the x- and y-components of E2 are parallel to the boundary,
and therefore are the same across the two sides of the boundary. Thus,

E1x = E2x = 2

E1y = E2y =−3.

For the z-component,

ε1E1z = ε2E2z (ρs = 0)

E1z =
ε2

ε1
E2z =

8ε0

2ε0
·3 = 12.

Hence,
E1 = x̂2− ŷ3+ ẑ12 (V/m).
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Exercise 4.17 Repeat Exercise 4.16 for a boundary with surface charge density ρs = 3.54×10−11 (C/m2).

Solution:
E2 = x̂2− ŷ3+ ẑ3

From Exercise 4.16,

E1x = 2

E1y =−3.

For z-component,

ε1E1z− ε2E2z = ρs

E1z =
ε2E2z +ρs

ε1

=
8ε0×3+3.54×10−11

2ε0

= 12+
3.54×10−11

2×8.85×10−12

= 12+2 = 14 (V/m).

Hence,
E1 = x̂2− ŷ3+ ẑ14 (V/m).
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Exercise 4.18 The radii of the inner and outer conductors of a coaxial cable are 2 cm and 5 cm, respectively, and
the insulating material between them has a relative permittivity of 4. The charge density on the outer conductor is
ρl = 10−4 (C/m). Use the expression for E derived in Example 4-12 to calculate the total energy stored in a 20-cm length of
the cable.

Solution:

E =
ρl

2πεr

We =
1
2

∫
V

εE2 dV

=
1
2

εl
∫ 5 cm

r=2 cm
E2(2πr dr)

= πεl
∫ 5 cm

2 cm

(
ρl

2πεr

)2
r dr

=
ρ2

l l
4πε

∫ 5 cm

2 cm

dr
r

=
ρ2

l l
4πε

ln
(

5
2

)
= 4.1 (J).
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Exercise 4.19 Use the result of Example 4-13 to find the surface charge density ρs on the surface of the conducting plane.

Solution: According to (4.95),
ε1E1n− ε2E2n = ρs.

In the present case, E2n (in conductor) = 0, ε1 = ε0 and E1n is the z-component of the expression given in Example 4-13,
evaluated at z = 0, namely

E1n =− 2Qd
4πε0

· 1
(x2 + y2 +d2)3/2 .

Hence,

ρs = ε0E1n =− Qd
2π(x2 + y2 +d2)3/2 .
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Exercise 5.1 An electron moving in the positive x-direction perpendicular to a magnetic field experiences a deflection in
the negative z-direction. What is the direction of the magnetic field?

Solution: The magnetic force acting on a moving charged particle is

Fm = qu×B

In this case,

q =−e

u = x̂u

Fm =−ẑFm

−ẑFm =−x̂ue×××B

For the cross product to apply, B has to be in the positive y-direction.
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Exercise 5.2 A proton moving with a speed of 2×106 m/s through a magnetic field with magnetic flux density of 2.5 T
experiences a magnetic force of magnitude 4× 10−13 N. What is the angle between the magnetic field and the proton’s
velocity?

Solution:

F = quBsinθ

sinθ =
F

quB

=
4×10−13

1.6×10−19×2×106×2.5
= 0.5

θ = sin−1 0.5 = 30◦ or 150◦.
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Exercise 5.3 A charged particle with velocity u is moving in a medium containing uniform fields E = x̂E and B = ŷB.
What should u be so that the particle experiences no net force on it?

Solution:

Fe = qE = x̂qE

Fm = qu×××B = q(u××× ŷB)

For net force to be zero, Fm has to be along −x̂, which requires u to be along +ẑ. Thus,

qE = quB

u =
E
B

u = ẑ
E
B

.

If u also has a y-component, that component will exercise no force on the particle.
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Exercise 5.4 A horizontal wire with a mass per unit length of 0.2 kg/m carries a current of 4 A in the +x-direction. If the
wire is placed in a uniform magnetic flux density B, what should the direction and minimum magnitude of B be in order to
magnetically lift the wire vertically upward? (Hint: The acceleration due to gravity is g =−ẑ9.8 m/s2.)

Solution: For a length l,

Fg =−ẑ0.2l×9.8 =−ẑ1.96l (N)

Fm = x̂ Il×××B

For Fm +Fg = 0, Fm has to be along +ẑ, which means that B has to be along +ŷ. Hence,

1.96l = IlB

B =
1.96

I
= 0.49 (T), and

B = ŷ0.49 (T).
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Exercise 5.5 A square coil of 100 turns and 0.5-m-long sides is in a region with a uniform magnetic flux density of 0.2 T.
If the maximum magnetic torque exerted on the coil is 4×10−2 (N·m), what is the current flowing in the coil?

Solution:

Tmax = NIAB0

I =
Tmax

NAB0
=

4×10−2

100× (0.5)2×0.2
= 8 (mA).
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Exercise 5.6 A semiinfinite linear conductor extends between z = 0 and z = ∞ along the z-axis. If the current I in the
conductor flows along the positive z-direction, find H at a point in the x–y plane at a radial distance r from the conductor.

Solution: From (5.27),

H = φ̂φφ
I

4πr
(cosθ1− cosθ2)

For a conductor extending from z = 0 to z = ∞, θ1 = 0 and θ2 = π . Hence,

H = φ̂φφ
I

4πr
(1+1) = φ̂φφ

I
2πr

(A/m).
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Exercise 5.7 A wire carrying a current of 4 A is formed into a circular loop. If the magnetic field at the center of the loop
is 20 A/m, what is the radius of the loop if the loop has (a) only one turn and (b) 10 turns?

Solution:
(a) From (5.35),

H = ẑ
I

2a
(at z = 0).

a =
I

2H
=

4
2×20

= 0.1 (m).

(b)

H =
NI
2a

a =
NI
2H

= 10×0.1 = 1 (m).
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Exercise 5.8 A wire is formed into a square loop and placed in the x–y plane with its center at the origin and each of its
sides parallel to either the x- or y-axes. Each side is 40 cm in length, and the wire carries a current of 5 A whose direction is
clockwise when the loop is viewed from above. Calculate the magnetic field at the center of the loop.

Solution:

The direction of the current will induce a magnetic field along −ẑ (according to the right-hand rule). At the center of the
loop, each segment will contribute exactly the same amount. Each of the four contributions can be calculated using (5.29)
with φ̂φφ replaced with −ẑ:

H1 =−ẑ
Il

2πr
√

4r2 + l2
.

In this case r = l/2. Hence,

H1 =−ẑ
Il

2π(l/2)
√

l2 + l2
=−ẑ

I√
2 πl

.

Finally,

H = 4H1 =−ẑ
4I√
2 πl

=−ẑ
4×5√

2 π×0.4
=−ẑ11.25 (A/m).
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Exercise 5.9 Current I flows in the inner conductor of a long coaxial cable and returns through the outer conductor. What
is the magnetic field in the region outside the coaxial cable and why?

Solution: H = 0 outside the coaxial cable because the net current enclosed by the Ampèrian contour is zero.
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Exercise 5.10 The metal niobium becomes a superconductor with zero electrical resistance when it is cooled to below
9 K, but its superconductive behavior ceases when the magnetic flux density at its surface exceeds 0.12 T. Determine the
maximum current that a 0.1-mm-diameter niobium wire can carry and remain superconductive.

Solution: From (5.49), the magnetic field at r ≥ a from a wire is given by

H =
I

2πr
, r ≥ a.

At the surface of the wire, r = a. Hence,

B = µ0H =
µ0I
2πa

,

I =
2πaB

µ0

=
2π×0.05×10−3×0.12

4π×10−7 = 30 A.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics c©2010 Prentice Hall



Exercise 5.11 The magnetic vector M is the vector sum of the magnetic moments of all the atoms contained in a
unit volume (1m3). If a certain type of iron with 8.5×1028 atoms/m3 contributes one electron per atom to align its spin
magnetic moment along the direction of the applied field, find (a) the spin magnetic moment of a single electron, given that
me = 9.1×10−31 (kg) and h̄ = 1.06×10−34 (J·s), and (b) the magnitude of M.

Solution:
(a)

ms =
eh̄

2me
=

1.6×10−19×1.06×10−34

2×9.1×10−31 = 9.3×10−24 (A·m2).

(b)
M = nms = 8.5×1028×9.3×10−24 = 7.9×105 (A/m).
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Exercise 5.12 With reference to Fig. 5-24, determine the angle between H1 and n̂2 = ẑ if H2 = (x̂3+ ẑ2) (A/m), µr1 = 2,
and µr2 = 8, and Js = 0.

Solution:

H2 = x̂3+ ẑ2

H1x = H2x = 3

µ1H1z = µ2H2z

H1z =
µ2

µ1
H2z =

8
2
×2 = 8

Hence,

H1 = x̂3+ ẑ8

H1 · ẑ = H1 cosθ

cosθ =
H1 · ẑ

H1
=

8√
9+64

=
8√
73

= 0.936

θ = 20.6◦.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics c©2010 Prentice Hall



Exercise 5.13 Use Eq. (5.89) to obtain an expression for B at a point on the axis of a very long solenoid but situated at its
end points. How does B at the end points compare to B at the midpoint of the solenoid?

Solution:
B = ẑ

µnI
2

(sinθ2− sinθ1)

For a point at P with θ1 = 0 and θ2 = 90◦,

B = ẑ
µnI

2
= ẑ

µNI
2l

,

which is half as large as B at the midpoint.
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Exercise 6.1 For the loop shown in Fig. 6-3, what is V tr
emf if B = ŷB0 cosωt?

Solution: V tr
emf = 0 because B is orthogonal to the loop’s surface normal ds.
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Exercise 6.2 Suppose that the loop of Example 6-1 is replaced with a 10-turn square loop centered at the origin and
having 20-cm sides oriented parallel to the x- and y-axes. If B = ẑB0x2 cos103t and B0 = 100 T, find the current in the circuit.

Solution:

Φ =
∫

S
B ·ds

=
∫ 0.1

x=−0.1

∫ 0.1

y=−0.1
(ẑ100x2 cos103t) · ẑ dx dy

= (100cos103t)×0.2
∫ 0.1

−0.1
x2 dx

= 20cos103t
x3

3

∣∣∣∣0.1

−0.1

=
20
3

cos103t((0.1)3 +(0.1)3) = 13.3×10−3 cos103t.

I =
Vemf

R

=−N
R

dΦ

dt

=− 10
1000

d
dt

(13.3×10−3 cos103t) = 133sin103t (mA).

At t = 0, dΦ/dt < 0 and Vemf > 0. Since the flux is decreasing, Lenz’s law requires I to be in the direction opposite that
shown in the figure so that the flux inducted by I is in opposition to the trend of dΦ/dt. Hence, in terms of the indicated
direction of I,

I =−133sin103t (mA).

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics c©2010 Prentice Hall



Exercise 6.3 For the moving loop of Fig. 6-9, find I when the loop sides are at y1 = 4 m and y2 = 4.5 m. Also, reverse
the direction of motion such that u =−ŷ5 (m/s).

Solution: At y1 = 4 m and y2 = 4.5 m,

B(y1) = ẑ0.2e−0.1×4 = ẑ0.1340 (T).

B(y2) = ẑ0.2e−0.1×4.5 = ẑ0.1275 (T).

V12 =
∫ 1

2
[u×B(y1)] ·dl

=
∫ −l/2

l/2
(−ŷ5× ẑ0.134) · x̂ dx

= 0.67l = 0.67×2 = 1.340 (V).

V43 = u B(y2)l = 5×0.1275×2 = 1.275 (V)

I =
V43−V12

R
=

1.275−1.340
5

=−13 (mA).
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Exercise 6.4 Suppose that we turn the loop of Fig. 6-9 so that its surface is parallel to the x–z plane. What would I be in
that case?

Solution: I = 0, because in that case V12 and V43 would always be equal because both are always at the same value of y,
and hence the B field is the same for both of them.
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Exercise 6.5 A poor conductor is characterized by a conductivity σ = 100 (S/m) and permittivity ε = 4ε0. At what
angular frequency ω is the amplitude of the conduction current density J equal to the amplitude of the displacement current
density Jd?

Solution:

|J|= σ |E|

|Jd|=
∣∣∣∣∂D

∂ t

∣∣∣∣= | jωεE|= ωε|E|

If |J|= |Jd|, then σ = ωε , or

ω =
σ

ε
=

σ

εrε0
=

100
4×8.85×10−12 = 2.82×1012 (rad/s).
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Exercise 6.6 Determine (a) the relaxation time constant and (b) the time it takes for a charge density to decay to 1% of
its initial value in quartz, given that εr = 5 and σ = 10−17 S/m.

Solution:
(a)

τr =
ε

σ
=

εrε0

σ
=

5×8.85×10−12

10−17 = 4.425×106 s = 51.2 days.

(b)

ρv(t) = ρv0e−t/τr

ρv

ρv0
= 0.01 = e−t/51.2

ln0.01 =− t
51.2

t =−51.2ln0.01 = 236 days.
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Exercise 6.7 The magnetic field intensity of an electromagnetic wave propagating in a lossless medium with ε = 9ε0 and
µ = µ0 is given by

H(z, t) = x̂0.3cos(108t− kz+π/4) (A/m).

Find E(z, t) and k.

Solution:

k = ω
√

µε = ω
√

εr
√

ε0µ0

=
ω
√

εr

c
=

108×3
3×108 = 1 (rad/m).

H(z, t) = x̂0.3cos(108t− kz+π/4) (A/m)

H̃(z) = x̂0.3e− jkze jπ/4

∇× H̃ = jωεẼ

Ẽ =
1

jωε
∇× H̃

=
1

jωε
ŷ

∂

∂ z
(H̃x)

=
1

jωε
ŷ

∂

∂ z
(0.3e− jkze jπ/4)

=−ŷ
0.3k
ωε

e− jkze jπ/4

=−ŷ
0.3×1

108×8.85×10−12×9
e− jkze jπ/4

=−ŷ37.7e− jkze jπ/4

E(z, t) = Re[Ẽ(z) e jωt ]

=−ŷ37.7cos(108t− z+π/4) (V/m).
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Exercise 7.1 A 10-MHz uniform plane wave is traveling in a nonmagnetic medium with µ = µ0 and εr = 9. Find (a) the
phase velocity, (b) the wavenumber, (c) the wavelength in the medium, and (d) the intrinsic impedance of the medium.

Solution:
(a)

up =
1
√

µε
=

1
√

µ0ε0
√

εr
=

c√
εr

=
3×108
√

9
= 108 (m/s).

(b)

k =
ω

up
=

2π×107

108 = 0.2π (rad/m).

(c)

k =
2π

λ
, λ =

2π

k
=

2π

0.2π
= 10 (m).

(d)

η =
√

µ

ε
=
√

µ0

ε0
· 1√

εr
=

377
3

= 125.67 Ω.
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Exercise 7.2 The electric field phasor of a uniform plane wave traveling in a lossless medium with an intrinsic impedance
of 188.5 Ω is given by Ẽ = ẑ10e− j4πy (mV/m). Determine (a) the associated magnetic field phasor and (b) the instantaneous
expression for E(y, t) if the medium is nonmagnetic (µ = µ0).

Solution:
(a) E is along +ẑ and the wave direction k̂ is along +ŷ. It follows that H̃ is along k̂×××E = ŷ××× ẑE = x̂E. Hence,

H̃ = x̂
10×10−3

188.5
e− j4πy = x̂53e− j4πy (µA/m).

(b) From the given coefficient of y,
k = 4π (rad/m).

From η = η0/
√

εr,

εr =
(

η0

η

)2

=
(

377
188.5

)2

= 4.

up =
1
√

µε
=

c√
εr

=
3×108

2
= 1.5×108 (m/s).

ω = kup = 4π×1.5×108 = 6π×108 (rad/s).

E(z, t) = Re[Ẽ(z) e jωt ]
= ẑ10cos(ωt− ky)

= ẑ10cos(6π×108t−4πy) (mV/m).
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Exercise 7.3 If the magnetic field phasor of a plane wave traveling in a medium with intrinsic impedance η = 100 Ω is
given by H̃ = (ŷ10+ ẑ20)e− j4x (mA/m), find the associated electric field phasor.

Solution:
H̃ = (ŷ10+ ẑ20)e− j4x (mA/m)

The phase factor of H̃ denotes that k̂ = x̂.

Ẽ =−η k̂××× H̃

=−100[x̂××× (ŷ10+ ẑ20)]e− j4x×10−3

= (−ẑ+ ŷ2)e− j4x (V/m).
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Exercise 7.4 Repeat Exercise 7.3 for a magnetic field given by

H̃ = ŷ(10e− j3x−20e j3x) (mA/m).

Solution:
H̃ = ŷ(10e− j3x−20e j3x) (mA/m)

This magnetic field is composed of two components, one with amplitude of 10 (mA/m) belonging to a wave traveling along
+x̂ and another with amplitude of 20 (mA/m) belonging to a separate wave traveling in the opposite direction (−x̂). Hence,
we need to treat these two components separately:

H̃ = H̃1 + H̃2

with

H̃1 = ŷ10e− j3x (mA/m),

H̃2 =−ŷ20e− j3x (mA/m).

For the first wave:

Ẽ1 =−η k̂××× H̃1

=−100(x̂××× ŷ10e− j3x) =−ẑe− j3x (V/m).

For the second wave:

Ẽ2 =−100[−x̂××× (−ŷ20e j3x)]

=−ẑ2e j3x (V/m).

Ẽ = Ẽ1 + Ẽ2

=−ẑ(e− j3x +2e j3x) (V/m).
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Exercise 7.5 The electric field of a plane wave is given by

E(z, t) = x̂3cos(ωt− kz)+ ŷ4cos(ωt− kz) (V/m).

Determine (a) the polarization state, (b) the modulus of E, and (c) the inclination angle.

Solution:
(a) Since the x- and y-components are exactly in phase with each other, the polarization state has to be linear. This can

also be ascertained by verifying that χ = 0. From the given expression for E(z, t), δx = δy = 0. Hence, δ = δy−δx = 0.

ψ0 = tan−1
(

ay

ax

)
= tan−1 4

3
= 53.1◦.

sin2χ = (sin2ψ0)sinδ = 0

χ = 0.

(b) |E|= [E2
x +E2

y ]1/2 = 5cos(ωt− kz) (V/m).

(c) From part (a), ψ0 = 53.1◦.
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Exercise 7.6 If the electric field phasor of a TEM wave is given by Ẽ = (ŷ− ẑ j)e− jkx, determine the polarization state.

Solution:
− j = e− jπ · e jπ/2 = e− jπ/2

Hence,

Ẽ = (ŷ− ẑ j)e− jkx

= ŷ+ ẑe− jkxe− jπ/2

It follows that

δy = 0, δz =−π

2
.

δ = δz−δy =−π

2
.

Since ay = az = 1 and δ =−π/2, the wave is RHC.

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics c©2010 Prentice Hall



Exercise 7.7 The constitutive parameters of copper are µ = µ0 = 4π × 10−7 (H/m), ε = ε0 ' (1/36π)× 10−9 (F/m),
and σ = 5.8× 107 (S/m). Assuming that these parameters are frequency independent, over what frequency range of the
electromagnetic spectrum [see Fig. 1-16] is copper a good conductor?

Solution: Good conductor implies that
ε ′′

ε ′
=

σ

ωε
> 100

or

ω = 2π f <
σ

100ε

f <
σ

200πε
=

5.8×107

200π× (1/36π)×10−9 = 1.04×1016 Hz.
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Exercise 7.8 Over what frequency range may dry soil, with εr = 3, µr = 1, and σ = 10−4 (S/m), be regarded as a low-loss
dielectric medium?

Solution: Low loss dielectric implies that
ε ′′

ε ′
=

σ

ωε
< 0.01

or

ω = 2π f >
σ

0.01ε

f >
100σ

2πεrε0
=

100×10−4

2π×3× (1/36π)×10−9 = 60 MHz.
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Exercise 7.9 For a wave traveling in a medium with a skin depth δs, what is the amplitude of E at a distance of 3δs
compared with its initial value?

Solution: For a wave traveling in the z-direction:

|E(z)|= |E0|e−αz = |E0|e−z/δs

where we used the fact that δs = 1/α . At z = 3δs,

|E(z = 3δs)|
|E0|

= e−3 = 0.05 = 5%.
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Exercise 7.10 Convert the following values of the power ratio G to decibels: (a) 2.3, (b) 4×103, (c) 3×10−2.

Solution:

(a) 10log2.3 = 3.6 dB.

(b) 10log4×103 = 10log4+10log103 = 6+30 = 36 dB.

(c) 10log3×10−2 = 10log3+10log10−2 = 4.8−20 =−15.2 dB.
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Exercise 7.11 Find the voltage ratio g in natural units corresponding to the following decibel values of the power ratio G:
(a) 23 dB, (b) −14 dB, (c) −3.6 dB.

Solution:
(a)

10logG = 23 dB

logG =
23
10

= 2.3

G = 102.3 = 199.53

g =
√

G =
√

199.53 = 14.13.

(b)

10logG =−14 dB

logG =−1.4

G = 10−1.4 = 0.04

g =
√

G = 0.2.

(c)

10logG =−3.6 dB

logG =−0.36

G = 10−0.36 = 0.436

g =
√

G = 0.66.
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Chapter 8 Exercise Solutions
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Exercise 8.1 To eliminate reflections of normally incident plane waves, a dielectric slab of thickness d and relative
permittivity εr2 is to be inserted between two semi-infinite media with relative permittivities εr1 = 1 and εr3 = 16. Use the
quarter-wave transformer technique to select d and εr2 . Assume f = 3 GHz.

Solution: The quarter-wave transformer technique requires that the in-between layer be λ/4 thick (as well as λ/4 plus
multiples of λ/2) and that its characteristic impedance be related to the impedances of the two media as follows:

η
2 =
√

η1η2 .

Thus,
µ0

εrε0
=
√

µ0

εr1ε0

µ0

εr2ε0

or
εr =
√

εr1εr2 =
√

1×16 = 4.

At 3 GHz,

λ =
λ0√

εr
=

c
f
√

εr
=

3×108

3×109
√

4
= 5 cm.

Hence,

d =
λ

4
+

nλ

4
= (1.25+2.5n) (cm).
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Exercise 8.2 Express the normal-incidence reflection coefficient at the boundary between two nonmagnetic, conducting
media in terms of their complex permittivities.

Solution: From (8.24a):

Γ =
ηc2−ηc1

ηc2 +ηc1

=

√
µ0

εc2
−
√

µ0

εc1√
µ0

εc2
+
√

µ0

εc1

=
√

εc1−
√

εc2√
εc1 +

√
εc2

.
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Exercise 8.3 Obtain expressions for the average power densities in media 1 and 2 for the fields described by Eqs. (8.22a)
through (8.23b), assuming medium 1 is slightly lossy with ηc1 approximately real.

Solution: With γ1 = α1 + jβ1,

Ẽ1(z) = x̂E i
0(e
−(α1+ jβ1)z +Γe(α1+ jβ1)z)

H̃
∗
1(z) = ŷ

(E i
0)
∗

η∗c1
(e−(α1− jβ1)z−Γ

∗e(α1+ jβ1)z).

Sav1 =
1
2
Re
{

Ẽ1× H̃
∗
1

}
= ẑ

1
2
Re

{
|E i

0|2

η∗c1
[e−2α1z−|Γ|2e2α1z−Γ

∗e− j2β1z +Γe j2β1z]
}

For ηc1 approximately real, η∗c1 ≈ ηc,

Sav1 = ẑ
|E i

0|2

2ηc1

{
(e−2α1z−|Γ|2e2α1z)+Re[−Γ

∗e− j2β1z +Γe j2β1z]
}

With Γ = |Γ|e jθr and ψ = 2β1z+θr, let us consider the last two terms:

Re[−Γ
∗e− j2β1z +Γe j2β1z] = Re[−|Γ|e− jψ + |Γ|e jψ ]

= Re[−|Γ|cosψ + j|Γ|sinψ + |Γ|cosψ + j|Γ|sinψ]
= Re[ j2|Γ|sinψ]
= 0.

Hence,

Sav1 = ẑ
|E i

0|2

2ηc1
(e−2α1z−|Γ|2e2α1z).

For the wave transmitted into medium 2,

Sav2 =
1
2
Re[Ẽ1××× H̃

∗
2]

=
1
2
Re

[
x̂τE i

0e−(α2+ jβ2)z××× ŷτ
∗ (E

i
0)
∗

η∗c2
e−(α2− jβ2)z

]
= ẑ |τ|2

|E i
0|2

2
e−2α2z Re

(
1

η∗c2

)
.
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Exercise 8.4 In the visible part of the electromagnetic spectrum, the index of refraction of water is 1.33. What is the
critical angle for light waves generated by an upward-looking underwater light source?

Solution:

sinθc =
n2

n1
=

1
1.33

.

θc = sin−1
(

1
1.33

)
= 48.8◦.
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Exercise 8.5 If the light source of Exercise 8.4 is situated at a depth of 1 m below the water surface and if its beam is
isotropic (radiates in all directions), how large a circle would it illuminate when observed from above?

Solution:

r = 1 m× tanθc

= tan48.8◦ = 1.14 m

d = 2r = 2.28 m.
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Exercise 8.6 If the index of refraction of the cladding material in Example 8-5 is increased to 1.50, what would be the
new maximum usable data rate?

Solution:

fp =
cnc

2lnf(nf−nc)

=
3×108×1.50

2×103×1.52(1.52−1.50)
= 7.4 (Mb/s).

Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics c©2010 Prentice Hall



Exercise 8.7 A wave in air is incident upon a soil surface at θi = 50◦. If soil has εr = 4 and µr = 1, determine Γ⊥, τ⊥, Γ‖,
and τ‖.

Solution: Using (8.60),

Γ⊥ =
cosθi−

√
(ε2/ε1)− sin2

θi

cosθi +
√

(ε2/ε1)− sin2
θi

=
cos50◦−

√
4− sin2 50◦

cos50◦+
√

4− sin2 50◦
=−0.48.

τ⊥ = 1+Γ⊥ = 1−0.48 = 0.52.

Using (8.68),

Γ‖ =
−(ε2/ε1)cosθi +

√
(ε2/ε1)− sin2

θi

(ε2/ε1)cosθi +
√

(ε2/ε1)− sin2
θi

=
−4cos50◦+

√
4− sin2 50◦

4cos50◦+
√

4− sin2 50◦
=−0.16.

sinθt =
n1

n2
sinθi =

1√
4

sin50◦ = 0.383

θt = 22.5◦.

τ‖ = (1+Γ‖)
cosθi

cosθt
= (1−0.16)

cos50◦

cos22.5◦
= 0.58.
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Exercise 8.8 Determine the Brewster angle for the boundary of Exercise 8.7.

Solution:
θB = tan−1

√
ε2

ε1
= tan−1

√
4 = 63.4◦.
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Exercise 8.9 Show that the incident, reflected, and transmitted electric and magnetic fields given by Eqs. (8.65a) through
(8.65f) all have the same exponential phase function along the x-direction.

Solution: With the help of Snell’s laws of reflection and refraction (Eqs. (8.55) and (8.56)), the x-components of the
exponential phase functions are:

Ẽ
i
‖ ∼ e− jk1xsinθi

H̃
i
‖ ∼ e− jk1xsinθi

Ẽ
r
‖ ∼ e− jk1xsinθr = e− jk1xsinθi , (θi = θr)

H̃
r
‖ ∼ e− jk1xsinθr = e− jk1xsinθi , (θi = θr)

Ẽ
t
‖ ∼ e− jk2xsinθt = e− jk1xsinθi , k2 sinθt = k1 sinθi

H̃
t
‖ ∼ e− jk2xsinθt = e− jk1xsinθi , k2 sinθt = k1 sinθi.
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Exercise 8.10 For a square waveguide with a = b, what is the value of the ratio Ẽx/Ẽy for the TM11 mode?

Solution: According to the expressions for Ẽx and Ẽy given by Eqs. (8.104a and b),

Ẽx

Ẽy
=

tan(πy/a)
tan(πx/a)

for TM11.
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Exercise 8.11 What is the cutoff frequency for the dominant TM mode in a waveguide filled with a material with εr = 4?
The waveguide dimensions are a = 2b = 5 cm.

Solution: For TM11, Eq. (8.106) gives

f11 =
3×108

2
√

4

[(
1

5×10−2

)2

+
(

1
2.5×10−2

)2
]1/2

= 3.35×109 Hz = 3.35 GHz.
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Exercise 8.12 What is the magnitude of the phase velocity of a TE or TM mode at f = fmn?

Solution: According to Eq. (8.108), at f = fmn, up = ∞.
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Exercise 8.13 What do the wave impedances for TE and TM look like as f approaches fmn?

Solution: According to Eqs. (8.109) and (8.111), at f = fmn, ZTE becomes infinite and ZTM becomes zero, resembling an
open circuit and short circuit, respectively.
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Exercise 8.14 What are the values for (a) up, (b) ug, and (c) the zigzag angle θ ′ at f = 2 f10 for a TE10 mode in a hollow
waveguide?

Solution: For a hollow waveguide,

up =
c√

1− ( f10/2 f10)2
=

c√
1−1/4

= 1.15c.

ug = c
√

1−1/4 = 0.87c.

θ
′ = tan−1

(
1√

(2 f10/ f0)2−1

)
= 30◦.
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Exercise 9.1 A 1-m-long dipole is excited by a 5-MHz current with an amplitude of 5 A. At a distance of 2 km, what is
the power density radiated by the antenna along its broadside direction?

Solution: At 5 MHz,

λ =
c
f

=
3×108

5×106 = 60 m.

From (9.14),

S0 =
15πI2

0
R2

(
l
λ

)2

=
15π52

(2×103)2 ×
(

1
60

)2

= 8.2×10−8 W/m2.
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Exercise 9.2 An antenna has a conical radiation pattern with a normalized radiation intensity F(θ) = 1 for θ between
0◦ and 45◦ and zero intensity for θ between 45◦ and 180◦. The pattern is independent of the azimuth angle φ . Find (a) the
pattern solid angle and (b) the directivity.

Solution:
(a) From (9.21),

Ωp =
∫∫

4π

F(θ ,φ) dΩ

=
∫ 45◦

θ=0

∫ 2π

φ=0
sinθ dθ dφ

=−2π cosθ |45◦
0 =−2π(cos45◦− cos0◦) = 1.84 sr.

(b)

D =
4π

Ωp
=

4π

1.84
= 6.83.
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Exercise 9.3 The maximum power density radiated by a short dipole at a distance of 1 km is 60 (nW/m2). If I0 = 10 A,
find the radiation resistance.

Solution: From (9.14),

S0 =
15πI2

0
R2

(
l
λ

)2

and from (9.35),

Rrad = 80π
2
(

l
λ

)2

.

Hence,

Rrad = 80π
2
(

S0R2

15πI2
0

)
=

80π

15
S0R2

I2
0

=
80π

15
× 60×10−9× (103)2

102 = 10−2
Ω = 10 mΩ.
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Exercise 9.4 For the half-wave dipole antenna, evaluate F(θ) versus θ in order to determine the half-power beamwidth
in the elevation plane (the plane containing the dipole axis).

Solution: From (9.44),

F(θ) =
[

cos[(π/2)cosθ ]
sinθ

]2

.

To find θ at which F(θ) = 0.5,
cos[(π/2)cosθ ]

sinθ
= (0.5)1/2 = 0.707.

Because this equation has no straightforward way for solving for θ , an alternative approach is to calculate F(θ) versus θ

numerically and to note the angle at which F(θ) = 0.5. Such an approach leads to θ = 39◦. The beamwidth is twice this
value,

β = 78◦.
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Exercise 9.5 If the maximum power density radiated by a half-wave dipole is 50 (µW/m2) at a range of 1 km, what is the
current amplitude I0?

Solution: From

Smax =
15I2

0
πR2 ,

I0 =

√
πR2

15
Smax =

[
π× (103)2×50×10−6

15

]1/2

= 3.24 A.
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Exercise 9.6 The effective area of an antenna is 9 m2. What is its directivity in decibels at 3 GHz?

Solution: At 3 GHz,

λ =
c
f

=
3×108

3×109 = 0.1 m

D =
4πAe

λ 2 =
4π×9
(0.1)2 = 11310 = 40.53 dB.
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Exercise 9.7 At 100 MHz, the pattern solid angle of an antenna is 1.3 sr. Find (a) the antenna directivity D and (b) its
effective area Ae.

Solution: At 100 MHz,

λ =
c
f

=
3×108

108 = 3 m

(a)

D =
4π

Ωp
=

4π

1.3
= 9.67.

(b)

Ae =
λ 2D
4π

=
32×9.67

4π
= 6.92 m2.
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Exercise 9.8 If the operating frequency of the communication system described in Example 9-4 is doubled to 12 GHz,
what would then be the minimum required diameter of a home receiving TV antenna?

Solution: Pn remains the same, but with all other parameters remaining the same, Prec will increase by a factor of 4 because
Prec is proportional to 1/λ 2 and λ = c/ f . This means that we can maintain Prec the same by reducing Ar by a factor of 4, or
equivalently by reducing dr by a factor of 2 down to 2.55/2 = 1.27 m.
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Exercise 9.9 A 3-GHz microwave link consists of two identical antennas each with a gain of 30 dB. Determine the
received power, given that the transmitter output power is 1 kW and the two antennas are 10 km apart.

Solution:

Prec = PtGtGr

(
λ

4πR

)2

Pt = 103 W, Gt = Gr = 103 (30 dB),

λ =
c
f

=
3×108

3×109 = 0.1 m, R = 104 m.

Prec = 103×106
(

0.1
4π×104

)2

= 6.33×10−4 W.
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Exercise 9.10 The effective area of a parabolic dish antenna is approximately equal to its physical aperture. If the
directivity of a dish antenna is 30 dB at 10 GHz, what is its effective area? If the frequency is increased to 30 GHz, what will
be its new directivity?

Solution: At 10 GHz,

λ =
c
f

=
3×108

10×109 = 0.03 m.

Ae =
λ 2D
4π

=
0.032×103

4π
= 0.07 m2.

If f is increased to 30 GHz (by a factor of 3), λ becomes smaller by a factor of 3 and D larger by a factor of 9. Hence,

D = 9×103 = 39.44 dB.
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Exercise 9.11 Verify that Eq. (9.86) is a solution of Eq. (9.85) by calculating sinc2t for t = 1.39.

Solution: For t = 1.39 rad,

sinc21.39 =
(

sin1.39
1.39

)2

=
(

0.98
1.39

)2

= 0.5.
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Exercise 9.12 With its boresight direction along z, a square aperture was observed to have half-power beamwidths of 3◦

in both the x–z and y–z planes. Determine its directivity in decibels.

Solution: Using (9.96) and with

β = 3◦ =
3◦×π

180◦
= 0.0524 rad,

D =
4π

βxzβyz
=

4π

(0.0524)2 = 4583.66 = 36.61 dB.
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Exercise 9.13 What condition must be satisfied in order to use scalar diffraction to compute the field radiated by an
aperture antenna? Can we use it to compute the directional pattern of the eye’s pupil (d ∼= 0.2 cm) in the visible part of the
spectrum (λ = 0.35 to 0.7 µm)? What would the beamwidth of the eye’s directional pattern be at λ = 0.5 µm?

Solution: Scalar diffraction is applicable when the aperture dimensions are much larger than λ , which certainly is the case
for the eye’s pupil (d/λ = 0.2 cm/0.5 µm = 4000).

β ≈ λ

d
=
(

1
4000

)
= 2.5×10−4 rad

=
2.5×10−4×180

π

= 0.0143◦

= 0.86′

where 60′ = 1◦.
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Exercise 9.14 Derive an expression for the array factor of a two-element array excited in phase with a0 = 1 and a1 = 3.
The elements are positioned along the z-axis and are separated by λ/2.

Solution: Applying (9.110) with a0 = 1, a1 = 3, ψ0 = ψ1 = 0, and d = λ/2,

Fa(θ) =
∣∣∣1+3e j(2π/λ )(λ/2)cosθ

∣∣∣2
=
∣∣1+3e jπ cosθ

∣∣2
= (1+3e jπ cosθ )(1+3e− jπ cosθ )

= [1+9+3(e jπ cosθ + e− jπ cosθ )]
= [10+6cos(π cosθ)].
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Exercise 9.15 An equally spaced N-element array arranged along the z-axis is fed with equal amplitudes and phases; that
is, Ai = 1 for i = 0,1, . . . ,N−1. What is the magnitude of the array factor in the broadside direction?

Solution: Application of (9.107) with Ai = 1 for all i,

Fa(θ) =

∣∣∣∣∣N−1

∑
i=0

e jid cosθ

∣∣∣∣∣
2

=
∣∣∣1+ e jkd cosθ + e j2kd cosθ + · · ·+ e j(N−1)d cosθ

∣∣∣2
Along the broadside direction (θ = 90◦),

Fa(90◦) = |1+1+1+ · · ·+1|2

= N2.
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Chapter 10 Exercise Solutions

There are no exercises for Chapter 10.
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