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Useful Summation Formulas

* Arithme
tic Series* Cumpnt differences ay — ag.-.
: n
$ n(n+1) _ o) Y k2 = 1C241) g,
= 2 =| . '

o G :
eometric Serjes: Constant ratio EﬂL. For real x # 1,

k‘_“ﬂ‘ ..1'—1

Infini i ic seri
ﬁn:_le__ decreasing geometric series if x| < I:

L=()

* Harmonic Series: For positive integers »,

n
Hy= ET.IE=I""+%)

k=|

@ Fntegmﬁun and Differentiation of Series: By differentiating both sides of the
infinite geometric series formula and multiplying by x, we get:

. - kel . © X : -
kguk*.x #A—Zk#.\*—-“_”l &1

A=0

Analyzing Code: Example 1

Analyze the running time of the following code segment, assuming that the time

to perform the assignment on line 3 is 2 units of time. Provide a summation and
solve it in closed form.

I.fori+1ton
2. dofor j«—iton
3 dok+k+

s

CamScanner = g d>gunall
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Analyzing Code: Example 2

Analyze the running time of the follow;
to perform the assignment on line 4 .
solve it 1n closed form.

l.fori+1ton

;2 dofor j«1toi

3. dnt‘orkf—ltoj
4. dox+yx+1 !

is 2 fn?gders?gmenl, assuming that the time
> 0t ime. Provide a summation and

% li i - -hiiii(d'-m)

. ~ =\
[ I k = o

b AREY
' 53

\ ) \ S\

)y NOwT)
h@ﬂé__ =

Discussion of the INSERTION-SORT Analysis

+ What is the best-case running time for insertion

sort? When does it occur?
— Best case -- inner loop body never executed

— The input array is already sorted
* T{n)is alinear function

n n
T(“’)-“‘- CIN + ca(n — 1) - Cd(n = 1) T {uj . 'E_ L
)

Cg(n — 1

T(n) =Cohl + &

52
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TION-SORT Analysis

Discussion of the INSER

ning time for insertion
" : orst-case run
What is the W )

sort? When does it occur d
— Worst case -- inner loop bO

elements
 T(n) s a quadratic function
n(n+1) 1
T(n) = cin+ ca(n — 1) + *’E'ig’:l" 1) + s 1)2 )
n(n=1)y 4 ¢7(%5 ) + cs(n — .

Y executed for all previoys

+ co(™ e __ % _
_(,f5+92ﬁ3|-%)71.2+(61+62+0-1+ 5 > 9 +C'3)n
= (9 _

—(CQ+C_1+C5+C3)

o memmeme

T(”)=69”2+Clon+cll | J'=n<n2 1]
- I J=1 :

e e o o e o = - 8

Discussion of the INSERTION-SORT Analysis  gntinued

« What is the average-case running time for insertion SOrt? (Refertothe st

— The “average case” is often roughly as bad as the worst case. long does !
- =

Suppose that we randomly choose n numbers and apply insertion sort. How
take to determine where in subarray A[1 .. J-1] to insert element A[j] =
On average, half the elements in A[1 .. j-1] are less than A[j], and half the elements

greater. /2 The
* On average, therefore, we check half of the subarray A[1 .. J-1] , and so 1 is abmimut.si-‘f-
resulting average-case running time turns out to be a quadratic function of the inp

just like the worst-case running time.
— It should be mentioned that the average-case running time of an
algorithm is usually being computed by applying the technique of
probabilistic analysis (See Chapter 5)

. How);nuch space is needed in (best-case, average-case, worst-
case):

* IsInsertion sort considered as a stable algorithm?

o
CamScanner = g d>gunall
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Algorithme

Reading Assighment:
Read Chapter 3 of the book

Course Learning Outcomes

Analyze numerical computations algorithms

(e.g. matrix multiplication).

(n-»‘;- fz-{)-
ovder of 3%:;&51 funchion and Molakion—sik is an imporkunt bl fo (ompare M;kaa

o Seoival dovithm. ot Sove o Cedoin Problemm
—wl Wil Wit fye octren of Glrawth fanchion Uokglign @

r E !
G?t:ﬂ @83-0h o ) ©) Big-omtgu L) B Bigh ok Eiw]%ﬁ
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thﬂjﬁ'u}w 5;1
whaided h‘uélﬂ-

N O3 ek elalionBlip
ek ug we i R jiu{lt{dlg
b woin € (Betony }ol
T’;‘H‘W wovdy, O(g(n))15 &
%3 R Pundk: ikishl
?"ﬁilt E‘nd%mms,;l" 5*' a

by iy e aboue exprion

W man

Tme. Spuct
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Outliné

+ Big-Oh and Other Notations If Algorithm
Analysis
— Classifying Functions by
- The:ta, Little oh, Little omegd
— Big Oh, Big Omega |
— Rules to manipulate Big-Oh expressions

Their Asymp_fcotic Growth

— Typical Growth Rates il ov) —= ' pedoamang
Linestr 0CN)
%Ul‘niﬁ‘c O th:)
exponhul (2")

sy wowsk W%{M\c{ ;

Classifying Functions by Their Asymptotic Growth

» Asymptotic growth:
— The rate of g_;:afvth of afunction a a swe of -
_ N
e Given a particular differentiable function f(n), all
other differentiable functions fall into three classes:
— Growing with the same rate S )
— Growing faster @y | g
— Growing slower

v W |

OC D o o(

CamScanner = g d>gunall
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» For a given function g(n),

we denote by O(g(n)) the
set of functions

. 0(g(n)) = {f(n): there exist
posftive constants cand n,

such that
0 < fln) £cg(n),
foralln=ngy}

-

|

n

—
— . e e - .
-

We say g(n) is an asymptotic upper bound for f{n)
Or we say f(n) grows with same rate or slower than g(n).

Important Notes

+ Avery useful aspect of this asymptotic notation.(Big-Oh

and others) is that constants and lower-order terms can be
ignored. .
— Example
+ 5n2+100n+22 = O(n?) and n = O(n?)

; > i . O(HZ),
* The worst-case running time of INSERTION TIS
but this does not imply that there is a 0(n?) bound on every

Input. For example, on sorted input INSERTION-SORT runs
In linear time.

" fiough | = icallv this means
f (n)ug_o?;},‘;‘)’;_'tef (n)=0(g(n)), technically

= ‘I' "I.f:
CamScanner = g d>gunall
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Asymptotic Notation In Equations

e When asymptotic notation appears alone on the right-hand gide of an equa-
tion, as in f(n) = O(n*). we are indicating that f(n) € 0(n).

e When it appears in a formula, we interpret it as standing' for some anony-

mous function that shall remain nameless.
Cpaned opervrter- oy ?..w.«l-ig: e'u:n ranﬂ'{_“wq.\at ardey )

-.L . I Fné 2 v |
e For example, 2% +3n+ 1 = 2n* 4+ ©(n) means: 2n°+3n+1=2n"+ f(n)
where f(n) is some function in the set ©(n). Ny 3
-ﬂ - 'lﬂ-ut.
= .

e By using this mechanism. we can eliminate clutter in equations.

Condlean . “h%

o o
» What if it occurs on both sides? As in 2n*+3n+©(1) = 21> + O(n).
We take this to mean for any f(n) € ©(1) there is some g(n) € ©(n) such
that 2n° + 3n + f(n) = 2n* + g(n).

T

The Big-Omega Notation: Q)-notation

* For a given function

g(n), we denote by £ Ry f(n)

()(g(n)) the set of
functions

* Q(g(n)) =1{f(n): there
exist positive constants
¢ and n, such that

0 < coln) < fin)
forziin>n,} 1o f(n) = Qg0
We say g(n) is an as ‘mptotic lower bound for f(n)
Or we say f(n) grows v/ith same rate or faster than g{n):

ce(n)

R S—

N

— L ———
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e Example:

s 5n2+100n+22 - Q 2
(n?) and p2 - Qln).

=
o
- -_‘-—

@ notation (Theta)
(Tight Bound)

* |nsome cases,
~ If f{n)=0(g(n)) and f{n) = Q(g(n))

— This means, that the worst and best case
amount of time t within a constant factor

— In this case we use a new notation cal

s require the same

led “theta ®”

~ “theta ®” represents an asymptotically t ht bound .
* For a given function g(n), we denote Dy ®(g(n)) the s

of functions

) @(g(”}) = {f(n): there exist positive constants C
o >0 such that

e ——

>0,¢,>03 na

.

< ol
- AR
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.f'f..i'

® notation (Theta)
(Tight Bound) 29(0)
| fn}"'* e,
time

1 €;.9(n)
l.

X

/|
fin) =®(g(n))

Discussion of the Asymptotic Notation

* Example 1: prove that 6n3 = O(n?).

ﬁhl 8{:11]
Proof by contradiction: i.e., assume 6, — B0r). sa
B L2, ho
defikon 0\ si0) () €
0<cyn*<6n’ <cm* Nn>n
-+ —_ ._2_..! 0 — —51\ 2
i 0<c; <6n<er,Vn>ng
Imﬁf el o ¥ e neate ke
= Jf£ This implies that n < 22.Yn > 4. a contradiction. k{,ﬁ“@w
. £ oy O feenC
lF Lim ﬁﬂ]

]
- gfﬂ] 0MTen 'PH e(Q(ﬂl) l_plh'ﬂ é_n'; __umén - ®
B ) Hubﬂ 'E(H]: OCBU‘H\ - N h
= 00 ; bhren f-’(ﬂlzw(s(,,”

~5a0
Obuy de W\ e Jasv
1 /

58
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I
piscuss'on of the Asymptotic Notatig,
f(n) = 5n* 4 1000,
2'
mple . . of n)
. EX2 V4 Clmmz_f L"l - @(“1)
- fo l fh{lpiﬂﬁ)
NCC(]C(.I: C1,Ca, and Mo, such lhal- €y e\ ("U'NH@
0 <y <52 410001 < 2
TN - — T Cee
- . fon -
ié g ?:' i -- "7 ; ‘
0 S C] g 5 + I{rlm S Cl Ti iy "f'--r_-#'
- Joou E¥ymrp .
599 g “) ‘5‘6‘;5; ooe ¥ Ci/Cq e
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( ice — et — |
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b § . L) BT )
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(on'ion
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niscussion of the Asymptotic Notation

ove that n # (-E)(nz}.

. Example 3 [et us try to pr

. : = Q(n*).
: adiction: 1.6., assume 7=

2 \fp 2 Mo
lgp<ot, = e
0sall === oyolh ) Quekl J D

s "'l“ht l.”up (ot
Linet F g F;
" n Z 1o

| H(I*C[lﬂll |
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Little oh Notation: o-notation
MLl o3 (9 OC ) ) iy e

. O-notation denotes an upper bound that is not asymptotically
tight (it is certain to grow faster). In contrast, O may or may not
be asym ptotically tight.

For a given function g(n), we denote by o(g(n)) the set of functions:

* o(g(n)) = n): for any positive constant ¢ > 0, there exists a constant
Mo > 0 such that G_LE(QH cg(n) foralln= nol}

fin) becomes insignificant relative to g(n) as n approaches infinity:
e. fln) = o(g(n)) iff jim.(A(n) / g(n)] = 0 -

* Wesayg(n)is an upper bound for f{n) that is not asymptotically

tight.
— For example, 2n = o(n?), but 2n? # o(n?).
Slow ey
L1_ Hhen nt
n:ﬁi@ - L‘ll'ﬂ 1“ - U"ﬂ:l-_ :_2_.-;0\‘4
5(-"} Nl ".'r"_a- e - ol) =

15

Uhgﬂ_{ = Um 2n2 | Um1 "? X
—_— A=229 SEV =R % s oonbunt = 3 thedu

O(*) versus o(*)

O(g(n)) = {f(n): there exist positive constants and n, such
that 0 < fln)scg(n), for all n2ng}.

o Sk > 0, there exists
\ = {f(n): for any positive constantc >V, 3
O(ga(ggnstg(nt)no > 0 such that 0 < j{n)g cg(n) for alln =N

b
Thus o(f(n)) is a weakened O(f(n)).
2
cor example: n° = o(n?) 2
. n? Zo(n ) v . »
o WHle a0 2o O(n_;}w o e
bigO P
o ;C“-"f n? = o(n’) <

wikleogh |
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=
(@
»
®
)
P
0
—
0

nt relative O g(n
(fin) / g(n)]=*°°

n) becomes insignifif:a |
: fin) = wig(n) iff lim,

infinity:
that is not
We say g(n) is an Iawer_b_o_uﬂd fO"f(”;m i
mptoticallv tight. P g
aSY.,_Qf’/Fm example, _f;;. — @(n),but 7 +* (;in )
4 ] L> y Z)
ok s gm0 a0 BT
B S =
_ Chi
— oo
o< |
"
Comparison of Asym ptotic Functions
C'urjunc..l-;m
Tl'ﬂllSitiE.ir_t!: TEBI’IS AND OLPPH dgl
ﬂi@”)@’(ﬂ):@@ﬂ)) 5 f(n)=O0m) — —
f(n)= O(gEﬂﬁ?fﬂz O(h(n)) — fln) = O(h(n))
fln) = Q(g(n))Ag(n) = Q(h(n)) — f(n) = Q(h(n))
() = olg(n) Ag(m) =o(h(n)) = ) = o)
f(n)=0(g (n))Ag(n) = w(h(n)) = f(n)= w(h(n))
Reflexivity:

o Vo f(n)=0(f(1)
£(n) = O(f()
£(n) = Q@)
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T

Comparison of Asymptotic Functi

O N S
(Cont...)
. Transpose Symmetry:
O 1a yey _D_ b -
0 inve, o  (CSQGBIL £(n) = O(e(n)) iff g(1n) = Q(f(n))
Were JI DL ' » |
f(n) =o(g(n)) iff g(n) = w(f(n))
These properties allow us to draw an analogy between the asymptotic Compar

ison of functions f and g and the comparison of real numbers g and b:
f(n)=0(g(n)) =~a<b
f(n)=Q(g(n)~a2b
f(n)=0(g(n))=a=>b
f(n)=o0(g(n))~a<b

f(n)=w(g(n))~a>b

Although two real numbers can be compared (using <, =, or >), not all func-

tions are asymptotically comparable (e.g., n and n' 9" cannot be compared:
the exponent of the second oscillates between 0 and 2). '

HSinn
L. 15
sk
e - & ~
ek — O&Cilate -
behwesn | cind -
i - ] =1 |30 ,
; e, s
“’C—Ul“lo hl"tl T_nl g
wa{ 'ﬂ‘-! =n°-|

SUMMARY
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The Big-oh Notation

fn) = O(g(n))

| s
if f(n) grows With same rate ors

Means f(n) =0(g(n)) or .
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The Big-Omega Notation

* The inverse of Big-Oh is Q)

o |f g(n) = O(f(n)),
e then f(n) =Q(g(n))

23
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Theta: Relation of Equivalence

o T .
O: "having the same rate of growth":
— Relation of equivalence
— Gives a partition over the set of all differentiable

functions - classes of equivalence.
Claw UF Pun%bn’ At one Enndv:'r.n

° Functions in one and the same class are
equivalent with respect to their growth.

Little oh

fln) grows slower than g(n)
(or g(n) grows faster than f(n))
if

lim(f(n) /g(n))=0, n->e°

Notation: f(n) = o( g(n) ) pronounced "little oh"

CamScanner

2 Wes d>guaadll


https://v3.camscanner.com/user/download

Little omega

fln) grows faster than g(n)

(or g(n) grows slower than f{n))
if

im(fin) / g(n) ) ==, n->oo

Notation: f(n) = w (g(n)) pronounced "little omega"

27

. Little omega and Little oh
. if g(n)=o(fin))
o then f(n)=w(g(n))
P 9
« Examples: Comparen and n?

—lim(n/n?)=0,n—>°°,N= o(n?) n-0Ch° |

— lim( n/n )=o0°, 1 — ©9, n? = w(n)h'.‘;.ﬁ_cﬂ\

28
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Examples

Recall: Algorithms with Same Complexity

gve same complexity, if the

nting the number of basic
rowth.

+ Two algorithms h

functions represe
operations have same rate O §

+ Among all functions W

choose the simplest on <ent the complexity.

e to repre

CamScanner = g d>gunall
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. III (’ ;Eﬁ@h ] hLa-g

oap RN
*a = N -:.'l"'-'I __E)

Example
S0
* Compare nand (n+1)/2 " logn 1993
— lim = *3 e
(n/((n+1)/2)) =2,

— same rate of growth

* (n+1)/2 = ©(n)
— Rate of growth of a linear function
et ol Lok &flrﬂy‘ & Runclion
A tﬁi\ .‘T—nz n ) Q'CHH rjgﬁn
Benitign j‘ﬂ O l@F = O
]

B o

o

—_—

f af D

Example

. Compare n?and n*+ 6n
_lim(n?/ (n?+6n) )=1

_ same rate of growth.

_ n2+6n = 0(n’)

_ Rate of growth of a guadratic function
5\Y% O yooVt

gV

Z


https://v3.camscanner.com/user/download

Example

g Compare IOg n and |og nz \oY W \H) tr"“ s

—lim(logn /logn?)=y @‘z ’ %;?,:ued

s ”

— Same rate of growth. -
g ﬂh“’:m 191 of L3y¥ L‘)g-t.ﬂ 5}

con 14 o
— log n* = ©(log n) log®  log#’
— logarithmic rate of growth “ bsh o )
4P

33

Example

0(n3): n’
5n3+ 4n
105n3+ 4n? + 6N

0(n2): n? |

5n2+ 4n + 6 5599 ds\eg

3
n%+ 5 U.cﬁhP?.L ’Cﬂh?’
m3 £ m

o(logn): 091

log n* G,

3 LR 3 E'ﬂh
log (n + 1n°) 98 lognz-l%j

CamScanner = g d>gunall
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Example
‘ n+5 = 0(n) =O(n)=0(ﬂ2) |
5) !O(n . O(-’,\L]

- 0(n3) = O(n

|
The closest estimation: n+5 = 0O(n)

The general practice js to use

The Big-Oh notatiof wil Pk Lhe
n+s = O(n) Hth \wmﬂ

i

. Techniques to show that f(n) is (not)
T ®(n), O(n), or Q(n)

— O(n), find positive con-

1. Use the definition. For example, to show f(1)
— stants’f;‘. 1o to solve 0 < f(n) < cg(n).

Coploms W B0 Uabid ¢ 5 SRR

2. Proof by contradiction (€.g., O show f(n) # O(n)).

\-negative (= 0 for

1(n) _ ) and f(n). g(n) are asymptotically nox
is Qrowing

39, If‘_]_il_'llﬂ_-pm 2(n)
large n), then f (n) = o(g(n)). This is a special case for o: a(n)

| much faster than f (n).

3b. If Hmn—-wﬁ% = c.c # 0 and f(n), g(n) are asymptotically non-negan’®
(> 0 for large n), then f(n) = O(e(n)).
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/__\ —///
T

Techniqu
55(:'0 show that f(n) is (not)
), O(n), or Q(n) ~

3c. If lim,,_..,,% -
gn) —= and f(
f(n),
8(n) are asymptotically non-negative (Z 01

large n), then f
‘ ' ; (” —
much faster than ')-?(n )"0(3 (n)). This is
| | S 1S a special casc for a). f(”) 1S i
! . s grow! &

4. L'Hopital's Ru -
. le: If lh
"Tl" be f(”) - I' n -
"“I’I—hu H(ﬂ) = 09, Ihc’n Iil n=* ;':}

lim,,_,mf 2
g 2L adus

L o

37

Rule 1:
3. If
r,(N)=O(f(N) =" e
and _yniant o) )
T,(N) = 08N — r
n n
then ALY
T1(N)®T2(N)= Ol (N) ) -
max( 0( f (N) ), 5 blac:h ) y‘ﬁ) »b 21)? av
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W (g%)lﬁi] ;

‘Rules to manipulate Big-Oh expressions

C. If
T1(N) = 0( f(N) )
and
Tz(N) = Of E(N) )
then
QP2 P\ 8 \3)
O

T,(N) £ To(N) = O f(N)Dg(N) )

> )
@
;;:;-i* -
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Rules to [
Manipulate Big-Oh express;
ions

Rule 2:
11;1 ';(nN) IS @ polynomial of degree k l
TIN=o(N) i
OV dev }lif |
Rule 3: u';c Aas 4
So\mt.t':fr:::
Vg Unew %Erﬁu:fvccﬁ-li “‘D

k
log “N = O(N) for any constant k. =(log )

< Unews

Sowt 3§ dgd gasilog U

4&'06 s \-’huﬂ Unm
. 5

S
Exa mp|es cnlgn L0
'nlctaﬂ ol e

and &

+ nlog(n) = O(nlog(n))
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a

oors and Ceilings

Standard Notations: Fl

integer less than or equal to x is called the

For any real number X, the greatest
floor of x. denoted |x].

ae—— =

For any real number X. the least integer greater than or equal to X is called the

ceiling of x, denoted [X]. e
o \

"‘_For all real x, x— 1 < [x] £x = x] <x+1.

For any Integer /, I_%J T Fﬂ = .

For any integer n and integers a # 0, & £0:

. 2 n
Comwy 2 C [%] - [E

o -
Ploov 2:'&“‘"’ I.;;_l—l_ang
DS.\& Eluwﬂ*” .
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gjtive integer d,a poly

Given d
- conthah? ' g
1]1cf0 u_g’)ﬂdf‘—-d? : w _‘,ﬂ‘n_‘_,. 0{’;'___

p(n) = Ea,n

=  oln

) w«a:muwéj

.re called coefficients: and aq # 0 d ]
gree d (1€ 4d S 0), p(n) =

where @o: 177

For an asymptotically positive polynﬂmial of de

to f (n) (n*) for constant k.

45

@ =1

ﬂl = da
ﬂ—l = %
(@) ="
@y = @)"
Hmﬂ" e m-n

ial :f

: * onent
[t is useful to know some propertics of the special €XpOT

For example, for all real x, €. = 1+A+f—_{-|!-1‘i+=—i§£:
For all real x, & > 1 TI@I’E—;;IHHW h:f;‘:% ifr=0.
o ek s
%ﬁkﬁ’ﬁlfl sl tlxgf Siat ;—1 ::fu;ﬂi :T::r; X
. e

Vx, lil‘ﬂn__m(l - ﬁ)" =

—
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e

Logarithms

lon,= Jog,n (DINAry logarithm)

i 1¥n = (lun)" (exponentiatmn)
O 5 -
Ingn = lg(lgn) (cnmpnsmon}
g 0 exp + |u9
For all real @ > 0,0 > 0,¢ o .
a = .
< log.(ab) = log.a-+10g.0 4
logbd' - ?;gg;ﬂ
c
leg @ ‘:‘3\:’\ oy
Hon logy(z) = "T’gbﬂ

2 1109w " :

S 10254 = Jog,b

.-’61' h'wq alngbﬂ s Hlngbn

{16 h"j |
q,ut:‘oﬁl-‘.(_ P‘A o
%ﬁf{fﬁgl - ——
lﬂgbﬂ — n},?gbﬂ
» Show that ¢
li’

Jet a= p'oee”

. g™ F (

CamScanner - Ligd d> guaall
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( Logarithms (Cont...)

COMNPain

e that Igﬂ_f_"‘ (1gn) +1

hanging 3 log base only changes a value by a constant factor, we will

since 1o when we don't
scually use 1€ care about constant factors.

l

Notes when lll <l
‘ Setnes AV RN 4 .
ln(l + X =_'.:*_.p'1L +": _'t_l.l. |
) e
bowd For W
cofx > 1) < In(] 4x) < x, where the equality holds if x =0.
|
A function 18 polylogarithmically bounded if £(n) =18%"n.
49
,/! T i =N
= oo T o T T
” Rates of Growth
The rates of growth of any positive exponentlal function is|faster than any
=

the following Shows.

* .
puy_nolm_al function, as
r — (), hence we call conclude

For a1l real constants a.b, where a > [, limMp—ses g7

. [a” e .
HN%’A me:_ﬂ ) pahhm( as b) _ | Qow sk ip
1 functlon 1s‘faster\ﬂ1an any Eolymgarith:

%w
vavee The rates of growth of any Qol)[nonua
mic function, as the following ShOws. tUneadr

for n and 2° fora in the above. WE gel:

1o
gn _jime—=0 ¥

rla.l-ﬁ (2 )lr.m p—oe 1°

By substituting lgn

S Juwk

Hence, we can conclude | g n=ol
\ uﬂm’r}\ &" ?ﬂ%“w{ o)

M\#
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Factorials |

P = Yogny 5 gem)-(logn )1

1 ifn=0,
o= { n(n—1)! n>0.

n!=l£[f

1

i iven i t with
U 2%\ Intuition: n! is the number possible permutations of a given input se
3 azghy members. This is fast-growing!
i ionisn! < n".
AL = ey (n-y) -- .} A weak upper bound on the factorial function 1S

Stirling’s Appmmmaunn pmwdes us with Ughter upper and lower bounds.
Uk |inesus
(g é"’
ﬁLb nl=v2mn (_ (1 "I'@(—)) - r_z.“_“(%)

/ a;ffq
r"ﬁ ~/2T (—)" <nt s n/ﬁ(;) ,e*"m-.f’-:_-a

N =f2wp ("—) - @H anﬂ

9h
- (1ﬂlc-gn{l

Ell

O\ lU_Q(hi)w ‘ n i i+ p ¢ 1
{_A SﬁiTJ (W1 = = Jloq (2wn )+ nlog 0} WL [_T(lognjlhnﬂ,: ]

r,'!ﬂ

N 'ﬁ \ —— ot 1 o Conah)

ConAr  COnS 25) \adgyhady

— logn Lramd vecansive (DY &)

\ J \Pa : 3
B A lghﬁd to represent the iterated logarithm, which is an X
— The notation o defined in terms of 1" n. which is a function

v siow growing functio e
g:g::d on nuﬁ-ﬁnc gative integers that applies the Innanthm function 1

§ | L E TN ‘:"ﬂ.
O

succession.
| if i=0,
no i s
=1 ::r{]andlu(' n>
1gn = lg(:}g:;ne;) 1;: > 0.and lgt- Hp<0orlgli"is undefined logy 16 = leg

unde

Then:
lg"n= min{i > 0: 1g@n < 1}
kr1gn)
- g 18"
| ﬂ.-.,,nE-

Ig°2 =
]g"d =2
[a*16=3

3.

-I'I.
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aank Ordering Functions by Order or
Growth

t of functions into an arrangement fy,f3,...f» and fi =
- fa=1 = Q(fy) (as well as identify those functions that ‘

equivalence class, where fi(n) and f3(n) belong in the

if (iff) fi(n) = ©(f2(n))), we can usc what
and asymptotic notation. Much of the

eder a Iis
ank ord
o ;:}f_ = Q(f.‘)"
m]}g}m (o the SIS SN
be ~quivalence class if and only
sﬂﬂrnm v about the functions themselves
;;f‘kinu is based o
,;ponenlial functions grow faster than polynomial functions,
L

han polylogarithmic functions.

which grow

faste
ptotically (recall 10g,a = {

logarithm does not matter asym
ynomial do

an exponential and the degree of a pol

o 'l"he b&SE Of d
loge4)  but the base of

oD
matter.

53

—
—

i

rank Ordering cunctions by Order or
Growth: Useful |dentities

\ﬂﬂh l/l |
{2}81’}. E"l] - X leavolc H\E.'Ea (it "Qw
] 2‘?" = ng?. = y'ﬂn b
Q o Hﬂﬁ 4##& © n Km
9, 488 = n'st = " - P @_“__J
\ ove~s < rA {Gﬂﬂlﬂ
3. (Ign)e" = n'&e" o
a % ng FRA ﬁ
- )
4.2 = n'E]F (raising identity 1 to the power l!;”) A
3 (ﬁ)lgn s E%Ign - Zlgﬁ o \/ﬁ
169{2 Vy
h " |o_99 . k"

& (3
ATl »
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— oy

FU nctiolls Uy Urde

Rank Ordering - Useful Identiti.

Growth: Mor

| ot =2an(2)"(1 +0(3))

der term)
| = @(n"+ie™") (droP constants and 10W Of¢
2 n:=
] —=lge (subS[_it
iy = (g ) (st g,
3. (Ign)f—-G((lgn)lgn+}g §n) (( fmniu

H L. sl wwv\

4. 1g(n!) =0O(n Ign)

o |
5.nt=o0(n") h (v-.-ﬂtﬂ*ﬂ'

VN e ne =N
6. n! = (2"
a

CLR 3-3: Rank Ordering Functions by |

Order or Growth: Examples

\-p  Ranking by asymptotic g orowth rate, equivalent classes are enclosed by []

\‘/ . . S Ulﬁu
G e [l n!/1em) 60) (3/2):: %m‘}\)&wu Sl
lﬂf lgr N i@é\&\%\fw’ﬂ \
'[— lgn),1g*(n)] & o
nigtn Z
| - g s eﬂ
Inlnn 1
logn ‘3“‘ Vign L “’V‘.’_{- e
L ‘:1 Eln” hghj ,(;:n_l_-—l) s¢ n\ 2O Unal )l
lg n 2
M’Ohﬁq an+1 -l
9v/2lgn 2 |
(\/d o r sloweyl E(Utn ‘Slu[,,,.%.{. lo Fhe ﬂ-d‘-“ﬁ"'
LA LG == len PU"FUMIL!_
nlgn, la(n!)! ©
[4’5" 1]

111

(Ign)!, n'en, (Ign)e") &

_._-—I'-'.'
...—-—l"-'-_

o
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e
rmg Fy NCtig
r()W‘[h NS by Order or
i SXampleg
W ) O I'th
hi:ﬂ L/’Q\Tﬁd;g g.“ ~OWing function
an and 5,3 : Jef
1 59 logn Wt [—ldﬂ'-'
2. 1% apg n (n?)
.
3. 28 ang (3yn N JLO: ;:Jh
4.1¢%), and [y, o

! o
\ J. 4'en andglen O
2
n h3

57

Typical Growth Rates

Oxder
4 constant, we write O(1)

logN . logarithmic
Iog@NR log-squarea

N linear

NiogN |

N2 gquadratic

N3 CUbiC

2N exponenﬂa|

N| factori3| X %&)‘

CamScanner = g d>gunall
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problem>

o(N?)
O(N?)

O(N?)

O(N)
O(N)

O(N)
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E1

| Matrix Multiplication
%3\:\ Nl-hén!\ﬂa,
Brute Force Alg.

Counting Scalar Multiplications in Matrix Multiplication

Ew' ﬁu....?U.{.l: Lebn=ms|

MATRIX-MULTIPLY (A, B) A

. if columns A] # rows(B] o wi Rove Sefme mubic
2. then error "incompatible dimensions
3. else for ik 1 torowsAl 3
4. do furﬁ’jj—  to columns|B] G_C_j:-)
g do Cli.jl+0 !
'6 for k « 1 to columns'A| | R
?. do Cli. j] =Cli, j1+Alik] Bk, j] OPURR, 0\ e
8 retun C Rodi ¢ optastp,
B
A c B‘ B &lﬁhmc“'ﬁml
| = kO = mud K oA ,
nme‘ m X1 @ 1 U2 %} S P‘ﬁfu’l'mi\
I T PR is:nXm x 1 &y Q2 L‘) " bll 1 Ciz
. [tiplications VY g
The number of scalar M- ; 2 Ony m-: By ook H4Cn 2
S )Liiif'lf‘j"«‘fj ) hob ! n 2
k\ i) ylj Gy = Um".’l"hl\ +fl'.£‘,f)23 ay v,

-39 + .
r 83 > G0 D1+ Az « oy Oln?
C C2) =92 chu + 92 by
C23= 021412 « 027 by,
et ——
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e |f m=l=n

oy fc'n?
_ Then Time complexity > n

B3

’k\atH-uf (}N)w.l |
we Strassen’s Matrix Multiplication

at the product of two matrices can be computed

Strassen observed [1969] th

|
|
|

as follows:
m Cos = Aoo ¥ "'ﬂ"'**qi |
I
r/‘C Cm-\’ (_Aﬂu _.'"AD;\ @m Bm-\ Clo = Mo+ Beo 4 A ¢ B ,
00 . 1 .- . | Car = AorwBort & Auely |
- Cu 2 Aot w Boy « ~ B
A.. |A Byo 'Bys .
| S M a7 ] i o)
2XLYT <D '/f”'-MJ*'Ma - Mg+ M, My +Ms
-
7
way59 QF
\ &
— CamScanner = Luso &> guuaall
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I il S ———— -
ﬁlas for Strassen’s Algorithm
/ FO
Ao + Ali) .t(BOD + Bll)
2 [P0 .
Mi + A 1) . BDO C C ("Aﬂﬂ ﬁ‘ﬂl-\ (.BD'D Bﬂl
1150 m‘ 01 I B e .
Mz ﬁ (Alo C C 1] A‘ID AH Lfiﬂ B.’l‘l/
Ao * (B(ll - Bll) 10l “1 L k :
ﬁ ﬁ f + M, + M,
M3 X (B - BUO) M, +iM, - Mg M, )
Y Tt — ve +My Mg Ms
Y —'(Aoo*AOl)fBll *
) y oWl
(Ao Ago) X (Boo * Bos) o
- ) »
Mg + B,4) \.mi Gan-iaﬁ\—gﬁ
= (Ag1 - A,q) * (B ™ P11 -
M?-— P n,\| + {hz} _
- Wz .
- e
/ f@ (:GF] - Umud A “u} K
- e Gime ol peurie mulhighic
en's ithm
]
Analysis of Strassen’s Algorit d
or of 2, matrices cal be padde
. Ifnisnotapow : .

—
—

log27 = n
+ Solution: M(n) =7

brute-force alg. 4%

o Algorithms with better

known but they are eve /
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/urse Learning Outcomes

(O

zorith™ design methods, such as
| Usé a ctive searCh ’ divide-and-conguer and
exha';'nic programming, to develop efficient
oyn°.

el
i

Designing Algorithms:

Techniques/Strategies

e
—
et

B = - — i
q ¥ : . ‘ - =
it | e e

+ Divide and congquer « Dynamic Progr

o | ment
+ Decreas~ =g CONGL + |teratlVe improve
L/ |22 Ul s W 4 4

v Transform and conquer

* Space and time . Bra
tradeoffs
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1pub- N Uemes] M jx 3 ooy
ok pud ; i .‘ ";']'-"f /I;\ /\H
un . "/, W, ﬁf
ﬁE h::l;c’t:jl "] % D ?f' ;\f /‘\f N
TR | |
Lt ot ke D|V|de- nd ﬁgio quer .
ce sopproblem | d - ‘P s a € Cagy
P*’ﬂ{’“’*“ (lfm el '-MJ‘M )ﬁ 1'-"?;%@-* one eAtrngy. C!MCJ 1u-b-q
The most-well known algorithm design strategy: &
.« o . W9k
1. Divide instance of problem into two or more E;i'?a-*‘
smaller instances : ﬁ%r;:
E'iam Ferl ,
: . el
5. Solve smaller instances recursively
3. Obtain solution to original (larger) instance by

| combining these solutions

S i uud-ca:; wp 2 :

sackion ol OLW) )u_F. \ gl oM

*W%e. Snu[-' @(hlﬁﬂh\ bu\'f*arﬂ dmﬂ
N Ingn cnt i
perf:

| ues |

Divide-and-Conquer Examples

» Sorting: mergesort and quicksort

. Binary tree traversals
. Multiplication of large integers

. Matrix multiplication: Strassen’s algorithm

« Closest-pair and convex-hull algorithms |

e Binary search: decrease- -by-half (or degenerate
divide&cong.)
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e ——

Qnd—Canuer Technique (cont.)

piv'

a problem of size n

subproblem 2
of size n/2

a solution to Sub ok,
hlem 2 -
subpro oA 3 |

- asolutionto

the original prthgrn

e
-
WM ERGE-SO RT
ivide-and-
. an example of @ divide-ar
’ MERGE-SORT IS @

conquer algorithm.
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L
2

1

Mergesort |

+ Split array A[0..n-1] in two about equal halves and
make copies of each half inarraysLandR ., =

r}.h? '-'I.

« Sort arrays L and R recursively i

» Merge sorted arrays L and R into array A as |

follows:
— Repeat the following until no elements remain in one of the |
arrays: |
+ compare the first elements in the remaining unprocessad
portions of the arrays

« copy the smaller of the two into A, while incrementing the
index indicating the unprocessed portion of that array

— Once all elements in one of the arrays are processed, copy the
remaining unprocessed elements from the other array into A.

“dex of ind ex of
Etﬂl el w~el \1F ool Con e O™y Puebes . :
Ry ‘ﬂh“'ﬁ'% - } \ r———-—‘-li

\ PN,
faspr] N\ MERGE-SORT (| & 4
wewge Sod-(A,P9 )ole |
h!\’gt :c‘d—(n

q,"-""-':lﬂt Pﬂt;"- o

epub 3 av! !IEI:!II | ;rPT ‘C{,w \r] ne Vo0 E"'ﬁfthw —
oy -
= =

qtt ¥ bl D /\

ré BT @@ g,

)

Aflume Hre Vg odvewdy
";'plr!-c,d 8

/) v SORT(A.p.7)  SDED E—s g—r ’
—j@’:mﬁ@fﬂ- MERGE-SORT(A, p,7) T2, :

Al t l.ifp<gr et = 3o e
Lpiisoased 9. then g~ |Z*] Burt  qan o

3. \[ERGE-SORT(A,p.q) ™ '*E“*Pm-u

4 \[ERGE-SORT(A.q+1,7) -

et 5 MERGE(A, p,q.7)

« Divide: Break the problem in half D(n) = 6(1).

« Conquer: Recursively solve two problems of size n/2in
2T(n/2). (Keep dividing until length 1, which is sorted.)

. Combine: Merge two sorted arrays into one in C(n) =
8(n). (Keep moving the smallest element of the two

arrays into the result array.) _,, e '
AL <_fo““h/e N E S l

n sl T \

90
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z Yovge and hume i L Shoeye an) .m..c?.. _ \
ERGE-SQO 3;.(

MERGE(A, P.q.r)
b Mg -py
2 A2 <—r —g
3 create arra
4 fori « _ﬂ”w_:::_+:§n R(l..ny+1)
> do L[i] «
A =
6 forj < 1g (p+i-~1]
7 do R[j] «
i1+ Alg + ;
8 Lln+1) « o 49+ J)
9 Rlny+1] « oo
10 |«
Il j 1
12 m.n:.h... “~ptor b
vl
13 doifL[i] < R m:nr.dﬁﬁ P19
s then Alk) — L(i] y
v P =i }s
= cdse A[X) « R[] =g Pe1
I'e=J4] h H RO e
Pov iz) ‘o N 17 Copy lefL|
L= Puﬂnﬁilq # 1zt Pyl el P
. Rignt ﬁﬁ mn____., =1 % "2 “V30 PIylp
_.: P+ (9-p)

ﬂiﬂi. b_.,m

(WS R gy Pl 0 g5 NSIL U3 Wit copy rw..biunl_u LIntJe0

u__..“_u_u_-m.ww._

4 3*" 2 g+ (n2)=
Peisto o gy Mm;‘._. 1) = Ky
Mergesort Example 1 & 9 42,
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MERGE-SORT: Exam

mnmnﬂﬂ 7

q"ﬂnﬂfﬂ“awld

onoolike ionon
Al1.4]

ﬂvz:-=u %

'-ﬂnar[{5+
q=ﬂauru1+4uzz-z \ s
ﬂﬂ ﬂﬂ 7] el
5 6 7 4

/ \ / \

nEoinfojuliciolo

6 7 3

MERGE-SORT: Example2: <6, 10, 8, 5, 1, 7, 6, 4>

T 4 5 6 6 7 8 10

-
- Merge

[xalaeis
Merge Merge m m

ke
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n .
May vary on ditier 01 times the basic op. is

size. (IT It may, the worst et INPUts of the same
must Le investigated sapsaver?

» Set Up a recurrence relation wi ;
> tial condition 10N With an appropriate
asic op. is executaq. "8 the number of times the

+ Solve the recurrence (or, at th

its solution’s order of gr very least, establish
substitutions or ant:Jthgei":l r%?&%gia(:kward

Running Time of Divide and Conquer Algorithms

* We use recurrence equations to analyze the running
time of a recursive algorithm.

Let T(n) be the running time. |

~ Divide into a subproblems of size n/b > the running time
of the subproblems is aT(n/b ).

— Division takes D(n) time.

~ Combining takes C(n) time.

r 9(1) Qinde CumpOyn if n ﬂ .C, base & )
T(n)= | aT(3) + D(n) + C(n) otjluggﬁe.. oy

tn () +T(T%1) i} = 85
B 2T(8). TR *

lowv 93 47 Iss]) =%

CamScanner = g d>gunall


https://v3.camscanner.com/user/download

©(n)

..........

Number }
of levels 1 16

---------------------------------------------

MERGE-SORT Analysis

For Merge-Sort, the running time is described by the following:

e o) Soludyon

)= S8 s 00y T

We will show that T(n) is ©(nl! L ,
INSERTION-SOREI‘_) (nlgn), and so it is asymptotically faster than

)

Subphublem  Sebprblen
TIn) . T(% )¢ TE: Te i

E | -
94 . | _
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S0 = @h‘itf’tjm s ow we (on Subshet, back Fhe Aiglnu| Yuine U'Phn

\ Logn Leglegn |

Read Chapter 4 of Introduction to Algorithms

Recurrences

( . F p

worst-case running time of MERGE-SORT:

e(1) ifn=1,
T(n)= { 2T (2)+O(n) n> 1. o
An jmportant question 18 how can we

; ™t lgn)-
The solution to this equation ' o(nle) asymplotic) for recurrences?

i xaclL or
find such a closed-form expressiorn (e

We will di 3 methods: L’hﬁy o
e will discuss ; induction.
. Guess the bound and prove 0¥ . e T :
¢ Substitution method. ' MM e Ve ifn 2y 1\%’“-‘(2!

. Eu[nmﬂt_Iﬂn- .
s Iteration method: Treal 111: k" method for sulvink T(n) = aT(3)+ f(n),f
“co0KD0OO

ye huanon \"fr&

wnlll Phe

-

VRiafion eqw

waki Wl we lee

a>1,b>1,and f (ﬂ)mf“ncun t"”“ﬁwdm ' and fwe solueit
— 7 \
P'fw‘ < c cu‘dj
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n we state and soye -

ertain d nctions take inte i
¢ we often neglec!© mptio” - time is real -4 argul;"fq'
In practict: ** | s over the assuT < orst-case runming HEEETEE ly: My
limcs wC g OR |
Some GE-S ifn=1
2)+0(n) n>1.-

LTS TN )
]) aon £ Pin) s-:-':f-zn { " "J”‘%E

o |
=,

I\
et ——
~N ®
—~— —
N -
Lo ] b= P S

boundary conditions. For sufficieny]y -
e

ly don’t state th ort the recurrence simply ag. i n

V typically ften 1€p
;ci:]r:ﬂy )ri'p'(n) = 9(1)- Hence, WE 0
T(n)= 21 (';') t @(n)

ary conditions when they don’t matter, y,

. {lings, and bound i
We omit floors, ceilings, than all 7 (and In that case, we really ha"’eﬂ'l

often solve for powers of 2 rather
shown the bound for all n).

- - ~ —--._-_..L,-r""'

(__ The Substitution Method
%%Mnc_cm-?lﬂ;{j

Example: Solve the recurrence: T'(n) =4T(3) + n,‘k T(1

——

— '|

)=1. SﬂNt (oug

o
Guess to Verify by Induction: T'(n) = (J(_J*:F’_)_]T ie, T(n) < cn3i 9 o
g 2 O ¢ D [ |
S Base Case: T(1)=1<cP=¢,ifc> 1.J zpz@_)'nbwﬂ i
(ndudkv e gpetbery g Lo ) b o) ||
@ : - (@00 Cont O O,

Assume: T (k) < ¢k, fork < n,ﬁ,m & oot 4 Gl ‘ .
@ 3 L  6YSbile iy |
& Inductive Step?ﬁ oy T o ||
- k=n ]|

show thak T(k)gclé  T(r) =4T(2)4n & T i

whoa K= °E < 4,;(5)3 Recosian ) 0¢ L) |
o ;Ensz - GAg )\ |

&K Yl gp e —gndyp | T Yk ) It
2 'ﬁd': %kl:'-ﬂ'n —(: n LE::;“&\K

c
— f|f@—] & e s i "‘H) s :
. sen’ife> e ot
Wz;jnﬂmté_}'ﬁp\ ...55’13\&- c22,n > 1 3
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, similarity t0 known functiop, ©.8., T(n)

, Start with a loose upper ang - =2T(n2 )t
-y €I boung and ¢
. W tﬂ nﬂl'rnw it

ore are times when you ¢ap —
: . . ; a u
7 induction. SOmettmeS the lnductive a sund lin“ the Math doesn'( ‘

dclﬂiled bound; try SUbtrac[ing a lower-opg Mption jsn'¢ v work out in

i ‘ i Crte . ag enough o proy
where th1S technique will help, M. We will nexy show an c:r:am;l:

The Substitution Method continued

—

0(r’) is not a tight bound for T'(n) = 4T (5) +n; we can show that 7'(n) = O(n?).

Check previous lecture (lecture 3).

z
Th) =0(n*) , & O

2 -
'T(l(){:ckz s Y éc(\) iy L

’Tt'n\ =\ T(“).I’_)Th

T(K) =1 'T(\ji) h | ?

T(K) =v <KL +h ck* s2ek -ck
Y
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* >
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e o e
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e \r

| /
|
|
l

d
o Methodni —

manipulatio”® ‘ e, Ny

(m) =T (2'"):

Now we can rename 5

S(m) = 25(';'1')*'"1

We know S(m) = O(mlgm). Changing hack from S(m) to T'(n) yields: |

T(n)=T(2")=S(m)= 0(mlgm) = O(lgnlglgn)
Tn\= Q’f(nbl) 2 \gn

ld Kn=m 6
T8 )5 S0 Gyt Nii
G e o) go) il i B
Pecuvion Hree

The Iteration Method [uwcu Pae \newibion Cy pdin Sevaad |y,
WA\ us Sy e memm:m

The 1dea is to expand the recurrence and express the recurrence as a summation
dependent only on n and the initial | conditions. Then techniques for ¢ evaluating

TU)~| Precose Summations can be used to provide a bound on the solution. For ex

ample, recall the
Worahh welied o omence equation: T'(n) = 4T (3) +n. Let us expand T(n) a few times looking

for patterns: g L
TA) LYT( D)4 e -rm):rilk-\nl |
i . (n) =n+4T(2) ! |
o) | =neagan) b |
=nr+4(5+4 2y — n =Lt
=he Y H"ff';-\z-{l g e TG =nt+az 4224 070 hiu-l {
-;h-l'l-'!ﬁ 1-1{%1'91 =n+43 +42n+4 -|- .}_4* ! L 1111 '
. {:\ D‘Itﬂl’ﬂtﬁunlll']{--lﬂ[]gn tlnTE(ST) ~hi? ;l}lz! t
P | TOs ) = n 43+ 420 4 g " = n(h/¥
7] 1 T IJ lﬂfl4"n 2 + .44 T(l) where 4Ign=n1 E 5,13_:14"1
-h 4-_'-;“_1_-1%: n +H?T(g-‘) 2+ 0O(n ) ‘ ':"B L.h
' IEHZI QC“}]
=n(), 2" )+ O ()2 ) = i'lﬂ_l - .
Min 44 Yy 1,m,.,!-r "( )-}.(-‘_.]"2 Oyl
(497 4% o A )r ™ N+0(r) = 0(2) 4 g2 . v
a1 e T O = e
+
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The [teration Method ——

i e

Ef‘ziﬁ"‘?éff o oton for, T =27, ,

o op\Se 5 T(n) = T ? Assume thay is a power
Y MK T2)-4

=2+2(247

T(n

=2+4+4(2+f%)ﬂ 2"""r'+4'r("=) 2y 9 ,,33'91”[]1
: ( )) 2+4+8+3T(ﬂ)'1‘4. 2' v 93, P‘) r(‘?‘)

=2+44.3 R & 3
i>T(2) i 16+, +7—"+2"T(££) “5“ n -2
K 18 the bage Case, 2 b}l 2
c-h—-lg:fl S0 snlvc%,_z_ h- %9 R -
214 Jlgn-1p, T (52 [ 27¢7 - n\
I= n- ) kﬂ < ’ ks
mﬂ.__\lt\;m . !ag?,j-s AL
=] Z ¢ SO ET(n) : 79\~ k44 - ‘“3“
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I
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n o —r
) 2 _
- -~ A -.
/f.y%’ =302
AWN-2 on)
Recursion Trees (n-1) - Ldgn —\10
For certain forms of recursions a graphical representation is convenient for visual-
M__l}__g__ the iteration of a recurrence. gior example K@
P Eﬂfl
%+r(z)+ N g PN
el Leael, VPt
ZSLLP l..u.\-h & | .—.‘L{ﬂ
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Recursion trees . nrinued

— A2 . g <,
e cursion Tree for T(n) = T(n/4) ¢ TR+ 15 s,
P ot e ) o
4 NP2 | e e e o =
| /\ e sl
. (114n)*2 .
!!: /\ 1/4ny*2 ——»— 25/256 n*2
(1/16n)"2 (1/8n)*2 (1/8n)"2 n)
A
F % :
P ~
ith term : (_Siﬁllﬁi n*2

' L)

Summing over levels gives a decreasing geometriC SETICs.
| Jf.c.l.s'til
: | T LA
_rfu\' Gr""‘:; - lgn—1 " < nz _5_ - nz_lT O(nz) L l
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The Master Method an e %:\‘%pb )
“Cookbook method” for solving recurrences of the type: o G U bR

yAQnoYusC e
Funthn S W
ey T(n) *—aT( ) - 0N $i% ol
[ / ﬂ h levet 5P
wherea > 1,b > 1, 1, and f is asymptotically positive. 1) ﬂﬂ q \a “P\ \cs logR
I

1

o Divide the problem of size n into a subproblems of size = =©(n b J

e Solve them recursively.
o Cost to divide the original problem and recombine the results is f(n), which 1s

asymptotically positive.  ; yu
u«w-l

i h
' n_ HJ ll”
PE B F\')B-—H L
“""YP Fn ) (\__., (’m_%

11 L‘Pw

106
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The Master Theorem

Theorem 4.1 The Master Theorem

sl an ’

e ence:
nonnegative-integers by the recurr

~0(1)
T(n) =ﬂT(E)+f(n)‘T(:1) '['h(en T(n) can be bounded

. nl or [- .
: either LbJ b
where we interpret ; to mean

asymptotically as follows: opa
Qo) Unp 0 e, T(n) = O™ 3 o

o-2) for some CONSIAT d
a i) - O(”“ﬁ,,a 1 gf:;n:; g >0 (equivalent: %

alternatively, “7y ymomially larger than f (n).
0

other words, nlo8s® 18 P the leaves:
dominated by the cOStS i

hwg,u @h erk

sl
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The Master Theorem conrinued | —_—

U“’M’lw 0. then T(n) =

a > 0.
2.1f f(n) Im,,_’]]g L ['LL‘\: @(igtn) for Om° constant k 2 0. In othe
ogp 4

4.4-2). Or alternative )'-

words, f(n) and n'°%¢ are W1
distributed across levels.

<cf(n)fors
logsa+€) for some constant £ g>0,andif ﬂ-{ (@))(f (n){( ()Jr alt =
3.If f(n) = Q(n ) kel n. then T'(n) = erna-
constant ¢ <1 and all sufnct m < ¢ f njﬂr somc constant ¢ < 1 apg

the cost of the root.

all sufﬁcmnﬂy arge n. In other
Hence, the time is dominated by

14

The Master Theorem . pinued

The following equation represents the running time for the class of problems for
which the Master Method applies:

logpn—1

(ﬂ) @(Hlngaa)_l_ Z ajf(bj)

Note that the number of small

roble .
nlogsa P s to 50]"5 (leaves in the tree) is a@'°%" =

Is
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Appll’i“g the Master Methogq

et

Eﬁmplﬂ 1: T(H) =0 M
Lewe wark

fest: a=9,0=3, f(n) = n/s}nfngm

= plogy9 :@-E
B“““frﬂ=-’==7“ B)=n= O mfmﬁl
and S T(ﬂ) =0 5 Conﬁm }’ ict )(ﬁr!:'l- = (nt)
' ) '
pase Case: Assuming T(1) = =9(1) <

Assume: T'(k) = ¢k —k for 1 i

[nductive Step:
T(n)=97(n n
(")_97'2(3)+n£9(c(;)2_§)+,,
=Cn"=3n+n=cn?-9,
<cn?—p

16

Applying the Master Method coninued

Example 2: T'(n) =2T(3) -E 3
Test: a = 2,b =2} f(n) =2 JSD nlogsa = plos2? ___@

r2=Q(nf),0<€es 1) case ]

Because f(n) = (ﬂ—OL' E)for0<£<1)(ﬂ
applies and 54 = 0(n)-) ) s O

4
1 w9
2) 4 n 'Y
R nlﬂm?:{n. \

» = (1) = O8 A
(nlagbﬂ ]g n (or

Example 3: T'(n) = 27 (

Test: a=2,b= 2, f(n) £ 7¥°"

yoplies; hence,
case 2 applics,

Because f(n) =
T("‘) = @(nlgn_) \l}' :\__q. huﬂﬂ
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Applying the Master Method consinued

Example 4: T'(n) = 4T(2)+ n’

Test: a=4,b=2, f(n) =l n3iso nlogya — plos2d _—-_{nz_i

Because f(n) = n® = Q(n°®e+€) = Q(n**¢) (or ,,I:;F —n=Q(nf))for0<e<],

and 4 f(2) < ¢ f(n) for c < 1 (say ¢ = 3); hence case 3 iPPlieS and T (n) = O(n?).
th(%) <C P(n) -
3

uP(n y g cfm\— Yl ) cch

%ﬂjﬁfihs-—g [ J@_Ccl r;:. ""i.] q,\‘

|
Test: a =4,b =2, f(n) = 2= %o n'o8s% = nlos2d o nz_l

Ign; —

Example 5: T(n) =4T(3)+ 13%

& )
Because I = m=» Which is not O(n~¢),€ > 0 (i.e., Ign # Q(n%)), ©(1g*n),k >0,
or Q(nf),e > 0, ,na_cw[wlies (must use another method).

Read| Lhee ﬂ,-u,\.l“j [\\%of.uq we een - f.&“'% of

(Hn
DsiUlechon <ovl ?{CML 5}“‘“"‘*’1 C‘&r-i’tw bo Gaan dake \pd

| ' SPaCK Vi o i with sicrju-l
2 Ing,{,l{[-idﬂ <oyt dﬂ Ee:?m 5: HEﬂp Sort Cﬁ“’P’fﬁU I")j QRS '\:?”;\j
o ﬂ(ﬂ-l&& (-.J | &
B)\e "-"'OVI' Mol ol vun b mMCArde Soy | M"‘Rl{‘-.

F\lﬁbf;\k T J:':rnt meN@L';H 1 SPoe
d%tyﬁ ; Resl P\“&U'\Wtﬂ» covpletily B%lhkj

nt | ~J K
l\kﬂ\\ “k’gn LAY ~3
Dr. Khalil Yousef

| Adopted from the Slides of the ECE 608 Computational Models and Methods Course at Purdue University

) Read Chapter 6 of Introduction 10 Algorithms
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'4 ) = e oF Mo Trea ’
\ i Adopted from lhe ides n?Hm ECE 608 Computational Models and Methods Course at Purdue lJnnemty = h. : ..J.

1lee

% fLﬂhP.’#}-nzu (ﬁﬁ;’}us r‘_,ﬁ iﬁ t_;} ) gL 1:1"; 3 é s t‘i@-ﬂ 1_ -\ Z[j
> i W & Lo
lj-lp'k_\.ﬂu- .-J".- ,E_h‘aJ r‘J" - ":'.‘é@) “-"'.'I' 1:)-& '1-" 1{.1"250

e, | ki
Il:-l'l-'l i
tﬁaﬁﬁ-m_h_h d_q.ll';ih.. By J D = o UF‘ h.f-?&“ I O b.b c,nf’tr.k }""'E-II"--\,I-.-JL: i?- .-'.F'Z-..;:i
v Read Chapt t Algoritl <2V
\ Rl hapter 6 of Introduction to Aigori Imi ﬁ&""“ f’__j___ oyl = Tee ._:n *
> I .-_..J. ﬂ..:.pn_JHljk].- N H‘ "u-'i" L:n.:l-J J_F."léuﬂ I-:-q.p-g-‘-"l -—J -
i _ {L"I'E.In k % ‘"A ) Csz LY R ‘L{#’ tj._,u GU[} w"-"":‘"“ .—5
- X\ L’t— o o l“h;,-ﬂ‘n 2 ¥
: o iy l o o) 'l'ﬂ-.-..
% =XV N """’J‘h“"'s‘hm-j\“‘&)kl‘]" ) é.':] child ] 'I“ ‘-.55)
Kooy i _..qu ) Mfena) NSO 4T ; v 'y
3y j-ﬂ_n.- lewvel 0 s Ba - \”‘:‘“’b &?M M(ﬁ*ﬁ:}t\! A id
Wil nede .ﬁz__,,--u.-n...* \ .fi.j -,-.'_L-Q_}-nu-'. .H) H‘:ﬁ Tree ) .

, WFML-' ol ANTE OV Yeagy .
\ e e el inlawt 35)
The Sorting Problem i

L'l""lﬂ.lf I-u by oF BuF =2 -1__'_ The Mree wner wpode b\qut'itajlz;;r'; :'J‘:I'd"" ‘i*"__J'..-l)

quml. oF Wi = &

The Sorting Problem (non-decreasing): ““;_’Eﬂ}fljji “‘lm ) @LL

Input: a sequence of n numbers < ay,ay,...,ay 1, >

Output: a permutation of the input sequence < a,a;, ... ,a, atd, < a, <
Wg i ¢ ¥ Chi WealJIiLs 5405 Wo t}E] q 1952 I” > SUCh thrlt ﬂl — ﬂ?. -
: 'O K HeoP Qabninstre iH Complek| e faved msde MM)

site= leqhLA)
Lk ﬁﬂﬁg E—i]Jgj’f._-.: l;a..:.!ﬂ é—-’b 'l...-..z..rL...J ) i -‘.ﬁi hﬂuf_\.ﬁ ('_;..,fﬂ.-_\_. hi\:j_.in.L .:b\ﬂh';-‘*b g
11" = t!:'-l J\uﬂ"‘l‘_ﬂ b reo
Sorting algorlt mss. B Tres F P":}_:j)
Uﬂfﬂ“ Cate Detlue :3’1 Fﬂl’n.}* J& A= (_‘_...,.‘EJ,_)‘, 2 ‘..-J-F_H Qrruy N eleny NES
Insertion Sort: @)(n ) cladmngo e = s
LhCth\L.ml"“"} 7 C.Ln‘lhu...] ?fa,.. qf PJ'- “ lf'"t.\ - J*
Merge Sort: ©(nlgn) . \uls 1 20te oL Aaviag oo T WA oo, ,&.,f'-’
P S )greas - o7 1€
Cf:ﬁ{_ SQbme ¢ ‘ol-ll» Lo as kﬂ-‘r J" ‘\J-ib.g_) L-—-—'_,J ok
Heap Sort: (*E)(nlgni (lurﬂe cnnxlanl factor) , \J{Jﬂﬁ- = ")_ (Man jiesy <5l Mmay hexp) waw
\J(" ) \ e > e l]’l‘;‘x_du-—"ﬁ‘) : uJ..rL...L-l—-' \thﬁf/J‘h
.= Quick Sort: Tthas a WOISL case running time of ®(n?), but an average case running SRR '
v — ——_:Tﬁ - '...--i."'II g -
He,f time of @(nlgn) (small c constant factor). (P‘:— ;lj-*ﬂ:fi Yy

Colgest © Av )

”’3" Linear sort algorithms will also be discussed which are not comparison sorts.
kdtwn'rf v,m) ey Ny T2 ) Us) Serkia Y % —J‘--F\J'ZWH BIREN E TN e P
& - It A A W 9h 5= yeleewmk )y _c
i . iy L—h“f’}“"ﬂﬁ"“ | l '3) c_gu\%km) GG s

D[\}ij_ Jeey b (0) ) QP}J]MJ T g\ 26 N [ ool () A

2% N
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gome Sorting TEI'II’IiIl[]l{}gy

j—
A list Or array of elements that
records. Each record g sorted
The record will also t
the satellite data.

is to be sorted often consists of elements that are
: With respect to its key, which is some ordinal type.
ypically contain satellite data. The book does not focus on

[n-place SOI“_t: Uses only a constant amount of storage in addition to the input data
structure. w Ser Vi, _I)

J;ﬁ’ 'E;E’L“ﬁ\ Stabie )

Stable Sort: Mainltains the same relative ordering of elements with the same key

in the sorted ouipuf as in the input.

A

The Heap Data Structure

e—

We first define heaps and the various operations on them.

Definition: A (binary) heap is a nearly complete binary tree that satisfies the heap

Prﬁperty. For Cxample, Bll:j Fvec ﬂEﬂD Covplof
Depth ’

0 ! 3 |

'c..:"--"’k-!l"..-’ Lé—_fJ1J
o WEENE R )

L —— a2t

[A:[Eﬂ. 24. 30, 20, 21, 19, 5, 12, 5, E]J ..,_:_'__'[-....-J PV £

(nea Conplet ) ‘@ T
Definition: The heap property is the key ol the parent must b.e greater than or
“qual to the key of the child, 1.e., A[PARENT(f)] ® A[!]. A[l] 1S the root of the
I

heap_

CamScanner = Ligd d> guwadll

CamScanner = Ligd d>gwaall


https://v3.camscanner.com/user/download

Binary Tree Terminology

A binary tree T cither contains no nodes or is comprised of three disjoint sets:

L G Cd'—-fﬂ"‘"?
LAgges. Meigs SR e \#FLHW)
P\L-

o the left subtr ich is a binary trec, o -
left subtree, which is a binary | Ly e qus. 3 ¥,
'\

e the root node,

S
e the night subtree, which is a binary tree. o o . .
lyq= o) : L:’ E ?___'j_:i

DE'D“"I - 1=

Helght=3
. & .

. _a"t'e“t or Y Vvee = LB“J

. MUY Wigly 0%V Frea

. T \.L-F;J
= 2 Q= ¢
—_— —

kﬂ,,y I [ A ) - Li‘&ﬂ,

Dean 2 sy S
5*_[_.!:1'1 —e\Y SaTx L':-'.:,‘.l

Binary Tree Terminology coninucd

The number of children that a node x can have in a tree 7 is called its degree. The

nodes in a binary tree can have at most a degree of 2. [ e : _‘iﬁj) X ) ibsb s
- nodo -

- . j C].r_jrg_-:d-__r"-:_\ =
The length of the longest path from root r to a node x in 7" defines the depth of

x. Note that a root has depth 0. The height of a tree T is the largest depth of any
node in 7. The height of a node in a tree is the length of the longest simple path to

a leaf node.

A complete binary tree contains only nodes that are leaf nodes or have a degree
of 2, and all leaf nodes have the same depth. The number of nodes in a{complete

*}."J'-F]_]

I
binary tree of height /is } 2/ = 35—+ = 2" —1.
=1

—

Nodes that are leaf nodes are often called external nodes. Nodes that have at least

one child are called internal nodes. The number of internal nodes in a complete
h—1

binary tree of height is Y 2/ = =L =2 — 1.
i==()

CamScanner 2 Wigs 4> gwadl
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(he Heap Data Stl‘llcture
CORtinyeq

—~ \
Notg that we numb == -

cr thE n(}de .
> In the heap from top to bottom, left to right. Then

» can store the heap ;

we . P an ‘ :

.. array index. The 3 array, A, where the number associated with a node 18
s 'Tay A has two altributes: |

. length[A] indicates g
throughout HEAPSOR”:“mmhcr of clements in the array; this stays constant

). heap-size[A] indicates the n

length|A]. This value will 4 umber of clements in the heap. heap-size[A] <

cCrease during the iterations in HEAPSORT.

We define three access functiops.

[. PARENT(@) return [i/2]

). LEFT(1) return 2;

3.RIGHT(1) return 2;+ 1

The HEHP Data Structure continued

Properties of a heap:

l. The root of a heap is the largest element.

2. Any path from leaf to root has values in ascending order.

3. The assignment of keys Lo a node in a heap structure is not unique, though the
structure (i.e., shape) of the heap with a certain number of elements is unique.

Y. All leaves are at depth d — 1 or d, where d is the maximum depth.

> All non-leaf vertices, €

Vertex has only one chi
at that depth with children.

xcept for possibly one, have two children. If a non-leaf
Id (which must be a left child), it is the right-most vertex

\. s e Wi
CamScanner = Ligd d> guwadll
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Heap Operations ot d LLBLE St

e ——

i S
There are several heap operations (hat we will discus
sl Tee— '-"'"t.‘-ll h

I"J‘ \ P-'““'I’ \.u a\ 1,._..-"
° R A AIDRRY I ap’

- (wepof 7. b
Wﬁgﬁ—_"ﬁbAPlF\ O(IQH) T I \auge N W A

hrl"'

Vused § 3 ‘
r::.-.a;j' e BUILD-HEAP: @(n) h_fyw,"—/' ‘"‘U Ui‘fﬁ*”w’w}f
o (Y e P
ﬂi?-':' o HEAPSORT @(f ‘2"#, b&u{-i“_ﬁar J"!i ;J“:,L

G ) \or Laer

o 0%, o L ‘
};%‘ﬂEAP-D\TRACT-MAX @(h.n) r’—}‘.‘ﬁ“;l.frﬁf*
fﬂﬂm. EAP-INSERT: ©(lgn) ﬂ:;__.i;;" e s

.-—--—' U #
(r_)"‘ (chivy) A Pwie) S5~ W~s S Zugbchid t‘[ Algo v gad> ¥ AVIR AL | .
{ the basic operations on

ﬁj j; A heap with n elements has height @(lgu) hence, many O
a heap run in time proportional to O(lgn).

| €an=s

—
: V:J Q \ij?;h'-\&
B -’ ?Ta?“h - pereny
8
%J,‘IJ'I q...-r_}-'-"' l--:-".__‘;-—_‘_-"_'l
lf‘_: fﬂtiﬁtﬂ}f.‘é mh-ﬁ\ R fd ( ‘Qﬂl'hrl-- _%P S’E:'"J"'F}"*ﬂ-f_ L J"c;'l;,::n-'(?.) J
otz i, hewp
g &
The HEAPIFY Algorithm 1% Lz JURLll (L
f/ i \‘t:'-.{' u-""i-.:"q.__..#\ J_stb-"'!'l"“‘[m“-'} - LUL( ( Irt;;? ) = %
HEAPIFY takes two parameters, an array A and an index i into the array. It is
assumed that the binary trees rooted at LEFT(i) and RIGHT(i) are heaps, but the
element at position i may be out of place. This routine moves the ith element into
its proper place, so that the subtree rooted at i becomes a heap.
DJ‘"‘HUP ; '?nm:r ﬁauki-'—h- J\e:u )
Sl g0 1o ‘“'.‘J"'"’ G HEAPIFY(A [ Eiogny
1.1 LEFT(i)  &xuswp damu(clomns N e Bl oar 235
2. r + RIGHT(i) S g Smavdh i
TN Lo ?jlf! < heap- »-size[A] and A[l] > Ali] el 2 i, = =1 113
E;:_L:P ./c;:’j}:' . then largE’é?e—i re\ie _,nufﬁ-c--'.rtbﬂaﬁp__n,smﬁ B Al
"':;;*:-*‘f 5. elselargest < i —Emj“fw“uﬁj N DYV S
;j’*"' iy - 6. if r < heap-size[A] and A[r| > A[largesr] el ':-fa] "“:__,T
_ e C sl pick |
\ 3 ﬂ 7. thenllargest < 1} (A(mm@ il J s b, e
SO o g Fjame ) (50f) VL Pt € i epe emgen )
WA amedr g, )3 C - | arn ey B p-t
S f";,/f £y a2y 9. then exchange Ali] (—-}A[[f!rgE&I] g il
- lﬂ -f' 5 222 Righy ) )
~10. HEAPIFY (A, largest) a— v ¢ - F
| | LD Rl Wy : g ..-J_JJILHLE}}) 15)
l-t‘l'.rﬂ.uh} A3 LIL '}_“ ) \_Ci"‘ i_j a t,ﬂ'ul-hﬁ\.jt ‘-Jl i
ooy oF i3 (|ef, Light) __,11_,;_1;_:.:-1 S (A(HH') Ale) |
' . IZJL\- Ju,pl?ﬂ:ﬂ Jial

[y ) LE Yy &I"'ﬁ\—ﬂ = )
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i i e A

rhe HEAPIFY Algorig,

e i B -
the way HEAPIFY oo
o If necessary, swap Ali]
property.

rooted at 7 is max-heap,
[ri\fiﬂ“y da max‘hﬁﬂp.

|, and ARIGHT (i)).

With the larger of the two children to preserve heap

Comparing and swapping down the heap, until subtree
If we hit a leaf, then the subtree rooted at the leaf 18

10

- PL Sup ral?fL—-
Worst-case Analysis of HEAPIFY \ﬂw:- | K Pea J
T il
| { Ebwes
Assertion: A child of node i can have a tree of size at most 2
€ TUE) +eu
L R A N 2
T Ol i a1 d\e~ £ ) \ZCWSE_‘L
{-_-E {_..-‘.‘ "‘H?: ‘-‘.11'" \ =

T = B (1w
For a complete binary tree of height i, the number of nodes isL]T =i
[h above case we have nearly complete binary tree with the bottom half full. We
can visualize this as collection of ROOT + LEFT complete tree (L) + RIGHT
complete tree (R). If height of original tree is &, then the height of left is 7 — 1 and
fght is , — 2. So the total number of nodes In the tree (without the * nodes) can be

“pressed using the following equations:

"= 1+ f(h—1)+ f(h=2) ..(1) |

We want to solve above for f(h— 1) expressed as in terms ofn

{J(h--z) _pl-1) _ 1= (2" —1+1)/2=1=(f(h=1)=1)/2..(2)
sIng above in (1) we have

"=1+f(h— lg-})—(f(h— 1)—1)/2=1/2+3*f(h=1)/2

Sfh—1)=2x(p—1/2)/3 — Hence 0(2n/3)
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Worst-case Analysis of HEAPIFY continued

—

Complexity: Becayse the child of node ¢ can h

- n
ave a tree of size at most =,

T(n) < T(—ZBE) +0(1)

By case 2 of the Master Theorem, a = 1,0 = %, so nlogr =@(1), and f(n) = O(1),
SO
T(n) = O(lgn) = O(h), where h is the height of the heap.
Ei " k"f ,..J’l_'_-i.:l._;-
Example: Run HEAPIFY(A,2) on the following: =}
‘ HEAPIFY(A,2)
| Wiy Cepiey

A=[50, 5, 30, 24, 21, 19, 5,12, 20, 6] — .fjg-.q
-y A s g e
Her? -"‘}"d.-—'ﬂ"j '}"’5‘*""‘10 e c.:_r,.:j 34
‘!l"ﬁ —_——
12 f"f)u
The HEAPIFY Algorithm __,,; :
g continued " T eof uaL

\

) h
HEAPIFY(A, 4)

—

)wﬂ"*lf' f"”d“@ ;L}p'“’“}s : 3 LoD

HEAPIFY(A,9)
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| Bui]ding a Heap

—

i . can use HEAW“““
- gheap- SInce A[([5] 4-1) om-up way (o convert A[l..n], n = length[A] into

| HEAP works bottom-up Wihﬂm leaves, they arc already heaps; hence, BUILD-
W

the remaining nodes of A,
M2 2 Qaaasite WS

IJD-I‘]EAP(A) L""‘"r u_‘_;'l iJ,_...__; V5 e
_ L. heap-s; hep WOV $7
(s i ! _SIZE'[A] + length|A] ¢, PP ¥ -
. Lb‘ 3o “FT“PJ = 2 for ie I—ffrl,r,:h[ﬂl downto IQ’:{I-;‘F“"-‘"‘:'-’) -.|-------"l \IWLLJ\ wode?)
@,J'i-;"j'l"':"'ﬁ ﬁi-l.;:rl:”_'__;) \ 3, do I'JEAPIFY(A,E)
X

s (o M) &>
Lﬂ} = "k?‘\.‘ =% ¥oask J-I-)
.i‘.:-u,un.-“_i,-_q]

owX o )Ei\"—-l} jk;‘ﬁ
| g 'h--.ﬂ"-'—ﬂ -_'_:E}_..‘rz_:ju

2y frirh LoeT A hof

gxample:

;’ A=[50, 25, 60, 30, 19] ‘ﬁ_:_;‘; N S s

W) AW /'ka«f-’ CJd Arn)
— 2 S
Bo) (83 2 GO
N
e illﬂ,"\l':\gfjj
e sy S NP
‘a :
l B 14 3*—1._1.\!) s L 3;1-:\_.:':\.--’] A Jad V) -
1 M‘{)Lﬁl I3 gt oot _.Jv.n.r]_ .
SFEf s

B“ildiﬂg d I'IEH[J continued

Complexity:

fﬁsimp]e upper bound for BUILD-HEAP can be determined: each call to HEAPIFY
s O(Ign) and there can be n such calls, giving an O(n lgn) worst-case running
ime. However, this is not asymptotically tight.

The time to HEAPIFY a node at height & 1s O(h), so we can express the cost
fBUILD-HEAP with the following summation (since the number of nodes at

"ight / in an  node heap is at most [ 1): J&ﬁ L . (Pleaves
'- :‘ b A e S . =
a T e Rk -

—

s
llgn] Ign| Lign)

: W
| | 5 -
‘ Y [F#10(h) =0(n ), 3) = D(l?__" < Wit) ) -
| — h=0 L'D\I-: 11 % h=0 h=s
oo —— oy l
k=0 h=0 |
: [lgn 2 < p
T(n)=0(n Z 53) = O(n z -2';) = O(n)
=0 =0
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Heapsort i }
" HA o\ e
il 00 [Tlhlshfﬂh}

HEAPSORT(A) 3
Eﬁ;ﬁd“'l hep Iy u) o [EEUILD—”E&P(Aa B ]_"QP,J-L;F—""L" ) S i
aiymax e ) max 29 fop j lengthlAldownto 2“5 i - hewf imcx

S osihmp . ol |
“-_h__:; o %ﬂj‘wa'ﬂ R 2 do eicchdngeﬂ[l} f;tgﬂ-l] 17
MYX ) \h“r TJ‘ Lp 4 )'I{?HF--‘I*EEE[A] — r’fl?ﬂf?-ﬂzﬂ[A] _" I
_ T —_
N ole2 | eave Py 4P a1 ), HEAPIFY(A’ I) ”
: ey v Bt Loy S et
e, U 250 WSl ooy P+t )
:u}-'u-i,l.h'f \:--"*-:n:l'l-"‘._"_.i- ‘-l‘f:lh‘.f; .* 'E:uit :I'_;'L',,} :J'LJ.-I'_...I & o
«& Complexity: \Slemv o 1) epiAinder S
laﬁf’b K:,_g_, LU JL'J _l-EFn}LI-J'IE;bl Ve b o

247 >* The O(n) time to do BUILD-HEAP together with n calls to HEAPIFY gives
HEAPSORT a worst-case running time of O(nlgn).

16

Heapsort Example

A=[60, 30, 50, 25, 19]

—_—
| S 0 J

=[50, 30, 19, 25, 60]
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p sﬂft Example continued
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Priority Queues

Apriority queue is a data structure for maintaining a set of elements, S, which
| . - N —
supports the following operations:

¢ INSERT(S, x): insert element x into the set 5.

e M_&_}EIMUM(S’ ): retugls element with the largest key from the set S.
¢ EXTF_KE% -MAX(S): removes and returns the element with the largest key
rom the set S. _

’ INCREASE_KEY(S..r.k): increases the value of element x’s key to the new
Value k. which is assumed to be at least as large as x’s current key value.

For ®Xample, a priority queue can be used in scheduling jobs with priorities on a

{0
puter system.

enting a priority queue. We will examine

EAP-INSERT and HEAP-INCREASE-
is related to the height of

| - _
th: “@P1s a good data structure for implem

(pottines HEAP-EXTRACT-MAX, H _
- The worst-case running time of these algorithms

th
*heap, O(lgn).
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The way HEAP-INSERT Algorithm work

Say that we want to insert element x into a heap with (n — 1) elements .
e Add x at the highest number level leaf.
e Increase heap size.
e Restore Heap property.
— Repeat:
- Compare x to its parent

- If xis larger than its parent, then swap x with its parent until no swap is
needed or x is at the root.

20)

The way HEAP-EXTRACT-MAX Algorithm work

We want to delete the max element from the (n) elements heap .

e Delete the root (We need to restore Heap property).
e Decrease heap size.

e Put the right most element in the last level of the heap tree in the root position.

e Restore Heap property.
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Pfiﬂ rit}' QUEUCS continued

it

HE_,AffEﬁTRACT-MAX(A)

1. lfheap-sfze[A] <1

2. then error "heap underflow”
3. max —A[1)

[P 4. A[l] A[hcup-xfze[ﬂ]]

s - . ht?ﬂ' )-51 — :
(o’ },_H, iy D - fteap-size [A] = heap—.wze[/l] — 1
0. HEAPIFY(4,1)

7. return max \hin Y

Priority Queues onrinued

=
HEAP-INSERT(A, key)
1. heap-size|A] = heap-size|A] + 1
2. i + heap-size|A]
3. while i > 1 and A[PARENT(i)] = ey
4. do A[i] < A[PARENT(i)]
5 i +— [PARENT(i)]
6. Ali] < key

- . . 'E—-I-;'..- -IE —_—
(60, 30, 50, 25, 19] m...fL',g_,_'* i : A=[60, 30, 55, 25, 19, 50]
_J’_“.t fr-—k J sy ";..;F-J
@ 1 V' TS TLE Less?) (&2
5‘:{ HEAP-INSERT(A, 55)

-_—
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Pr iol‘it)‘ QHEI.IQS continued

{)c.:..-.-\ 'J..---

ni; HEAP-IN SE-KEY (A, i key)
\5;,'«""‘ ). ifk{?y{A[I]
W £ 3 2. then error / "ncw key is smaller than current key”
D sl | Ali] < key (&0 ) 3)

/9;_',, N ) 4. whilei > 1 and A[PARENT(7)] < Al/]
oty 5.  exchange A[i] with A[PARENT(i)]
}&9 ' % %3\ 6. [ [PARENT(I)]

5 pV
h,\_;_,ff-l.}

Exercise: Modify the above routines to design a min-priority qucue that supports
the following operations INSERT, MINIMUM,EXTRACT-MIN, and DECREASE-

KEY.
(F\th"]‘ Tt Y e i
Eﬁkﬁ)ﬁ)?‘ﬁj % ; —7 Sy
9o 5 .%)- A iwer @ @ [éﬁ;ﬂ?a ‘
/\ 3‘:’-:) ‘7‘:’ 25 “f\ u‘-'f Eid&j'_-__'_
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Adopted from the Slides of the ECE 608 Computational Models and Methods Course at Purdue University

____,}“_D"'_" _,_...--._._‘::. "“'I;P‘a_ AL '4? Jor s I ) Igﬂly . E;Un'r T _.-.E':_ e_j:_-‘d_‘ -

— Cyse. o=

\m&-.r'r.q...,‘ i e 12 eSS Hua

o Read Chapter 7 of Introduction to Algorithms
B‘ﬁ}' m@uﬂ Qh‘"‘-'— p u—lﬂl',ﬂr Cuie g Eﬁf_ﬂ]'l\f Cangm
N — B e ;"\ —o =) 2 -
r__ > ﬁ/\ﬁ_"‘_',. il al_h-] i A =Y -—-l&{.‘l] bl \
T e - - M,'. v WL "
/\- j\ﬂ : ‘l l,l_lﬂfd_i] /\ "" R | Ke=n-l
J='gn i AN WL S N\
b -
" .._palh) /_\ :_l
A= F';..—i le - ‘-3 A v._-k.‘._'ah] F i -
Quicksort ... o (%) A8\ US| 1Y o K 3
- )= L= IP il N _ R ) _1_ e @I
L algw) | Toruh M= 'ﬂn n! +Bn) S Tuaz T +0)
s % . [’Z_‘ it : -
L\Sh“mq L""'”‘“"“* « O - P (Ve +( Su ::j) \M_)
Quicksort, like merge sort, 1s a divide-and-c -conquer sz‘d orithm for sorting a subarray
Alp..r].

Divide: Partition the subarray A[l..r] into two subarrays: A[l..g — 1] and A[{g+

1)..r] so that all the elements in the first subarray are less than or equal to A[g.

and all of the elements in the second are greater than A[g]. The value g 18
computed during the partition process.

Congquer: Recursively sort the two subarrays.

Combine: No work required as the subarrays are sorted in-place.
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The Quicksort Algorithp,

_.._._._—--'--_

. P, eclew !
i,-;jm__:,ﬂ Pl ind ey Ji) ‘-_QUICKSORT(A,PJT‘ "':"_"'_.*JW
— T——— 1 if P:: . |
| _ P<r s
LEE::,,J-JI,E.-it- 2. then qr:_ PARTITION(A,B7)
. QUICKSORT(A,Rg—1)
% QUICKSORT(A,q+1.7)

The initial call is QUICKSORT(A, 1, length[A)).

B

The Partition Algorithm

The Partition Algorithm (in English):

e Pick a pivot clement (we’ll use the element at the right end).

om left to right, swapping any element < the pivot to a

ents ft .
e Pass over elem left end. Left end gets filled with the “small” elements.

erowing region at the

e After the pass, the pivot gets swapped to the place just after the “small element”
er the ;

region.

vot.
s Return the final indeX of the pivo
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The Partition Algorithm ... inued

Tiwe C-»Pltib = W=\

PARTITION(A, £, r)
(Pointer ) ‘__I__._!}fl’flf — Alr]
= yafd I 2;@_{—- P— 1 [ Fa = P-1) | @, @
' 3601 j < Pto r— 1 (Por i=p Yo r=3) (woian bphitl 22

o Pf’iih..' Ppesie -1l = e
P 4. [doifA[j] Sf?ﬁ’ﬂ!j’?é"ﬁﬁh r]" E-.;E;__nr Py 9%

WA

\ &-\»Ti‘d'fm \ f"'““r}
U e, 2 ¥ 2 ERN ] then exchange A[++-fill] <> Alj]
s : s _ Em=Fian) o T o

kw%;:w g\ Qv wif‘ 7. exchange -’L _'*“1“]}“] < Alr] © place pivotclement v~ k)

U’:‘i‘—‘_ ﬁjj‘*;“% 8. |return fill “Lyer Piver ( piver:Als) it e
;l‘lﬂﬂ )JJP;‘ i q, = l JMI#E’-}—-&:‘__:_
(F-H‘ .o The running tin'lc‘&:q%' PARTITION is ©(n), where n = r — [ + 1. ey | S

) f‘:{:j‘ Ul"l"l.l-l:_. (‘P-l] : - == EI,,.J‘ S ™ \ C',.“ ,__J‘i-_-_-j.:.L: J
pPrie Fa Iz e g Bl sl s o Ul 131 Jud Gams S Eip g
E e e . . 2eve Lo pAD vad ) - - ——
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Partition Example: A =<7,8,2,6,5,1,3,4 >

Draw behavior of fill, pivot, and j during PARTITION (A, 1,8) on overhead.

- ) ?;Gur |
3-:1 p". - K qr 'E) ! I—;é,af lflfé i ld% kj}_w““_jﬂq;b \
— —
R'.“}- /9 PT\T' ﬁ tr:z
= e
W L AN B3O (24D
AN “-L'";.,.ﬁ?) L) / { Eﬁj Eﬂ __JI:_,"".::- (Fh'l:’l)

D -3
e
DU‘X v Ly 6ev@ S @\ D B Bxdy i3, Fin

. % Q““b/ La ® i s (e 2)
i - E-:'l v =6
: s\t 3 e by D Erdey 126 &

b\ 1‘. L’ 34+ E}E P e \Q‘.u'—”

b
2 : jﬁ;ﬂéﬂﬁ&* Vo E)(cb {23 e
_— 7‘%—! \ 3{ 6;‘5! 3,“:}@) 1 PHHH- k‘q'\,g) Pmlil-. kp“gjgj
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b \f 3r®5r9rﬂ-:6j 2 rh@} W3 L“s/@‘. :},3)
feres Q‘“d?:') Fh} 1:

-;ﬂ._\..‘w‘-j [-z‘. r"ﬁ@l Yikoo = 3(\11..‘3(-_3,]

T\ T e tfm,'n

CamScanner = LWgd 4> guwaall

CamScanner = Ligs d>guuaall


https://v3.camscanner.com/user/download

The Partition Algorithm

Continue,l

Gaeerrs o \\

correctness of this i
The algorithm cap pe shown using a loop invariant:

At the beginning of each iteration of
ments it started with, possibly rearran

1L 1If 1 <k <1, then Ak] < pivor.

ged, and, for any array index k,

2. 1f i <k < j, then Alk] > pivot.

3. Ifk =T, thCll A[k] —. pfvﬁf

the for loop, A[l..r] contains the same ele-

The running time of QUICKSORT depends on the sizes of the left and right

partitions (which are affccted by the choice of the pivot).

Worst Case Performance of Quicksort

Worst Case: The left or right partition has size of one element.

Recursion Tree for T(n) = T(n=1) + n

/n< ------------------ =t
1 n'-1 —————————————— -— n
AT
1 n-3°-"77° - n-2
h=n /“'L
1 A
\
L]
2———- 3
1 1= 2
! Theta(n~2)
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Worst Case Performance of Quicksort . ninued

——

T(n)

I

T(n—1)+0(n)
T(n=2)+0(n-1)40(n)
T(n—3)4+0n—-2)+0(n—1)+06(n)

|

1

|

ki@“")

@(§ £)
@(nz)

|

When does the worst case occur?

Best Case Performance of Quicksort

The best case occurs when the sizes of the left and right partitions are equal sized.

Recursion Tree for T(n) = 2T(n/2) + n
!

h=Ig n /“< """"""""""""" S
n/2 BIR o i n
n/4 n/4 n/4 M i s .- n
[
| |
' 1 . IRt S = n

Theta(n Ig n)

T(n) = 2T (n/2)+O(n)

O(nlgn)

|
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ced Partition Case

l - i ______________-_-_-_-_

) g case running time of QUIC

o

[y .
. verde Even if there is an imba K_SORT s closer to the best case than the
o case e obtain a runni 'a ance in the partitions of 9-to-1 (or 99-to-1 for
3
T(n/10) + T(3n/10) + n
————————————————— - ‘\T ]
_oVemyar v Pear,
___________ W
———————— - n
————— - <=Nn
————— - ==

[ Theta(n Ig n) 3

- T%U' Cmie ‘
) Das et L5 @umt- Rse. 15 Ve
f) 10 Cdle Stwa il Yé Yo bqt— &11)
S Mg«

wition for the Average Case

is unlikely that the partition occurs in the same

anced and some won’t be. In the average case,
“good” and “bad” splits. If the good
nd up with a nearly balanced partition

hen we run QUICKSORT, it
iy at every level; some will be bal
RTITION produces a random miX of
dbad splits alternate over the levels, We €

ich is better than the 9-to-1 case:

n
1/\ n-1
(n-1)/2 (n—1)/2
1 (n-1)/2-1 1/01—\1)4’#2.-1

"hage Cage will be O(nlgn)
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Randomized Quicksort

—_—

-

QUICKSORT’s performance depends on the distribution of the input data. It we
create a randomized version of QUIC KSORT, the worst case behavior wil] rely

on the random number generator hitting an unlucky and unlikely partition, again
and again.

One possible implementation of RANDOMIZED-QUICKSORT is to random-

ize PARTITION by picking the pivot element at random from the range /[..r, ex-
change A[r] with that element, and run PARTITION as before.

T g et S
Chalic jumet! Jhss ua i P L
Sai ik g u.}m F’l_y&u.-EFANDOM_IZED—PARTITION(A,f:r)
: Case 1. i+ RANDOM(P.r)
NS ol PN »0=P2 9 exchange A[r] < Ali]

B 5 3. refurn PARTITION(A, )

uﬁ: (s Ciuie )

Randomized Quicksort ... inued

_—

RANDOMIZED-QUICKSORT(A, 1, r)

1.kl <7

2. then g «— RANDOMIZED-PARTITION(A,l,r)

. T RANDOMIZED-QUICKSORT(A,l,g— 1)
4, RANDOMIZED-QUICKSORT(A,q+1,r)

Note: This does not improve the worst case running time of the algorithm, but 1t
does prevent particular input cases from causing the worst-case behavior.

Thus the worst case running time is still O(n?).
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How fast can we sort? Much depends on the as?usfﬁﬁtfuns one makes about how

the sorting is accomplished.

So far we have considered only algorithms that sort by comparing pairs of elements
(i.e., INSERTION-SORT, MERGE-SORT, HEAPSORT, and QUICKSORT). They are
called comparison sorts. e, ©

Lest Gue ?‘\.\-L..
Any sort requires at least|n — 1'comparisons, or it won’t have examined the input
However, all comparison sorts require anlgn) €OmMparisons to sort in the worst

case. Can we achieve a sort that is faster than Q(nlgn)? 4., .. Sk b 5

We assume that all elements are distinct while we are discussing the lower bound

on comparison sorfs. In this case, d; < @j, 8 > aj, q; < aj, aj 2 a; provide
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e There is a comparison tree for each input of size n.

e The leaves represent all possible permutations of the input array; hence, there
are{n! leaves Elj'n the tree. s e

i L WAL L2 >
Sowviun _J S 5 00 Exdvemy =\ [/ \P""é;*::.,, o~ "*":“ A Rede B
e Internal nodes represent comparisons between pairs of elements.

e The path from the root to a leaf shows the comparisons for arriving at the leaf’s

permutation (an execution trace).

in the tree indicates its(wnrst-case\[unning time.
a Svver fay 2 Re i Sh3e T e

® The length of the ngest ;;iath

—

Theorem 9.1: Any decision tree that sorts 7 elements has height Q(n En), (i.e.. at

]E_ﬁ-'s‘l one path is that length).
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Complexity of Comparison Sorts

—— S

etc.)

Proof: (We ignore data movement, bookkeeping operations

The number of leaves in the decision tree is at least 2!, or two permuiations go to
the same leaf.

The number of leaves in a binary tree is < 2" and:

2" > pt
h > lg(n!)

Recall Stirling’s approximation: n! = 1/2;;;1(3)”(1 +0(1/n)) > (%)", hence:

n
h > lg(=)"=nlgn—nlge
L > 1g(-) nlgn g
\ 5 = Q(ngn) Pee Y Migy Tm Wl e,

Ceas o

123

—

\Iv-:-_ ﬂ‘fﬁ“ﬁ d_tb‘)
L

N R AT MR ) wad Se0e ot

st ‘ 4

tesl -

21— O e deverion and 2

Doran, “?i:"[?f e
Decision Tree Questions

b L0 T - 1Y

PeSiible gn\q‘h*‘.....,
1. In a comparison sort decision tree, what do the leaves of the tree represent’
How many leaves must there be in a decision tree sorting n elements? w\

2. In a comparison sort decision tree, what do the non-leaf nodes of the tree
represent?

3. In a comparison sort decision tree, what do the edges of the (ree represent?

4. What is the length of the longest possible p.ath In any comparison sort decision
tree for an input of size n such that comparisons are not duplicated? Why?

5 What is the length of the shortest possible path in any comparison sort decision
tree? Why? (w-v) Rev S 2B w2\ 2y
! npr) PRI s
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s a5

rohytb ?Tat:.u of s Dase ) —}"ﬂ- 51:3\.:_

istribution Countin . on % Connin OrinCiPe  ComPorision
% ) : gs':i.rt Or SlmPIYlCOUHtng Snrt\ =3 Deig made
e B nn—_'um..\.f: A\aa) E o ie, O\ae.
Assum tion} 1n [3_l ut elements ar : kv A TRETTq 4
c
different than n{ Duplicates are HMH e range 1 to k where k can be
a'"t:r., :.u?ﬂtr i 3t-§‘_‘?“WCdﬂ:’m‘ l: m; ﬂn-m. e Wil o Vneud , wlaic S'"\'f:"..
Wt e “ Fwen ] - -~
AbStfﬂCt Thﬂ: bElSl deb-ﬂp e i B EJ_E Vi H“\'-Al-'h& 1“'-.4!1 %nﬂ-“\:-r*::;r:zum Py

aisto
count, for éach element x, the number of elements

less than that element so that w
€ can d
10 clements are less than x, (hey, cmenﬂ the index of placement for x. If

slightly more complex than thjs because it handles duplicates.)

We will show that CounTinG.

SO
the complexity is O(n). RT's complexity is O(n + k). If k = O(n), then

Lk i
\ ‘e "‘_\ FC LAWY Pt Counk o Celtned Vit Savity \.‘k....c Uatbtm Condibing

E " oMY PuY Sa Yed cary a 2 g L A
PData structures used: W;ﬁﬁ_-fi' YA e W) =3 (A Voo exp\aiad

Elgxln—,u;*_T ‘]:,]:'\Eﬁiﬁﬁ;';s! P3 am capk
e w — Roe (1 -E
ok} e-—[-m\nln o]

e sl 4k -F._'lu.-l—u.'r W A aose e \hee "l'ht'f'-hl
Yo ve aye 1,k and pPlatc ity Coanb in G

i . F#f T2\ Yol
il Mﬂr}’ Cl1.\k] is temporary storage such that Cli] will c::hzﬁn:%ﬁennumber S
of elements less than or equal to key 1.

|. Input: A[l..n] where Aljl € 1,2,
2. Output: B[] ..n], which is sorted.

F'.uf 31.'1 Yerva

“ ¢ T apsd)= c[at1dd
(Zenyior TEORD K0 o) 1y o indow 0 © der Conry 3

— L8 g i M

6 oria | Oo% 2l iy |O*rva
e — < LA .L.El-\ \J eala

Lo Usiha 2Y Torpedy £ Yee SNt (V)20 5
e Sved :‘Am GS @———- Yoo @l (q)2 )
.

\ lu-l'-.-"m“..._ B e, B, e b "--Pn

‘l"l'-l"""l" Vasas 't Uﬂ.\.g - Q“
Cnnl"r*ni-'r 8, Covmvmnsbie & oy
The COUNTING-SORT Algorithm T c.m= oF « =

S Lo Cewn ) *L, t-h:....,,rqv.l
l—-""-"“f—“‘ Ngf - o ) Pheasinaire L LAY Ftihl.ﬂ.;g;_jur\.

uUL-"’.r _,_,.--"""'—*tl|l 2 g ﬂtu'L.- s 6-
COUNTING-SORT(A, B, k) J,?:;":’.—) —_ [_@.LDLEL%

f'-n.ln.‘u M ia v

|.fori< 1tok wwu-uu.._r: rasan At & A van u J"-L_ %
2. doC[i] «0 ghihede

For 322 ta _,-‘-""“'-" Ve

3. for j < 1 to length[A] ~Ls3- ff-f:[ﬂ: 0

4. doC[A[j] « ClALj])+1 T T e €

T WA A ase Uatl—a WY

5. > C[i] now contains the number ﬂf elEpEEt? Eﬂ.‘;’ﬂwﬂ  Jp— N ¢ Vag
6. fori< 2tok N A et w\B] Pty T 3w Yo 4 e

7. do C[i] Giee C[f] _|_C[; — 1] \#WM:;E:E J 0 E[&[A[JZD] AT
ﬁ Z:e), Posihan 2ruilar Cuar N K) A S iy -F 5 LEHCJ)] = ::[,qL-ﬂ] -\

s than gr equ ‘
8. > C[:] now contains the number of elcme%w (o i =,

o For Ay =
9. for j < length[A] downto ]w o PP e o e

0. do BICAL] <AL £=223 ae | |2 2] |4 \ e
gl ClAL]]  CIAL 12,0, 5 T e s

.-"'E'T & I
) Q) wtﬁﬂ" c\W n\ #\rﬁ”\ s QLIHKJ
Q'J”Uq illq ..H:'L.l‘ 13 &-#2[3:1 N B V 5
¢ ALy # L 13949 QT 23, cen

cl3
= Pip e Qe o il igﬂzgm_xwﬁﬂ-nw Ci & [,IL KR Es ﬂr—\’f’m‘

W s : Y : o QU 22 0”7 =/ Sazhy
*i - - R Pﬁ%fﬂif_&}a [ @Y e -l
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COUNTING-SORT Example: A = (4,2,1,3,2,3) | Shatete-)

Initial]A‘*itgf EAE L W I
R c leleb )

¢ k!xhk\\ \

- ' L ,ét‘m"‘_“r

After executing lines 6 though 7, Cis: |[1[3|5]6 “T:_ﬁ'lf[f&) A R
\

—

s

o

| S SR
Alter executing lines 1 though 4, C 1s: rl 2172

A L
Now we begin iterating over the loop in lines 9 through 11. et il H 1)
C=on 378 ) st

Iteration 1: j — 6, so place A[6] into the correct position in B given C: B[C|A 6]]] =
B[5] = A[6] = 3 and C[A[6]] = C[A[6]] =1 =5—1=4, so:

B is: 3] |Cis:[1[3]4]6]

i f-f"#b = @(h-ru.] - o)
T e e mer v of ¥ duYerms oF AT e
Se\ A= Vur Wredn Res¥ Cute 3 e -—;n v= GL“B:TW:_@#J

- : s JCase = ¥E B

Qw PR y ey ue Ly R Lﬂm . e
ey Lo b &S v & 3 A Wl 8l
Racaai Comdi 37 e A= \_s. \A \rmﬁ € B W'

8

et 1‘_ -I' ‘f"'_ Loveeus

"'i\x-..t P
P_EIA‘. x ‘=[’ V"pPro _L"“':ﬁh:_ R L A
SorY \an.

COUNTING-SORT Example: A = (4,2,1,3,2,3) coninuca

Iteration2: j =35, SO plac:_:A[S} into the correct position in B given C: B[C[A 511 =
B[3] = A[5] = 2 and C[A[5]] =C[A[5]| =1 =31 =2, s0:

B is: 3[|Cis:[1]2]4]6

Iteration 3: j =4, sO place A[4] into the correct position in B given C: BICIAI4]]] =
B[4] = A[4] = 3 and C[A[4]] = C[A[4]| =1 =41 =3, 50; [ClA[4])]

Bis:[[[2[3][3]|Cis:[1]2]3 6

Iteration 4: j =3, so place A 3] into the correct position in B given C: —
B{1] = A[3] = 1 and CIA[3]] = CIAB] -1 =1 -1 =0, s0; : B[C[A[3]]] =

Bis: [1[[2]3]3]]Cis:[0]2]3]6
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COUNTING-SORT Example: A — (4:2:1.3.2.3)

i

Iteration S: j=2 go place A[2] into the correct position in B given C: B[C[A 2]]] =
B[2] = A2l =2 and C[A[2)) = ClAP] 1 =2—1 = I, s0:

Bis:[1]2|2[3[3]]Cis: [0]1]3T¢

Iteration6: j = | g Place A[1] into the correct position in B given C: B[C[A[l]]| =
Bl6] =All] =4 and ClA[1])] = CJA[1]] -1 =61 =S5, so0:

continued

Bis:|1/2(2]3]3 4]Cis: [0T1]3]5

10

The COUNTING-SORT Algorithm ., ;.04

[f the elements of A are distinct, then C[A[}]] contains the correct final position for
Alj] in b; however, if there are duplicates, then C[A[f]] is decremented each time
we move A[j] into B, so that subsequent duplicates of A[j] can be correctly placed

in B.

COUNTING-SORT isi\stahleﬁ A sort is stable if equal keys remain in the same
relative order in the sorted sequence as in the original input sequence. For example,

ya T Mai D)
421 [3[2]~ 2% 3[4 LR e

Jury

Complexity: COUNTING-SORT runs in @(n + k) time. Hence, it is not bounded
by Q(nlgn). Note that it is not a comparison sort, so there is no contradiction.
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Commiy setn Aot Tups o iy i W Cage e Lo K
I—D Twas ﬁﬂ_'jh 5 bEfM.It |I s T s\ WO P E» cﬂ;:ri':':
proviendic wie 6T size— w i e
KR“diX Sort foroadodon

If k is very large, it may dominate the function O(n+ k). k can be reduced by
combining COUNTING-SORT with RADIX-SORT.

The basic idea is to sort n d-digit numbers from the least significant digit to the
most significant digit (where digit 1 is the lowest-order digit and d is the highest-
order digit). This requires d passes with a stable sort; hence, COUNTING-SORT 18

a : 1 - g n e
n excellent choice. U‘“"’B g Comy (2B U %

- & y~'i—l' 6[‘}%“] bobul eﬁv(ﬂTET:J
eSS &\‘L) wy)
RADIX-SORT(A,d w-**‘"*éﬁfu] (2) 232 —» 03 (wlyw))

Co anriv ~p (Pigny) 2t~
Surt‘j :I J

‘Gbl.furf<—1tod

c...,_.,y:} Soxx .; L yaDdiay e
@)\ o  Siail a) A dle ort to sort array A on digit /
o Pk Sy
Mo, 3 5
- NACTS PWNEETIRS |
5 \ooo ¢ B . 9 : __y. G
\ ‘\ \ \\h 2 b i;j .}""-"""J sy O\e
. oo o~ ti:'j"'r' I"_:J"'j t_'l{-.m,.
\ \ WS pm LU W Stanibieal
3 ixt -cs‘_jt} ) Fiqik
B o |5 [l = T
Oetinut s S Sl D[ Desgp - t The mgr x
12 .P‘"“‘ll_?f'- E_T_.':.I_ .
RADIX-SORT Example
Gty X2 p 3lnak) = 3lnak) =D Nmer Porfornus o)
" v
sz Deed 3@t M1es  Topy
o~ | 3|12 0 2103 119
7 8a 7 o
| 290 -
729
= 1.;..1.1 ( g PAVAR AL Pl S KIS N B Ye 5 7N 5
N5 \as > Sovred
e ~ _f"\ e oo = \ %k}lk‘m“'! Cowat Sov)

ar_:-_'.-'*_"‘-"-—- N .rgnr..n s W & o
T4 e Calvmasa | taigian 10~ =9 c‘jh
The r..orrectnesks E R ADIX-SORT follows by induction on the digit bemg sorted \

Why do we work from the lowest order digit to the highest? Wy would be

required to work from high to low?

_—:) é e

1.
A Sery é“

CamScanner = Ligd d> guwadll

CamScanner = Ligd d>gwaall


https://v3.camscanner.com/user/download

Correctness of RADIX-SORT

e T ! N
Base Case: If d = 1, there’s only one digit, so sorting on that digit sorts the array.

| # | Assume: The sort on the low-order d — 1 digits '
- . s correctly sorts the array if we
n/ ignore the higher order digits. . y 50 y

Inductive step: The sort on the dth di git will order the elements by their dth digit.

Consider two elemjants, a and b, with dth digits a; and by, respectively. There are
three cases to consider:

[.Ifas < .b(_g, the sort will put a before b which is correct regardless of the lower
order digits.

2. It aq >_b‘f" the sort will put b before @ which is correct regardless of the lower
order digits.

3. If ag = by, the sort will leave @ and b in the same relative order because the sort
is stable. Becauge the order was correct based on the d — | lower-order digits,
a and b are in the correct order.

14

| Complexity of RADIX-SORT

COUNTING-SORT is an excellent choice for the stable sorting algorithm used by
RADIX-SORT. In that case, T(n) = O(d(n+k)). If k = O(n), then the running -

T ]

time is O(dn) for d passes of COUNTING-SORT.

Example 1: If we sort binary numbers in the range of 1 to n, k=2 and d .i'EL
then 7'(n) = O(nlgn).

e —

‘ Example 2: Same scenario, except that we increase k and decrease d by grlouping
the bits into groups of  bits, so that k =2"and d = lgn/r. Then T'(n) = O(==(n+

).

Example 3: Taking r = Ign we would get T(n) = O(n) and d = 1; we are just
doing COUNTING-SORT.

RADIX-SORT is also useful for sorting on multiple keys, where we treat each key
as a “digit”,
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Bucket Sort

e

BUCKET- . 1. : .
K K}:’[“ SORTsorts in linear time on the average by making a different Kind of
dasSsumption than Coy NTING-SORT

ﬂ k r_ aishribged) -
A 3 . Wdwy o maly @ K 3% o) & ‘H-- e C)
sSsumption; Input elements are e?_ﬁ;nly distribu?ed over the interval [0, 1),

LM o s as : .
: N ) 3! e PV subia Poink ¥
Data structures used: p _ Avtrny — TR =y Soo (Pl ik 4
- \

s Tﬁ?ﬁﬁ-‘
1. Input: A[1..n] wherﬁé‘%)@’-\[ &N,

. “"’JE‘\‘MH [ —— A

. i L EA ey \:}-hﬂ; ) . -
| & - ? Aliuu lary: Bl0..n— 1] is'a set of buckets corresponding to subintervals of [0, 1)
zew = with which to classify

p and sort the elements of A. Each B(i] is a pointer to a

ekl sorted list of A[]’s that fall into bucket i. We place A[j] into bucket B[|nA[}]]],
os we12s - and bucket Bfi](holds |[£, 1),

Uq\uz Yo \Iﬂu:"} D =

»es3)  Given that the elements in A are evenly distributed over interval 10, 1), the B[] lists
e should be short.

™

——

wanpped
@ [ AY)
5t re .
w= \e -—-"gjggia W, - an'f-_}‘— 3__.
16
BUCKET-SORT Algorithm
BUCKET-SORT(A)
1. n « length[A]
2.fori<lton B éw‘\*hur-h_\- A, )
— ( ;3 do insert Ali] into list B[|nA[i]]] N v
\ \‘F:ﬂ) --u...-* e (L leg

. - i Sy
4 fori«—Oton—1 ‘
\ime—r [ 5 do sort list B[f] WIII’QNSERTION-EE}RT
"t-;---‘—) . - CowSide VW ‘*-‘*Hi.‘i;.,.

¥ P T P "
(oo ¥ e omate the lists B[O}, BI1]; -+ B[n = 1] together 1 Siicin

\u, T My |

or gy
e der Coadib,
‘-___________._-4—" s\-""\ri‘ "l.\.,__;___,,"h_;‘h
. srlp
ineud Nt Yeiwea \ el
k vl any
chﬂ'{rfmﬂ“"‘f" -
S gL ug \
.
Vimene ) 4= Comtvoxu &= i“ﬂf e SR butiewy oo
" - e
ey

/
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BUCKET-SORT Example

3

A
1A C
2

Az Floaviy Retny
W) 79 :_\_C;_u.-ﬂb‘ibi 0 E m
2 » e A o 9% lo . l"h epo b m
Lb“"'-ﬂﬁ’_'_‘j Duckter 7 \*:}:5 Lo 1 - Youckat D
_— - T E H"""""-‘I"'::' b it
R=L32) 2 @ikl Jawe > 2 ' \ - gl
) o vasma o (ol .32 / BN )
4 (ray 2 A0 3 = A\
)t 4 m uﬂl@:-ml
QN = |y OisVibured
W) : = E ;
e .J'; s 2O ey U‘E'"J
) a 6 :‘h‘iﬁ _ "3;! | 2 Ty
[ = Rtk
"\-r;l B = .B1 / I{.i.l';?: A1 -'4-”’.:_.:
\Z) 9 S .
Sl
F\:lh S K-_'P-ZEE -L* ,1#\) — “r-lla-l
\h:'lnl \I.—'h [_-"—“; .!—_uj
l—h"n.- B\-\LHJ " o
.
J‘, -
6-1v=q [ 55, V)
{I Lglhfl J"'-'-FJ -_-I;-__-::: ‘Eﬁ—l-‘gﬁ"f\’ﬂ-—‘wﬁ-—_ J—i_p_‘?MWPPJ_j __u:lé-..-s'
{
BUCKET-SORT Complexity
To analyze the running time, we observe that all steps except the INSERTION-SORT
require O(n) time.' The question is how much time do the INSERTION-SORT calls
require?
AT S A T L 1
r’ s PV & Bavaue . g ﬂx'::qt‘h.qﬂ 1:{
Bucket sort runs in expected timel O(n)} The worst case is|O(n*)] however, as all
numbers could conceivable land in the same bucket.
i"
\
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- Avd o Ak Carier e Camtranr ¥t su AV 1 a . ol
Lecture 8: Search and Hash Tables \ s ) il

e —m

‘s 'L-" . = " = [T,
-J‘:; \.,.:a-_p—tﬂl:‘lq‘hu T ["‘-":-J AP ‘:‘h x ‘\EHS*H;“‘“R&'I{“I'A) ,.L f"'"h .--J" dq:’hl.
mﬂd; [:\"c..\."l-h ﬂ-Pﬁ-.\‘ihh) - ' —-:'E—S.'f‘-"“b
B o . | .
D% S Course Learning Outcomes (CLOs): o
- 1!'1“ ﬁ_._, €, .ll-ln
s EX defined ava Shvatins DY adding el o B nSe- e 5 q:é-lu““rdm.

¥
Ex) Sevchiny oR Relwn wak:/min i |
- Use advancecﬁéeardﬁng‘fcclmiques, such as hashing and 2-3 trecs. I

- Show how time and space complexities can be traded-off (e.8. distribution
counting sort, hashing. e\ GBb el I3 Seva 2, -

atr
. wler \e ;’Jd“"-{""ﬁ 31."& wlpas” Ly e
W di?fm it T Clout L3 |2 ad) : EELL B Akl e i L ROw Houg

> X

i v Dr. Khalil Yousef

l-cuur. _—

Adopted from the Slides of the ECE 608 Computational Models and Methods Course at Purdue University

Review Chapter 10 and Read Chapter 11 of Introduction to Algorithms

- |

sralic—o=t Cawl Aat ¢ (Cimove 'l

sek o F elacy —ﬁ Sleaoh Vo Pua Sat |
dY i e

Sets orks-Toy

Oue W ihh"l‘iu_ha |
b‘mﬁu-

A fundamental concept in computer science 1s the @ynamic set) which can grow

and shrink over time. For example, a\dictionary\is a dynamic sct that supports the
insertion and deletion of elements, as well as a membership test.

Each element in a dynamic set is represented as an object whose fields can be
examined or modified if we have a pointer to the object. Elements often have a
key field as well as satellite data. For example: Ex: oF a Qwmic SO

Coubide tsely o F wuber Wos=s v \29% in, Yo |
" E"‘l"h'n.:-.. Wiaaaila '_3 |
Emile s Wi
Waal E'“‘“"\QEM I,
AN i Sy =
ECOMA (.. side Yo Site oF Ve Sek Yo hoe \ag

o W o, &5

) O —|

Sattelite Data (ﬁa,..-ag

The best way to implement a set depends on the operations that are supported on
the set. It is also important to consider the number of elements that will be stored in
the set S, |S|, and campare it to the size of the universe U, |U]| (the set of elements

that could cnnceivziibly be in §).

51‘-‘:)

o i
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- Operationg ..
ns
.Qt? B on Sets
I 0 T
W perﬂtlﬂns 0 . ] o ' -
4 these npem[i; Ol are cuherﬂﬁ_““"iﬂﬁ Ur(mﬂdil’ying})perulinns. The running time of
b 1S 1S reported in terms of the size of the set.
. SEARCH S. ks L Rt coranild
key|

,r] =korN a query that returns a pointer x to an element in S such that
=ko ) e |
“‘“"I-‘-—!—Lﬁf there is no such element in S.

_,,f_,,.,:n‘;\

415 @ modifying operation such that S + S U {x}.

e DEIL, : o
ETE(Si)j a modifying operation such that § + § — {x}.

] MINIMUM(S)! \Cer b - vJ

element wirk . 4 query on a totally ordered set S such that a pointer to the
With the smallest key in S is returned.

Op erati ons on SEtS continued

e MAXIMUM(S): a query on a totally ordered set S such that a[pointerjto the
element with the largest key in S is returned.

W ok Vg :..:-f‘l:n}
r® - MKy Ve
o SUCCESSOR(S,x): a query on a totally ordered set S such that a pointer to ~ ***
the smallest clement in S greater than x is returned, unless x is the maximum, in

which case NIL is returned. This can easily be extended to sets with duplicate
keys.

WA s %ﬂ‘f‘& 3

° PBEDECESSOR(S,JF): a query on a totally ordered set S such that a pointer
to the largest ele.ment in §Tess than x is returned, unless x is the minimum, in
which case NIL is returned. This can easily be extended to sets with duplicate
keys.
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n‘ll"':;

_~— operations can take @(n) time in the worst case.

Set Examples

r———

e The login table for a computer system wnhﬁ}o oo

[length 10hnd consist of lower.case alphabetic characters;
Support INSERT, DELETE, and SEARCH.

Wy e Sworey \3

Wl ev e Selr
\MY D) \S) s EM
\Siy
1‘Q”\T\::L) \so
\O
lf; 'LG --n......-l\ﬁt\““) N

_,._,::"'. o ume) )/ \U\\-”"JJL'M*

idbe sl tal =D Y

Eimu-gtn? —p 26+Li ~51

2o« Ao, =D m

A waal \‘:j“- IRLY

Implementation Issues for Dictionaries

oo
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Oﬂ@hway to implement a dictionary is as a linear list. In this case, SEARCH can
' take @_;g)_ time in the worst case, and at least one of the INSERT or DELETE

One way to implement a dictionary is as a heap. In this case, the INSERT and
DELETE operations can take @(lﬂn) time in the worst case. What about the

running time of SEARCH’?

We would like to use a datastructure that supports efficient dynamic set operations.
In particular, we would like the INSERT, SEARCH, DELETE operations to take

O(1) time.
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The Direﬁfj dd rgss Table continued \_Ir.:___-_j_ Ze ) Site Tabie J

All of the following operations on a direct-address table are 0(1):5 Table »ge» M ZMi.

[. DIRECT-ADDRESS*SEARCEI(TJ{) ‘5‘1‘5?@. T:_.: Yo
I'ﬁtl]l‘ll T[k] —ip Cownlya.r

- Qs Hc“““ \ _j?)

Nable
2 DIRECT—ADDRESS—INSERT(T,x) ca; ;.‘.P:,* N
T[kf-ﬂf:” {_:_é C#"-.'I.I.-.... MD'_F_:_. ;:i?“ﬂ :'.. a“ﬁ:m e %Y.

kv l‘_"ﬂ MFF'-# St 5\‘}_
3 DIRECT-ADDRESS-DELETE(T,x) '

T [key|x]] - NIL Tabh— & Pobt
Peimry N

e,

Direct Addressing 1s a simple technique that works well if the universe of keys,
U=1{0,1,2,.--sm~ 1}, is relatively small and no two elements have the same key.
— g A g i
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- CamScanner = Wgo &> guuaall

CamScanner = Ligs d>guuaall


https://v3.camscanner.com/user/download

Hash Tables
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) larger than the desired table size

—

\Problem:\ usually the range of keys is muct (over Piowt x Sulecsy T L
. \;uﬁ.
/ (E.gq ASC]I S[I1ngS). i "J‘I Ko, s (Lb) J_ju_j,ul '::}---..._ P‘I“.h'lm..‘)
DPAV L Uity )/ b St Table 2N T i) hich supports the (i
\:ﬁ-"""": y A hash table is a generalization of an ordinary array ¥ 1 aI[tJl?OU b thc direct
\s-- )addressing of an element in the table in O(1) average cast bme, gh the worgy
— case time is O(n). r
L sre\eny ! = vl
—» ku“ Li._h“ T ) _ Qn 2 zft‘ k
The idea is to store keys in a large hash table of siz¢ 1 (say :’_‘.&—_ = <, Where
» ' X
n is the number of keys to store) such that the data 18 scatterec a‘:’EF.‘__tllj?_j_fible

p———

uniformly. | & Ruocer Costun A JELS Floldd
1\.__-.‘ 5-#!"!‘

The INSERT, SEARCH, DELETE operations on a hash table taku__O___I) average
case time, as we shall see. )

\ Examplei A symbo] table in a compiler is often represented using a hash table,
where each element key consists of the string of characters to store in the table,

\Hash TablesJLm nued powe 0T Waluag,
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The element with key k is stored in slot (k) given that i 1s a function which maps a
key k € U to an index of hash table T'[0..m — 1]. Note that i : U — {0,1,...m— 1}
given that m is the size of the hash table. 4 should be computable in O(1) time.

- ——
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Hash Tab)gg
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Collision Resolution by Chaining

i

The stmplest collision resolution technique 1 € '
that all items that hash to the same index are stored in @

that table entry.

L

TS

e —

_-_-—-\-‘_"'““N_
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T.x)

insert x at the head of the list T {h(key[x])]

________—_

The Wst case yunning time is O(1).

(3)CHAINED-HASH-DELETE

‘-—.ﬁ

T

-L"u ﬂ:fﬂa. ‘g"‘_.r.n_:- [}

ﬂbh J. -
‘.'_’ N\

(5=

delete x from list T[a(key[x])] (>

The worst case running time is\O(1) fif the list is doubly |
it must search for x’s predecessor to perform th
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Collision Resolution by Chaining .,.ined
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The operations on the chained hash table are defined below:
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An Exam
Ple of Hi_lshmg with Chaining
et
Example: ,,, _ Vo-®]
VU= 9.h(k) = mad 9, K = {5,10,19,33,20,15, 12,17, 28} =)
j\*‘r J‘: mk%‘:a . j_hSl.—‘f':_:} .
Tabls T s bt
0 _’_,...--"""
— = ”
I-.___________. &
2 20 |/ i
Bl wmind L5} = 205
3 12|/ wserk o) = lo%9 21
S A G L YA P
4| i — (33):23741=-6
| i — 5 |/ :
5
o()=> 6| _| o
: R4
7 / L...hp{._ J
8"'7"-'——-1

Analysis of Hashing with Chaining

The worst case running time to search for an element in hashing with chaining is

©(n), when all keys hash to the same slot. s~ ———_  aq

= ) :ﬂf:hr\:g = bh_-j" Yize of @echh Va¥ed \Wy = X U'HJ F‘-l-h.-)
23 Vi B R IAN -“_.? P"’FWM. = 1'55\_!-4 ‘;_'-‘h].hﬂ_,p s % i‘-‘ X K 1

M |
The averageicase depends on how well the n keys are istributed among the 7 siots ™
--____-_-—-h

Given a hash table of size m and n elements to store in the table, we define load
fﬂftﬂl‘ ae Y = :—! qw' analysis will be in ferms {}f .

— * .J_,.P\'C\ﬁ!‘mﬂ } 't_-__l'l-;" ‘—T r‘ i h‘\h Cﬂﬂ\iu&j ba \nashy "V = 0
For analysis, we will make the assumption of simple uniform hashing, which ™ stv
lhﬂt any given clement 1s equally likely/to hash into any of the hash table *FY M

¥
slots, independently of the other elements. l T abie
. i e " “" O e o - t
Hae MSley, Fil- :
Cﬂhf’ﬂm wiﬂbhfﬂ?m 1-,.5[‘; mthh“
= )
T

ad dr;ib
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Analysis of Hashing with Chaining coninued

= == B _______“___.._——-——-'_—-__-_ 1 _\_\\
ved by chaining, an

Theorem: In a hash table in which collisions are resol y NSc.

ASSUMPLion of oim—
cessful search takes time O(1 + a), on average, under the : fjﬂ[l|ﬂ
uniform hashing. ' =T

Proof:

* The assumption of simple uniform lrwlllng implies that any key k is Cqually
likely to hash to any of the m slots. \

- is the average t;
e The average time to scarch UITSUCCCthll“y for key &k 18 t &€ lime ¢,

search one of the m lists.

. - . o | " ted num
* Given that the average length of a list 1e§ o= mg the expecte ber of gle.
Ments to examine in an unsuccessful search 18 &.

S

e Hence, the total time required is\é( L a)xincluding the time to compute h( k)).

Py nl\-i_ﬂ

16

Analysis of Hashing with Chaining .,;inued

Theorem: In a hash table in which collisions are resolved by chaining, a successful

search takes time @(1 + &), on average, under the assumption of simple uniform
hdShlﬂg ==

Proof: See the textbook.
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Th—\ e A S

e follow
i " . ;
Ng are guidelines on the selection of hash table size, .

e Select e e o
S tigyn Prime number or power of two. In theory the prime is slightly

"¢ choice when picking a hash function and universal hashing ca

E usc 1 1 . . %
need (q {? 10T¢ easily), but in practice we tend to choose m = 2% (eliminates the
© Modylo operations).
. W A
' ' ber of
keys to ~2ilung, use n <[m K 2 nyay, Where myqy 18 the maximum num

be stored in the table at one time. Nothing hinges on a particular choice.

* For open addressine wi e i 2 Larger
— addressing with double hashing, use 5uae S[01< £0max-  LALEC!

val : =
ues result in better performance.

W WA \ Tw

Ve Bea oy “B% 'ﬁiu S G KON
L =

el Table

1&

Hash Functions

Often keys are similar or clustered, but we do not want this regularity of key
distribution to affect uniformity of the hash function. h(x) and h(x+ €) should
differ, where € represents some small change (e.g., integer, real, or string).

A good hash function should come close to satisfying the assumption of simple
uniform hashing. More formally, assume that each key is drawn independently
from U according to the probability distribution P, where P(k) is the probability

that key k is drawn, then:
l
Z P(k) = — j=0,1,....om—1
k:h{k)=j H

Unfortunately, P is generally unknown (though sometimes it is, for example, ran-
dom reals in the range 0..1)).

Usually heuristic techniques are used to create hash functions that perform fairly
well. Sometimes stronger assumptions are required than simple uniform hashing.

Most hash functions assume that the universe of keys is the set of natural numbers
(or that they can be mapped to natural numbers),
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Hash Functions

continued P —
: P e — \
3 Division method: /(k) = k mod m -
i ¢ EXample: 1f 1 = 53 and & = 235, then h(k) = ="
rules of thumb | || bits of the ke
i La Y w
® Avoid powers of 2 as the value of 7} otherwise, N9 : 'l be

he lowest order p bits will be ™

o ac S.
" : x *e Uhcd ds key
* Avoid powers of 10 when decimal pumbers al

. ororeted in radix 27, they keys
slot! For e

. . -+ hash to the same slo Xamp|
that are permutations of the same digits 2 6) collides with 15 in radixpzﬂi

51 in radix 2* (5 x 16' + 1 x 16°mod 15 = See 11.3-3.)
(1 % 16! +5 x 16° mod lS:ﬁ)whcnnI:IS.( ee 11.

used by the function. 1f m = 27, then only

| . 1 er of 2.
® Good values of m are primes not too close to a pOw

Example: If n = 2000, and we are willing (0 exan‘%inﬁ ;1 S??E.ln: o dVerage
during search, then h(k) = k mod 491 is good choice (5121 power of )

20

Hash Functions ,,ycq

—

Multiplication method:
Refer to the book far further details on this method.
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Open Addl‘essmg

__*g;:tﬁ‘)i\brb !LE_'H E‘:a’:m‘iw* h

P Addressh’l All elements are stored directly in the hash table (i.e. there are

no point
P CTs); Ence, either there is an element or NJL in a table entry.

EIT?]%A Q»D‘;‘M‘h NG| dala\y (AW s OeMay D g’

1€ hash ‘ “ip NS Vet e 4 o T a1cdes
able’is now s qtnt?c entity that can fill up, sn\a < l.\ [his method tr
pointers for tab
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_-_"'“""‘“'-—-e L ol o @ ity s
g y Wk 8

) {’u*—.l-.-' IvChad :
To perform 5 table insertion, we now prﬂbu lh:: hash table for an empty slot In

™ 3\
some(syst Nuaw sequence © of
YStemay;e 19 Rla]‘?f(ﬂdd of using a fixed order; howm:t;:{blf_fh,, ar= Oty 1570 0 )

t1
positions Probed depﬂnds on the key to be inserted. \, \Wri) = W Jmedre T \m Sequace)

\l\'h-"'u. Eany

. : (. “""-""J'
The hash function is redefined as: l(\‘“"” < ) s yoy |
.\‘1 ‘\ EI-E ---#.r 5"*“‘"" Prﬂb C}:::; :
h:Ux{0,1,... 111—1}‘—}{0:1:---= m—1} - pudcer M

L h(k,m—1)) is consid-  ¥ua.

prﬂhe qeguence) h k 0) k1)

For every key k. th
h in the table 1s a pmqtble option for the

cred. As the tabje fills

every positi
1115:3!11{}11 of a l\E)a’ vy ii'wrt:l?_;-ﬂlh G) =T i, St _,_'. i deon
S'I-:.'r 1D = ed -
Tqbl.-. *: ehfh \L"lqsﬂ.‘r e ‘“ t\'.f-) yem b \ e
Slel : _L"[F.]-tl' )maaM Preb s
ﬂmﬂ'}?‘) 1"& X % \ - f#r vt ) - \h Lu“ -\ 2
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el S TR O (secunts i
Sleve [SANS *-':_5) (vt S0 )
Open AddrESS]n%Eu;]ff;ltgf;f .. _.Il}n @Dﬂ“blﬂ H‘:ﬂ 5-1&_:5 .LLP""-I-" a P }4 D'E-i:':j"‘ i:,ﬂ.l't:h-t‘l'-l"
y Yve Walw) 3
‘d’r‘{::n# s;.,,,...,) Wie () [_hlm—x Twali)) med =t T [o) vt

We assume that are storing only keys iny e table; there is no satellite data;
hence, a tabld slot either contains a key k©OONIL. N

a—
o) TCoemply
HASH-INSERT(T. L)
“w ] WDehe ..35-.}\.'-‘-"- ‘:"l R, - I\ v
» 21" 3 Tapeat j  h(k(H) omoas
_‘v_;f;w repeat j < hik,i) el
K#ﬂ;ﬁb‘ v 3. T[] = NID (e
= i——;'—- - @4 :*_:: then T[j] « k \wser =2
P:S-‘rib':ﬁ'}j S Sy return j LLL bt et
e 0.9 —elsei i+ gt .
meglpr -2l
£¥ Preve 7. @ —m —3 1,“:‘“_ s E‘u.u 3 of r’,‘)ﬂ_\l;b’c
8. error “hash table ﬂverﬂnw“S:’ P*’Tum-m
VS K A e Rl .
) e ) Presible Pr-hD
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Open Adg CCSSING iined \

ov k. and it Will tep:
HASH-SEARCH uses the hash function (0 search .foi;\:yitem is found, n]Tt]l?a{E
it finds & iy the slot, returning the index Whﬂflﬂt or if it searches the cd.sﬁ
lerminates with NiL if it finds NIL in @ Pmt’ed e .

Ie
table without success.

s —

TS ertn AZ
F* . ..Pf#""“-!:‘.'
(Peving) WaSo HASH-SEARCI (T,K) o ooz

—

2.[repeat])j < (K1) s .

3. orpj=k e 2=

4, then return J (udex ) ?ﬁt‘s‘
(6”3:‘-’- ...-"‘6'*# ‘u.‘nﬁm)r.{__f_!_l —

_—-—-'-'-____ " i -
Detyi e Peleas, hye 7. until T[j]=NILorI =M (<32}

Kwacw\ B 8: return(NIL r—f

% tek waly ¥ e
ot T oo e L) Pt
k\\lh‘ahwi—)

Deter Wy

L:r:ﬁ'r_'l.u-! JJ-.E.._:_;___:;L:Q_B.HLMV-L
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=, oy ﬁ’:-iuu N\ cantd as
NN v S0Py F'="; ;;
—— i 1
ha LAY ‘nj-h Deler ‘_?u“":} —_—_—
Clelal  vwig oy

Deleting in an Open-address Table

We cannot simply delete an element in a table by inserting a NIL: it could break
the probe sequence for other elements in the table.

e
It is possible to get around this by using pointers, which goes against the spirit of
open addressing. i

3=
@
We could also use a special purpose delete marker stead of NIL when an element
is removed. ] o

T ——

- Then HASH-SEARCH will automatically search further when looking for other

clements when encountering the delete marker HASH-INSERT can be modified
to treat the delete marker as NIL. However, using this approach, the search time I3
no longer dependent only on the load factor ¢ ; (e 4

* ion i , A\ )
—p Because deletion in_open-address hash tables is [qi —*-\‘h’1\S.H «
hashing is not done when delete operations lificult, usually open-addfes

dI'e¢ re Uif&d, _——
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et xadore [ opama dinsi)

(abvrpi e method is easy to implement, but suffers fro ‘

Probe Sequepe s

— __-_-_---_-‘-—-'-——_._,_ - ' =
In the | ' g E Shagfs <%
an ) = i 1 i '
alysis of open ad(lrcssmg, we make the assumption ﬂ[(u_nll'orm hashing,

which requirec | |
ermulati uires that cach key considered is equally likely to have any n{ the| m!
10N : Iy
P i (19 N 1} as its probe sequence. pere. [ 3317,
= F—:-—-—-__'

Three techniqyeg s for open ad-

dressing: are commonly used to compute probe sequence
. i il
SRR

e 1-‘

l. linear Probing v ow ¢ w

2. quadrat; .
Clratic Pfﬂhmg W suk of =) ) ;{Jv,___’_,'_;,\

i WA
3* dﬂlIble hﬁShing \....-.,'L ¥ oF = K;;—_ i

These techniques guarantee that (h(k,0),h(k,1),...,A(k,m— 1)) iS_ a germut-atiﬂn‘
‘Eq?ﬂ 11---:”1-— 1) for each key , but none fulfills the assumption of unlfnrr_n
hashing SInce none can generate more than 2 sequences.

26

Linear Probing

Given /' : U — {0,1,...,m— 1}, linear probing uses the hash function: /(k,i) =
(W' (k)+i) mod mfori=0,1,...,m—1.

= abud _ jo =g
i

" Ll eN
s TR

Given key k, the first slot probed is T[i'(k)], then T[h'(k) + 1], T'[h'(k) + 2], etc.
Hence, thelfirst pmbeﬁ determines the rémaining probe sequence.

Example: /' (k) = I'(ky) = j, I'(k3) =/j+ lg h'(ky) = j, and the keys are entered
i the order: ki, k», k3, ks, giving the following table:

a Y

Wi =3 /W) =3/ Wlks) :3-1-7 Wikl 23
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L 1ashing uses a hash function 0“7 o (1)
-t Jool WEL ', V- t.'r_:—'"'nhd,..:.‘__‘h- r'lﬂl mﬂd T

: el )_______,ﬂ py constants, anq
L e — VI hik,i h_L_'H' % 0 \are i“%
where /' is an auxiliary hilxh function,| €12 M ELH

| = =0,1,....m—1.N d ¢, must be
‘s . Note that m, ¢, and €2
= — itions depending op, ,

The initial probe position is 7'[#'(k )l

quadratic function of the probe number ! [ &t
o \
Example: probe sequence give m

w 34 SNe
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) ) ' o '
h 1| - | P2 1P| eads subsequent propeg

Quadmtlc probing is better than linear probing bec: ' hen t W} the same inj-

out from the initia] probe position. However: a phenomenor known ; as

¢ the same,

== tial probe position, their probe sequences arc —— — ik
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.A‘u--‘* Double Hashmg WP 4 \ oo b = Hamniit e
%‘3““‘“ (R JT Tt —ye-

u:-'sx: .;: AN SA 1
: ”\.ﬂ] P T= 2 i Y \ra— AL
ouble llashlngls one of the best open addressing metl

Swwed the permutations produced have many of the characteristics of randomly chosen
————-‘;-pennutalmns It uses a hash function of the form: - =

%, b oL
i—.‘{b_- f’______'“'::: r h(k,i) = (hi(k)+i-ha(k)) mod m j \ize) 2.4,

i hash f : -ﬂh?ﬂh feas)
where /; and h, are auxiliary hash tunctions. en . SN

' ém\k;:\,. N KD Kiak
The initial position probed 1s T[hi(k)], with successive positions offset by the
amount (i h,(k)) modulo m.

Now, keys with the same initial probe position can have different probe sequences:

Note that h(k) must be relatively prime to m for the ept
nt o be
accessible for insertion and search. If d = GCD(p, (k),m) :.e]h;Sh table :ey/«
then search for key k would only access -th of the table. Xe (ir 5(3};1‘1;:
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Double Hashing _..,..i.ucq

E—— =
= T e —

e
e

A convenient way to ensure that 72(k) is relatively prime of m is to select m as a
power of 2 and design /; to produce an odd positive integer. Or, select a prime m
and /13 to produce a positive integer less than m.
'---.Jf.h-- }
; ; ; N
Example: i, (k) =k mod m, hy(k) = 1+ (k mod '), where m’ is slightly less than

in.

1

Double hashing is an improvement over linear and quadratic probing in that ®(m?)
sequences are used rather than @(m), since every (h;(k),hy(k)) pair yields a dis-
tinct probe sequence, and the initial probe position, A (k), and offset, h,(k), vary
independently.

Double HaShiﬂg continued

gz i P
-
1,
Q

Example: Use double hashing to store the keys 10 ]8 and 34 in a hash table of

size m = 8, using: —r- K

hi(k) =k mod 8,h,(k) =1+ (k mod 6)
' Lp
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Analysis of Open-Address Hashing .,:.ucd

[Coro]laryﬂz..ﬁ. mﬂﬁﬂmgmnt Into an open-address hash table with load

L average, assuming uniform hashing.
WA At um.fm-: ) g
_

Proof: -

x| Insertion'of a key requires an unsuccessful searc
k?y in the first empty slot found. Thus the ex

h followed by the placement of the
pected number of probes is at most
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Analysis of Open-Address Hashing . ninued

Theorem Given an open- dddl‘ESE hash table with load factor o ~:: ] the expected

number of probes in aﬁu’ cessful_search\is at most| L In—- ﬂlenﬂ uniform
hashing ﬁéd assuming that each key in the table is equ ely to be searched
for.
— @ 'l'at\aw Q;;,h WYewl
Proof: Refer to the book for the proof. o
= AU < a
\ey = \2; vz L» S-«ﬂ-&u;-'- Sercl < K ML‘D i 3
- pf.'l-u.,,'u.'u"h"*'
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The First Use of Graphs

e

Graphs were first used by Euler ip 1736,fwhe_\n he worked on the Konigsberg
pridge Problem. There are four land areas (or vertices): A,B,C,D and seven

bridges (or edges): a,b,c,d,e, f,g. \The problem)is to determine whether there 1s .
iway to Start out from one ]E}_El area and walk across each of the bridges exactly
once and return to the original land area (i.e., Is\there a Eulerian\walk?).

—— * lall H i
\_C3> ows e iy _;
§ = — r":F;-J"‘:JJI 2 :
G : H 4"3”“’3"‘"" ' rj : L WO} e
apht Sek of - Ié | 0 Wil < i e
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Definition of a Graph

A graph G consists ﬁf a finite, non-empty vertex (or node) set V and an edge set E
(possibly empty), i.¢., G = (V,E). Note that E C V X V; hence |E| = O(V?).

If u.v € V and there is an edge between those vertices, we can represent this
by storing an ordered pair (u,v) mE Normally, (u,v) appears in E only once
(unless you are working with a multigraph, which allows multiple edges between

vertices). ' ’ ol
;M_ -

r-a

If an edge between two vertices is directed from one vertex to the other, u — v,
it is represented as a tuple (u,v) € E. Note that (v,v) represents a self-looping

directed edge.

If an edge between two vertices is undirected, then for (i, jj €E, (i,j) = (G1,1)
There are no self—lpnps allowed, i.e., (v,v) € E.
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Example of an Undirected Graph

.y Adjacency List for G

TIE g PAE o K o 1174
AR g 51 I g E1 4
3| J=[i[32l2
a| 2] }>f3] +=t512
AR e S o E1 4

Undirected Graph, G

) - ¢ Adjacency Matrix for G

> Ko SE\? \s‘ﬁ’b?h
Un A i eded

Example of a Directed Graph (or Digraph)
[‘ BF)) ws I IBe X

Adjacency List for G

——

Directed Graph, G
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1. Graph Representation: Adjacency Lists

_--'-_-_-_-_

For graph G = (V, E), an adjacency list re
V|, Adj, such that for each vertex y &

jacent to v. :
ﬂ{']:]_ Lﬁ &-ﬂ;‘i‘f —— )

Presentation consists of an array of length
¥, Adj[v] keeps a list of those vertices

. that the number of items in an adjacency
1st representi l E - .
list rep ng.G 1s pevdeg ree(v) = 2|E|. Hence, the amount of storage required

to represent G is O@(V +E) = O(max(V,E)).

A directed graph’s vertices have both in-degree and out-degree. The number of

items stored in an adjacency list for a directed graph G = (V,E) is Zﬂuf -degree(v) =

|E|, resulting in storage requirements of @(V + E) — ®(max(V, bﬁ;

Ad jacisncy list‘s. are good representations for sparse graphs{ E| << |V|ﬂ however,
there 18 no quick way (o determine whether a given edge (u,v) is present in the
graph without searching the list associated with AJ Jjlul. |

2. Graph Representation: Adjacency Matrix

For graph G = (V, E), an adjacency matrix consists of a |V| x |V| matrix A, such
that: P el i) S o T 0 Y,

M__h:"f_r
R R _.._____]'_ lf ('E!j)iﬁ‘,a
Ali, j] = {_g if (i, j) € E.

Using this method, we can determine very quickly whether there is an edge be-
tween two vertices; however, it uses ©(V?) memory, independent of the size of E. £:\¢* )
MEiun’s (3rqf?l~ HaaspoSe =P M’-—"""ﬂpc_’ i &Tﬁ-&ﬁ: ?.—:5: 14 _}«;Ji.?t"au u.th £ O‘i X :)
‘ Note that for an undirected graph G I'EPI'L‘,SEH[ECI ‘G;?T dan adjhc'éncy%matﬁ}é A that®(__@ DH
A=AT ie., Ali, j] = Alj,i], which can be used to cut the memory requirements in LSl %

"'--..______-_. ™~ ] L] i
half, We can further reduce space by using a bit matrix representation. \an'-'r'-uﬁu) _Qifed I\

Se¥ =3 VA el
( 'F edae, For

This is a good representation for dense graphs, i.e., |[E| ~ |V|? or for s ;ﬂ““’g‘?gfi g E=leany
Usually this method requires too much storage for large graphs, especially since
Many graphs are sparse (e.g., planar graphs).
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Weighted Graphs

e —

In a weighted graph G, weights can be associated with the edges or the vertices
of the graph. |

If each edge has an associated weight given by a weight function w : £ — R,

adjacency-list and adjacency-matrix representations must be modified to represent
this additional information.

The adjacency list for G can be easily adapted to represent this weight i{lformati?n_
For each edge (u,v) € E, store the weight w(u,v) with vertex v in u’s adjacency list.

Adjacency matrices can also be easily adapted to represent a weiighte:d graph, G.
For each edge (u,v) € E, store the weight w(u,v) in Alu,v] (NIL if no edge). Note

that no bit-matrix representation is possible in this case.
|
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Breadth-First Search Q?.FS) @ use. ¥ 3P Dueme o mame Yor Walal of Yoo vodes Fm....f)
- Q_ssumphen il Jraph il be Yefresared usia AdJanoy

=Y “Given\ directed or undirected graph G = (V, E ) and a distinguished source vertex
i

| G__;;:_ s, the breadth-first search algm:ithm systematiczhly exE‘lﬂres thf: edg@ F’f_ G to
—discover whether every veriex 18 reachable from s. It does this by visiting all
vertices at distance(k|before vertices at distance] k + lx The algorithm:

\ k:ﬂ‘ of ‘“aj"'\,'l '

e computes the distance (fewest number of edges) from the source vertex to every
other vertex,
O L nede N
FEA )

k’Fhf ] N ‘
e creates a breadth-first tree wﬁn root s to all reachable vertices such that the path
from s to v represents the shortest path between those two nodes.

Ancestors and descendants in the breadth-first tree are defined with respect to the
shortest path from }hp source to each vertex.
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Breadth-First Search Algorithm: BFS

=i

IBFS:E

e assumes that G = (V, E)

IS T ' i '
cpresented using an | adjacency list.

uses a first-in-first- Pewbie (Hewd, En st
° L ﬁth (FIFO) ngxe, 0, tﬂ(manage tf?e“?én\(fe;;al of vEﬂES.#m
o f el T0Em

o keeps Uac}f of the CGI_UI‘ of a vertex u c v using color|ul. If u i WHITEﬁ,
not been discovered; lf@ﬁt has been put on Q; if @LACKt its successors ~
have been added to Q. ' g = =

e keeps track of the distance between the source vertex s and u € V in d[u].

———______
]

N

e

® uUses ?r[u] to store the predecessor of u in order to construct a BFS-Tree. If
there 1s no predecessor, the value of 7[u] is/NIL. Poat b

Sorce V.1

- —
i

ELePY YP——Sovce

BFS(G,s)
1. for each vertex u € V|G]

SH

2. docolor[u] + WHITE
5, d .H‘ — 00 \UWledwite
4, lu| < NIL\ )

10

Breadth-First Search Algorithm: BFS continued

@) 2V~
5. color[s] +~ GRAY \B) Sl
6. d[s] <0
' NIL 4
;' gi—‘t_{;} iw @ ) 4 R
0. while Q#0( @ wvetin) . .4
1.0. do u éﬂ@@/"b . © )
11 for each v € Adﬁ[ﬂj o
‘ — do if color|y| = ) |

4 ~then color[v] <+ GRAY (&) M ais )
2 27 |. ¥'n d[v] + d[u] + 1
e o [v]  u
% _  ENQUEUE(Q,v) s
i? D]_E;QUEUE(Q) Vo X, ol £
" {Z‘f}'lﬂr[ﬂ] 'f'_—B__L‘__@EI_(:_ R T
18 Cﬂhw:_

@ wob ) €

6 1), Dequae (fomove 32<) |

AN Uerboces

Ll

it h?ﬁ__;:,m Mgl
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Shorlect
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Example: BES(G,a)!" s
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—_— \= g _Nec & Digkae N T__;-.HL :
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et &am._h

a[B[e]¢] B :

—

e | T V57 bl
@) = N w38 Shale ' oy LS
=
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._..dh'rm--—--)" E""ﬂh r‘;"s'{";ﬁ | f_—_ D) Soeve "_ : H';«b}

o B N fh,,.], __..-)"':" l,_'r-}
s L D P e el i
= o
= e = } 1? Prew) A -
T UL =t T en 2 |

125 =) 3
N

Wo
€9

L.f:}h:] )ah*- + \9) =
Example: BFS(G,a) continued
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Complexity of BFS

-

e Initialize: |V| — 1 vertices are Initialized to WHITE in O(V)

e Queue Operations: ;
ge neverpreset 1zn\i;lff’f‘aﬁ;use vertices when enqueued become GRAY and they
» Vertices are enqueued at most once. Each enqueue

and dequeue operatio 1 :
time. i e v um?; hence, all queue operations take O(V)

Scannin ‘ istae :
o g Adjacency Lists: The lists are scanned at most once, right after

d ‘ . :
isegtzeEu)mg. The sum of their lengths is ©(E). Hence, the time to scan the lists

* Resulting| Complexity: O(V + E)

14

nu:‘ X .__‘ - -_:, "‘-'- -l-'-: ﬁ,ﬂy

b ) o A (_Q (20 L] —» azapu\ wxde) ;;__-:1\_—,-;1
The Depth-First Search Algorithm: DFS -:_B-__.F-{- (o) w3 Btedb @ o
6 2 FA et 3y ez L{:hﬁh A B

l L = - €\ 5 _asr-€\ N

\ =g i '
DFS searches deeper in a graph G = (V,E) before completing the exploration of

. S o\ R e #
the vertices on a certain l]ex_r_el. This 1s done by exploring all edges out of the most
recently discovered vertex v before backtracking to explore v’s sibling vertices.

T e
- Awnidc sk .:p'f‘r;“"’ ,i: S

—V{ <o . ..o :
In| DFS| there does not need to be a distinct source vertex from which to start.
The resulting predecessor subgraph G = (Vz, Ez) is a depth-first forest with the

following properties:

A ———
e

\e)
e All vertices are included in the resultiné ﬁ::rest\ including disconnected nodes.

i E—dﬂﬁ-j IV at

£\ s
-@: {(z[v],v):v €V and 7[v] # nil} is the set of tree e%;es. Parayr 3 W
T L. Vertey = )
i T " Ni

ode e
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The Depth-First Search Algorithm: DFS oninued

DFS:

e assumes that G = (V, E) is represented using an adjacency list.

e uses backtracking to manage the traversal of vertices.

e keeps track of thmnf 2 vertex u € V using color[u]. 1f u_is WHITE,
it has not been discovered; i , it has been dis_ccwered; if ‘BLACKlj its

adjacency list has been completely explored. Q_,_,, " N Lﬁil\ )
- -- E_. 1_:':_ _—

Pewreny )
e uses 7|u| to store the prgdecessnr of u in order to construct a DFS-Forest. If

there is no predecessor, the value of 7[u] is NIL.

e keeps track of two timestamps for each vertex v € V; d[v] records when v

is( first discovered and grayed; f [v]ﬁf’ebmrds when v’s adjacency list has been_
(completely examined) at which point v is made BLACK. Note thalde v < f [v]lj

and both timeséamps are integers in the range [1, 2|V[]. Each ime stamp wil

- —-.Q-_
be set only one time for each vertex v.
| b Tl ST
ol Lg )
16
DFS(G)
DFS(G) St Sl

1. for each vertex u € V|G|
2 do color|u] + WHITE

3, i) < NIL (paevy
4. time + 0 D> global timestamp

5. for each vertex u € V|G|
6. doif colorlu] = WHITE

L ﬁﬁeﬂ Dﬁg—YISITgul Z
| 4
35 5o ¥ES
hﬂabﬂ e x:-ﬂbf)
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DFS-VISIT(H)

DFS-VISIT (i)

L. colorlu] + GRAY
2- time <— HE—EL_L

3. for each vertex y € Ad j[u]

4. doif color[y] = WHITE

5. therﬁ[v = ;_I'\ PArer 10
0 DFS-VISIT(y) %2 &

1. color[u] + BLACK
8. f[H] < time < time + 1

1‘"[111) hode[ | b 3 r.,,! <
) sto'ellele e 2
-———-_n{ IIIJ .::T[J AU 1 1 3 _‘r_
&"U'”' oIl | 2| 4[5z
k{.\g'ﬁ"[ffl le | 3 ]_‘i |2 TIJ
2 __ Fivd Teple
*r,u.'ri_r*’-ﬁ) Tlree) o>l |
S, weds 18
y . whye
adcend B (. 2000
Z - (:u':« "ﬁ
while —
Leop)

Complexity of DFS

e Initialize: |V| vertices are initialized to WHITE in @(V).

e DFS-VISIT: is called once for each vertex v € V because vertices are never
reset to WHITE. During the execution of DFS-VISIT(v), the loop at lines

3-6 is executed |Adj[v]| times. Because )  |Adj[v]| = ®(E), the total cost to
| vev
execute the IGUF over all vertices is O(E).

° Resulting\Con}Iplexitﬂ O(V+E)
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Example: DFS (G)

SJ'L'P -——F' h‘l&w ____)‘

\ V=({a,b,c,de} )

ey W Wk 1o @) 2" -
(G ) Gl ne” Vsk  a® VY 2q
1 TS L

4y ) —
™

(4)

Example: DFS(G) conrinued

»
rq fbc: ??ﬁ
Qe 7
N
{l o B 3'#_-.:'""
ct3[lo [q g e[ T
' 119 18(5

y 2 CNO ) o Lofo b e

Lesdlot S

(7)

(10) 6/7
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mG) Edge Classification

The edges in directed G can be classified as follows byLDFS(G): \

Kt im‘hﬁx(‘\}?r:ﬂ De.
1.\Tree Edgé.; an edge (u, vrj in a fiF}S-Fﬂrest-GE resulting from the discovery of
a vertex v from a GRAY vertex u (d[u] < d[v] < f[v] < f[u]). When the edge
(H,V) 1S ﬁrstiexploredjv 1s WHITE. \ “oive CIS, ede . T '-'-")

X2 [Back
¥ ),, (2ack Kdget an edge (u,v) connecting vertex u to an ancestor v (or u itself)
' Y < alu] < flu] < f[v]). When the edge (u,v) is first explored v is GRAY .

® o = e Y
ouY: L L& -__ur:a-*,ral-sﬂm A3 F A ) - P
/ﬂ.ﬁ?‘nrwarmﬁ} a non-tree ed‘ée (u,v) connecting H)tﬂ a descendent v in a

2
P ""-"/e)ﬂ" .DFS_TTE& (dlu] < d[v] < f[v] < f[u]). When the edge (u,v) is first explored v
;:“\3) 1S BLACK Ea_jg‘:_'u:;_,b;_:.h Y et ALAL e S L)
JF’" e Cres l'_ o ‘_ : H;_u“”‘:'iik}'fl‘b
pol 4.|Cross Edge] all remaining edges; &ither \ﬁ)rithin a single tree where there is no

P : : : : 2
\pﬂa ancestor relationship between the vertices or edges between two different trees

‘:,-"} B -—
; :5;;,;, in the forest (d vl < f V] <dlu] < f [.',«It]). When the edge (u,v) is first explored

“wreVis BLACK. J -
0 %ﬁ 2w Flost) (sowe) Flnm)
-

22

DFS(G) Edge Classification

More about the Forward and Cross Edges.

1. Forward Edge: Forward edges are those non-tree edges (u,v) connecting
a vertex u to a descendant v in a depth-first tree. Forward edges describe
ancestor-to-descendant relations, as they lead from low to high nodes.

2. Cross Edge: Cross edges are all other edges. They can go between vertices
in the same depth-first tree as long as one vertex is not an ancestor of the
other, or they can go between vertices in different depth-first trees. Cross edges
link nodes with no ancestor-descendant relation and point from high to low

nodes.
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fr- _-_-_E-_H\"\“H-______ RY, i —_/// N

F =

DF
S (G) Edge Clqssiﬁcation Example
_--_-_-_-_-_'_'—'—-—-—-_________

= e Glg

4/ us
- )
3
l={§:Z,y,x,w
Q + Desigw (:Q Wablon,

Oesiqn aw  Algera. ko decaym ﬂ'qjiw divered gruph Coutamms a leopls) or MO
_..—B rahhtn CI'F,S ohn Ywe Ai‘fﬂ.ﬂrﬂ jrqf"hr
—D c:-r‘ms:b Yo edyes iw v Yraph.

== QL(-G.k it s are a Rac ik E-'&_'j‘”' 24
— iF Mes, Ei'w wes b gqyupl  Coubains a loof
Ot VisSe fﬂ"h‘-"‘-— Mo .

“Tite
Complesy = 0 (uxE)
ﬁnpﬂlugical Sort B

. B Svs Wy,
[P )=

L_:.T-'-_-'}J 1*1}_;;1;,1';; ‘\i?__;‘:—-" ‘_) - \
jr%u;ﬂlﬂgicﬂl Sﬂlj of a dll‘ectﬂd@_wh (or DAG), G = (V,E) is a linear
ﬂrdﬁ of all of its vertices such that 132 (u,v) € E, then appears before v in the
ordering.

A DAG expresses a partial order on its vertices; a topological goy generates a
linear ordering of the vertices such that the partial order relationg

are preserved.
Basic Idea: The finish times produced by DFS form j ot s
produce a topological sort of a DAG.

TOPOLO(,}_I_CAL-SORT(G)
1. call DFE(G to compute finish times V] for G o 4
5 as each yertex is finished, in§ert it into the fropt of a ] k‘ :

3 return the linked list of vertices. nked Jjst.

s |

Tl = e
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{ TOPOLOGICAL-SORT Example

Labels after DFS

Directed Agyclic Graph, G
(Zaw pFs (&)

L - — — = "

Wy

Py Based on Mo Finishiy Time

O (VtE )

. L-J,.:__;" """' - -
- Wwked \isk

/Tapm'#jrm[

Serk in o

K\u—-ﬁﬂj:";ﬁn.:'-‘-'l )

L
The time to ':)erfﬂrlm TOPOLOGICAL-SORT is ©(V + E) because DFS takes
®©(V 4+ E) time and it takes O(1) time to insert each of the V| vertices onto the
front of a linked list.

26
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Dynamic programming is a metatechnique (not an algorithm) like the divide-and-
conquer method. It is used to create algorithms for problems that can be solved by
combining solutions to smaller subproblems. s

However, 1t 1s a method that is most effective when a subproblems recur again and
again 1n other subproblems.

In such a case, the divide-and-conquer techniques would redo the subproblems
each time, resulting in much unnecessary work.

Dw_pf_?g_ ramming is often used for solving optimization problems, in which
a set of choices must be made to arrive at an optimal solution to a problem (min-

Imizing or maximizing some value associated with the problem). Note that there
may be more than one optimal solution to a problem.

———
—
—
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The development o

"'. ﬁuttw_l_-_;r__g:ill‘\'ihr-. R Yeole |

i e
a dynanfy ming algorithm is characterized by four

ArAe.
(A1
(A -A

steps:

K

A
ﬂt.l '[_H,J :i‘:t;‘.ml'ﬂu R-;"'F" Fo =
Az ,q.:l Av s E =\

th“ﬂ."-tt Em*
Store tw wagiins{Tad i ow  \CDle

Jem
=

[. Characterize the structure of an opti nﬂ‘snhﬂ

(4"".

Stef oF PeCurSive P

@Recurswelz define the value of an optimal solutiof Pertor- ﬁcmj oF o iwdicas oF Wy weirrice

IFNT L

3. Compute the value of an optimal solution in a bottom-up fashion.

resSi/e~ ol P-y.hk Sulo Pnbl.-.-._l
Ai ---FW*-.

— Yo Alow
¥ Guiye

SIS

r_p@?-‘\"‘n. "5-"“‘? “"mb‘]

1K 1w
_weliiesy 0O

é-; '-'rlH-.
L SK5T *

4. Compute an optimal solution from the computed information. 5@;;""_23 s QK-
Solule to “"‘” [: ;'ll‘-! E}F‘ETJ ”-_:}E::‘“Jﬂ

The first three steps form the basis of dynamic programming, and the fast is needed
mly if we want to report an optimal solution, not just return its value.
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Example: Matrix-chain Multiplication

We will first discuss the dynamic programming method In termsm

- ot ing chain “hain of
matrices to be multiplied. For example, the following ¢
TI--IE |mP" ,""MI'
Yo Long, PPT"H‘
Aj-Ay-Az-Ag o JJ"’%; ;
can be computed in the following ways: TR, oy pose Pv"‘"‘i‘)
cﬁ's fﬁj SHhM“'-
5 Flaek
(541 (A2 (A3 A4))) or (T30 Py sub;:’arﬂ:bh‘)
(A (A 4)-A) o e s B
((A1-A;)- (A3-Ag)) or 5'1*11:“.'3:5': :;Lh *PHinsy
_((Al (A*:r *Ag)) 'A-d,) or e

This parenthesization can have a dramatic impact on the cost of Cvaluatip
product, ds

Example: Matrix-chain Multiplication

The rlnain idez? of this dynamic programming example is to answer the following
question: Which parenthesization will give the best (the cheapest cost) i.e. How

many basic operations at minimum will 1t
- ake under the best parenthesiza;
multiply the séquence Ay, A,,.....A o

”_i
K_‘“—‘—"-'-l’f"_‘i'ff a= o PeCurgn Cqualin,

Thus we have two questions to answer: (1) what does it cost to get the best

parenthesization and (2) How to get it.

e Natural way: try all possible parenthesization

(division point), make a recursive call on the left side

another recursive call ‘ i
_ ‘ on the right side. Then compute
the combined cost remembering (momization) if thig division point is the best

answer (optimal solution).

e Return the best cost found
“e D JS:_J
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A

gxample: Matrix-chain Multiplication

—

o

Note that: The idea in dynamic programming 1is different than quick sort (i.e.

givide and conquer) |
\ly look at the location of one pivot.

g, we look at all of the pivot’s possible locations to
is the best pivot placement in the quick sort algo-

e In quick sort, we O

e In dynamic pmgrﬂmmiﬂ
answer the question of what
rithm,

Note that, as we will see in this example | | ’
Dynamic programming = optimal division point + overlapping subproblems.

—

e I

The above in red defines the Elements of Dynamic Programming
|

Elements of Dynamic Programming

 Optimal Substructure: The optimal solution is built from optimal solutions
to subproblems. In the case of the matrix-chain algorithm, if A;-A, - . .. <Ay 18
a prefix subchain of an optimal parenthesization of A, - A, - . .. ‘Ap,then Ay - A, -
...'-A,;_. and Ayy1-Ajin-...-A, must be optimally parenthesized. (This allows
using divide and conquer approach i.e. when independent smaller optimization
problem of the same form contribute to the solution of the ori ginal problem)

e Overlapping Subproblems: The space of subproblems must be small (in the
sense that the recursive algorithm solves many of the subproblems over and
over again) for this method to be useful. The number of distinct problems
should be polynomial. In the case of the matrix-chain algorithm, the number
of subproblems as we will see, is ©(n?).
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Example: Matrix-chain Multiplication

.

_ ino (Top down ap
The general approach of Dynamic programming Ve Can be

summarized as follows: ved e
\\,2’;:} Memoization: Check if the subproblem was already solved (trivig| s“"*"lutiflt1)
--""""# '

— For each parenthesize (choice or division point) .
+ Divide and Conquer: make a recursive c.all on the left side of the d
point and another recursive call on the right Sld_e‘_ R i
« Compute the combined cost checking if this division point (Chuice)
the best so far (the cheapest).
= Return and remember the best cost (solution value) found and tp, Chojg,

l‘v’isiﬂn

was

i ! I ' VT g
that led to it. N INE e e T I e,
3 ; Ai --. A Ay ! 8 =
— VAN 1 God }\ :5“"1 e -’“-‘-‘\-::-L_.gvl
O IR 8 MR W i R""? \ 3¢ @ .
ﬂ\};,,f, o
\ 1a%) 1) s ) L/
zl » wastbrice,
) L) 3. \Best . [ \. k.") m(\‘,ﬂ-’:\ I} _1_ P ;P
> - ey La T ! "
—h :: ; l—!”'l.w'tr;u. Bl —E' ! o) uh?l]
. BLlivE 3 eW<s :
%\ ™ - Taww) /"LWM v, SRR R
ArrAc \ T i L“_ \Divearia o Hae Liohe y 8
—___‘c‘..w;n.. T “ 13) R : I_\. _____.?} ﬁ'iu:li! R R e "
e il ST S RS
S-Taple AL\ 4,'1 J-——:"EE}:J: (3)
= el —
\ . .
Counting Scalar Multiplications in Matrix Multiplication

MATRIX-MULTIPLY (A, B)
L. if columns[A] # rows|B]

2. then error “incompatible dimensions”
else for i< 1 to rows[A]

do for j < 1to columns|(B]
do C[i,jl+0
for k « 1 to columns|A]
do C[wa] = C["::j] ‘|‘A[f,k] 'B[k:.ﬂ

0 SN EIV RN 0

return C

nxXm |- \mXxl|=|nxl

The number of scalar multiplications is: ;; % mx |
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rlX-Ch .
ain Mllltlplicaﬁﬁn p
The magy; e
. I1X-ch
matric ain mult T
s, SUCh that Bos IITITH;OH problem: given a chain (A, Ag, . A,,) of n
1, matrix A; has dimensions pi-1 % Pb fully

thﬂ pr
oduct A .
1"Az+...-Ayina way to minimize the number of gcalar

Example:
. A A A
A3i8 50 x 1 andzA 3+ Aq such that the dimensions of A; is 10 x 20, A2 is 20 x 50,
’ 418 1 x 100. Cos\ 2200 1hu¥ hew (¥ i bt L el

(& )Eﬂﬂﬂﬂ‘f l_..w \(55\ kL M’) A9

“Yahle er—.ﬂ-

Ar-(4,- (A
3-A
4)) — 125,000 scalar mullrpheatrenss g O
g e @) @ Shep

'-',..JI..- L:I- g--..a@

(A1 (A, A
fﬂ 3')) ‘A'L"'LZF%OO scalar I'I]UIHPIICHUGHH sa-"j'
P flﬂr tii;ﬂr | loe | ﬁpmr AR P wall o) =i ] g """*l }"T Po P, PL- \o ¥ zoX So= loocoo
\ A HLu\—; (1 fgg | GKEL ==y A~ -
kel ey Av A (g leoo
O I | ;' ] P mllr.tj* ™ u--.’l.. +%}.‘. P %P, 8Py = 1e-;l=50!
(o] \ ’ AL A
060 W) 200 N\21wo ' 1A —D Wil3m) . .....v.uii [?;;j (M) ¢ PaPaPy = Su &g loo= Seoo
Iﬂﬂﬂ LY. E" 3‘51‘:‘1 'C:jl ¥ .
Peows lo 2 o | wwert h:.-?;‘“
e, oo & .:"F ]
OSero 2 ____"_:"__ﬂ 7?7‘ ?ﬁfj il s ““HLH}M]/*--U-:S] -rﬁﬂ K abe
v P ) =;~;=:-,_ ‘ Mzt | Caeice Ny
O v ‘“L ”’H = ""‘“L\ k‘:l +"-[_3;3} -f"ﬁ P,_ﬁ |oS oo+ LN
WA ="\ alsle q.‘uv-:-v"’ g T Ef:ml:,.
A i),?f ﬂ] a__'l‘qj_ﬂ‘f [_:D hn.t\'l.l‘-l‘]’-‘ = h-\\m}y/_}'f“‘{jlﬂ{}f ﬂ Fi. ﬂ' = Iﬂjﬂd —
2 ot o
in(m(23) 1) P P.,-( 3eco |

1
P, HL‘ZJH}
o 1o i=

z ®
7 A AcAs AY H\\.m}k] = w“{_m}}(( 1;‘1] tPorfiPu =
\ ......- f.i_P b,

S5=Tave
5 Soso

How to Choose the Best Parenthesization |[,m(1m)\ mﬁrfﬁftjwki )+ p-F P
E&Me@j

f-—-l\—{_'hl-l]
m because this would re-

n efficient al
rithm. To se€ this let’s devise a recurrence:

Exhaustive checking will not provide a
t in an exponential running time algo

sul
arenthesrzatrens for an 1 matrix chain. We

(k+ l)stmatrr:{ forany k= 1,2, s (=

the number of alternative p
quences, giving the recurrence

nce between the kth and
hesize the remaining subse

Let P(n) be
can split the seque
1), and then parent

] ifn=1,

n—1

P(n) = ):P p(n—k) ifn>2.

a elesed form solution of P(n) = C(n— 1), where

Note that this recurrence has
ZH) ( 4N )

C(n) 18 the nth Catalan number, and C (n) = *II 5 372
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mal solution L Ahetwes Ak ang A,
C[ A] : AZ * g

To characterize the structure of an 0p
cation problem, we must split the produ
some integer 1 < k < n. > sl

A, ; denotes the matrix resulting
szat]
- enthes1Zad
Using this notation, the cost of the Optlmﬂlfi:ﬁ;]tiplying
ing Ay and A1), along with the cost©

1 of an OPt :
ubchain O ally Parenthemzed. If no

| solution tO the mat
s to subproblems,

Note that if A;-Az ... Ak is a prefix S :
m
Ai-Ay-... A, then Aj-Ay-... <Ay [I‘l!.lS[ be Gptltim&
we could provide a Jower cost alternative. An Uli’ e
multiplication problem must contain optimal solu

t! thﬂn
X~Chaip

12

2. Defining the Value of an Optimal Solution Recursively

Let mli, j| denote tpe minimum number of scalar multiplications to compute 4; ;;
hence, m(1,n] is the minimum number to compute A|_,,. Note that A; ; = A, requires
no scalar multiplications; hence, m[i,i] =0 fori=1,2,... n.

Assuming that the optimal parenthesization splits the product A; - Aty -4
between k and k+ ! where i < k < j, then mli, j] is the minimum cost of comput-

ing the subproducts A; ; and A(k41y..j plus the cost of multiplying them together,
Pi—-1PkPj-

mli, j| = mli,k] +mlk+1, j] 4 p. \PkpP,
i~ J

Note that there are j —1 —i+1 = j
i and j. Below is the recursive defini
the product A;-A;;q-...-A;:

j.

— L possible values of k to check for a given
tion for the minimym oy paremhesizmg

N R
nmit, = ) ‘ i
[ J] {mlntik{-f{m[ljk]_*—m[k‘l_ljj]_i_p lf{—-' .1
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e s

3 Comp ute the

/\Opﬁmal Solution Bottom-Up

ATRIX. | |
glutinn, W}EHAIN'-OR DER is a bottom-up algorithm for cumputmf t}: n?i;?;:
of Ai 18 Pi ;: lakes 5 single argument p = {Po, P1,-- - Pn), Where the dl

pf: fﬂrf'_—, 132:...:”.

It uS€s an auy

S ) ..n| to
record the jp liary (ape m[1..n,1..n] to store the m[i, j] costs and s[1..n,1..n]

"X Of k that achieves the optimal cost in computing mli, j]-

MATRIX-CHAIN-ORDER (p)
1. n < length|p] — 1

2.fori< lton

3. dom|i,ij«0 ¥

14

J. Compute the Optimal Solution Bottom-Up .,.sinued

(-.,:u...ac.:.n;
4. forl +2ton
. dofori< 1lton—[+1
6. : doj-1t -1
4, xe|mli, j] < oo |
8. = tork<itoj—1
0. ¥ do(q < mli, k] +mlk+1, j] Pi-1PkPj |
10, if g < mli, j]

Ll Tﬁenmi,j]e—q
12. S[i,j — k

13. return m and s

Ateach step, the mli, j] computed in lines 9-12 depends only on the table entries
ni,k| and m[k+ 1, j| already computed.
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e
———

{ le
MATRIX-CHA]N-ORDER Examp

—

—

<10120, 50, |
(p), where P

Consider MATRIX-CHAIN'ORDER N

16

MATRIX-CHAIN—!ORDER Example .,ninued

The computations are provided below:

m
m
m

1,2,
2,3

3,4

m

m(2,4] = miny<icqa{m|

m(1,4] = miny<xca{m|

] ,3] — I?If!’![i:k{:;{m

— fﬁfﬂlijk{zz {FH
= Miny<p<3{m

— mf”35kr:4{m :

m

m

m
m

+m
+m
+m

+m
+m

2,2
3,3
4,4

2,3

3,3

+ pop1p2} = 10,000
+p1p2p3} = 1,000
+ pap3psa} = 5,000

+poP1p3 = 1,200,
T Popap3 = 10,500} = 1,200

+m[3,4]+ p1papy = 105,000

+m

+m
+m
+m

4,4

2,4
3,4

4,4

T P1P3pa=3,000} = 3000

tPoP1pa = 23,000,
+ PoP2ps = 65, 000,
+PoP3pa =2,200} = 2 200
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B

4. Consty,, .
uctlng the Optinlﬂl SOllltiDII

The fﬂll(}Wi

‘ n
multiply th ]i;tlgﬁrithm uses the table s[1..n,
ICes,

]lwATRI

1..n] to determine the best way 10

if - X-CHAIN-MULTIPLY(A,S, )
e
* thenx .\ ATRIX-CHAIN-MULTIPLY (A,s,i,[i,J])
¥ « MATRIX-CHAIN-MULTIPLY (4,s,s[i, /] +1,J)
return MATRIX-MULTIPLY (X, Y)

2
3.
4,
>

else Feturn A,

ou o
sl “Xample, this computes the matrix multiplication as ((A; - (Az-A3)) Ag).

18

Constructing the Optimal Solution for the Example

MATRIX-CHAIN-MULTIPLY(A, s, 1, 4)

MATRIX-CHAIN-MULTIPLY(A, s, 1, 3) MATRIX-CHAIN-MULTIPLY(A, s, 4, 4)

MATRIX-CHAIN-MULTIPLY(A, s, 1,1) MATRIX-CHAIN-MULTIPLY(A, s, 2, 3)

/

MATRIX-CHAIN-MULTIPLY(A, s, 2, 2) MATRIX-CHAIN-MULTIPLY(A, s, 3, 3)
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Complexity of MATRIX-CHAIN-ORDE

llows:

: as fO
The complexity of the algorithm for2 <[ < nis COIﬂP"wd
n n={+1j-1 (I)
T(H) — 2 Z El
=2 i=1 k=i
n n—=[+l (2
=Y ¥ =0 )
1=2 i=|
n n—[+|
= 'Y (aet=1=1) 3)
=2 =]
n n—[+l
=¥y (-1 ¢
=3 j=1
= i(f—l)(n—H—l) (5)
1=2
n—1 n—1 n—1
= Yu-0)-1=aYi- LI (6)
=1 [=1 =1
& u?(nz— 1) n(n- 1)6(211 -_1_1 0
3 -
= —"dow) ) (8)
\s) =)
Lol "“'P JS_._J ﬁr ]-ni}

| ek P\.h) L wumboer- oF ay P::.siblt W -Gt rices P{nrml-giu..};.., o P SejUincc Ai = Ay
. w \An ﬂm](ﬂw ey
(w) = i ) 3 P(n- \ e

% K‘F’L P(n K} s

e —

e

=...JL- k"ﬂ%"‘") c:.!{)omh'uEJ
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Lecture 12: Greedy Algorithms
Fractional Knapsack Problem a??h-—ﬁ o op i pri_

Fvuekure -
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Yeuh Y re ophual sy

Dr. Khalil Yousef

Adopted from the Slides of the ECE 608 Computational Models and Methods Course at Purdue University
o f"’rim\ Cloices

*—Bﬂmﬁ PrﬁP‘*‘b k@hh\ﬂ\f_ ijrqmj) Glrma Choice—» Ma -—’—-'2 — So\ubien,,

1Y \-‘Hr_ 'erP:_,_ bo reacl, aw "Fh

,El) Cﬂ“ﬂf’ﬂt‘j Pee o rrasy PQ"\... F'ﬂh -, 5-\'3&_ Souree
W ar o ﬂquL

N & Read Chapter 16 of Introduction to Algﬂnrhms
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HV\HPS-qt.._J\EF.L E—tq,f;[,._ ‘ —_ = oy S
T ;» ibem(n=3) « W=solb = 23 Ky
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d—’ ot by 3
fL greedy algorithm makes theﬂcﬁmceithat looks best at the moment, i.e., it makes
a locally optimal choice in hopes of achieving a globally y optimal snlutlnn

o It 15#?0‘1erfUI and widely applicable method, but it may not always lead to the
optimal solution. Pvap s

Examples: L

e-*"ir A Lo
e Activity-selection problem peig e
TuYeer oN|ofF o[ —+ Dy < PT0gIARmY X

e Fractional l(napqack problem ?‘_ﬁ Fems . = i
ppre d;i""bl Y ;ql — E-c-d_—lj
e Huffman coding Uﬂh:; % i T 4
Yty 1,¢,,= elg L

° Mlmmum spanmng tree algorithms\Cast) (Pm-d ) Yo < bresit

Q St N i homs bage) o1 Pre Yahio Uq‘k:f‘
C‘{.:c.d-n...uqs Setcdred Poe fhan Gt qﬁl:,f“

l:w?_fw-} © i lqrj:_;l- rakigs, kil W uth.iadf('
15 Fuy

Campffb : @(Hf_'jh)

° Smgle source shortest path
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thf—i-s— a Greedy Algorithm %?

e \ .
A gfaed algorithm obtains an Optima

solutj : :
seem best at the moment they 3re o 1on by making a sequence of choices

lhEl‘E..-—""'__ en. Thi q i 3 . ver
dﬂf_l.]?i always produce an optima] solution for p‘ thbcu]clnlslug AU o
1S y

There are IWO properties that are
themselves 1o a greedy strategy:
(D(-p E“"‘"’:"I-“"‘;‘J""Shfﬂf_ J"‘W“}ﬁlﬂ“

» Greedy-choice property: It is possible to n':?:lz?']hngﬂlly-t)ptimal choices 1n

order to arrive at a globally optimal solution. Note that greedy choices are made

without relying on having solutions to subproblems first. This is an important
difference from the dynamic pProgramming method

@
N OEtlmal_Srllb_SImcmr_g: The optimal solution contains subproblems which are

optimal so_lutiD,nS to subproblems. This property is important for the dynamic
programming method as well.

exhibited by most of the problems that lend

Greedy Strategy versus Dynamic Programming

To illustrate how to choose between dynamic programming and a greedy approach,
we will consider two variants of a classical optimization problem, the knapsack
problem. The basic idea is to maximize the value of goods in a knapsack, which
can only hold W pounds. Note that each item to consider for packing has both a

weight and a value;

item 1 has weight w; and value v;.
ltem 2 has weight w; and value v;.
item 3 has weight w3 and value vs.

ltem n has wei ght w, and value v,.

Eik“allsack problem: must take or leave the entire item.

Fractional knapsack problem: can take fractional 1tems.
Se I! !
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Greedy Strategy versus Dynamic Programming continued

Both knapsack PTGFlems exhibit the optimal-substructure property:

* 0-1 knapsack problem: consider the most valuable load weighing W Pounds,
[f ' we remove j, the remaining load must be the most valuable load weighing

W —w; using the n — 1 items excluding J.

e fractional knapsack problem: consider removing a We_ight w of one item
from an optimal load weighing W pounds. The remaining load must be the

most valuable load weighing W — w given the n— 1 1tems and w; —w pounds
of J.

Even though the fractional knapsack problem can be solved with a greedy ap-
proach, the 0-1 kna}psack problem cannot be.

Greedy Strategy for the Fractional Knapsack Problem

e First, for each item i, compute the value per pound ﬁ*: and sort the items by this
value in O(nlgn) time.

e Obeying a greedy strategy, take as much of the item with the greatest value
per pound.

o If there is still capacity, continue with the next most valuable item, taking as
much as possible.

e Continue with the next most valuable item until the knapsack is full.

e This greedy algorithm runs in O(nlgn) time.

——

—P Sor Vv
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Gf"’edy Strategy for the 0-1 Knapsack Problem

/—Ihﬂ ackj /m
onsider th€ packings for a 0-1 kpy - . e
Eﬂﬂpsﬂ{;k with Capﬂpity, W= 50 pofnds prﬂblﬂm with the fO”O

qem 13 W1 10,y = $70,7L = $7 \w.a.*)
jtem 2: w2 = 20,v, = $120, % =$6 ravie)

Ifem 3: W3 — 30}1!3 — $135:i13 o $45 qu\-;.] gy
y t0O Small..sii"r—@ =)

RN —i

. The greedy packing: pick item | and then item 2, leaving a capact

fﬂr i[ﬁm 3- The WEIght ].S 30 p(}undS, thﬂ ValllE iS 5190:—# Ward N3 nf""'{m

. _ 1 .
2. A better non-greedy packing: pick items | and 3, leaving a capacity too M piny + 27

item 2. The weight i : o et e
for i weight is 40 pounds, the value is ugi Qﬂ“*"h "‘ Lhis © Sopetis yo )P |2

A op-t im.al non-greedy packing: pick items 2 and 3, leaving a capacity 100 =
small for item 1. The weight is 50 Pounds,mlue is $255.

ThiS PI'Ob: €11 can bﬁ solved USing dynamic prggramming because of the OVEI']HP"
ping subproblems and optimal-substructure property.
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Lecture 13: Q\/Iinimal)Spanning_Tl'(‘-‘?_S

Course Learning Outcome

- Use f.undamental graph algorithms, like traversal, shortest path and
spanning tree in the solution of real-life problems

Dr. Khalil Yousef

Adopted from the Slides of the ECE 608 Computational Models and Methods Course at Purdue University

Read Sections 21.1-21.3 and Chapter 23 of Introduction to Algorithms

Y i . SHE L ¥ e
(AT): @1 55 VARGt awd § v 15wl whon s can happes
QP};M Solmbien 7 PMST* s *-*..H‘.:-Ir_ ﬂ_ i e ?lhiFL i
Crwtaing SNSHinck wu:fjkl-( W_ll_l'.-ﬂ_gﬂir S22 D) -
\U) Uerkic ‘) \ Gz

\U-"I.] MST = G‘t?d‘z:_— MET Xy
\ : =xq;.,.fi'lr. 1) ek

(e L oes o e by evipas
A(spanning tree| S = (V,T), for a connected|undirected graph|G = (V,E =5 an
undirected tree (i.e., connected and HC§CHE) that connects all vertices V wit
\wef YOnac @b EERSITE NE—
A minimum spanning tree (or MST) for a connected undirected graph G = (V, E),
given a weight function w : E — R, is the spanning tree S = (V,T) for which
w(T) = Z w(u,v) is minimized. For example: |

r‘
(H,FJET S - \\Jl T)
—mwue cac\e qy, \eof

-
G lﬁz_f_nﬂ PFT isophowal

Spanning Trees

ot PRpr Miqimize the cost of wiring electronic circuj
Pownd % Apghcatwns —— uits.
\ 52 |

:,;u"_ Lﬁ e mnd
mnﬁ'*@c;-ﬁ.____.-—— __ﬁ-iu;-" ) ri‘_"‘u _l_“p""‘“ LP 3@ '?_lj" :

Tt < — hﬂhipqhh E""‘t_
:;'?3 A = 'li i Kewp "ld‘}':) [S['bp.__;].,._‘ As e njf?ﬁ“m ht) o
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Optimal Substructure Property of MST

o ars

An MST has the optimal
gptimal subtrees.

substructure - i
cture property in that an optimal MST contains

o To demonstrate this, consider ap MST for the

(V,E), T, containing an edge (u,v).

connected undirected graph G =

o If we remove the edge, T is partitioned into two subtrees T and 73.

T; must b — I

'__._% I G e;n MST Ufﬁl_ =W ,E}), the subgraph of G induced by the vertices
of 11 (1.€., V) are the vertices of 7} and Ey={(x,y)€E:xye€ Vi D).

o Similarly, :Tg must be an MST of G,.

o Because w(T') = w ) V) +w(Ty w(7>), there cannot be a more optimal tree
than T; Of_ZQ; otherwise, T would be suboptimal.

GENERIC-MST

GENERIC-MST(G,w)
1,A+— 0 (emeh) iwa
2. while A _does not form a spanning tree =®

A=iPlemr "

3. do find an edge (u,v) that is safe for A
4, A—AU{(u,v)} e "o Eon 4 \ea ey ( Cst)
5. return A 4 e

A is the set of edges added so far to the MST being constructed; hence, it is a
subgraph of an MST.

Each edge (u, v) added to A must be a safe edge, that is, it can be added without
| violating the fact that AU {(u,v)} is a subset of an MST.

The loop in lines 2-4 is executed V| — 1 times as each of the [V| — 1 edges of the
MST is determined. Initially, there are V| trees, with each iteration reducing the
number by 1. When there is a single MST, the algorithm terminates.

CamScanner = Ligd d> guwadll

CamScanner = Ligd d>gwaall


https://v3.camscanner.com/user/download

Terminology for Safe Edge SOM
i ' ENERIC-—MST:

G

erstﬂﬁd "

We need some definitions to help us t e (V,E ) is @ partition of
1

. e endpoint is in § ,
A
es the CE[

ssing the cut.

)ﬂ:;—-p

v (& ®Acut(S,V-S)ofan andirected graph o
e cut (5;V 5)

>
g.“:"} * An edge (u,v) € E crosses th
otherisinV - 8.

‘ - ross
* A cut respects the W@ﬂw

, - e Ccro
* A light edge is the the minimum-weight edg

oA, a
* A safe edge is an edge that can be added to A,
is still a subset of the MST.

cubset of the MST, 5, thay

Example Illustrating Terminology

\\ | eéj"— L‘r’aﬂb Y
Ca)
A={(B,D), (CE), (EF), (FH)y o=t

~ - = - ' 0 = -~ -l
E,U}:_:IJ{::E}J .-—F’J:"l';ﬂ Car J"_;-L'_Ln.) :“'.....'L'] Jﬁ{lﬁb ..,,1_:,?- ﬁ_;."_.l‘:'}ﬁ:‘ L-?_] I Bpy ) N2
Fvee

Boie I

&
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MST: Important Notes:

s
Distinct W_E‘?fi__gtS in the a graph guarantee that the minimum spanning tree of the

@h 1S unique{. Without this condition, there may be several different minimum
spanning t}‘eesf For example, if all the edges have weight 1, then every spanning
tree 1S @ minimum spanning tree with weight V — 1.

MST: Important Notes:

e For Greedy algorithms, there are efficient means to identify safe choices of the
edges; Prim and Kruskal Algorithms.

e For MST, we find a safe edge using the lemma: Given a set of edges A that 1s
part of MST A and a cut (S,V — §) respecting A, then the light edge crossing
the cut is safe.

e Given a set of edges A that is part of MST, the set of these edges is not necessary
connected. For example the edges in the MST shown below is disconnected.

A={(B,D), (C,E), (E,F), (F,H)}
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MST: Important Notes:

e,

e The MST actual algorithm doesn’t developed yet, bcf-_?ﬂUSE IZIOW thb find a ¢yt
and how to find a lightest edge. The following algorithms describe the safe

edge but use the same Generic MST.

— Kruskal’s MST Algorithm
— Prim’s MST Algorithm

10

-

: . . Ke-5e ave o\S30CAre)
P ﬂﬂﬂimsji‘b .SF'-'-“"-' C}Iﬁjm-x‘r Sek op eqha. ?';ND'ISET TN L 3 o0 B
Uhiot Tiwe Cowp !::.a.,;}y

| T ofeation will e dUsed
i Awen to suve pPagl we add

E'c'l ﬂ"""'q ttﬂk}- qm& qu.c Ea_‘ﬂ':.

Kruskal’s MST Algorithm

Repeatidly:
Add (Update partition (tree) by UNION (u,v)ie. A=AU {(,v)})
til_;lightest (lowest weight edge)

legal edge to A (doesn’t cause a cycle to A; Question: how to find this edge;

This edge should join two different blocks Gf__tl'lipal‘titi(}ns (trees) satisfying
the condition tqa(FIND-SET(u) # FIND-SET(v) )A

[eep <13200Ls
Jeep Sl

Note that UNION (u,v), FIND-SET(u), FINQ-SET(U), and others are operations
on a disjoint data s}ructure. We will now describe some of these operations.

..-“'"
o %
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Kruskal’s MST Algorithm

=

Disjoint Set Data structure operations:

B \eassey 383 )
o MARE-SET(x): adds x to the partition, extending the domain.

o EII\T_I?-SE_'L(x): returns the re
partition block canEining X

N
. ENI&(«E}’): combine_the_partition_blocks for x and y and choose a new

representative element for the combined resulting block.

presentative element (name of the set) of the

Running time cost: A sequence of m operations on a disjoint set data structure runs
in O(ma(m)) time, Whﬂl‘ﬂi a(m) K 4 (extremely a low growing function)

\C o “iYour Fiwe l

Sﬂrl:_;_.}gaﬂ-:l l.-*'fjh‘l" _[1_-:3 e_).ii "}JM

s, WD_(g5) = p= s
b f;.".".-___j‘if—- A MK@!D) 3
@ v‘"[mE} 1
IS H{A;EJJ

C "h'_'i}: &= ¥ LAIL} 6
n == ) |\DrifF) 2

e __EE_';__":‘_'-:E-_*_LQE:H) "'#LEF'GI‘I' SSPES, -
= Cvple
(1eop ) X (Amo) 1o
" X \Al) Y ﬁf-“ngJ;Kﬂ,-DJ;!taE],
Kruskal’s MST Algorithm (gx _7J ) v (Fei) 18 (AE ) (DAFNEG)
el G \_‘-[.-5 =2 +24Y+S5S+8t9+is = Wedqw)y & thHJI
\ME3T /=

This algorithm finds a safe edge to add to the growing forest by finding, of all
the edges that connect any two trees, the edge (u,v) of least weight. Let 7} and
T, denote two trees connected by edge (u,v). Since (1,v) must be a light edge
connecting 73 to another tree, Corollary 24.2 implies that (u,v) is a safe edge.

MST-KRUSKAL(G,w)

1.A<0

2. il‘;}r each vertex v € V[G] _  amph e sEs

3 ) dD[MAKE-SEﬂ(P) L ‘ibh:a \ S e Sedae AN
v e £385 2\ EZ: (Sort|the edges of grl:;é' non-decreasing weight w K 3“5;5:,3 NP L)
A1 5, for e:_mh edge @v) € E, inorder of w 35 «—’—’BKE_{:, E)

6.  doif FIND-SET(uAFIND-SET(v) side

7 ek then {ﬁﬁ__{;—-AU {(”111)} #Ltd.l' bf.lu.-_:w_
8. I'_],:NION(H’ V) PAr\ \mir\-.m-r: }
9.|return A ( i Jeop
B T s ol
e A
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MST-KRUSKAL Example

(=
"’fkq":) ;' X \dm) \2
\Cie
C | A0
w’\hﬂ-] S Xkﬂ }
X \“ib) 2 wal "uc.-t'.'.hc.df-‘ﬂ.}_
:{ U‘ht—] \&

SN oa 11 SAUSTESEC G
K\r:.:ﬂ}"-\ S B --

_ACIF) |6

Kruskal’s algorithm run on the example graph. Thick edges are in A.

hitpfwwew o wine eouelTemm hing™ T Vinotes' | ms pdl

F |
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16

MST-KRUSKAL Running Time

If we use union-by-rank and path compression in our disjoint set implementation,
the time to execute MST-KRUSKAL is calculated as follows:

e Initialization: @(V)

e Sort E edges: O(E1gE)

e Perform O(E) operations on the disjoint set forest: O(E a(E,V))

e Total: O(E1gE) (because G is connected, |E| > |[V|—1)
Bl e

Note that((m,n))is the inverse of/ Ackerman’s functiglﬂ(a fast growing function),
and as such it is a very slow growing function. Note that a(E,V) < 4 for all
practical purposes (covers numbers as high as the number of atoms observable in
the universe), and O(E g™ V) is only slightly weaker than O(E I.’I(E, V))
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) o ;
Jevw Sia\er to BF il use A @“‘“"
rb s t E:—'EL“ e T—-ﬂ#b : us Fick de “}’r ““-'&jk's,

Prim’s MST Algorithm Fam) and sufe edge
@\.&ki ) Funeljow Eer an e Veorbices 2

h‘::uﬂ (TR §. P ‘Hﬂ*"“@"r”
bo W P wmive . welglir oF auy edgeconwestin Yo V Frows Uaikices e

.Y, The algorithm uses a queue, Q, To select an edge t0 add to A. For each vertex
BV

o i key[v] keeps the minimum weight of any edge connecting to V from vertices in the
“s= tree, and 7[v] points to the parent node in the tree. Initially, key[v] = eo.

—

WX g yses TLWD Porer Runens,
ady. L ko peiny ke Wue Paret pode
=9 o A MST-ERIMIG ) i Tres st
_Gj‘n“: E \ P§ 1- Q B V[G] k gﬁ AL : @-P I"‘f"i" Yo Ve H13ﬁ'r;\ﬁ-w-.
2 ;L; 2. for each vertex u € Q rphch % uwdirected wrap
s 3. dokeyfu] - e (€110 V¥ witee Swm i
o SSVace 4. key|r] < 0
pw?‘l*r;;"' Ry ::)—1- 5. 7t[r] <= NIL ( sowe) 97 DEG . 2
2d 22 ot (6 While 0 # 0usmgmee 55 7 g
PRl do u + EXTRACT-MIN(Q)
P es £ 8. for each v € Adj[u] = \exx)?' >
iy e 9. \ 4 aptaydo if v € Q and w(u,v) < key(v]
iy " oo O T R e —
)Haykrﬁ — (Pa _
PREE: ey BTt key[v] ¢~ w(u,v) —»Dec ke
ulritey : Fibewsi bW T 2 ‘E;'-c"f““h |
Aetheer > o - Tinae onpletts Froally Seo) — \| Fp o
Rt ‘I—P f“ \ 4 Toral = Vigy + Eb\l) = Ulyu+f
goeffwetalb [T 1 V) o Sy dre) (b))
N e O | co | |ao lao |ao' |5 T2 ik e 3
isrome D = ‘i #ul @l = |y ' ¥ .
8¢ = (e ||| i | wit [wic [ an o Exbecr _uin ()2 0\y)
-

Consile 1\?3-1'5 HMP -L—pDﬁf_fﬂ's'__lljl_J - GLL'J”)
om ¢ Cei h#_ﬁ%{t"‘f =D Q‘:‘H]
ecreeues ol

During the course of the algorithm: ols e facr ¢ K9

MST-PRIM Discussion

A={(vrl]):veV—{r}-0)
At the end:

A={(v,x[v]):ve V-—{r}}

MST-PRIM starts with an arbitrary root r and it loops until it constructs a tree

; i f V. At each step, a light : ‘
spanning the vertices O p. a light edge connect g
a vertex in V — A is added to the tree. By corollary 24 Ing a vertex 1

: 2, the algorithm will add
only edges that are safe for 4, so the resulting tree wil) pe 4y, MgsT The strategy
is clearly a greedy one, since at each step, the tree 1S augmented i til edee that
contributes a minirpum amount to the tree’s wejght TR

/
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PRIM’s algorithm mn t:m the example graph. Thick edges are in A.
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MST-PRIM Example .,,im0d

22

MST-PRIM Complexity

R

—

The running time of MST-PRIM depends on the implementation of the priorty

queue selected.

\ & @ QECREASE-KEY runs in O(lgn) time.
o Initialization: O(V)
® ]::,_'XFTRACT-MIN Operations: O(V IgV)
o DECREASE-KEY Opﬂrﬂtiﬂns:m‘/)
o Total: O((V +E)IgV) =

—

—

\& wiwﬂfﬁp (see Chapter 21): DECREASE-x
| EY runs in 0(1) time.

o Initialization: o)
o EXTR&CT—MIN Operations: O

P T (Vg V)
- DECREASE-KEY Operations: O(k) ~
. Total: O(E + VigV) =
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Lecture 14: Single-Source Shortest Path Algorithms

Course Learning Qutcome

hortest path and

- Use iiundamental graph algorithms, like traversal, s
spanning tree in the solution of real-life problems

Dr. Khalil Yousef

Adopted from the Slides of the ECE 608 Computational Models and Methods Course at Purdue University

Read Chapter 25 of Introduction to Algorithms

The Shortest-Paths Problem

e
L
A shortest-paths problem, given a weighted, (directed gfﬂpEXG — (V,E) with
o weight function w : E — R, is to find the shortest path betwee : ) ?
vertices, i and v. n two arbpitrary

Examples:
Determine the shortest route from Aqaba to Irbid,

Determine the shortest distance between two Intersections f
| rom a street map.

This problem is a generalization of breadth-first seare

In BFS, the weight of each edge is 1. h to handle weighted graphs.

Edge weights can Fe interpreted, instead of ag g Stane
€S, as

elc. tme, cost, penaltif:S:

<&
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Shortest-Path Terminology

R

The WEIEh! ht of a path p = (vg, vy, ... ,Vx) is the sum of the weights of the member
edgES: o j R &k,
oo LA
Qaca paps 2 W(p) =

\ e S pans <> =)

w(vi-1,vi)

M- £

——

S
The shortest-path weight from u to v is defined as:

\ - ("‘;;“'r—-.a-ﬂ‘h
@(j:v) = { w(p) : u~~ v} if there is a path from u to v
%E;;ij- \ ‘m‘rJ = ("P"~ Cel) otherwise. ( patb s 14 )
- - Pav. 3
(2) 77 Starbest 213, (Mt

A shortest path from u to v is any path p witth( p) = 0(u, v)\

The{Single—Sour(_:_e hortest-Paths Problem and Variations

This lecture focuses on the single-source shortest-paths problem: given a graph
G = (V,E), find the shortest path from a given source vertex s € V to every other
vertex, v € V. There are many variations that can be solved with the algorithm for

this problem:

S—> ¢
(e 1 S2S@— 9 _ .
Single-destination shortest-paths problem: Find the shortest path to a given des-

inati om anv vertex v. (Compute G’ and use the single-source
tination vertex ¢ fr y ( p L, Trmﬁmjg GT( e

shortest path algorithm with 7 as source.) ¢, g g :
2 e ——
G( UIE') © (<] . T"‘-ﬁf‘;* G (< GT
Single-pair shortest-path problem: Find a shortest path frgm u to v only. (No
3 for this problem are known that run asymptotically faster than the

algorithms '
best single-source algorithm in the wors case.)
: ‘ | o an M :
S F:-Jéts‘ril t_ll:l hbr’ﬂ)—g -t = \f’tff'(“m - 1)._1

i -] 'a"fhfifﬁ_.mblems: Find the shortest path from u to v for every

All-pairs shortes - .
_'f)—aﬂi_r_o-f vertices « and v. (Can use the single-source algorithm for each vertex,

but it is best handled as an all-pairs problem.)
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A Single-Source Shortest-Paths Example
'\x[}‘irg_d.}l- weiaked ) et

—_—
Q{hffﬂ St,‘?'h\'l'ff_;]

2 2 A & P LT

q PR MV ‘
wlu :kﬂirﬁc})ﬁ—‘ﬁ D
L

o &Sy = As 0B (B 10

-7‘{-@ - e Q-—pt—ﬂ)"g’ \:Bj

a;l}m..q_ ‘J\t’llf
h} T i-""-‘-”ﬂ'm.r--m.)

Cuvrely o PN St
:::Jluﬂ-'» » Hfﬂk‘r)
: o W
Pr_:r.u._ -5-"”....1.'”‘” @ y
=),
- Py i roblen IDDiIJfstrels =it has Ve Siuailswr
jD I.I’D.-;} h-.-lu ?p}t}'“brg;mp Jﬁ‘_ﬂﬁ“ lhﬁhaq;?;h e B':’H“'
@ ::P}‘uu- Su S e 4 &J Pr‘fh.,‘g AMsST ﬂ--E——F.I ﬁ‘l'j
@ C‘%i‘ﬂ C e : @lem%(_g:h}rﬂﬂ-ﬁ_l T_ﬂg__k f- \ﬂ; N PYFAS)
Frd/ﬁ"}r

A Representation for the Shortest Paths

_.—----

We typicallywatkip ot ute, not only the weight of each shortest path, but als0
the vertices in each shortest path.

As in the BFS algorithm, the shortest-paths algorithms will, for a given graph
G = (V,E), maintain for each vertex v € V, a Predecessor, 7t[v] (has a value of
<ome u € V or NIL), so that PRINT-PATH(G, 5,v) can be uge( ¢, print the shortest

path from s tO V.

The shortest-paths algorithm will use a predecessor subgraph, G. — (Vi Ex) o
duced by the 7 values, such that: » Uy T

Ve={veV:ah] £ NIL}y )

E,= {(ST[V],L‘) €E:ve VH:“{S}}

that the 7 values produced by the shortest-

have the Prﬂperty that G?I IS a Shortest.pat

shortest path from s to each vertex y ¢ e
I

We shall prove
they terminate

¢ containing 4

. 1)
Paths algorithms Wh"'t
hs tree, a tree rooted ®

achable from s.

P
"

-
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Shortest-Paths Tree

Let G = -(V:E ) }'Je a weighted, directed graph with weight function w: £ — R with
no n_egatwe-wel ght ¢ycles reachable from s € V, then a shortest-paths tree rooted
at 5 18 defined formally as a subgraph G’ = (V', E’), where V/ C V,E’ C E such that:

1. V' is the set of vertices reachable from s in G.

!

2. G' forms a rooted tree with root s.

3. Vv € V', the unique simple path from s to v in G’ is a shortest path from s to v
in G. |

Because shortest paths are not necessarily unique, neither is a shortest-paths tree -

always unique.

Optimal Substructure of a Shortest Path

The shortest-paths algorithms exploit the property that subpaths of a shortest path

are shortest paths.

(Subpaths of shortest paths are shortest paths)

Lemma 25.1.
he book

The proof 1s providgd 1n t

ee
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Shortest-Paths Algorithms: Initialization

_—

The single-source shortest-paths algorithms operate on a weighted, directed graph
G = (V,E) and use two arrays, 7 and d, to calculate the shortest paths from s tq
each v € V. When the algorithms terminate, forve V, @ [v] is the predecessor of y
in the shortest path from s to v and d[v] is the weight of that path.

The following routine is used by the single-source shortest-paths algorithms to
initialize the arrays:

INITIALIZE-SINGLE-SOURCE(G,s)
1. for each vertex v € V|[G]

2. dod[y]

3 mt[v] < NIL
4.d[s| 0

Shortest-Paths Algorithms: Relaxation

The shortest-paths algorithms use a technique called relaxation. The basic idea is
that d[v] is an upper bound on the weight of a shortest path from source s to v, and
as such is called a shortest-path estimate, which is reduced from oo yn(il it ﬁ;lally
reaches the shortest-path weight value 6 (s, u).

RELAX(u,v,w) updates d [v] (and ;'r[v])dby examining the impact of the weight of

2ls) = 3ty
edge (u’v)' ' T"‘FF” Band on Mo Jiskace

% Ls.qﬂt""".ﬁ‘- \J 5 e T
= aluw) T2 :-SF“’_lé_nn't-q
RELAX (1,y, ) I Boed 008 o[ By is
_ Sowce 2 L Of d[v| > dlul +w(u,v) s w.“""";ﬁ')
g_ . f_ L &‘“’“\b T— d q;l,.'ﬂf‘-
L 2 hen ] AW T (i) | Romeane, b b
itbaint g B e e -
c}[,“j) a[_u}'r wlvd u:j y).da! - HPJ’H\-
= : ; AP dn v
WP¥e | 4 Qivam WPy STYEE i parer) L
‘Pu..ﬁ-'r L:_-‘quw'd

~—= Relaxation isthe only means by which shortest-pa(p €stimateg

change once they are initialized in all of the single- and predecessors

Source ghorte :
; St- 1go
rithms. S

”
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Shortest-Paths Algorithms: Relaxation
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Lemma 25.4. Let G = (V,E) be a weighted, directed graph with weight function
w:E — R, and let (u,v) € E. Then, immediately after relaxing (,v) using
RELAX (u,v,w), d[v] < d[u] +w(u,v).
Proof:

If d[v] > d[u] +w(y,v) just prior to the call RELAX (u,v,w), then d V] = du] +
w(u,v) afterward. On the other hand, if d[v] < d[u] + w(u, V) just prior to the call,
then nothing changes.

Lemma 25.5. Let G = (V,E) be a weighted, directed graph with weight func-
tion w: E — R, let s be the source vertex, and let the graph be initialized using
INITIALIZE-SINGLE-SOURCE(G,s), then d[v| > 6(s,v) for all v € V, and
this invariant is maintained over any sequence of relaxation steps on E. Once d|[v)

achieves its lower bpund 0 (s, V), it never changes.
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Dijkstra’s Algorithm

__———-_-_-_-___

MK

e Dijkstra’s Algonthm uses a greedy strategy together with thea [assumption of no

negative edge weights to determine the shortest paths from a SOUICE vertex s in

a weighted, directed graph G = (V, E), represented using adjacency lists, to all
veEV. u d-.-:"-t'_ o

= graf" ¢

e The algorithm creates a set S of vertices whose shortest-path weights from s

have been determmed & o) vervites h‘
|’I }\['j 3
\ b\ ;_},.r “.,-I-)Js—‘ 5 thr-ﬂr“""'” ’) Fh,shui-ﬁ e SMTEE_TL

5‘* ““"" e The algorithm repeatedly selects the minimum vertex from a priority queue Q,
Lﬁ)"’ / containing verqs::es inV — S keyed by their d values.

23 -

e It is like BFS except that it uses a priority queue, keyed on d. It is also similar
to MST-PRIM. S ity enphy cxeph P e Soure wode_

o o
D - S'ﬂ}thu ) iwSeryre d w-..np'f “5‘\""*&#—-_

(Jn-ﬁh. \-MF-‘ l

12

DIJKSTRA(G,w,s)

DIJKSTRA(G w,s)

-5
ey FOM L D22 . INITIALIZE-SINGLE-SOURCE(G,5) Dista =
C\) 3 & el 2 S L @ k [T nkb E‘“?Jx Poaven ) = Nt\

4——-'3 Q‘:‘V[G] L w’h‘{‘ _'ﬁ'g_s) N e

e . while Q#0 \ R :E’E:jhu

,z* Q, do u_<—4 EXTRACT-MIN(Q) L
‘3) E 6

1

) S« SU{u} L RO TV
\yo /22 for each vertex v € Ad ._v|u|
kﬁw"‘j prE " () RELAX (u,v,w) — &

ljﬁg k : g’uh wa Ay a8
Y M bLgyang
\a;_g_)@ L& LETAN S o)
Vv + Eay
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g duale -
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DIJKSTRA Example r
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Running Time of Dijkstra’s Algori hm
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EXTRACT-MIN:

|V| times.

DECREASE-KEY: |[E| times.

e worst case running time of DIJKSTR

A can be characterized by the

Hence, th ‘
equation |V| TEXTRACT-MIN T |E| TDECREASE-KEY
0 Tex TRACT-MIN| /DECREASE-KEY| Tﬂtil
e et CTRAC -V
rray_| o\V) i o) QWA
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The Bellman—FanI Algorithm

/ | ——
BELLMAN-FORD(G, w,s) is a single-source sjwlrtcst-paths arllggﬂihl(l;ﬂ;i)t %ﬁh
*"ports negative edge weights. Given a weighted, directed gr::lf and onl if ther :
source s and weight function w: E — R,(it_r_eturﬂﬂ 380008~ ﬁn&%ﬂ
no negative-weight Cycleyreachable from s (a boolean o e .
that no solution exists becauseﬂ]ﬁmg_ﬂti“e'wmght Cy@)

BELLMAN-FORD(G,w;s)
wivw 5 | [NITIALIZE-SINGLE-SOURCE(G; ) 6V
wemvin €2, fori« 1to |V[G] —(1 )-:9 ;[G] »
e 3 do for each edge (u,v) € L|U] ) &
i W SN do RELAX(1,v,w)
o porfam OM vircre 5. for each edge (u,v) € E[G]
Velaxake L. doifd[v] >du] +w(u,v)

=\
N \n"“‘:”h

F—-——'

[ D . turn \FALSE

et e : return Tglflrliire lll"ll\lf (
%ﬁ?\ 3‘

e _

T'I“"'— Cﬂhf'-ﬂ:b: GQJE)

BELLMAN-FORD Example

—=L S e

Consider the edges in the following order: (4,B), (4,C), (8,c), (8,D), (D,B)

(D,C), (E,D), (B,E).
(0)

.f'"-j
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( The Running Time of BELLMAN-FORD

INITIALIZE-SINGLE-SOURCE takes ®(V) time.

In lines 2-4, there are |V| — 1 passes over E edges, which takes O(V E) time.

Lines 5-7 takes O(E) time.

Hence, the running time of BELL%FO RD is[QLV_E)!: )

A 1=\ tae ) 23] Y Jre\ar
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