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Chapter (2) :- Kinematics of particles :

- static : deals with bodies at rest/equilibrium
-> Dynamics : / "I in motion

I
Kinematics Kinetics

- dan
S W a S ~a

(without force) (with force)

-> particles : point or a body of zero dimensions .

-> Rigid body : distances between points before and after motion

-> motion : 1 Rectilinear motion : it refers to a straight line

y
M

I
>X

* curvilinear motion : it's a motion on a curred path .

I L

~
B Rotational Motion :

-Y

>X



& Rectilinear Motion

8 AS A
/

An
-

A

1

1

AS = S'- S = displacement

S = distance

v =
= velocity

a = b

* Distance (S) : Scalar quantity
total length of path over which the particle travels .

A Displacement (5, DS) : Vector quantity
change in particle's position .

+Ve - move to the right
-ve - move to the left

A speed : +Ve scalar quantity

speed - tance = adistancesi (m/

A velocity : vector quantity

velocity = Acement (m/s)

↳
can be + Ve or-re .



Basic equations
(with non-constant acceleration)

Iv =

t

2 a = A
B a = 12

⑭ ads = vdv

with constant acceleration

-
can't be used

& V = Vo + Act if the acceleration
is not constant.

% v= v
+ 2a

,
(s - So)

* S = So + Vot +' Act

-

as V = & = 0t2 - 24 = 72

6+ 2 = 96

EEYS (we don't take the negative y

because time can't be negatives.



b) a = 1 = 12t
- changes with

time I can't use it with equations (-E)

30 = 6t2-24= Es

a= 12(3) = 36m/s2

c) SIt= y
= 2(4)3 -24(4) + 6 = 30

Solz=1 = 2(1)3 -24(1) + 6
=

- 16

1 = S -So = 30 --16 = 54m

16 A
-W *

ne
54

-

VE 400-16t2 (mm/s)

from I

v =

t
ds =
Udt

S 6

(ds = /(400-16+2 &t
So = 0 o

3-So = 400t-It
S = 1240mm

S = 1 . 240m



↳ plane curvilinear Motion
(it is motion along a curved path in a single line) .

↑
↑

-I &

... ↳
Hir

- V-
-

-> coordinate systems :

t
1 Rectangular Coordinate (X-y)

& Normal - Tangential Coordinate (n-t) A

xB polar coordinate (r-0)

&4 Rectangular coordinate (x-y)

~Y the tangent is

in velocity
Y

- -----

y & s A
...

"~

X

7vectors- I
= x i + y Y

I
+ = xi + I

a = xi + jj



at y = 0 = V = ? magnitude and direction since it's velocity .

a = ?

y = 100 - 4t2
0 = 100 - 4 +2

Es

Vy =- It
,
at 5 sec = - 40 m/s

Vx = 50 - 16t

vx (t = 5) = 50 -16(5)
= 30m/S

v = vx i + vy 5
= 30 - 40

IV1
= ((-401



problems 212

a

/
400

V = 400-1672 (mm/s) I
t = 0 - 6 seconds -S 5 6

I >t
-

d
no negative

v =& = 400-16t2 time

S 6

Ids = 400-16t2 &t

S-So = 4005-16t3].5
- = 1248mm

= 1 : 248m

Distance = 115 , 1 +1Sel

=? 400-1672 dt + 1
you-16tdt

=Yoot-16
,
t ? + 400t-Lt],

=11333 . 331+ /1240-1333 .33/
↳> absolute value

= 1333. 33 + 85 . 33 because we want

total distance not
Distance

=
1418 . 66 mm displacement.

-

=1 . 418m



tAc= ?

X = 10 COS20= C - 4

y = 10 sin20 = 3 . 42

~(ft/s)a

i- To e
~

13.41- Be L
I

"
A I

from 1 1. 49 t

S = So- Vot + yat
(S)

from ABB 10 = (0xt) + 12 * & * t2 -> released from rest
.. Vo = O

10 = 4 .St2 -> +2 =
1
4. 5

t= 1 . 495 (time to reach
B

point B from A) .

from &U = Vo+ At

V= 0 + (111 -41)
V = 13 . 41 ft/s (velocity when the car

reaches point B) .

velocity from B to < because S (ft)

0is constant : VB = Vc velocity is 22-
:acceleration = 0 constant

slope fromBeEV ...10 -

VB = Vc = - = 13 . 41 =

t
I

St = 0 .094s : t
,
-t = 0 . 894

A
1

. 41 2
.304 E

tc = 0. 814 + 1 .41 = 2.304s [s)
-~



~
↓

↓At

S/M

area gives displacement
1 .5 -

15 = 1 * 0. 5 x 3 = 0 .75

07s- 57 = 0. 75+ 30 = 0.75-2

I I = 1 .
25

0. 5 I is

V mysM

si:
I Ct

, S05 I 2

- I for t [0 .5

6 - i i
a= - = = = 6

for Its 2

I a= Eit = - Y
0 .5 2

-Y-
!



a= 0.3g = 0-3 A 0 . 98m/s2 =
2 :74m/s2

= 1 . 66 ft/s2

from # SAB= Vo AEAB + YeGABAE

10 = YAtA + /2 (9 . 66) (t)

-AB = 1 .083s

from $ Vi = VA + AABEAB

= Y + 1 . 66 A 1 . 003
= 14 . 462

from E1 Vi =NB + 2 ABC A SBC

0 = 14 .4622+ 2+ Upc A 12

comes at rest d

apc = - 0 . 714 ft/s2 .

Vc = NB + ABC A tBC
0 = 14 . 462 + (- 8 . 714) EBC

tBc = 1 . 665 total = LAB+ tBC
= 1. 083 + 1 . 66

total= 2
.743S



-> projectile motion : (motion under gravity (

ax = 0 - no wind as if 1- 3

Vx = VX
, o Ve = Vy, 8 gt

IX = No + V,ot E y = Yo + Vy,utG'b 9t2 W

if ax I o V = Ve? 02g(y-y0)

X = xo + Vx
,
ot + b axt

Vxo is always stant Vy. is always saging

x direction y direction

iY
vy V_,
I -' I

W
---- Vx

-

Vy, 0 = Vo sinc 7
~ ↳ i W

I - Vy Y
M=vocoso

-

>X



problems 214

X=
2 t3 - 3t

④I⑤ X = 6t2- 3

*At * =
12t = ax

& t= 0 - y = 4fHs & y =
0

&t=2 -> IVI= ? lat ?

y = 4t = dy

A y = (aydt = / 4tdt = 2+
2

+ <

31=0

= Yft/s :: y = 210)+ c = Y
.. c= Y

...

:

= 2t
2

+ Y

IVI=2+ Vy (3)+12(t2) +4)2Vx I

= (3 + (2(2) + 4)2 & at t= 2

IVI = 24 . 2 ft/s

Ia1-a = C4t)2
-

Ia1=82 >
at t= 2

1a1 = 25 . 3 m/s2



y = 4t3 - 3t

j
=

12t- 3

i = 24t

& t= 0 -> Y = 4m/s

& t=1-> IVI
,
la1= ?

x = 12t

x = (Ydt=) 12t dt = 6+2 + c

x1
=0

= 6(0)2+ c = 4

.. c = Y

.. x = 6+
2

+ 4

-IV = vx + rY = 1 M+ (121t12-3)
<@t= 1

-9

IVI= 13 .45 m/s

1a1 :195 = /(124t)2
@t= 1

=242
(a) = 26 .0m/s2



36 in = 3 ft
6in= 0 .5ft

g =
9 .01m/s2 = 32 .

2 ft/s2

+
-

~

D .- 3 .5= 5

B
↓

J = 3.5 I& 6
.

"

C +Y

XB

no wind : ax= 0

B S
XB = XB0 + Uxo tB XBo = 0

XB = Not B

vo =
- ...E

Y = Yo+ VepotB +
-9t ... po

= 0

Veg
,o

= 0 /served horizontally) .

Y = x2gt2
S = / (32 .2) t

.. +p = 0. 5575

.. from U
VxB = Ep = 557= 70 ft/s = v

② Y = Vot + 19t?

8 .S = 1g t2 = :. t = 0. 727s
C

Xc = Vxotc 39+ S

L-39 + 3 = 70 A 0 .727

since there is no acceleration
S = 11 . 89 It on the x-axis means that

velocity is constant . (VAx= VBx= V(x)



&)!)) ?⑰.⑤.15 m/s

t
the flying time is

posing
-> Vocosf

3
. 05m

42. 15m

wate

4. 11m

Y f = Yo+ Vot - -gt2

3 , 03 = 2 . 15 + (7 . 15sinf) (0.
107) - = (1 . 81) 10 .

187)2

-57°#

OR8
X = Xo + Vot

4 . 14 = 0 + Vocos8 t

4 ,14 = 0 + 7 . 15 cost (0 .107)

cost = 4
.987

O = cos(0
.107) = 54 = 53 :

578



150m eu

+y

ax= 0 . 15 m/s2

maximum
* 150m- neight

Vx,o
= 0

y
(vertical)

+ X

vi = V% -29(y-yr) at max height
Vy = 0

0 = Ny
,
0 - 2(1 .81)(150)

Vy , 0 = 54 . 25 m/s

Vy = Vyo-gtB

0 = Vyo-9 .81tB

tB = 5.535

oXB = XA + XAt+ Eat initially , velocity =0

xB - XA = /2 (0 . 15) (5.53)2

8 = 2 . 3m



Vo ~ VOCOS&
↑

Es
2 ↑

Vo Sinx

88.
A constant horizontal
acceleration = 0 . 15 m/s2

<Vy = 0

(max
a

+Y
2gy =

No cos heights

y =

z

vo= 54 .25m/s

from previous
3 +X question .

y = 150m

which is the maximum

height ,

* The shell would reach its maximum height only
when fired vertically up and at maximum height
vertical component of the velocity is zero .

Vy = Vyo-gt Vy = 0 (@max height)
vyo = VOCOSX

0 = VoCosx-9 .81 t

No cosx = 1 .81t--(1)

X = Xo + Vot + be axt * X and Xo = 0

o = 0 - Vosinxt+Y axt2 because we want

to launch the shell

No sinx t = (0 .5) (0.15) t2 up only change in y)

Vo Sin x = 0 . 075 A -(2)

Divide (1) by (2) to find the angle

VocOSX
=

1 . 81 t
-> x = 0 .44

vo sinx 0 .075t



⑬ Normal - Tangential coordinates .

tangent to the

~ path

perpendicular. direction of
An-E axes are

-
↓ the t-axis in

I " V
Atotal increasing

m ⑧
un displacement.

7
Ototal I

it

"
& & inflection point

(no normal (=0S] .

A Normal vector is always
in the direction of the
center of the curve . what's the difference between
- -

x-y and not coordinates?

X-y coordinates are fixed,

-: an + + = a= an + At while not coordinates move

along the path w/ the

particle .

an= = normal acceleration

b = Radius of curvature
/from center of mass of an object
to the center of the curvel

.

At = i = S

A circular motion especial case of curvelinear motion) .

↑ Ir ~at

X PoXan ↑
where Gang arceration

.

at a



an
a

2

E
t=Ch I

In
al

a is wwys between
VA = 100km/h -

~ and t vectors , t

Vc
= 50 km/h =
tota is to the left because

it's deceleration .

an = 3m/s2 < - total acceleration

P = 150m

I lan = =E V
= V + 2(a+7 (sc-5A)

AA

(13 .811= (27. 8) +
2 at (120)

(a)= Lans+(at
* at =- 2

.41m/s

1352 = (an)I+ (cat)?)

(3)2 = (an)2+ )-2 . 41)2S
#2. 4192 = (an)A

(an) =
1 . 785 m/s

② =? Constant ⑬ (a)c
acceleration

y
(at) = - 2. 41m/s2 = (at)A (Ct)c = - 2. 41m/s2

2

Can)B = B =
B = (an)c = B =
( = 1 . 206 mis

150
-

.. B = - 2
. 41m/s2 (a) = + (1 .2

=> 2 : 73 m/s



problems 215

an = 0 . 08g = 0.80(9 .81m/s2) = 0 . 633 m/s2

An= 1 => v2 = Van
r

A for car A :-

v2 = (16) (0 .633)

V= 11 . 75 m/s

A for car B8-

V (21) (8633)

V= 13 . 46 m/s



vector a , - it is pointed in the same forward direction as the velocity
vector . Therefore

,
the speed of the car will increase and

there is no change in path curvature of the car·

vector de : it is pointed towards the left in the forward direction
with the velocity vector forward, therefore ,

the speed
of the car will increase and the car will turn to the left .

Vector as : The speed of the car will be stationary and the car will

turn to the left
.

vector ay : speed of the car will decrease
,
the car will

turn to the left.

vector as - speed of the car will decrease
,

no change in
path curvature.

vector as : speed of the car will decrease , car will turn
to the right .



- · Fam
, at

anf= rom
X

2

a
*

= an + at

A at constant speed
the tangential
acceleration (at) =0

a = an = 0. 4g = 0 .4(9 . 81m/s2) =
3 .924m/s2

an = E

V =a
=
x24)(90+2) = 19 . 81 m/s



* velocity increases
uniformly=
acceleration is constant

--

-

&B- 0.6

0. 6I

50km/h +8 = 13 .89m/s A

100km/h * 0
= 27 . 78 m/s B

AA = AB

Using Kinematics equation for constant Since dA=AB
acceleration between point A and Bo

a = an + a
VB = VA + att
27 . 70 = 13 .81 + At 10 14 .95) = a + (1 .31)2

At = 1 . 39 m/s2 an = 4 .75 m/s

PA = 40 + 0 .6 = 40 . 6 m AnB=
V

PB - 0 . 6

A
a = an + a = E + at

PB-0 . 6= (27.
78)2

at=(894= (1 . 30)2 (4 .75)

PB = 163 .
1 m #

CA = 4
. 15m/s2



- -
O

anSinf
-y

Tan

I
18

S -X
+ X ⑦Xt At sin⑦

An LOS &

~ y

E

de COSO

n-t coordinate

= Tn + at

= In+ it =
r8? + rot

= Y(4)n + Y(4.025) -

· a = 16n +
16. 1 t

X-y coordinates

ax = - At sin8-ancosO =-16 . 1 sin (60) - 16cos(60) = -21.14

ay = Af cos8-an Sinf = 16 20/ (60) - 16 . 1 sin (60) =

- 5 .94

: a =

- 21 .94 % -5 .745



A Since the pullys are

connected by a single
tape then the tangential
acceleration at different points
is the same .

22

= an
,

+ At p
,

= 14032+ atp
,Ap

2

ap = ar + at = and + 13092

an = - = 40 = E = v= 2 m/s

A ap,

= /+(3012 = 50m/s2

A ap2=-+ (3072 = 85 .44 m/s2

at = 1.5m/s2

a = 2 .5m/s2

PA = 200m

an Fat -1.5 = 2 = Y = 2= E = v= zom/s=

L
m - irokm V= 3 . 6 x20 = (m/n
S - into



2

an =
V

- -

P
-

-Or
V= 32t2i + 23t35

V = 3 ti + 2t2 & += 2 + V= 6i + 05

a= 35 + 4tj & += 2 - a= 3 + 85

IV1 =12
= 10m/s

1a1 =
(5702 = 0 .54m/s2

unit vector in the direction

- of the tangential acceleration
at = a t = a- which is also in the diviction↑

IV of the velocity .

= (35 + 85) . 0

= 1.0 + 6 . 4
= 0 .

2 ins

an= rat = -18.2)2 =
2

. 4 ins

an= = 2 . 4 = + 7 in #



Diameter = 30 in = 2
. 5 feet

8 = 120 upm

Tangential
velocity-

V= r
V = (2.5)(120)7) = 15.7 m/s

y = = x=
a = F =

2

Y = position of the skip when 26 .28

it reaches 2ft below the top
=
2ft a= 7 . 38 ft/s2

x =(2) = 0 .94 It

2

== to

0=

[1 + (12)
=
20[1 + (2)

y
dx2

X= position of the carriage = 0 .14 ft

0 = 26 . 28ft



A : 0 .2 M/s +X direction)

A = 0. 24

B : 0 . 15m/s -Y direction)

Y = - 0. 155

T = E +
=0.25-0 . 155

magnitude of velocity at point p

V =(+ (-x52

V = 0 .25m/s

&
+

= 0 .754m/s2 & = 0.5 m/s2

T = + + a = 0.755 + 0 .55

191 =No75, 0 .52 = 0 . 1 m/s2

for the direction of the acceleration or

Unit vector in n = = 05 = 0 .82-0
.
65

direction of V.

It = a.

=-0.1(0 .05-0
.65) = -0.724 + 0 . 54 /

a = an + t

an= - t



⑳ Relative Motion

Absolute motion :

Relative motion :

Y I position of A relative to B .A/B
I

B
B + E=- Y = Y + NA/

X >X ->

A = + GA/B

M

TB = FA + B

a
↳A

X S



1600/
Es = Vis + VA

Goy

VA = -10 = 222 . 22 m/s

222
. 225 = VB COS45' + VB Sin45' +VA/BCOS6ot-VA/B Sin6oY

222
.22 = VBCOS 45 +VA/B Cos60"-(1)

0 = VBSin45"-VA/B Sin60" -(2)

Vi = 717 km/h

VA/B = 586 km/h

OR8-

Sin Law 8

is-sous-s



1. 2 m/s2⑰-
150m *******↳ 54km/n

-⑦******72km/h

x(at) =
0 - because Vi = 54 km/h

and constant visie
~VB

E = Y + YB/ S
= 20m/s

54cos60' -54 sin60" = 72 i + (VA) x + (VBxly 5
15 m/s

54coS60 = 72+ (VB/A)x ↑
ansinso

- 54 sin6o = (NBA)y B

O = tan"(ix) 1 .5m/s

VBA =
10. 03 m/s ano

s 1 . 2 m/s

8 = 46 . 10
OR8-
-

cosine Law 8

Acan be solved
Va+ V-2VAVB coS68 = VBYA using the Losine

20 +
152-2(20) (15) Cos60 = VBA S law .

VB/A = 10 .
03 m/s

->

-(94 = 0

an = its = = 1 . 5 m/s

(2) ABAA= ? = A + OBA S
lan) Cos30" + (an), sin30 = 1 . 22 + (a)x+ (aBaly

(AB/A)X =
1 . 5 cos30" -1.2 = 0 . 019m/s

(AB/A)y= 1 .5 sin30" = 0. 75 m/s

aB= a(axl:+10 -25 = 0 .757m/s



problems 218

VWR ?

V = VR+ Vw/R
-

↑
-

a

VR = 10mi/hr

Vesmiss↑...

V=15mi/hr
L

as Ve= -2VwVcoSt ~ using cosine law

I2(1) (10) cos(125) => Up = 22 : 3 mi/hr
finding
the angles r Mess -> Is less -> x = 33 .

4" towards west

of south

git
, th

cartesian NWR =-V Sinx [ - Un COS & J =-22 . 3 sinC33.4)[-22. 3 cos(33 .4) I

vector

↳ VW/R =-12 .35- 18 . 65

VR = -2 VnVRcoS8 Vw 50b) ↳

L VR
-

-A2(15)(10) cos(55) = 12 . 4 milar
-

①Usa
-

-W

- - -> miss -> 0 : 02 .
27"

find angle x = 10 - 0

c = 7. 730 towards north of west
cartesian VW/R = VWI COSX i + Vw,a Sinx

vector = 12. 4 cos(7- 73) + 12 . 4 sin(7. 73) westmort
= 12 . 34 + 1 .67



18km/h = Sm/s = NA

movingI
not

/450
VA

.....

451 /y5o........... ~Vdan
- VB

rer-> 2A

angular Velocity Crate -) is min- 60S

constant : angular acceleration =O .

al v= vo = 0 (rcos8+rsin85)
=> :(fos (45) [ +9sinM5) j )
= 3 * (1cos24S)i-1sin(45)5)

VB = 24-25

VA = V + VA/B

VA/B = VA-VB = 55-22+25= 32+ 25

bl a=
a

+
an -> at constant speed, dt = 0

a = an = 2 = r = (3 + )2)-920s145i-esin(45i)
= - 0 . 6204-0 .620

Aq = A + GA/B CAB= AA-AB

AA/B
= 31 + 0 .6284 + 0.828

AA/B = 3 .
628i + 0 .6285



I = V 29hU ⑰-

- d
+y axis assumed
to be down h

A no initial velocity
So VAo = 0

V= Igh

I
**

=4.8146)
VA = 10 . 85m/s

~

"-
-> ⑦Arn ?and o

so

vis

"VA

tank= 0 =
= tan"l
x = 21 . 34



VA = 200 km/hr = 55. 56m/s

8 = 545 = 5 rad's

8 = 0 .0073 rad/s

v
*
Is VB/A

700 =15

VA

* ins
VBA=



# constrained Motion of connected particles .

↳X Degree of freedoms

- 1 DOF r 6
⑳ Conly 1 Dof in this coursel

-- X
!

number of independant

- 2 Dof variables .

- Dofw

~E X = RO there is a relation

2 between the two

⑧ o
1 DoF variables

.

d XS ↑
cable length

SA I

-
down

⑧ ⑨ ⑪

up
2= SA +SB + c

derivateI B
&- -

VI = -B

CI 0 = V + V + 0

dA = -A

& &
only for this



~>
constant

-
The distance B

L = 2yx + 34+ constants is constant

0 = 2y1 + 3Y / ↓ra-hs
210 .3) = - 3yB

A yB = -0.2m/s (or 0.2m/s upward)↑I
-

L = YA + YA + y + y, + yc + C

L= 2yA + YB + 2y + C

L = 2yA + y + 2(yB - z) +

L = 2yA + 34B + <

1 = 2(h-yB) + L ↑V
2 = 2(h - ya) + + x

-> VA

0 = - 2V+
=-2V+ > Vs=



problems 2/1

VB =
1-2 m/s L

= X ,
+ a,

+ y ,
+ Az + yz + as + Y3

e x
SB c-F L = x1 + y ,

+2yz + C
-

-

y4 after

ez= 4
,- -I
T C 1 = x1 + 372- yy + C

-
2 = x + 342 + C (assuming Yy is constant)

0 = x
, + 3y2 + 0

0 = 1 .2 + 3%2

yz = -0
. 4m/s (in downward direction .)

1 = 2SA + 35B + C

0 = 251 + 35 + 0
SA- 0 = 25A + 3(1 .2)

A
-AA

an S VA= SA =-1 - 8m/s (upward towards the incline)

↑a
= 2m/s2

0 = 25 + 3 B↓ I Vi=1. 2 m/s

0 = 25A + 3) -2)

an = St = 3m/s2 (downward along
the incline) :



SB

↓+

1 = 2SB + YSA + <

0 = 25 + YSA
0

= 2(z + (3) + YSA

- YSA = +2+
-47 = 2t + +2

it 1 * (2)=-2fH/s2

.: dA(t=2) =-2ft/s (negative sign
means in upward
direction).



B Kinetics of particles

Friction :

-> Friction force : is a tangential force generated between

contacting surfaces

moving object an
has Kinetic -P -y- p

#
1111/friction

-I trug
Es > Fr

Eg = friction force Ms >Mk
Fs = Ms N

M

Ffmax---------------- impeding point Fr = MkN

Fr = MkV -----------
Ms = Static coefficient friction

d
↑K = Kinetic coefficient friction

Ear i F
~ = normal force

! sp = external load

P = Ffmax (static) Body starts moving only when

p = Fsmax
not
-

- static object static >
Kinetic

has static friction . force force
(fs)

#/

static force because

- "before moving"

S .* [Ex = 0
+

[Fy = 0 ↑
->

Es = M/ N

Imgsint -MSN = 0 N-mgcos8 = 0 M-a
my sinc = Ms N N = mycOSO he ↳

mysing 1
mgcostsinc= my

sint-cost tant= Ms -> O = tan"(Ms)



-

Ms =
0 . 3

E eT = m.9

friction /XI↳Eat ↓ Fi(100) (1 . 81)

[Fy = 0 N-98/cos20 = 0 N= 922N
--

Fiax=MsN /max = 0 .31922) = 277N

[Fx = 0 mo(9 .81)-277-18/sin20" = 0

mo = 62 . 4 Kg -Case I

↓
case It

55x = mr(9 . 01) + 277-781 sin20 = 0

mo= 6 . 01 Kg

: mo may have any value from 6,01 kg
to 62.

4 kg , and the block will remain

at rest .

A friction is bad in bearing , years....

good in breaks , walking,...



~N

I

psin20

.......an
--mysintposco L "

~
mycosO

~my

& P = 500

[Fy = 0

N-mycos20-pSin20 = 0

N = (100) (1. 81) cos20' + 500 sin 20 = 0

N = 1093 N
assume that static

EFx = 0
&

at rest) friction is downward &S
mysin 20 + Es - PCOS20 = 0 Esmax = Ms N

Es = 500cos20"-(100) (1 .81) in 200 = (0.2)(1023)
5s

= 134 . 3 N = 210 . 6 N

A since Is <Ismax the block isn't moving

and the assumption is correct.

&p = 100

[Fy = 0 Ismax = Ms N

N = 456N =(0.2)(156)
= 191 : 2

[Fx = 0

= =- 241 .34/
the negative only
indicates that the

A since Fs>Fsmax that means that the friction is in the

block is moving so we need to use the Kinetic opposite direction
friction

.
and we compare

the magnitude with

fx = MkN Fsmax (IFsI <Ismax) .

= (0 . 17) (156)
= 162

. 52

-> so the friction is 162 .5N in the upward direction



* kinetics : relationship between force acting on a body and
change its motion .

41 Rectilinear Motion

[Fx = max [Fy =

may [Fz = maz
X

Mman= 75 Kg

Vup ?
Vo = 0 /from rest)

et=3
m+

= 750kg

⑪ R = ?

L R For mang

scale

reading & * Ify = may

L
Mmax I R-75(9 ,81)

= 75ay = R= 75(9 .8) + 75(1 . 357)

↑
8300N

For elevator: - I
R= &30 N

At I [Fy = may

↓
750(9 .8) 8300 - 750(9 .8) = 750 ay

ay =
1 .257m/s2

& Uf= ⑪Y ayt

Vf = 0 + (1 .257)(3) = Vf = 3: 77 m/s



problems 3/4
->

no acceleration

r 1001b = 45. 4kg
[Fy = 0

N-445cost = 0

N = 445coS &

->
If

[Fx = 0

essit 445sin8 - Ff = 0

~ 445coSO 445 sinc = Ff
~45 . 4(1.01) = 445

& & 8 = 15 & &
= 20

51 = 445sin(15 = 115 . 2 N If = 445sin (20
= 152 . 2 N

Fsmax =
M, N = (0. 3) [445cost)

=(0. 3) (445cos15 Esmax = Ms N

=121 = [0. 3) (445c0S20) = 125 . 45N

Since Ff[Fsmax : The crate -> Since Ff>Fsmax : The crate

is not moving
and have static -ismovingtis
friction upward . friction is upward.

EFx =Mussing=
mas

445sin20° - (0 .25) (445cos20% = 45.Yay
47. 6 = 45. 4 ay

ay = 1
.
05 m/s2

e

dy = G
EE = may

↳ 2- 1081) = 710
d L = 110 . 4 N
my

aR
2 [Fy = (M+m) dy

=M S
R- (M+ m) (9 .81) = (n+m)(1)

↓ 4

= M

(+

m(9R
= (60+1)() + (60+x)(18))

R = & 46 . 11 N



FI
↑

Mman = &1 . 6467 Kg

mman Mpull=22. 60 kg

↓ Fman= Mman 9
G = Fman => 01 . 6467A 9 . 81

= 800. 15 N

FT = 4 Full Full = Moul 9

= y(222 .5) = 22
. 68 * 9 . 81

= 810N =222 .5 N

If y = ma
man

FT - G = ma
man

810 -800 .25 = 81 . 6467 a

81 . 05 = &1 . 6467 a

a = 1 . 2m/s2

T= 250N

[Fx = ma

35-mgsint = ma

3(250) - 901Sin (15% = 100 a

a
= 4 . 76m/s2

Engsin s
~ mgcost

~ mg = 18/N



st
9/4

&4

* T= 23 N E21T= 26N - ax = ?

↑NTsinssos
X-axis :

-> 2T + TC0S(30)W 25 + Tcos (30) - F1 = 0

Eng*
-

tre 2(26)+ 26cos(30) - Ff = 0

motion
assume that Ff = 74

.5N

S there is no

->IFx = max = 0 motion until proven y-axis :

otherwise .

25 + Tcos(30) - Ff = 0 Tsin (30) + N -

mg = 0

N = mg - Tsin (30)

Ff =
2T+ Tcos(30) N = 15(9.8) - 26 (sin30)

= 2(23) + (23) COS(30) = 65 .N = 134 . 15 N

Smax = N . Ms

Frax = M
,
N

= Ms (Tsin(30)-mg) = 134. 15 (0 .5) = 67 N

= 0 . 5 (23 sin(30) -(15) (1 .81))
Fg = N . Mx = 134

. 15(0. 4)

fmax = 67. 8
= 53. 66 N

Since If < Frax Fmax < FI
:it will move.

it will move .

25 + Tcos 30 - Fr = max
2(26) + 26cos(30) - 53. 66= 15 ax

ax = 1 . 39m/s2



years-
t

Ve =
V , + 2a(x-x0)

-S>)$#0 . 4m/
V

,
2 -V,

= 2 a(x-x0)
-0 . 9 m/s

10 .192-(0 .432 = 2a(2)

a = 0 . 1625m/s2
X

The acceleration of
the object is ?

Vi
88. .

⑨ [Fx = max2m
mysin3o -MIN = max Fk = MkN

Fr n d ·

Ve Ify = 0

I N
= mycoS30↑- chute...........

- isngsie e

Mg (sin30-Mxcos30) = m (0. 1625)

Mk = 0. 558

I
20 isoB

OA = OB

0 = 130 :: OA = OB = 0. 280m

x
= OA+ OB 2C0A) (0B) COS(8)

** = [OA+ OB-2(0A) (OB) COS28)]

2 x x = 2(0A) (0A) + 20B) (0)
- 2cos(1za"[(0A) (0B) + (0B) (07)]

2(0 .5)(0) = 2(0 .200) (0 .4) + 2(0 .208)(0B)

O
- 2 cos(120% [(0 .200) (OB) +

10 .288) (0.41]
(0B) = VB = - 0 .4 m/s

*)01 = 20A)(0A) + 20B)(0B) - 2cos(za[(0A) (0) + (0) (07)])I
0 = 2(0A) (07) + 20 + 2(0B)(o) + 2 (0B)-2cos(I20((0A) (0) + (0) (0A) +(OB)(OA)

+ (0A)(03)]
0 = 2(0 .280)(2) + 2(0 . 4) + 210 .208) (B) + 2)-0 .4)-2coS (120)[(0 -200)(o) + (-0 .4) (0.4)

+ (0 .200)(2) + (0 .4)(- 0 .4)]
(OB) = Ap=-2 . 37m/s2 or ar= 2 .37m/s2 Downward .



[Fy = 0

N =

-2(100sin(30%) + (40)(9 .81)

N= 212. 4 N

⑳

F2 tre
Assume static equilibrium :

[Fx = 0 i - 7 + 200cos(30 = 0

F
= 173. 2 N

max = MSN = 0 .5 (292. 4) =
146.225 : Assumption is wrong ,

the Block

will move .

= Fx = ma

2(100(os(30)) - MkN =

max

200c0S(30) - 0 . 4(292 . 4)= 40 ax
a= 1 . 406 m/s2

X



chapter 315 : curvilinear motion

↑ Rectangular coordinate

& Fx = max ax = Y

Ify =

may ay = y

& Normal & Tangential coordinates

EFr= man V =
P

5
+

= mat at =
v=S an =1

=

&82
S

positive ,
since it's

towards the center

of curvature
.

In
IFt

VA = 100km/h =
27

.7 m/s V = V+ 2 at (Sc - 5) Efr= man=m= 150
V = 50km/h = 13 .84m/S (13 . 09) = (27.7) 2+ 2(200) at 2877N

at

=
- 1 .43m/s2

If
= mat Fr =An+ E)2

=1500 At -
(+ (2145)2

[Ft =-2145N & A : FT = 3500 .6N

continue &Bac alone
.



problems 315

A : Ifn= man = IEE
2

Fr -my
= 0.6(z) = Fr = 5 + 10 .6)(9. 81)

= 10. 086 N

B : [Fr = man = m()

fr -mycos(30) = 0 .(1)
= 3. 2 + (0. 6)(7 . 81) cos130'

= D . 3 N

↑
fr

Sitting
hig

IFn = man

~ + mycos(30% = m(E2)

N= 0 . 1(76) - (0 - 1)(1 ,81) cos136)

N = 1 .15N

Fr = MkN = (0 .2)(115) = 0 . 23 N

-2 ~Sigmysin3
30

cos(30 Total force R exerted by the track :

at

↳ In
-I R =x+ Fr = 15+ 032= 1 . 173N

Normal force
always towards
the center.

friction

+Normal forces

b)
[Ft = mat

-+ mgsin30 = mat

0
.
23+ (0 . 1) (9 .01) Sim (30% = (0 . 1) At

a+
= 7. 205m/s2 < decleration



Lost contact - Normal force = 0

[Fr
= man

mg = N +m

my = m s

↑ 9 = B
↳

Vi =2 = 15500T =
54.25m/s

n => 195. 3 km/hr
~my

[Iy = may VA = 180 km/hr
=

52: 7 m/s

mgcos(io) - N = m()
N = (6401(9 .8) cos(10-- (640)(574) = 250 . 13 N



m = 659

------ ..... -- mgCOSO

mysint
"

ne

-

S= r0

dS = (rdt)

EFr = man

R-mg cost = m
R=

5 v2
+ 0 .065(2 . 81) cost

IFt = mat rdv=atds =- gSinf(rdt)
-mysint : mat vav=-gusine do
at = - gSinO

-gr(cosos)
: R = 2

, 14 + 1 . 113 COSO N

2- =
+ 4 ,01(0.32) [cost-1]

V
=

= 10 .53 + 6 . 20 cost

for 8= 1800 : V = 10. 53 + 6.28(-1)

-06m/s



6 work and energy

XI X2

F
M " !-,

!"
**

"

work
&U

, = F(X2-Xi) in Joule = N . m

↓ work associated by constant external force

I . T
= 0 Y T

= 0-

Reactive - Psinc >P

dot product: ! I I k . I= ⑧

r &
Mforce

-

1 > PCOS

~
i .k - O
. !

.
==

X - M
↳ active force

1 1 1 1 1 1 III

U
, z =

5 . dr =? (Pcosai+psinas) ·dxi = YPcosadx = pcosacxz-X)

↳ Because in this case ,
it doesn't move

in the axis .

& work associated with a spring force +Ve U
- =) P with X direction

.

-ve Vitz=P opposite x direction
.

"
0
M fi =kx L

11 1 1 1 1 1 I
-> +Ve X

Vinc=!7.
dr

Miz = -kxdx = -2 x2) = Inx- x2)

B work associated with weight Or

Viez=7 .dr="-mg dy
-
Eng

= mg(yz-y ,) ,111111/I
W

= mg(y , -yz)



-

1

principle of working Energy

Kinetic energy (T) = Em ~2

T, + Viez = T2 3- work-energy equation
S↓constant weight spring

external
force

ST = Tz -T = 1mY = 1mv2

in not coordinates

Fr : does no work (reactive force) .

Ft : does Work (Active force) .

-> work positive if It in the direction of the displacement.

-> 11 negative 1 1 I opposite direction of the displacement.

-> It-
-

- I W

M Fr I

I

power = I : time rate at which it can do work or deliver energy .

-

I

y = efficiency :
t



Mk = 0. 3 Unes= EdXB

VA = Ym/s = mysins" - Mr(mycosis'dx

VB= ? 3

TA + UA-B = TB

Unes= (mgsines-M my c0,15
%)(BI mSinest enerI

Im+ (mgsin15"-Mymycosi (10) = I mus

:VB
= 3. 15 m/s

problems 316

Xi =
100 mm

X z =
200mm

k = 4kN/m

Uiz = -k(x -x2) = 1 Y0(0.-0.2) =-605



T1 = 1mk = Em T
, + Viz = Tz

TB = mV & m + Mg(y , -ye) = I MV

= + (9.8)(0-0 .8) = V

VB = 3 . 05 m/s

Na VA = 0

N T, + Viez = T2

0 + my(y,
- 32) +

f(Xz- xi) = mV

mm
(0 .8) (9 . 81) (0.375) + 0(0.75) = 1 (0 . 8) Va

VB = 4. 73 m/s

#>π=)

⑰Smm



1587 . 57 kg 15. 24m

- T + Viez = T2

0 + 2 . 1kx = 1mv

x(15 .24)2 = = (1507.57) (2.
235)2

k = 17.
07 N/m

=2 . 235m/s



& Potential Energy P.E :

↑ Gravitational P.E :

"I ↑
+Ve above Vg = mgh

ref

↓ve under
ref

* Elastic p.
E

Ve = I kx2 (always positive (

-> work-energy equation

T, + Ve + Ug , + Viez = T2 + Vez + Vgz

↳
work done by all external forces

except gravity & spring forces.

>!!↳m

↑3
-

L

reference !)⑨@⑨⑤⑳ . . . . .6 m

k
=

350N/m⑨

Vi = 0 m/s g
unstretched length = 0 . 6 m

V2 = ??
no external forces under

-
from rest v,

= 0

- the reference
T, + Vei+ Ug ,

+ Viez =Tz + Vez + Vgz - Xi = final length - unstretched
0 length

0 + 1kX + mgh , + 0 = m + kX"Omghz- = 1. 2 - 0 . 6

=0. 6

-(350)(0 .612= 1(3)(V2)2 + (350)(v(0 . 6) -0
.612-3(. 81) (0 .6)

x2 = 000,0
.
6 -0 . 6

V2 = 6 . 82 m/s =
-(0 .6) - 0 . 6



problems 3/7
0 .9 kg

U =
0 VB ?

unstretched length = 375mm

8

o+ Ver+Vg , + Viez = Tz + Vez + Vgz

IkX, = mr+ Ikx+ mghz

2

x = N75,0.
452-0. 374 = 0. 5 m

e mm X2
= 0 . 5-0 . 375 = 0. 125m

((24)(0.5) = I (0 .1)v + = (24) (0. 125)2

+ (0.1) (1 . 8)10.25)

e somm
v = 1 . 156 m/s

Att↳Se



X ,
2 -1 . 5 = 0 . 5

x2 = 22-32 -1 .5 = 1

#I Vei+,+ Viez
= T2 + Ven + Vgz

2kx ,
+ 50cos30(y2-31) = mV+ Ex2

+migh

=(30) (0 .5 + 50c0s30(1.5) = -(2) v2 +

1 (30) (1)
2

+ (2)(1 . 8) (1 . 5)

V= 4. 13 m/S

Prof



-> Chapter 5 : Kinematics of Rigid Bodies :

=> Rigid body : a system of particles for which distances between the
particles remain unchanged .

-> plane Motion :

~ Distance

between3 . Translational-Rectin Freet A and B8 I

remain

2. Rotation about fixed axis.

-
unchanged .

3 .
General plane Motion .

A combination of 1 and a ↳ ·

7

Y

8 -↑---------

v=
a =G = - - Remember

ads = vdWC
⑰ Rotation

... ⑪trades

witart we
xdO = wow

... 4 -> VdV= ads

at constant angulalar acceleration (xc)

w = wo + xct ...
Remember :

I rev=25 rad w2 = wi
+ 2 x c(f - 00) ... ⑥

8 = Es + Not + = 4 ct ...



~w
Awe use :

-

CW--Ve

W- +Ve

W,
= 1800 ver/min w

x = 4t rad/ W

& t =
? at We = 100 rev/min w

= 30t rad/s w

w,
= 10001) = Got rad's aw

c = - -(4td+ = 3dwE
2+2] = w--60t = w+ Got Et= w

- 307 = 2t2-60t ↳6. 86 sec

⑯ time to reverse direction :

↳ When the direction reverses

there is a time where (W) = 0 .

0 = -607 +
t2 -1 .71 sec

Elw
= A welt

=
dO

<W 9. 71 (w 14

↳ (1605 + 27 2)d+
=
do ↳ I

,

11605
+ 2tY) dt = do

- bott + It3]
*

=
A EZt410rad

W

-rade
# + E = N - 194. 2 + 65. 3 = 251 ver

-
we don't take

negative



~At

w
ac

600mmd
Lan ↑

At/s m E

omm
-

B 0 400mm=
200mm

2 Mal
a = (an + (atte E

Y = 2 m/s

linear
velocity
is the same

on the-cat point of 10. Om
linear velocity wich is the same contact
for the entire cable ( = 2m/s) between 2 Gears

-en

an = - = 10 m/s2 Gear Ratios :-

Angular position :

OA A = O VB

* constant acceleration (from the question)
which means we can use equation 5

, 6, 7 . Angular Velocity :

WAVA= WBVB

Vi = 0 (lifted from rest)

Angular Acceleration :

final y =

0 + 2a
+
(0. 8)

2SV = V, + 2axy-y. ) XAVA = XB VB

velocity
a+ =

2
. 5 m/s

ac = Vantay = 2.5 = 10 . 31m/s

b) convert linear velocity to angular velocity and angular acceleration
to use in Gear ratios to find the unknown (X ? We ? )

V = k Wa We = WB at = rX

2 = 0 . 4 Wa

~ (rotates 2.5 = 0 . 4 Xc

We = 5 rad/S together) xc= 13 = 6.
25m/s2

= XB
0 .4

WBVB = WAVA XBVB = xA A = XA = B

WA = WB = =3) = 3 rad's w =(6.25)
A Lopposite of the =18 .75 rad/s3Ges other gear). cu



-> Alternative approach using vector notation

-V

T = x A w normal to
-

the plane of

at = x = rotation **
↑

a = wx(wXE) =
wxY * Use Right

Hand Rule
a = At + an

= axr + wx(wXr)

is increasing -> I is in the direction of i

w is decreasing -> X is in the opposite direction of is

is increasing -> at is in the direction of
w is decreasing -> at is in the opposite direction of

&

~↳(w Law

ix i = k ixk =
-j

v

K ixk = : xxj=- i I

kxi = I jx i = - k

-

Rotation about fixed axis :

linear velocity
A

...
- d ~

angular velocity
I

VA = rw

↳Dr at = r x an == F =

ru



problems 5/2

v = Not0 = 0 . 165m

B = tan" (*484) = 76.

VA = 0.
165 cos I-0 .165si I

= 0.041-0 . 165

A = -x Y =
- 2kx(0 .04i -0 -165)

=0
. 16

=-0.08-0 .32tm/s

VA

= = &xY = 3kx(0 .044-0 . 165)
= 0. 125 +0 . 48 [ m/s

an = 4xY = - 2k x) -0 .32i -0 .005)
=0.645-0 . 162 m/s

&
1

= + + On = (0 . 48i + 0 . 125) + ( -0.
16i + 0 .645) =

0 . 322 + 0 . 784 m/s

YoA= 4

=0. 64m

B = tan" (8) = 30 .
66"

6 = 20+
~B =

20+ 38. 66° = 58 . 668~ ofI 18
0 .2
e FA =

0. 64 sing [-0 .64 coso---
=0.554 - 0 . 3335

a = x A
= Ykx (1 . 322 + 2

.25)
-Is = -x

= 5. 201 -8.
84

= Yπx(0 .
55t-0 . 335)

= 2
.25 + 1 . 32 [ m/s

at = 2 x
M

a = a+ + an = 7kx 10 .
555-0 .335)

A

= (2 . 31 + 3 .055) + (-0 .di + 5 .205) = 3 . 855 + 2 .31[ m/s2

= - 6 .
49 + 1. 135m/s2



W? =
w, + 2 x 10 We = W

, + xt

000(2) = 200(2) + <(4)

-1000()) = (2006 -)) + 2/15 .7) AO
x = 15. 7 = 5 Arad/s

1& = 201 .54 rad=33 . 3 rev

-



a)

v =
x+
0

= 0 . 5m

VA = Wr = 10 (0 .5) = 5m/s

a= an = w2VA (at =

0

=10 (0 .5) (x=0)

=
50 m/s2 constant

angular

1 VA
velocity) .

b) B =
tan" (=4) = 36 . 87

VA = 0.5 Sin T + o .Scos I
= 0 .35 + 0 .45

Y =
-x YA

= 104X(0 .34 +0.45) = 35-45 m/s

A = an = YxY = 10kx( -45 + 35) = - 405-304



-

VA =150 .32-2(05)(0. 3) CoS (105

= 0.646m

VA = Wra = 5(0 .646)
= 3 .28 m/S

an = wr =
2510 .646) = 16 . 15 m/s

XA
a

+

= x VA = 0(0 .646) =
5. 168m/s2

a= - 02 6 . 15a + an
A

aq = 16 . 95m/s2

st = Not + <th
= 0 + (2)(3)2

Erad



Y

= ) = 20 rad's

we
= wi + xt

201 =

0 + X . 2

comm
x = 105 rad/s

if asked for velocity & P :

V= rw = (0 .15)/205)
= 3x m/s

8 = G
.

+ Wit +I t

y
< =

0 + 0 + /105) t

t = 0 . 2245



r= 11m = 0 . 075m

Vc = V Wc
1 .5 = 0 . 075 Wa

wi = 20rad/s & for the pully
↳ (which is the

VA = Rw same for the

=(0 . 15)(20) disk) .

= 3m/s

↳ a = a= + an

Can = (R a) +(
175) = 10 .151(x) +(2)
a) x = 300 rad/S

a = At + an
a=N+(

-075)2+(a) = 37 .5m/s2N



->(a)t

VA

↑
We = = = 2 K rad/s

<p = + = = -zkrad

Vc = 4 C0s45°-4sinys'I
= 2 i -2

an= w* : -2 i)
= 24x(4525 + 45i)
=- I +O

a
+

= XxY
= - kX(25i -2 j)

= 3 - 35 [

ac = a
+

+ an = ( - 35i - 353) + (-02i +02j)
de = - 11i +5r] in/s2



Years

wa = =

g
: 20 rad/s

& = G = : 12 .5 rad/s2

ac = an+ at
ac =()+ (ar)2

ac = (wir)2 + (xr)2
= ((20)

2
* (0. 36)) + (112.5 * 0.36)2

ac =
149 .59m/s2

The velocity at poin B : -

Vis = Vi Wp
-

= WA

VB = (0 .4)(20)
=Om/s



↳3 Absolute Motion :-

Rotation about fixed axis :

linear velocity
A

...
- d ~

angular velocity
I

VA = rw

↳Dr at = r x an == F =

ru

A
I M-

VA = zrw· 7

E0
.

r
I The distance between the

point I want to calculate

the velocity for and the point
that has zero velocity .

1111111111 , I I

was

*

Rolling without slipping
Zero linear velocity + angular velocity .

velocity

Vo = 1
t

t=
2m (i) Vit =2rad/s t=

B
- A.

↳30m " umm z

↑ - 600mm rolling Vo = VoWo = 0 . 6 wo0 -
around

&O 600mm fixedI
C

Af I- V= 0 angle
& Because

⑧8.1200mm- it's on the↓ W ,V = WAVA
same reel

rolling 220 .3) = 0. 0 WA
with no

WA = 0.75 rad/s =
wor

slipping

>Vo = 0 . 0 (0 .75) = 0. 45 m/s

st = = 66 .7 seconds .



problems 513

Xp = /cost + d differentiate

~ with respect

Xp =
- vsin8(8) to time .

Up = - rwsint

Xp = ( -vsing(0) + (f)(- roso(i)))
/Cost <p =- VasinO-rw2 cost

Vo ?

= 1 .33rd s

↑
WA = Wo angular velocity

of the real

Vo = No Wo

= 0 .1(1 . 33)
· =1 .2 m/s

W

fo . om



0.2 m

0.5m
An VB

=-&M
s
I

0 . 6m Time
velocity

0. 3m ·
V

=0
MS0.2m

- ↓ -0 . 2m
=>WA = Yad/s Sipping 3

&A = 3rad/s2

VB = VAWA = 0.2(4) = 0. 8m/s

V = VB WB => 0
. 0 = 0 . 6 WB At " Atp = 0 . 2 x 3 = 0. 6 m/s

=> WB = =
=

1 . 33 rad/S

At
B

= (0 .6)&B
VB WB = r Wa

0. 2 (1.33) = 0 . 2 (was 0
.6 = 0

. 6 XB

WC= 1 . 33 rad/s caw # & B = / rad/s

At = Atc => 0.2 A 1 = 0. 22c

Xc = 1 rad/s2 ecu #

ot
Question : The circular disk rolls without

W

slipping with a clockwise angular
w

= Y rad/s

velocity w = Y rad/s . For the instant ----represented ,
the vector expression for 300mm

the velocity of A with respect to i is : S

VAB = W X VA/B I

X

= 4kx(-0 . 34 +
0.35)

VA/B = 1 .25 + 1 . 25 m/s
-> ->

NA - + VA/B
->

i
0. 3 1 = 0 . 3 I +VA/B
->

rA/B
=-0 .34 + 0 . 35



⑭ + Relative Velocity and Relative acceleration

E = T + YAB

T = + wX
↳ cross product

= = + A

A = + & X VA/ - WVA/
me e

tangent normal

acceleration acceleration

VA = 3m/s

radius

-

B
I 0 .5 Sin 30°

--

, 0 .5,
&

! F
FB/A

! 0 . 5-0.5singo 1.2m
--

1 ? -

I/ B I60
W W
-(

W

V sin = 5sing
----- 1 . 2

-> B =
12. 020

↑ = + YBAB
out of the page

Y = 34 + WXTB/A w -(thumb
-

0

V CoS60 - V sin601 = 3i + WX(-1 . 2Cos12 . 02 1 + 1 . 2 in 12 .025)
VB COS60" - Vi Sin60 = 35+-1 .2 WCos12 .025-1 . 2 Sin12. 02 '[

VBCoS60 = 3-1 . 2 Sin 12.02"w ... VB = 4 . 30 m/s

VB sin60" = -1 . 2 W Cos12.02° ... ② w = 3 . 23 rad/s w
.



⑯ Kinetics of Rigid bodies
.

-> mass moment of inertia

x
2>

M

F = ma y

qu
-X

M = Ix

moment-Fadd L mass moment of Ix = /ydA
inertia is a measure

of resistance of a body Iy= SX2dA - unit m
*

dis
, 5

to angular acceleration
.

↓

M = Fd area moment of inertia : is a

↳ the distance that is measure of the distribution of

↳ perpendicular to the force . area about an axis .

Ecw : - Ve moment .

-
volume

caw : + ve moment . m = P

mass
I (density

I = (r2dm- integral
of the "second moment" about

an axis of all the elements of mass dm

always +ve which compose the body .

[Kg .
m2] - unit

-> parallel-axis Theorem : -

I = Ia +
md

new3 G : center of mass

· .
G

d : radius of gyration : is axis

a distance from a given

axis up to the point where

the entire area is assumed to d

· Ca
be concentrated

. 8
new

axis

I = md d=











-> This is a composite Body
↳ add algebraically I of parts.

↳ Holes are substracted or ve quantities .

·
↳ I = [(Ia + mdY)

①

10-0 = 13
,
-y ,

= +m ,
b

+ - m ,
2 m = PV,

= PA, h

0-0
* 160mm = b = Im , (0.

16) +
!

m
, (0.

00)2

= (((0 . 00)(0 . 16) (0.
16)2 + -P(0 . 00)(0 - 16) (0 .08)

80mm = L

I0-0
,

= 54 .
6 * 100 Kg . m

②

Lo.= Ia +
md mz = PV = PAch

- :
=Pr

o- 0

-

G = X = = +10) = 0. 034m = I (0 . 08)
8)

-

d= 80mm X 3A
=

0 . 015005

1z- z
= IA =m = Ia + mk

↓

from the table

but originally comes -rem
from the parallel axis

IG = It - med = I (0. 0150054)(0 .002 - (0. 015005) (0. 034)2

= 20 . 6 #10 kg .
m

10
- 02

= 20
. 6 110 + (0. 0150054) (0 . 08 + 0 . 034)2

=151 . 1 * 10 kg .
m



③
Io

-=
IG+ mac

0- 0
=

I mys + m,
d

·

Yomm !
40 mm

-i = I [I(0 .04] (0.
042 + 10.04) 10.08)

domm

= 36 . 2 *10 Kg .
m

ko =
Io

-

Loo
, + Io-oz - Loos

m
m , + m2 - M3

=17. 5mm



Chapter 6 : plane Kinetics of Rigid Bodies

[Fx
= maG

, x
-> for curvilinear motion

↳ -(+)

#

[fy = max, 3
EFn

= maain

EM
= Ia x - for rotational motion Eft = maG , t

< Ma = 0 - for rectilinear motion [Ma
=

0 - where x= 0 , w
= 0

A Because there is no rotation

so moment is Zero .

60m

1500kg 50km/h

W 2

(600mm
mgsinf

FK ~mgcost-> ↑

NA
1500 my iso

↳ we can't use it
.

NB mm

O = tan"(it) = 5. 71 for the truck to move uphill

the wheels have to rotate

V =
v, + 2ax(s-Sol ow so friction is in the

opposite direction (c(w)

(5)=

0 + 2ax(60) Z
↳

ax = 1 . 608 m/s

=If
x

= max fr-mgsint = max

fr-1500(9 .
81) (sin(5. 71)) =

1500 (1 . 600)

f= 3880N

+

Y [fy = 0

NA + NB - mycos5. 7 = 0

-[Ma = 1x = 0

+ NA(1 .5) - NB(1.5) + 3880(0. 6) = 0

NA = 6550N

I
NB = 0100 N



problems 613



~
Assume no motion

[Fx = 0

So - F1 = 0

Ff = 50N

[Fy = 0

NA + NB - 20(1 . 81) = 0

6 [Ma = 0

- NA(0 .4) + 0. 4NB-50(0. 2) -Ff(0 . 2) = 0

I
A

W M

my NA = 7 3
.

1 N

NA
Ni NB = 123 .

1 N

Fmax
= Ms (NA) = 0. 4 (73. 1) = 2 . 2N

Ifx = max -max<-> motion occurs
-

50-MNA = max -> 50-0 . 3 NA = 20ax

[Fy = 0

NA + NB - my = 0

GEM =

0
-> Because translational motion

G

- NA(0 . 4) +0. 4(NB) -50(0. 2) -0 . 3 NA(0 . 2) = 0

NA = 71 . 6 N

NB = 116 . 6 N

a
=

1 . 306m/s ( -)



-a
for the

·Ay
Is [Ex = max whole body

80 =
(6+ 4) ax

I
>AX !

ax = 0m/s2

!

MB = 4 Kg i ↳

-Tsin60 I
&

V! my 60/ ↑

1

> TC0560---

ICOS60

=Efx= max-
Because the body moves

Ax + Tcos60= 4 (0)

↑ F = 0 -> no motion in the y direction

Ay-49 + Tsin60" = 0

CIMc = maxd

-Ay21c0560 + Yg(2(cos60 = 4 (0) -singo

Ax = 18 . 34N -

Ay = 15 .57N

T = 27 . 3 N



100Kg
amer

T sin6o its isindostaX T

T, C0S60

>t > T20560

15m V

my

its -T2

TA in7

t

my

m

-

..... 7 TB

-

15m V

-
...

~..." 60 S

Ky ↓ MycosO 3 t

mysing my

Since motion is in curvilinear we use not coordinate
.

↳ always from center of mass

[Ft = mat Ifn= man = my =
0 (from rest and immediatly)

Mycos8 = m At TA + TB -mgsin60 = 0 ①

gCOSO : At

gcos8 = r x

(9 . 81(cos(60) = 2 x

a = 2 . 4525

curvilinear &

&
motion

-IMG = 0 eas
around -

-

- 1A * 1 . 5 Sin60 + TB (0 . 5) Sin60 = 0 ②
center
of mass

from O and & -> T1 = 2/2N TB = 637N



first we find the acceleration

ir
IFy = ma

⑳00- my Sin (60% = ma

800 -(60) (1 .81) Sin (60
%) =

60 a

a = 4 .
04 m/s2

35Mi = mad

M - 0 . 7MR9 = 0 .7 mpa S in 600

M
= 0 .7(4.04)(20)sin60+ 0 .7(1 .01)(20)

~Mampasindo
= 196N . m

8

so m

60
-

~Mp9

"my <0
.
7m 0. Em

I

~do

a+ = r X An =

ru

= 0. 0 * 6 =0. 0 * 32

= 4 .8m/s = 7.
2m/s2

WE= my =
8 + 9 . 81 = 70 . 5N

6 IME = mad

M-0. 6 Wes = 0 .6 cos60 mat -0. 6 sindo man

>Fy M = 20.7 N.m cew

~ It
1300 >Mat

↑ ·600 2 Ex = man
k St

-
0 . Gm

~man
"om"

- Fx + WSin60" = & A 7. 2

y Fx = 10 .
4 N

X Ify= mat

fy-WC0S600 =
& A 4 . 0

Fy = 77. 6N

F=x+ fy =
78 . 3 N



L



⑰ 4 fixed - Axis Rotation

↳

-w [En= man = mrw
G

Aa= /x <
L'r2ran = rw2 Ift = mat =

mrx

0
= Mo = IX

an is always in the direction ↳ inertia
of the center of rotation (0)

,

at is perpendicular to an and GM .
= mrx

+ IGx
in the direction of rotation

. =(mr2 + Ia)
= En

Remember : I = Ia +
mr

parallel axis theorm

~T

↓ 30029 .81)

roy
>P= 1 . OkN

Ox
mme N300mm S

150 kg --450mm ~ 150(1. 81)

V

dy= 0 .3X

y

* [Fy = 300 as T-300(9 .81)
= 300 (0 .3x) - (1) I = m(kr)2

Io = 150k
= 150(0.45)

G2Mo= 10x T(0 . 3) -1800(0 . 6) = 10x - (2) Io = 30 . 4 Kg.
m

T(0 . 3) - 1800(0 .6) = 30. 4 x

T = 3250N x = 3 . 44 rad/say = 1 . 031 m/s2



problems 6/4

Ox m(dG)n < X

Oy ~m(aa)t

2Fn = man

Ox = mrw2

ox = 220)(76) Co from rest

+↓ [F+ = mat

my -0y = m(Xr)

0y
= (20) (1 .8) - (20) ((d) => 0y = (20) (1 . 81) -20( (0 .107501)

[Ma = IGX Oy = 49 . 05N

~from sheet

0 +
= [

,
m12] x

0y + 1 = [t(20) (1 . 6) x

& = 0 . 1075 Oy

R =r0x + 02
-

= X-749. 0572

R = 49
. 05 N #



IA= IG + mr
= mr +

mr
= 2mr2

~At

- An

⑬

Iy--
IG- d

.......

trg

+MA = IAX

mgr = 2mr x

X=
2r

-> IFn= man = 0

An= mg sing

An= my



At

an · G

-B ~A

Iz = Ib + Ic +
md2

= 0 . 6 + 0
. 08 + 12(0 .2)

2

Iz = 1 . 16 kg . m

+ Mz= Iz X a+
= rX

16 = 1 . 16 X =0 .2(13 .
8)

X =
13 . & rad/s = 2

. 76 m/s

↓ Fx = mat

A + B = 12(2 .76)
A + B = 33 . 12

+ Ma = I6X
0 . 1A-0 . 1B = 0 . 08 A 13 . 8

A - B = 11
. 04

A =
22. 00 N

B = 11 . 04 N



+ [Mo : IoX

-to atm 0 .
62 - he- I

0 .62-052= .62 zur
- 45

=

.... Io = 7 .
2 Kg .

m
i
FA d

in

dmgcos45 = 10 X

145° (X 0.3) (24) (9 . 81) Cos 45 =
7. 2 x

L

is
no

s
-mysin 45 COS - x = 12

. 015 rad/s
Eg

cos = 18 = E
an = rw2

B = cos(z) = 60 = dw2

-1-3) (2
= 2

. 078 rad/s

I Fn= man

FAsin+Fsin-mgsin45 = man
a +

= rx

(FA + FB) sin60"-(24) (9 . 81) sin45 = (24) (2 . 078) -1-3) (12. 015)

=6
. 24 rad/s

FA + f B = 249 . 8

Es Ft = mat

FACOSB-FBcos + mycos 45 = mat

(FA -FB) cos (60
% ) + (24) (1 .81) cos(45 = (24)(6 . 24)

FA-fB =
- 33 .

44

FA
=

100
.
18 N

FB = 141 . 62 N



&↳ work and energy

T
, + U, + z = Tz Kinetic energy (t)= emv2+1Iwh

tmv, + 1 Iw+ Uz =

1
mr+
!

In? potential energy = Ve+Vg

Wiez = 7 .d + M . + AVg+AVe T , + Ve , +Vg , + Viez= Tz + Vez + Ugz
-

de
constant
5

power = F . V + Mw

T
, + Viez = T2

°·. . .
0 + Uiez = m+ low
e

↳ moves linearly
magnes ↑100 and rotation⑰

motion at the

my
"mycos15 same time

.

(-mysins" (3) (((100(3)) = =m(0 .1w+ - (mko) wh

↳ to bring the force to the

center
, we use a ratio .

W= 30 · 3 rad/s

P = F . U =

5 . r . w

=(100) (0 .3) (30 .3) = 408 w



problems 6/6
T + U.+z =

T2

T = =(0)(0 .3)
+ =Iw !

- -

b
from translation from

movement rotational

movement.

I
= mk8 = 12 (0 .21) = 0 . 53 kg .

m

V = rw, = w = 1 = = 1Srad's

T
, = I(0)(0 .3) + 1 (0 . 53) (1 .5) =

0.1555

T2 =

=
(0)v + (053) We = Ve

Viez = migh -> positive because it's under

= 0(9 .8) (1 .5) -

site
the reference (Unlike potential... would be negative).

Fictional Moment
.

->

↳
X = r &

.

** Ve = 3 . 01 m/S



T + U ,rz =
T2

o + mgh = 1mv2
-

my (5-scost) =

I
m v2

5cOSOm

Sm (1 .81)(5-520St) = (42)

In O = 33 .
2



↳ vibration

Vibration

free vibration Forced Vibration

W W

Damped undamped Damped undamped
~

W spring-mass

underdamped overdamped

critically damped

↑ Undamped free vibration .

① ②
119911919 , 11111111111111111111/

Es

3k - unstretched E
M Espring lengt -- -----------Y

M
~my Est

-

M (t)

length after M

↓+ IF = my equilibrium by

my-Fs = mi the mass only Sit : Static defliction

k8st
my - k(y+Est) = my ⑪ & = 0 (static)

my-ky-k8st = my my = k8st mg - K8st = 0

mij+ky = 0 "my my = k8st

y
.

+ y = 0 k(y + Sst)

- ② If
= my↳ Wn= E

my - k(y+Sst) = my

The coefficient of x (or y) "my
is unt- Natural frequency .

↳ rades

fr
= - cycles/S



k , K2
~ K , Y nk2y - k, y-K2Y = my

mi + K
, y + kzy = 0

m m

St
y + 2)y = 0

m

* There is no (mg) because it a always must un=k
got cancelled with the static be 1

.

deflection
.

a
0.

5 m/S y(0) = 0 . 5m/ initial

to =
0 S

S
EEconditions

-54N/m
y

/ -)
= 0

-

⑰
a) Est ? My = KSs+ => Est= = = 34mm

b) un & fr ? Wn== O
= 15 . 8 rad's

fr = = 2
. 52 cycles/s

we use initial conditions

c) I ? to find < and Y

& system perio
*

In 52

= 0 . 4s

d) Y = Csin(wnt +4)

y (0) = (sin(4) = 0 -> sin(Y) = 0 Y = 0 or ① <Sin (4) = 0

-

② (wncos(N) = 0 .5

y = (wncoS(Wnt+Y) => y(0) = (uncos(o) = 0.5

((15. 8) = 0 . 5
&

tam (4) = 0

y(t) = 0 . 0316 Sin (15.It) c =
0 . 0316 .. N = 0

e) V
= y = 0 . 0316 * 15.8cos(15 . 8t +0) max speed is when the cos = 1

Umax = 0 . 0316 A 15. 8 =
0.57 m/S

f) a = y = -0. 0316x wnsin(wnt) = - 7. 1m/s



⑤must
be radians



2 Damped free vibration .

⑪ <3<1- underdamped 3 = 0 - undamped
& 3 = 1 -> critically damped (2)
③ 37 -> overdamped

>X(t)

Win kx = Fs<
M

" e
bx = Fd

D -,,,,,,,,

=IF
= my i + 23WnX+ wX = 0

- by -kX =
my

mi + ↳x + X = 0 3 = damping ratio damped frequency
I

x + by + 1x = 0 We = Wn130 3 = =

un

↳ 23 Un ↳ critical damping

X(0) = 0 . 2 m X(0) =
0

y + by + x = 0 wi
?
=4 => Wn=2 rad/s

23Wn = 2 . 5 = 3 = 0 . 625

~
Underdamped

x + 2x + 22x = 0 ... <321

x + 2 . 54 + 4x = 0 wa = 2/5 = 2/25 = 1 . 561

-3Wnt
X (t) = A2 Sin (Wat +4)

⑪ x (0) = A sin (4) = 0. 2

x(t) = A e Wnt · wdcos(Wdt+4)-ASWnewnt sinkwat +4)

x(0) = Awdcos(4) -A3WnSin(4) = o

A (1 . 561)cos(4') = 1 . 25 A sin(4)

② Acos(4) = 0 . 2) = 0 . 16
1 . 561

- -
4

= 51 . 34. - = 0.816rad => A = 0. 256

from PS
- 1 . 25t

~ x(t) = 0 . 256e sin (1 . 561t +0.896) -X(2) = 1 . 47mm



problems 8/2

I [Fx = my
- kX = my

mY + kX = 0

x + MX = 0

un= = (2)(er)-Irad's
32. 2 It /S

fr =
= = = 12 cycles/s (Hz)

X = C Sin ( Wnt +4)

*
= CWnCOS (Wnt+Y)

2 = <Sin(4) ⑪

0
= (((2)cos(4) ②

⑳ =
0 = 12 Fant



Ssty g =
= 0 . 23 m

+ ↓ [Fy= my
- Yk = mi
i + y = 0

un = =
4 = 6

T = i = t = 1 . 047s

y = c Sin (Wnt+4)

y = (uncos(Wnt+4)

0 . 1 = (sin(6(0) + 4) = (SinC4) = 0. 1

&- = 0 . 1

0 = ((6)cos(6(0) + 4) = 6CCOS(4) = 0 => Y =

10 = rad

y = 0 .1(6)cos(6(t) + E) max velocity when (os(6t + 1) = 1

: Ymax = 0. 6 m/s

y = c Sin (Wnt + 4)

y = <WncoS (Wnt+4)
i = - cwnsin (Wnt+4)

↓ If y = mi
8 ↑

- 2ky= my

i + 2k y = 0

un = 21 1000) = 60 rad/s

Umax = 0 . 5 When cos(Wnt+4)= /

... 0. 5 = (Wn = 0 .5 = ((60)

c = 0 . 33x103

Imax when sin (Wnt+4)=1

..lamax=Wi
lamax= 0 . 33x183(60)2 = 30m/s2



~
Tz -ky

Ti + my = T2

I- k

* ↓ [Fy = my
Itmy -Te = my

T, -Ky+my-Te-ky= my

-1-ky + my -/-My-ky =my
*

y + zky = 0

*

Wn = 2 = 213,
00) = 24. 3 rad/s

fr= E = 3 . 9Hz

a)

↓ [Fy = my
- k , y-key= my
y + y+k2) = 0

Eyz i k = k,
+ k2

Iy,
b)

y = y ,
+ Y2 F= ky

(*= ) * I

2 =
z

The two springs are acting as one : their forces k =
k , k2

are the same but the displacement is different.
k ,

+ k2



2 aTz Tz = ky
T= 2ky

~I

+ [fy = my
= 20N/m

- 2T = mi
:

+ 2(2ky) = 0my

E i + ky = 0

↳Ky un = =0)
=

1 . 265 rad's

fr = = 0 . 2 Hz



~ ID
of tex

↑u
↳

kx

E- M

21-
sX I

mysing
Zumgcost

feI
/ I27 = my

I - 25 -kX = my
S2 & my doesn't

E

Y 1 T
+ [Fy = my appear because

-

- 1 = my it got cancelled

with the static

deflection

Lig
1 = 25

, + S2 + constants -> 1 = 2x + y+ C

0 = 2V,
+ ve + 0

0 = 2x + y = i = - 2Y

-21-mi) -kX= mix

2mi -kX = my

2m(- 2,x) - kX = mix
- 4m Y -KX = my wa-rad's #-

Smx + kX = 0

if we're asked to i + kX = 0

find Est Lo

i
↳

+8 [7 = my -> mg-T = my

↓ T= m(g - Y

my T
= m(y + 2x)

mesingx]
k(X+ 85t

I25 [
I IF = my = - mysint-2T -k(X+8st) = mix

-mysin8-2mg-2mi -KX-K8st = my

- mysint-2mg = 4mi - KX-k8s+= mix

/+mgsin8+2mg + 5 mx +/x+ k8st= o

- ---
-

since we're looking for ne

-
static deflection

,
it means

there is no movement
. Est = mgsint

i = 0 x = 0

k

-> (change" position]



SY

a

.
-

b

"X2

--

=

> T
T

, 2

kX, Mi
Tze M2 · kX2

i⑧If = mx &
= m x2

-T, -kX1 = mx Tz -kX2 = mxz >T2

T =
-mx - kX, &T -k2x =mb

62Mo
= 0

- ami -qkx-bkx= mix -T
, a + Tzb = 0

i2 = T

- mix(b) - kx, (a) =
0

m = -)-e K rad/S
m

2 x = mix

- kX-cX = mix

x + Ex + X = 0

23Wn= En

23= = 23 = I

3 = 0
. 75 <1

... underdamped



↓ IFy = my

- ky-cY = my
y + Y +Ey = 0

n

30kN/m 23Wn= En Wr =k
m

A 3
= 1 when critically -x183

um 35
damped .

35kg
=29. 7 rad/S

2(29 . 7) (35) = C

c = 2049.
4 N : S/m

+ [Fx = mx

- kx-2CX= mix

x + 2x +x = 0

25Wn=

my -
23= I

as 210 .5)=
2 = 7

.
40 Ib . S/ft

↳ 24 .5)=
C = 22 . 44 Ib . S/ft



2Fx = mx

- X -kX = mx

x + x + +X = 0

a)
23Wn= = 23 = I

↳
= 2 radIS 25y zy

3 = 1 .: critically

a) damped .

- Wit
X = (A ,

+ Azt) e

X =- WnA ,eWnt+-Az Wnt + As
Wnt

b) 23Wn= = 23 =

6 = (A ,
+ Az(0))iwn(0) = Ai = 6

↳
= 2 radIS 25y zy

0
=

- WnA , -0 + A2 =
0 =

- 2(6) + Az = Az = 12

3 = 1
. 5 < 1

X = (6 + 12t)e2t & t = 0 . 55 - X = 4. 41 in
. : overdamped .

& 3 = 1 . 5

b) x = A
,
ext + Azest &, = Wn(-3+(1) = - 0. 76

1t Ret
X = A, , e + As ze 12 = Wn(-3-(1) = - 5 . 24

6 = A + A2

0 =- 0 .76A , - 5. 24A2 => A ,
= 7 . 02 Az = - 1 . 02

X = (7. 02) %0.76t+ 1-1 . 02)
524t

&t= 0 .5 - x = 4 . 73 in .
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Siz =

2 x
,

1

X
,

x2
= 2 xi

I

/

xzf
S

F
, = mixi

25 - cx 1
= mix,

mix, +
(x - 2T = 0

Fz = m xz
-

-kX2=mai

m2 fmYk2 e

m , 12 + (2 +
2m2X + 2kX2 =

0

m
, x2 + (x2 + YmeYz + 4kX2 = 0

*z(m ,
+ 4m2) + (x2 + 4kXz = 0

xz + umee +

me

x2 = 0

Cwith e
4(tm, + 4mz)
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