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What is a robot?

• Many different definitions for robots 

exist.

• A robot is a reprogrammable, 

multifunctional manipulator designed to 

move material, parts, tools, or 

specialized devices through variable 

programmed motions for the 

performance of a variety of tasks.” 

(Robot Institute of America).
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Automation vs. robots

Automation: Machinery designed to carry out a specific 

task

-Bottling machine

-Dishwasher

Robots: machinery designed to carry out a variety of 

tasks 

-Pick and place arms

-Mobile robots
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Robots Classification

• Manipulators: robotic arms.  These are most commonly found in industrial 

settings.

• Mobile Robots: unmanned vehicles

• Hybrid Robots: mobile robots with manipulators

• Humanoid robot
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Applications
Dangerous:

-Space exploration

-chemical spill cleanup

-disarming bombs

-disaster cleanup

Repetitive

-Welding car frames

-part pick and place

-manufacturing parts.

High precision or high speed

-Electronics chips

-Surgery
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Measures of performance

• Work space 

The space within which the robot operates.

Larger volume costs more but can increase the capabilities of 

a robot
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Measures of performance

• Speed and acceleration

 Faster speed often reduces resolution or 

increases cost

 Varies depending on position, load.

 Speed can be limited by the task the robot 

performs (welding, cutting)
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Measures of performance

• Accuracy

The difference between 

the actual position of the 

robot and the  

programmed position

• Repeatability

Will the robot always 

return to the same point 

under the same conditions?
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Robot Components

• Body 

• End 

Effectors

• Actuators

• Sensors

• Controller

• Software Dr. Mohammed Abu Mallouh-Robotics 10



Robot: Body

• Consists of links and joints

• A link is a part, a shape with physical properties.

• A joint is a constraint on the spatial relations of two or more 

links.

• These are just a few examples…

Ball joint Revolute (hinge) joint
Prismatic (slider) joint
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Degrees of Freedom

• Joints constraint free movement, measured in 

“Degrees of Freedom” (DOFs).

• Joints reduce the number of DOFs by 

constraining some translations or rotations.

• Robots classified by total number of DOFs

How many DOFs 

can you identify in 

your arm?
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Degrees of Freedom

How many DOFs can you identify in your 

arm?
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Robot: End Effectors

• Component to accomplish 

some desired physical function

• Examples:  

 Hands

 Torch

 Wheels

 Legs
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Robot: Actuators

• Actuators are the “muscles” of the 

robot.

• These can be electric motors, 

hydraulic systems, pneumatic 

systems, or any other system that 

can apply forces to the system.
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Robot: Sensors

• Rotation encoders

• Cameras

• Pressure sensors

• Limit switches

• Optical sensors

• Sonar
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Robot: Controller

• Controllers direct a robot how to move.

• There are two controller paradigms

 Open-loop controllers execute robot 

movement without feedback.

 Closed-loop controllers 

execute robot movement 

and judge progress with

sensors.  They can thus 

compensate for errors.
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Kinematics

• Kinematics is the study of motion without 

regard for the forces that cause it.  

• It refers to all time-based and geometrical 

properties of motion.

• It ignores concepts such as torque, force, 

mass, energy, and inertia.
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Forward Kinematics

• For a robotic arm, this would mean 

calculating the position and orientation of 

the end effector given all the joint variables.
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Inverse Kinematics

• Inverse Kinematics is the reverse of Forward Kinematics. 

• It is the calculation of joint values given the positions, 

orientations, and geometries of mechanism’s parts.

• It is useful for planning how to move a robot in a certain way.
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Dynamics

FIGURE 1.10:The relationship between the torques applied 

by the actuators and the resulting motion of the 

manipulator is embodied in the dynamic equations.Dr. Mohammed Abu Mallouh-Robotics 21



Trajectory generating

FIGURE 1.11:In order to move the end-effector through space from point 

A to point B , we must compute a trajectory for each joint to follow.
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Position Control

FIGURE 1.13: In order to cause the manipulator to follow the desired 

trajectory , a position-control system must be implemented. Such a system 

uses feedback from joint sensors to keep the manipulator on course.
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Force Control

FIGURE 1.14: In order for a manipulator to slide across a surface while applying a 

constant force , a hybrid position-force control system must be used.
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New direction

• Nanobots

• Reconfigurable Robot
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Chapter 2

Spatial descriptions

2.2 DESCRIPTIONS : 

POSITIONS,ORIENTATIONS,AND FRAMES

2.3 MAPPINGS : 

CHANGING DESCRIPTION FROM FRAME TO FRAME

2.4 OPERATORS : 

TRANSLATIONS ,ROTATIONS, AND 

TRANSFORMATIONS



Introduction:

In the study of robotics, we are constantly concerned with the location of objects in 

three-dimensional space. These objects are the links of the manipulator, the parts and 

tools with which it deals, and other objects in the manipulator’s environment.

FIGURE 1.5: Coordinate systems or “frames” are attached to the 

manipulator and to objects in the environment.

Position and orientation



Introduction: cont.

In order to describe the position and orientation of a body in space, we will always 

attach a coordinate system, or frame, rigidly to the object. We then proceed to 

describe the position and orientation of this frame with respect to some reference 

coordinate system. (See Fig. 1.5.)

A description is used to specify attributes of various objects with which a 

manipulation system deals. These objects are parts, tools, and the manipulator it 

self. In this section, we discuss the description of positions, of orientations, and of 

an entity that contains both of these descriptions: the frame.

FIGURE 1.5: Coordinate systems or “frames” are attached to the 

manipulator and to objects in the environment.

Position and orientation



Description of a position

Once a coordinate system is established, we can locate any point in the 

universe with a 3 × 1 position vector. Because we will often define many 

coordinate systems.
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FIGURE 2.1: Vector relative to frame (example).



Description of an orientation

Often, we will find it necessary not only to represent a point in space but also to 

describe the orientation of a body in space .
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31 32 33
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Rotation matrix : {B} relative to {A}



We can give expressions for the scalars        in (2.2) by nothing that the 

components of any vector are simply the projections of that vector on to the unit 

directions of its reference frame. Hence , each component of         in (2.2) can be 

written as the dot product of a pair of unit vectors :

ijr
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B R

ˆ ˆ ˆ ˆ ˆ ˆ .  .  .  .  . 

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ .  .  .  .  .    (2.3)

ˆ ˆ ˆ ˆ ˆ ˆ .  .  .  .  . 
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Note: dot product for vector



Further inspection of (2.3) shows that the rows of the matrix are the unit vectors of 

{A} expressed in {B} ;that is, 

Hence,      , the description of frame {A} relative to {B}, is given by the transpose of (2.3); 

that is,

This suggests that the inverse of a rotation matrix is equal to its transpose , a fact that can 

be easily verified as

Where     is the 3×3 identity matrix. Hence,
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2.3 MAPPING: CHANGING DESCRIPTIONS FROM FRAME TO FRAME

In a great many of the problems in robotics , we are concerned with expressing the 

same quantity in terms of various reference coordinate systems. The previous section 

introduced descriptions of positions, orientations, and frames; we now consider the 

mathematics of mapping in order to change descriptions from frame to frame.

FIGURE 2.4: Translational mapping

A B A

BORGP P P 



FIGURE 2.5: Rotating the description of a vector.

Mappings involving rotated frames

.A A B

BP R P



Mappings involving rotated frames

EXAMPLE 2.1

Figure 2.6 shows a frame {B} that is rotated relative to frame {A} about      by 30 

degrees. Here ,      is pointing out of the page .

ẑ
ẑ

FIGURE 2.6: {B} rotated 30 degrees about       .  ẑ



Mappings involving rotated frames

EXAMPLE 2.1

Figure 2.6 shows a frame {B} that is rotated relative to frame {A} about      by 

30 degrees. Here ,      is pointing out of the page .
ẑ

ẑ

FIGURE 2.6: {B} rotated 30 degrees about ẑ
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APPENDIX  A

Formulas for rotation about the principle axes by   :

1        0        0

( ) 0   cos   -sin                (A.1)          
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cos    0    sin  

( ) 0         1        0                  (A.2)
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
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Mappings involving general frames 

Very often, we know the description of a vector with respect to some frame {B},and 

we would like to know its description with  respect to another frame,{A}. We now 

consider the general case of mapping. Here, the origin of frame {B} is not coincident 

with that of frame {A} but has a general vector offset. The vector that locates {B}’s 

origin is called            . Also {B} is rotated with respect to {A}, as described by   . 

Given      , we wish to compute     , as in Fig. 2.7.

A

BORGP
BP AP

FIGURE 2.7 : General transform of a vector .



A A B A

B BORGP R P P 

Homogeneous transform

A A B
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     
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EXAMPLE 2.2

Figure 2.8 shows a frame {B}, which is rotated relative to frame {A} about     by 30 

degree, translated 10 units in      , and translated 5 units in      . Find      , where  

The definition of frame {B} is 

Given

We use the definition of {B} just given as a transformation:

0.866  -0.500  0.000  10.0

0.500  0.866  0.000   5.0
              (2.21)
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 
 
 

3.0

7.0  ,            (2.22)

0.0
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 
 
  

Ẑ
ˆ
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 3.07.00.0 .
TBP 



2.4  OPERATORS: TRANSLATIONS, ROTATIONS, AND TRANSFORMATIONS

The same mathematical forms used to map points between frames can also be 

interpreted as Operators that translate points, rotate vectors, or do both .This 

section illustrates this interpretation of the mathematics we have already developed.

Translational operators

2 1

A A AP P Q 

2 1( ) .A A

QP D q P



Rotational operators

FIGURE 2.10: The vector       rotated 30 degrees about      .1
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Rotational operators

Figure 2.10  shows a vector     . We wish to compute the vector obtained by 

rotating this vector about     by 30 degrees. Call the new vector     .

The rotation matrix that rotates vectors by 30 degrees about       is the same 

as the rotation matrix that describes a frame rotated 30 degrees about       

relative to the reference frame . Thus , the correct rotational operator is  

Given

We calculate       as 
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  

1

0.0

2.0  ,            (2.31)

0.0

AP

 
 


 
  
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Transformation operators

EXAMPLE 2.4 

Figure 2.11 shows a vector     . We wish to rotate it about     by 30 degrees and 

translate it 10 units in       and5 units in        . Find      , where    
1

AP Ẑ
ˆ

AX  1 3.0.7.00.0 .
TAP 

ˆ
AY 2

AP

2 1

2 1
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0.000  0.000  1.000    0.0

0         0        0          1

9.098
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0.000
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FIGURE 2.11:The vector      rotated and translated to form       .1

AP 2
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2.5 SUMMARY OF INTERPRETATIONS

We have introduced three interpretations of this homogeneous 

transform:

1. It is a descriptions of a frame.      describes the frame {B} 

relative to the frame {A}. Specifically, the columns of      are 

unit vectors defining the directions of the principal axes of 

{B}, and           locates the position of the origin of {B} .

2. It is a transform mapping.     

3. It is a transform operator. T operates on 

A

BT
A

B R

A

BORGP
 maps  .A B A

BT P P

1 2 to create .A AP P



2.6 TRANSFORMATION ARITHMETIC

Compound transformations

we have  and wish to find .C AP P

FIGURE 2.12 : Compound frames: Each is known relative to previous one .
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EXAMPLE 2.5
Figure 2.13 shows a frame {B} that is rotated relative to frame {A} about     by 

30 degrees and translated four units in       and three units in        . Thus, we 

have a description of      .Find      .

The frame defining {B} is

0.866  -0.500   0.000  4.0

0.500   0.866   0.000  3.0
             (2.68)
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B
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ˆ
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A
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B
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FIGURE 2.13 : {B} relative to {A} .



2.7 TRANSFORM EQUATIONS

FIGURE 2.14: Set of transforms forming a loop . 
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2.7 TRANSFORM EQUATIONS

FIGURE 2.16 : Manipulator reaching for a bolt .

1 .T B B S

G T S GT T T T



2.8 MORE ON REPRESENTATION OF ORIANTATION

Rotation matrix determinant is +1

Clearly, the nine elements of a rotation matrix are not all 

independent . In fact, given a rotation matrix, R , it is easy to 

write down the six dependencies between the elements.

Therefore, rotation matrix can be specified by just three 

parameters.

ˆ ˆ ˆ  .R X Y Z 
 

ˆ 1,

ˆ 1,

ˆ 1,

ˆ ˆ . 0,

ˆ ˆ . Z 0,

ˆ ˆ . 0.

X

Y

Z

X Y

X

Y Z















2.8 MORE ON REPRESENTATION OF ORIANTATION

 Rotation matrices are useful as operators. Their 

matrix from is such that, when multiplied by a 

vector , they perform the rotation operation.

 Human operator at a computer terminal who 

wishes to type in the specification of the desired 

orientation of a robot’s hand would have a hard 

time inputting a nine-element matrix with 

orthonormal columns. A representation that 

requires only three numbers would be simpler .



X-Y-Z fixed angles 
One method of describing the orientation of frame {B} is as 

follows:

Start with the frame coincident with a known reference frame 

{A}.

Rotate {B}first about        by an angle     ,then about      by 

angle     ,and ,finally ,about      by an angle

Each of the three rotations takes place about an axis in the 

fixed reference frame {A}. We will call this convention for 

specifying an orientation X-Y-Z fixed angles .the word “fixed” 

refers to the fact that the rotations are specified about the fixed 

(i.e. nonmoving) reference frame (Fig 2.17).sometimes this 

convention is referred to as roll, pitch, yaw angles, but care must 

be used ,as this name is often given to other related but 

different conventions.

ˆ
AX  ˆ

AY
 ˆ

AZ 



FIGURE 2.17:X-Y-Z fixed angles. Rotations are performed in the 

order         ( ), ( ), ( ).X Y ZR R R  
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Z-Y-X Euler angles

Another possible description of a frame {B} is as follows:

Start with the frame coincident with a known frame {A}. Rotate {B} first about      by 

an angle     ,then about       by an angle     , and , finally , about      by an angle     .

In this representation ,each rotation is performed about an axis of the moving system 

{B} rather than one of 

The fixed reference {A}.Such sets of three rotations

ˆ
BZ

ˆ
BY  ˆ

BX 



 

( ), ( ) ( )

    0    0    1      0        0

           =        0 0      1      0 0       ,

0        0    1   0   0           

, ,

A

B ZY X Z Y X

A

B ZY X

R R R R

c s c s

s c c s

s c s c

c

R

  

   

   

   

  



     
     


     
          



       

       .

                 c c

c c s s s c c s c s s

s c s s s c c s s c c s

s c s

           

           

    

  
 

 
 
  

Note: use handout



EXAMPLE 2.7
Consider two rotations , one about     by 30 degrees and one about     by 30 degrees:Ẑ X̂

0.866  -0.500  0.000  

(30) 0.500  0.866   0.000                (2.60)

0.000  0.000   1.000

1.000  0.000  0.000

(30) 0.000  0.866  -0.500                  (2.61)

0.000  0.500  0.866

Z

X

R

R

R

 
 


 
  

 
 


 
  

0.87  -0.43  0.25

(30) (30) 0.50  0.75  -0.43

0.00  0.50  0.87

0.87  -0.50  0.00

(30) (30) 0.43  0.75  -0.50          (2.62)

0.25  0.43  0.87

Z X

X Z

R

R R

 
 


 
  

 
 

 
 
  



Z-Y-Z Euler angles
Another possible description of a frame {B} is 

Start with the frame coincident with a known frame {A}.rotate 

{B} first about      by an angle    ,then about      by  an angle   , 

and , finally , about      by an angle    .

ˆ
BZ  ˆ

BY 
bZ

 

 
11 12 13

21 22 23

31 32 33

31

   

, ,    .

                                       c

  

, ,   .

  

tan 2(
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A
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c c c s s c c s s c c s

R s c c c s s c s c c s s

s c s s

r r r

R r r r

r r r

A r

           

              

    

  



   
 

   
 
  

 
 


 
  

 2 2

32 33

23 13

32 31

, ),

tan 2( , / , / ),

tan 2( , / , / ).

r r

A r s r s

A r s r s

  

  





 



APPENDIX   B

The 24 angle-set conventions

The 12 Euler angle sets

The 12 fixed angle sets



Equivalent angle-axis representation

Start with the frame coincident with a known frame {A}; then rotate {B} 

about the vector      by an angle     according to the right-hand rule.ˆAK 

             

( )             

        

ˆwhere c =cos , sin , 1 cos ,

( )

x x x y z x z y

K x y z y y y z x

x z y y z x z z

T
A

x y z

A

B K

k k c k k k s k k k s

R k k k s k k c k k k s

k k k s k k k s k k c

s and K k k k

R

     

      

     

     



   
 

    
 

   

      



11 12 13

21 22 23

31 32 33

11 22 33

32 23

13 31

21 12

  

  ,

  

+ 1
cos

2

  
1ˆ   

2sin
  

r r r

r r r

r r r

r r r
A

r r

K r r

r r





 
 
 
  

  
  

 

 
 

 
 
  



EXAMPLE 2.8
A frame {B} is descried as initially coincident with {A}.we then rotate {B} 

about the vector                              (passing through the origin)by an 

amount                         . Given the frame description of {B}.

Substituting in to (2.80) yields the rotation-matrix part of the frame 

description.

There was no translation of the origin ,so the position vector is              .                         

Hence,

 ˆ 0.7070 7070 0
TAK 

30 degrees 

 0,  0, 0
T

0.933  0.067      0.354  0.0

0.067  0.933  0.354  0.0          (2.83)

0.354  0.354     0.866  0.0

A

BT

 
 

 
 
  



FIGURE 2.25: Frames at the corners of a wedge.

Note: use handout

2.27 [15] Referring to Fig. 2.25,give the value of 

2.28 [15] Referring to Fig. 2.25,give the value of 

2.29 [15] Referring to Fig. 2.25,give the value of 

A

BT
A

CT
B

CT
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Chapter 3

Manipulator Kinematics
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Kinematics

 Kinematics is the study of motion without 

regard for the forces that cause it.  

 It refers to time-based and geometrical 

properties of motion.

 It ignores concepts such as torque, force, mass, 

energy, and inertia.
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Teach pendent

3
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Forward Kinematics

 For a robotic arm, this would mean calculating the position and 
orientation of the end effector given all the joint variables.

4
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 Inverse Kinematics is the reverse of Forward Kinematics. (!)

 It is the calculation of joint values given the positions, orientations, and geometries 

of mechanism’s parts.

 It is useful for planning how to move a robot in a certain way.

5

Robotics

Inverse Kinematics
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 See notes
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Mobility (Degree of freedom)
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PUMA robot 6DOF
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• Inverse Kinematics is the reverse of Forward Kinematics. (!) 
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If  L1>L2 

• Reachable Workspace 

• Dextrous workspace 

• No of solutions (inner and boundary)  
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Appendix C another 

solution 
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18* 

•Given the below  transformation matrix solve  inverse kinematic  problem 

•Sketch the workspace  
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

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19* 

•solve  inverse kinematic  problem 

•Sketch the workspace  
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Pz 
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Pz 

Same  method as before 
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• Accuracy 

–The difference between 
the actual position of the 
robot and the  programmed 
position 

 

 

• Repeatability 

Will the robot always return 
to the same point under the 
same control conditions? 
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No rotation 
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Forward propagation 
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6x1 nx1 6xn 

6xn 
6xn 

3x3 

6x6 

3x3 

3x3 3x3 

• See notes 



Robotics 

19 

• See notes 



Robotics 

20 

• See notes 



Robotics 

21 

• See notes 



Robotics 

22 

• See notes 



 

    Robotics 
 

    

Chapter 6 

Manipulator dynamics 
         

  

1 



Robotics 

2 



Robotics 

3 



Robotics 

4 

See notes 



Robotics 

5 



Robotics 

6 



Robotics 

7 



Robotics 

8 

Dynamics review (2D) 
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