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• The word “Robot” was first used by the

Czechoslovakian play writer Karel Capek who wrote a

play entitled “Rossum’s Universal Robots” back in

1921.

• “Robot” word comes from a Czech word “Robotnik”

which means workers who performed manual labor for

human beings.

• Mostly, the word “Robot” today means any man-made 

machine that can perform work or other actions 

normally performed by humans.

Robotics
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Chapter 1

Introduction



▪ Many different definitions for robots exist !

▪ “A robot is a re-programmable, multifunctional

machine designed to manipulate materials, parts,

tools, or specialized devices through variable

programmed motions for the performance of a variety

of tasks”.

(Robot Industries Association)
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What is a Robot?

Multitask robot - YouTube

https://www.youtube.com/watch?reload=9&v=whqSzbSofYY
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Automation vs. robots

Automation: Machinery designed to 

carry out a specific task.

- Bottling machine

- Transfer line

- Dishwasher

Robots: machinery designed to carry out a 

variety of tasks.

- Pick and place arms (Manipulator)

- Assembling (Manipulator)
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Robots Classifications

•Manipulators: robotic arms.  These are most 

commonly found in industrial settings.

•Mobile Robots: unmanned vehicles

•Hybrid Robots: mobile robots with manipulators

•Humanoid robot
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Robotic Manipulator Classifications

Robot manipulators can be classified by several criteria 

such as 

1.Their power source, or way in which the joints are 

actuated, 

➢ Electrical Manipulators

➢ Hydraulic Manipulators

➢ Pneumatic Manipulators

2.Their geometry, or kinematic structure

➢ Cartesian manipulator

➢ Cylindrical manipulator…..etc

3.Their method of control. 

➢ Servo manipulators

➢ Non-servo manipulators 
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Applications

• Dangerous:

-Space exploration

-chemical spill cleanup

-disarming bombs

-disaster cleanup

• Repetitive:

-Welding car frames

-Part pick and place

-Assembling operations.

• High precision/High speed:

-Electronics chips

-Surgery

-Precision machining 7



New direction

Robotics

Nanobots
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Reconfigurable Robot

Nanobots could be small solution to big 

problems (cnn.com)

Superbot (wevolver.com)

http://www.google.ca/url?sa=i&rct=j&q=Robot+reconfigurable&source=images&cd=&cad=rja&docid=ANJmVfUU0YNDEM&tbnid=JYeFKmcCCI_OIM:&ved=0CAUQjRw&url=http%3A%2F%2Fwww.isi.edu%2Frobots%2Fmovies%2F&ei=D0gRUcj_CoGr0AWE-oDICQ&bvm=bv.41867550,d.ZG4&psig=AFQjCNHrA1_l30JoiQdVzl7F95ihUu1KEw&ust=1360173381545934
https://edition.cnn.com/videos/tv/2015/01/29/spc-make-create-innovate-nanobots.cnn
https://www.wevolver.com/wevolver.staff/superbot/
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Cyberdyne's robot suit HAL to keep people 

walking - YouTube

Powered Exoskeleton

(Robot Suit)

Robotics

This new robotic limb can be controlled 

with your mind | World Economic Forum 

(weforum.org)

Robotic Limb

http://www.google.ca/url?sa=i&rct=j&q=Robot+suit&source=images&cd=&cad=rja&docid=m2--qSeVkg-RXM&tbnid=sUyFpOu8xXsbLM:&ved=0CAUQjRw&url=http%3A%2F%2Fchaseathought.com%2Firon-man-suit-a-smashing-birthday-present.html&ei=LUcRUcnkNLKa0QXX8IDQDA&bvm=bv.41934586,d.Yms&psig=AFQjCNFFzjRU60gSYSXSDoz1oSdVkrWJqQ&ust=1360173178679615
https://www.youtube.com/watch?t=17&v=RCWw6LSuRCo&feature=youtu.be
https://www.weforum.org/agenda/2018/12/a-new-prosthetic-arm-takes-the-place-of-a-phantom-limb


New direction

Robotics
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Haptic Interaction

•In surgery 

•In remote 

environments



Measures of performance

• Workspace 

– The space within which the robot operates.

– Larger volume costs more but can increase the 
capabilities of a robot

Robotics
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Cartesian Robot

http://www.google.ca/url?sa=i&rct=j&q=robot+workspace&source=images&cd=&cad=rja&docid=UiD8dJO4FYEpbM&tbnid=pCn5_ESTzo7WyM:&ved=0CAUQjRw&url=http%3A%2F%2Fwww.robotmatrix.org%2FCartesianGantryRobot.htm&ei=MEERUezkEMOk0QXqjYDoCg&bvm=bv.41867550,d.ZG4&psig=AFQjCNHc3j8w0BJDQgNpg0xM4PgqB-QXsg&ust=1360171428118976


Measures of performance

• Speed and acceleration

– Faster speed often reduces resolution or increases cost

– Varies depending on position, load.

– Speed can be limited by the task the robot performs 
(welding, cutting)

Robotics
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• Accuracy

The difference between the 
actual position of the robot 
and the  programmed 
position

• Repeatability

Will the robot always return 
to the same point under the 
same conditions?

Robotics

Measures of performance
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RoboticsRobot Components
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•Body 

•End Effectors

•Actuators

•Sensors

•Controller

•Software

http://www.google.ca/url?sa=i&rct=j&q=Robot+Components&source=images&cd=&cad=rja&docid=u_9JlAsWMLTIyM&tbnid=QIsSSwt1SOwQWM:&ved=0CAUQjRw&url=http%3A%2F%2Fwww.yaskawa.co.jp%2Fen%2Ftechnology%2Fcolumn%2Fcolumn_r.html&ei=DEMRUZ7gGOW00QXSoICQAw&bvm=bv.41867550,d.ZG4&psig=AFQjCNFdeCFgdC-RV5zgAT1rnvsYeEBFdA&ust=1360172157099671
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Robot: Body

The body consists of links and joints

➢ A link is a part, a shape with physical properties.

➢ A joint is a constraint on the spatial relations of two 

or more links.

These are just a few examples…

ball joint Revolute (hinge) joint Prismatic (slider) joint
15



Continue…Degrees of Freedom

• Joints constraint free movement, measured in “Degrees of Freedom” 

(DOFs).

• Number of DOF is the number of independent position variables

• Joints reduce the number of DOFs by constraining some translations

or rotations.

• Robots classified by total number of DOFs

Robotics

How many DOFs 

can you identify?
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How many DOFs can you identify ?



Degrees of Freedom

Robotics

How many DOFs 

can you identify in 

your arm? 18

http://www.google.ca/url?sa=i&rct=j&q=human+arm+dof&source=images&cd=&cad=rja&docid=rlv6ORHeAapFFM&tbnid=_d5BIBIxK-GELM:&ved=0CAUQjRw&url=http%3A%2F%2Fwww.kyoto-u.ac.jp%2Fen%2Fresearch%2Fforefront%2Fmessage%2Frakuyu06_a.htm&ei=nD8RUZu_Ksag0QXt0YDwCw&bvm=bv.41867550,d.ZG4&psig=AFQjCNEVP4HLuC6AYrvUOsD-jMkhw5L0zw&ust=1360171233237278


Robot: End Effectors
• Component to accomplish some desired physical 

function

• Examples:  

– Hands

– Tools

– Torch

Robotics
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http://www.google.ca/url?sa=i&rct=j&q=Robot+end+effector&source=images&cd=&cad=rja&docid=bJkb-ZANbUKLLM&tbnid=IjFVla-nZLW9tM:&ved=0CAUQjRw&url=http%3A%2F%2Fen.wikipedia.org%2Fwiki%2FFile%3AEndeffector.png&ei=WUQRUdWCEs2R0QW20oCABw&bvm=bv.41867550,d.ZG4&psig=AFQjCNGc6iG1Kyq8t-dcSPoCjdlCYyoMXA&ust=1360172484860186
http://www.google.ca/url?sa=i&rct=j&q=Robot+end+effector&source=images&cd=&cad=rja&docid=kjYwpXS4fuOpyM&tbnid=A3wwqbJPbBvsgM:&ved=0CAUQjRw&url=http%3A%2F%2Fwww.robots.com%2Ffaq%2Fshow%2Fare-end-effectors-included-in-the-robot-integration-package&ei=gEQRUZPlHeGg0QWZ1YCwDA&bvm=bv.41867550,d.ZG4&psig=AFQjCNGc6iG1Kyq8t-dcSPoCjdlCYyoMXA&ust=1360172484860186


Robot: Actuators

• Actuators are the “muscles” of the robot.

• These can be electric motors, hydraulic 

systems, pneumatic systems, or any other 

system that can produce forces or torques 

to the system.

Robotics
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Robot: Sensors

Robotics

• Rotation encoders

• Cameras

• Pressure sensors

• Limit switches

• Optical sensors

• Sonar

21



Robot: Controller

• Controllers direct a robot how to move.

Position Control          Hybrid Control 

Force Control

• There are two controller paradigms

– Open-loop controllers execute robot movement 

without feedback.

– Closed-loop controllers 

execute robot movement 

and judge progress with

sensors.  They can thus 

compensate for errors.

Robotics

22



Position Control

Robotics
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Force Control

Robotics
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Kinematics

• Kinematics is the study of motion without regard for the 

forces that cause it.  

• It refers to all time-based and geometrical properties of 

motion.

• It ignores concepts such as torque, force, mass, energy, 

and inertia.

Robotics
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Forward Kinematics

• For a robotic arm, this would mean calculating
the position and orientation of the
end effector given all the joint variables.

Robotics
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Inverse Kinematics
• Inverse Kinematics is the reverse of Forward Kinematics. 

• It is the calculation of joint values given the positions, 

orientations, and geometries of mechanism’s parts.

• It is useful for planning how to move a robot in a certain 

way.

Robotics
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Dynamics

Robotics
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Dynamics is the study of

forces/torques required to

cause a motion



Trajectory generating

Robotics
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Common Kinematic arrangements of Manipulators

Robotics
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1. Cartesian manipulator (PPP) 

2. Cylindrical manipulator (RPP)

3. Spherical manipulator (RRP)

4. Articulated (Revolute) manipulator (RRR)

5. SCARA (Selective Compliant Articulated Robot for 

Assembly) manipulator  (RRP)

http://www.google.ca/url?sa=i&rct=j&q=robot+workspace&source=images&cd=&cad=rja&docid=UiD8dJO4FYEpbM&tbnid=pCn5_ESTzo7WyM:&ved=0CAUQjRw&url=http%3A%2F%2Fwww.robotmatrix.org%2FCartesianGantryRobot.htm&ei=MEERUezkEMOk0QXqjYDoCg&bvm=bv.41867550,d.ZG4&psig=AFQjCNHc3j8w0BJDQgNpg0xM4PgqB-QXsg&ust=1360171428118976
http://www.google.ca/url?sa=i&rct=j&q=robot+workspace&source=images&cd=&cad=rja&docid=EfyTKAoj0mBblM&tbnid=sEpCZGbO8IplaM:&ved=0CAUQjRw&url=http%3A%2F%2Fprime.jsc.nasa.gov%2FROV%2Ftypes.html&ei=6UERUbyAJqSR0QWakoC4Aw&bvm=bv.41867550,d.ZG4&psig=AFQjCNHc3j8w0BJDQgNpg0xM4PgqB-QXsg&ust=1360171428118976
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Cartesian Manipulators (PPP)

▪ A manipulator whose first three joints are prismatic 

▪ Simple kinematics to be used in assembly 

applications and material transfer

▪ Rigid structure, pneumatic actuators can be used 

for pick and place operations.

▪ can only reach in front of itself and rails are hard 

seal (exposed to dirt)

Epson Cartesian Robot

http://www.google.ca/url?sa=i&rct=j&q=robot+workspace&source=images&cd=&cad=rja&docid=UiD8dJO4FYEpbM&tbnid=pCn5_ESTzo7WyM:&ved=0CAUQjRw&url=http%3A%2F%2Fwww.robotmatrix.org%2FCartesianGantryRobot.htm&ei=MEERUezkEMOk0QXqjYDoCg&bvm=bv.41867550,d.ZG4&psig=AFQjCNHc3j8w0BJDQgNpg0xM4PgqB-QXsg&ust=1360171428118976
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Cylindrical Manipulators (RPP)

Seiko RT3300 

Robot

▪ Revolute joint then two prismatic joints

▪ The joint variables are the cylindrical coordinates of the 

end-effector with respect to the base.

▪ Can reach all around itself and powerful if hydraulic 

actuators are used.

▪ Will not reach around obstacles and above itself



Robotics
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Spherical Manipulators (RRP)

The Stanford Arm 

Robot

▪ Two revolute joints then one prismatic joint

▪ The joint variables are the spherical coordinates 

defining the position of the end-effector with 

respect to base.

▪ Can bend down to pick objects up off the floor.



Robotics
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SCARA Manipulators (RRP)

The Epson E2L653S SCARA Robot

▪ Two revolute joints then one prismatic joint

▪ Unlike the spherical design, which has z0 

perpendicular to z1, and z1 perpendicular 

to z2, the SCARA has z0,z1, and z2 

mutually parallel.

▪ Can reach around obstacles with large 

horizontal reach.



Robotics
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Articulated Manipulators (RRR)

The ABB IRB1400 

Robot

▪ Revolute joints

▪ Very complex kinematics and dynamics

▪ Joint axis z2 is parallel to z1 and both z1 and z2 

are perpendicular to z0. This kind of manipulator 

is known as an elbow manipulator. 

▪ Provides large freedom of movement in a 

compact space and can reach above or below 

obstcles

▪ More than one way to reach a point in space.
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Spatial descriptions
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John Craig, “Introduction to Robotics mechanics and 

control”, 3rd Ed., Pearson Education Inc.

Ahmad AL-Jarrah



.

Introduction:

Robotics
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Introduction: cont.
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(2.2)
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Rotation about an arbitrary axis
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Given the orientation, 

How to compute the angle 

and vector?



Robotics
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Homogeneous Transformation 
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Homogeneous 

Transformation Matrix 

A

BT
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: is the translational vector
AQ

(q)QD : is the operator equivalent 

to Homogeneous transform
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Rotational operator that

performs a rotation about

the axis direction by

angle
K


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We have the option of finding the inverse of 4x4 matrix or using 

simpler process as follows:



Robotics
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The arrows directions 

between frames origins 

indicates which way the 

frames are defined !

e.g.   Frame D is defined 

relative to frame A

Finding unknown 

transform
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In this case, Frame A is 

defined relative to frame D
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Calculate the position and orientation of the bolt relative to the

manipulator’s hand.

Example 2.6:



Robotics
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2.8 More on Representation of Orientation

Can we describe the 

orientation with fewer 

than 9 elements?!



More over…
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Given the orientation, How 

to compute the angles?
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Such set of three 

rotations around the 

current frame is 

called Euler Angles



Robotics
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As a conclusion for other angle-sets for specifying 

orientation……

39
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Chapter 3
Manipulator Forward 

kinematics: Denavit-Hartenberg

(DH) Convention 
Textbook: 

1Ahmad AL-Jarrah

Robert J. Schilling, “Fundamentals of Robotics: Analysis & 

Control”, Pearson Education Com., 1990.
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Forward Kinematics: means calculating the position and 

orientation of the end effector given all the joint variables.

Robotics
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Joint Variable is

Joint Variable is

i

id
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How to describe Forward Kinematics?

Homogeneous Transformation Matrix, T

A

BT

TranslationRotation

There is rotation and transformation

between each adjacent frames (i.e. T)
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Since each joint connects only two consecutive links, it

is reasonable to consider first the description of

kinematic relationship between adjacent links and then

obtain the overall description of the manipulator

kinematics (i.e. the total Homogeneous transformation

matrix).
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Frame i is rigidly attached to link i at joint i+1

How the link moves?

If a joint moves, which link will move?!

How to find the kinematic description between two 

adjacent links? 

By assigning frames to each link
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First, assign z-axis as the axis of motion  

The motion always about/along the z-axis whether its 

rotation about z-axis or translation along z-axis  

Revolute Joint Prismatic Joint

Joint Variable is
i Joint Variable is id

Frames are assigned using Danevit-Hartenberg (DH) 

Convention as follows : 
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Then, assign the x-axis !! How? 
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Then, you determine the Y-axis based on right hand rule.

Oi-1
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1i i ix z z−=  

As  a result, the origin Oi is the intersection 

of Zi and Zi-1 

When joint i is prismatic, only the direction of z-axis is determined. 



Robotics
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What to do after assigning all frames? 

1i

iT
−

Looking for the transformation matrices
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1i

iT
− 1i

iT
−

Oi-1
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Step 1 
Step 2 

Step 3 

Step 4 

Oi-1
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Oi-1
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1i

iT
−

i

ia

i

1 (d )T ( )T ( )T ( )i

i z i z i x i x iT T a − =

Basic Homogeneous transformation  

matrix with elementary rotations and 

translations  

are called DH parameters , , ,i i i id a 
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1 (d )T ( )T ( )T ( )

cos sin 0 01 0 0 0

0 1 0 0 sin cos 0 0
(d ) , ( )

0 0 1 0 0 1 0

0 0 0 1 0 0 0 1

1 0 0 01 0 0

0 cos sin 00 1 0 0
( ) , ( )

0 sin cos 00 0 1 0

0 0 0 1 0 0 0 1

i

i z i z i x i x i

i i

i i

z i z i

i

i

i i

x i x i

i i

T T a

T T
d

a

T a T

 

 

 


 


 

− =

−  
  
  = =
  
  

   

 
  −
 = =

 
 
  





 
 



Post-Multiplications
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1

1

(d )T ( )T ( )T ( )

cos sin cos sin sin cos

sin cos cos cos sin sin

0 sin cos

0 0 0 1

i

i z i z i x i x i

i i i i i i i

i i i i i i ii

i

i i i

T T a

a

a
T

d

 

     

     

 

−

−

=

− 
 

−
  =
 
 
 
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Summary: 

• = distance from Zi-1 to Zi along Xi (+ve if in the direction of  Xi)

• =  angle from Zi-1 to Zi around Xi (+ve if counterclock wise)

• = distance from Xi-1 to Xi along Zi-1 (+ve if in the direction of Zi-1)  

• = angle from Xi-1 to Xi around Zi-1 (+ve if counterclock wise)

ia

id

i

i

ia is called link length (usually fixed!)

is called link twist (usually fixed!)

is called link offset 

is called joint offset

i

id

i

❖ If the joint is prismatic then    

is the variable along z-axis.

❖ If the joint is revolute then     

is the variable around z-axis  

id

i
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Example: The Puma 560 Manipulator 
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Fill in the DH-table of the 

Puma 560 Manipulator.   

Robotics
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Robotics

All x axes are parallel which

gives “zero-position” manipulator
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0 0 1 2 3 4 5

6 1 2 3 4 5 6T T T T T T T =

1

cos sin cos sin sin cos

sin cos cos cos sin sin

0 sin cos

0 0 0 1

i i i i i i i

i i i i i i ii

i

i i i

Where

a

a
T

d

     

     

 

−

− 
 

−
 =
 
 
 
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The end-effector of most industrial manipulators

are spherical and are expressed by roll-pitch-roll

or Z-Y-Z Euler Angles

zero-position spherical wrist
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Robotics

Two different positions of the

spherical wrist but same rotational

matrix (i.e. Z-Y-Z Euler Angles)



Chapter 4

Inverse kinematics

1

Robotics

Ahmad AL-Jarrah



• Inverse Kinematics is the reverse of Forward Kinematics.

• It is the calculation of joint values given the positions, orientations, 

and geometries of mechanism’s parts

2

Robotics

Introduction: 

i.e. Given the numerical values of       , we attempt to find

the values of the joints angles                          .

0

nT

1 2 3, , ,... n   
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Where

Assume the following Homogeneous Transformation 

matrix of a 6DOF manipulator: 

Rotation Matrix or 

orientation of end-effector 

(e.g. Yaw, Pitch, Roll)

Position vector of end-

effector 
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Assume the desired orientation and position of the end-effecter frame is 

The equations 

are much too 

difficult to solve 

directly in 

closed form !!

This is the case 

for most robot 

arms
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Solvability: 
• Solving inverse kinematics is more complex than the forward 

kinematics. 

The equations to solve are non-linear / transcendental. 

Closed-form solution (explicit relations ) can not always     

be found.

• Solving inverse kinematics raises the question of the manipulator's 

workspace. 

• Workspace is the volume of space that the end-effector [E] of the 

manipulator can reach. (reaching the point in at least one orientation 

is called reachable workspace).

For a solution to exist, the specified goal point     

MUST lie within the workspace.

Try to use Numerical methods to solve them. 
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Consider the two-link manipulator 

Robotics

The reachable workspace is a disc 

of radius 

The reachable workspace is a ring 

of outer radius             and inner 

radius  
1 2l l+

1 2l l−

12l

• Inside the reachable workspace there 

are two possible orientations of the 

end-effector.

• On the boundaries of the workspace, 

there is only one possible orientation.



• In general, to attain a goal positions and orientations in a

3-space, the manipulator is required to have 6 DOF.

Manipulators less than 6 DOF can not reach general goals in 

the 3-space. 

• The set of reachable goal frames for a given

manipulator constitutes its reachable workspace.

• For a manipulator with n-DOF (n<6), the reachable

workspace can be thought of as a portion of n-DOF

subspace.

• In the same manner in which the workspace of a 6-DOF

manipulator is a subset of space, the workspace of a

simpler manipulator is a subset of its subspace.

7
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• For example, Two-links planar manipulator is a 2DOF

and hence is restricted to attain any goal in space

The subspace in this case is a plane and the workspace is 

subset of this plane; namely a circle of radius                          

for the case that

• The Workspace of a manipulator is a subset of a

subspace that can be associated with any manipulator.

(many physical limits can add restrictions to reach a goal 

in the robot workspace!)
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1 2l l+
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Multiple Solutions: 

Dashed lines indicates a 

second solution

-Closest solution

-The presence of obstacles!

- Moving smaller joints

The number of solutions depends not only on the number of

joints but also on the link parameters (i.e. DH-parameters ) and

the allowable ranges of motion of the joints.
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Puma560 
Flipping the end-effector 

angels
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• More non-zero parameters give more solutions.

• The table shows number of solutions for general 

rotary-joints manipulator with 6 DOF.

Robotics
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Method of Solution: 

Closed-form solutions and numerical solutions.

Closed-form solutions are solutions 

based on analytical expressions (like 

the quadratic formula in algebra).

Numerical solutions use 

approximations and iterations 

to converge to a solution.
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• Numerical solutions are in general time consuming and

expensive; hence, it is considered very important to design a

manipulator so that a closed-form solution exists.

• A major result in kinematics is that all systems with revolute and

prismatic joints having a total of 6 DOF in a single series chain

are solvable (Mostly numerical solutions)

• Very special cases can robots with 6 DOF be solved analytically

(closed-form) like the Puma 560

Such robots are characterized by having several

intersecting joint axes or many zero or 90 degrees twist

angles.
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Examples!

























































Chapter 6

Manipulator 

Dynamics
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▪ For Complex systems, the kinetic

energy is usually expressed in terms

of Jacobians where the relation

between the Cartesian space and

the joint space of a manipulator is

utilized.

2

Robotics

Dynamics ….continue

1 1 1 1 1 1sin cosx l and y l = = −

Inertia Matrix and Jacobian

▪ To explain the concept, assume the

two-links manipulator shown where

the mass for each link is assumed to

be concentrated at the end of each

link.

The position of the first mass with 

respect to the xy-coordinate is  
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1 1 1 1

1 1 1 1

cos

sin

x l

y l

 

 

=

=

Taking the first derivative results in the following velocities

In matrix format

1 1 1 1

1 1 1 2

cos 0

sin 0

x l

y l

 

 

    
=     

      

: Jacobian of the first 

link with respect to 

the fixed frame

1J
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Similarly, the position of the second mass with respect to 

the xy-coordinate is  

2 1 1 2 1 2

2 1 1 2 1 2

sin sin( )

cos cos( )

x l l

y l l

  

  

= + +

= − − +

Taking the first derivative results in the following velocities

2 1 1 1 2 1 2 1 2

2 1 1 1 2 1 2 1 2

cos cos( )( )

sin sin( )( )

x l l

y l l

     

     

= + + +

= + + +

In matrix format

2 1 1 2 12 2 12 1

2 1 1 2 12 2 12 2

x l c l c l c

y l s l s l s





 +   
=     

+       

: Jacobian of the  second link with 

respect to the fixed frame
2J
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Noting that the Jacobian of the second link, J2, is the Jacobian of 

the whole system  since it is only two-links manipulator. 

How to find the kinetic energy of the system?

➢ For         :    1m

1 12

1 1 1 1 1

1 2

2

1 1 1 1 1

1

2

& T

x
k m v where v J

y

V J v v v





  
= = =   

    

 =  =

Velocity vector 

corresponds to 

the first mass          

Scalar quantity 

not vector

1V 
vector vector
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2

1 1 1 1 1

1 1 1 1

2 2 2 2 2

1
&

2

1

2

T
T T

T T

T T

v J J J J

k m J J

Similarly for m k m J J

    =   =     

 =   

  =   

Hence, the total kinetic energy of the system is 

1 2 1 1 1 2 2 2

1

2

T T Tk k k m J J m J J = + =  +  

Scalar quantity 

As a conclusion, the inertia matrix can be given as 

1 1 1 2 2 2 ....T T T

n n nM m J J m J J m J J= + + +
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In order to check the previous conclusion,

let us find the inertia matrix of the previous

example (shown) using Jacobian.

This system

is 2 DOF 
,x 

Two motions of M and m

➢ The position of M with respect to the xy-fram is      

1

1

0

1 0

0 0 0

x

y

x

y

x

y

p x
P

p

v x
and P J

v

v x
such that J

v 

   
= =   

  

     
= =   =     

    

   
=   

  
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➢ The position of m with respect to the xy-frame is      

2

2

sin

cos

cos 1 cos

0 sinsin

mx

m

my

mx

m

my

mx

my

p x l
P

p l

v x l l
and P J

v ll

v x
such that J

v





 

 



  + 
= =   

−  

   +  
= =   =    

      

   
=   

  

➢ Hence, the inertia matrix of the system is      

1 1 2 2

T TM MJ J mJ J= +

M-matrix Cart

mass
pendulum 

mass



9

Robotics

2

2

11 12

21 22

1 0 1 0 1 0 1 cos

0 0 0 0 cos sin 0 sin

cos0

0 0 cos

cos

cos

l
M M m

l l l

m mlM

ml ml

M m ml

ml ml

m m

m m



  









       
 = +       

       

  
= +   
   

+ 
=  
 

 
=  
 

Same M-matrix found in

class last lecture using

the Lagrangian of the

system

One can notice the coupling forces 

between the two masses where m12 = m21 

Associated with the corresponding 

acceleration of each mass 
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Two-links example continue… 

1 1 1 2 2 2

1 11 1 1 1

1

1 1

1 1 2 12 1 1 2 12 1 1 2 12 2 12

2

2 12 2 12 1 1 2 12 2 12

2 2 2

1 1 2 2 1 2 2 2 11 12

2 2
21 222 1 2 2 2 2 2

0

00 0

( )

( )

T TM m J J m J J

l cl c l s
m

l s

l c l c l s l s l c l c l c
m

l c l s l s l s l s

m l m r m l l c l m m

m mm l l c l m l

 = +

  
= +  

   

+ + +   
   

+   

 + +  
= =   

+    

Coupling forces/torques Effective moment of 

inertia seen at each joint 
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2 2

1 2 1 2 2

2 2

11 1 1 2

2

12 2 1 2 2 2

2

21 2 1 2 2 2

2

22 2 2

2

( )

( )

r l l l l c

m m l m r

m m l l c l

m m l l c l

m m l

= + +

= +

= +

= +

=

Noting that 

And

2

1 1m l : is the moment of inertia of m1 seen at the fixed frame (i.e. 1st motor) 

2

2m r : is the moment of inertia of m2 seen at the fixed frame (i.e. 1st motor) 

2

2 2m l : is the moment of inertia of m2 seen at m1 (i.e. 2nd motor or joint) 
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Important Remarks:

m11 : is the moment of inertia of the manipulator seen at the 1st motor 

and it depends on the following joints configurations               .

m22 : is the moment of inertia of the manipulator seen at the 2nd motor 

and it depends on the following joints configurations                .

.

.

.

mnn : is the moment of inertia of the end-effector and it doesn’t depend    

on any joints configurations (i.e. fixed inertia).

m12 & m21 : are same terms and show the coupling forces/torques 

between m1 and m2 .

(i.e. effect of  acceleration of joint2 on joint1 )

`

2... n 

3... n 

11 1 12 2 1m m  + =Dynamic equation 

related to 1st joint

The torque of the first 

joint (motor)
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How to find the Kinetic energy of the system 

after finding the M-matrix?

1

2

1 2

1
..... .

2
.

n

n

k M





  



 
 
 
  =    
 
 
  

The total kinetic energy for a manipulator after 

finding the M-matrix will be  



14

Robotics

In general, the dynamics of a manipulator will be in the following 

form 

2( ) ( ) ( ) G( )i j iM C N  + + +  = 

M-matrix 

depends on 

the robot 

configuration

Coriolis 

term
Normal force 

due to 

normal 

acceleration 

Gravity 

term

torques/forces 

of the 

Motors for 

each joint

Nonlinear terms that can be 
• Ignored in some cases while designing the control law

• Or can be compensated for

• Or can be overcomed using high gains of the control law as 

we will see later! 
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Important Note :

• In order to simulate the motion of a manipulator and be able to

design a controller, it is very important to solve the dynamic

equation of the manipulator for acceleration.

• Assuming the following manipulator dynamical model 

( )M B + = 

Invertible Inertia matrix for the sake of 

controller design and simulation

Equivalent to the 

nonlinear terms

1( )( )M B− =  −

Solving the dynamic equation for acceleration requires
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Trajectory  

Generation
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• Trajectory is often viewed as a combination of a path,

which is a purely geometric description of the sequence of

configurations achieved by the robot, and a time scaling,

which specifies the times when those configurations are

reached.

• Trajectory Generation: Construct a trajectory (path + time

scaling) so that the robot reaches a sequence of points in

a given time.

• Also, trajectory generation refers to the time history of

position, velocity, and acceleration for each joint (DOF).

2

Robotics

Trajectory Generation 
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The figure shows moving the

manipulator tool (end-effector) from

position A to position C with respect to

the stationary frame within a desired

period of time.

After finding the desired initial and final

configuration for each joint (i.e. Joint-

space), a path planning is required to

move between both configurations

which can be achieved through

different paths for each joint as shown

in the figure.

Once the Cartesian poses are known

(i.e. A and C positions), we solve the

inverse kinematics problem to find the

desired configuration for each joint

required to reach the final desired

pose at C.

Basic Problem:
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It is very important to be consider that moving the manipulator

tool, in the Cartesian-space, from A to C could go through some

via points like the point B shown in the pervious slide.

The via points are intermediate points which could be obstacles

and that requires “Obstacle avoidance planning”

From the previous, the conclusion is:

Given the path points (Initial, final, and via points), we 

need to construct a trajectory for each joint so that the 

robot reaches a sequence of points in a given time. 

Noting that: “it is required to move smoothly in the 

joint-space”.
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• The reachable workspace

of the robot (the blue zone).

• The initial point A and the

final point B are reachable.

• The robot will not be able to

move in a straight line since

the intermediate point C is

not reachable.

• Sometimes, for certain

paths, it is impossible for

the manipulator to perform.

Important Notes: Geometric Difficulties 

High joints rates close to infinity 

Near singularity configuration
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Polynomials (splines) for path planning  

• Knowing initial and final configurations leads to a straight-line

path planning choice, as shown in the figure below, using the

following equation:

• The figure shows, moving and stopping at intermediate points to

reach the final position at D using straight lines; this produces a

discontinuous velocity (i.e. Jerk motion which causes system

damages and more energy consumption)

1(t) ou a a t= +
Where u(t) could be joint-space variable

(i.e. joint position) or Cartesian-space

variable like x-position.

Two unknown parameters that can be found using the known initial and

final configurations where the velocity

is not involved (i.e. zero) and hence not controlled.
(t ) & (t )o o f f   = =
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• To avoid jerk motions and guarantee smoothness, one can use

polynomials.

• Cubic polynomial will control the velocity at the beginning and at

the end of each segment shown in the figure and hence

guarantee smoot motion.

2 3

1 2 3(t) ou a a t a t a t= + + +

Cubic polynomial equation 

with Four unknown 

parameters that can be found 

using the known initial and 

final configurations  and 

velocities (i.e. non zero

velocities) .
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2 3

1 2 3(t) ou a a t a t a t= + + +

(0) (i.e. )

(t )

(0) (could be zero)

(t ) (could be zero)

i i

f f

i

f f

u u

u u

u u

u u

=

=

=

=

where the four known initial and

final conditions for the configuration

and velocity are:

The following cubic polynomial path

can be used for each joint position

Non zero velocities at tf (or end of

each segment) will result smooth

motion with continuity.


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The position and velocity equations after taking the first

derivative of u(t) are:

2 3

1 2 3

2

1 2 3

(t)

(t) 2 3

ou a a t a t a t

u a a t a t

= + + +

= + +

Substituting the previous given four conditions into

results

1

2 3

2 3

2

2 3

(0)

(0)

(t )

(t ) 2 3

i o i

i i

f f i i f f f

f f i f f

u u a u

u u a u

and

u u u u t a t a t

u u u a t a t

=  =

=  =

= = + + +

= = + +

(t) and (t)u u

Two equations with two 

unknowns to be solved for 

2 3anda a
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1

2 2

3 3 2

3 2 1
( )

2 1
( ) ( )

o i

i

f i i f

f f f

f i f i

f f

a u

a u

a u u u u
t t t

a u u u u
t t

=

=

= − − −

= − + +



1. Similar to the straight-line choice where no control over the

velocity, the acceleration is not involved in the cubic polynomial

choice and hence it is not controlled.

Higher order polynomial with more parameters is required

to control the acceleration

Notes: 
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6 unknown parameters requires 6 conditions 

2. 5th order polynomial is a good candidate to get the acceleration

conditions involved and hence controlled acceleration.

2 3 4 5

1 2 3 4 5(t) ou a a t a t a t a t a t= + + + + +

(0) , (t )

(0) , (t )

(0) , (t )

i f f

i f f

i f f

u u u u

u u u u

u u u u

= =

= =

= =

i.e.

3. To guarantee smooth motion when moving from one segment

to another (refer to the figure in the next slide), the velocity at

the end of the first segment can be selected to be the initial

velocity of the coming segment and so on for all segments

constructing the robot path.
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From A to B is 

one segment

One way to get smooth motion when finishing 

the first segment and start the second one at 

point B is choosing same velocity values

1 1 2(t ) (0)f f iu u=i.e.

Final velocity at 

the end of the 

first spline at B

Initial velocity at the 

beginning of the 

second spline at B 



 

 



 

 



 



 



 



 



 

 



 

 



 

 



 

 



 



 

 



 

 



 

 



 

 



 

 



 

 



 

 



 

 



Example: PD-controller for a Two-links manipulator system  

 

 


