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Classification I

Differentiable equations are classified by :

ordinary DE
(ODE)

partial DE
( PDE)
@}
B8 5 ST g

The order of DE is the order of the highest derivative in the equation

The linear ( ODE ) of n" order has the forms :

d* 1y

a, (x) % + a,,_1(x) + ...... + a,(x) Z—z +a(x)y=g(x)

» Linear
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> The general solution of ( ODE ) with n"" order is :

dn_y_ ! " n—-1
dxn_f(x’y1y1y P )

e ™ s . . B s B
. . solution is a o —
N Explicit soulution function Ex:y = f(x)
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Implicit solution Relationhetieen Ex: x2 +y?2 =25
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I CHAPTER (2) |

> Solve the following (1.V.

P)

» The DE has the form

y' =f(xy)

< Separable equation >

— Separable equation
— Linear equation
— Bernoulli equation

— EXxact equation

— Homogeneous equation

Separable equation

Standard form

Solution

y' = f(x).g(x)

Voe X Jradi Jiaall 416 Alaldi dalea v/

V' =f(). ()
—=f(x).9(x)

fg(x) dy = [ f(x).dx
< Linear equation >
Linear equation
Standard form Integrating factor solution

y' +px)y=f(x)

H(x) — efp(x)-dx

= (fﬂ(x) f(x).dx + C) ‘

p(x)

4
K (x)
K(x)




Bernoulli’s equation

» Standard form : y’' + q(x) y = y™ ,forall(neR)

» If (n =0) then the above equation becomes :
y +qx)y =
> If (n =1) then the above equation becomes :
y' +(q(x) - )y =0

> For(n#0)and (n # 1), The substution (v =y1™™) transforms
the Bernoulli equation in to Linear as :

Yy +_qx)y =_ X

l-n

1-n

v=y
v+(l—mn)qgx)v=(l—n)

Exact equation
. oM ON
> Is exact if [5=a (M, = Ny)
Exact equation
Standard form Solution

> [M(x,y).dx + [ N
R
> f&‘tﬁ}“—’ 2y

M2y

dy=C
M(X,y) .dx + N(x,y) .dy =0
dy+ [M(x,y).dx=C

> Is exact , the equation then :

—> M(x,y) = [ Ny.dy + h(x)




» If [ f(x,y) = C]is asolution for exact equation :
» ax M (x,y) .dx + by N (x,y).dy =0

2
ax M (x,y) = é : by N (x,y) = —
Special Integrating factor
v" For the non-exact DE :
M (x,y) .dx + N (x,y).dy =0 My #= Ny

1) If —— y depends on x only then the special integrating factor is :

My~—Ny

Then the DE becomes exact if multiply the DE by iy

2) If y depends on y only then the special integrating factor is :

Nx—My
|Gy @Y

Hoyy =€

Then the DE becomes exact if multiply the DE by py,

» M (x,y) .dx + N (x,y).dy =0

Internating factor

M(x’y) = xp . yq

Then to find p and g we used the condition

_ . NXxy) M(x,)y)
My — Nx =P o - y




Homogeneous equation

» A function G(x,y) is said to be homogeneous of order n if :

G(ty — ty) =t" G(x,y)
» The homogeneous DE has the form :
ay _ (v
==n()

fTo solve homogeneous equation
" we use the substution (v = %) then will be DE separable

bty g alaally g5 Wiy 5 v/ Lguia il %sjycua\dj&eﬂu\wg/
separable dilzs o2a

Equation of the form

dy f(ax + by + ¢)

dx_

V=ax+by+c (x*,yh) 1 a6368 (X,y) J Ladla o
S Jgale Lele datyy Jadll a8l Jesiud s
....... cLn, osl s dala

separable ol (g el

Unique colution

>y +px)y= Where y (x0) = ¥o
o Ifp(x), are can’t function on an open Interval (a,b) , x, € (a,b) contains
Xo , then there is a unique colution of 1.\V.P on that Interval
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This DE has the form :

k a(x)y" +b(x)y +c(x)y = g(x) }

g(x) = 0> homogeneous , Linear

g(x) # 0 non —homogeneous

> If y, , y, are solution for DE :

ey +b@Y 4@y = g(x) |

> Can be written as :
Lly](x) = g(x)

where

L[y](x) = a(x)y" + b(x) y' + c(x) y ¢z is a Linear operator




» Theorem :

(v, v, .. , v, ) are solution for DE :

an(X) Y+ a,_ () Yy 4+ ot a ()Y +ag(x)y=0

y=Ciyy+Coy, +..... + Chy,

Is another solution

Wronskian
V1 Vo sanununs Vn
y{ yé ........ Vr,
yi’ :)./é, llllllll ).]T{L’
>W[y1'YZ! """ ,yn](X)Z . . .
S A M A G
Note :
+ —_
a b | _
| : J | =a.d- b.c
T o
Linearly dependent
» We say that the set of function ( y,, -, ... ... , V,, ) 1s Linearly Independent on
Interval )
|fW[y1,y2, """ lyn](x)¢0 <
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! v=

Linearly Independent Linearly dependent




Fundamental solution

s leda g oS (e o

Ailad) g8a3 Gmmmmm solutions J) oSS o) e (1

(W % 0) ¢! Linearly Independent ¢sSi o)) i (2

Abel’s Theorem

> If y, , vy, are solution of the DE :

L\ y'+px)y +q(x)y=0 \w

> W [y, y,](x) = C e Jp@)ax
Notes :

p(x) = =

ddida el e (1 — 1) dalae oS4 p(x) J
ExX:y" +p(x)y'+y=0

Y& +px) y® +y=0

Reduction of order

L\ y'+px)y +q(x)y=0 \w

e~ p(0).dx

01?2 dx

dx =y [ —

> y2= 1) )2




Linear, homogeneous , second order DE with constant coefficlents

a(x)y" +b(x)y' +c(x)y= 0

a(x)r®* +b(x)r+ c(x)= 0

Is called the auxiliary or chapteristic

equation
A = b? — 4ac
4>0 | a=om A4 <0 |
| } l

Then there are two different real

roots say (14,15 )
Solution:

y, = e* Yy, = e’2¥

Then there are two different real
rootssay (1,75 )

Solution :
y1 = e, y, = xe'?"

X = ealy ) S la JS o

Then we have complex roots say
(r = ax fi)

where (I = —/—1 )

Solution :

y1 = e“* cos(fx)

y, = e sin(fx)

r

gs:y = C,y, + Gy ¥




Euler equation ( homog , Linear, second order )

kaxzy”+bxy’+cy= 0o , x>0w

» The substution :

x = et Lnx =t

d?y
dt?

k y=Ciy; +Cy, w

a +(b—a)%+cy=0




CHAPTER (5)

Non-homog , Linear DE of second order
I

' '
Undermined coefficient Variation of parameters
Undermined coefficient

k ay"+by +cy= g(x) w

ay'"+by +cy=10

< Homogeneous

yvh=Ciy; + Coy,

< Non-homogeneous

Polynomial

g(x) Yp
2 (A)xk
x+2 (Ax+B)xk
x?+ 2x (Ax?+Bx+C)xFk
ko Aom il Aaladd) ) 53all A (geall ) seda <l je 22e

Exponential
9(x) Yo

2p0X (A e ) x™
x e [Ax+B]e™)x™

(x*+x)e™ ([Ax?>+Bx+ C]e*)x™
m ;A il Aslad) s3all 8 (o) Jseds e 220




Trigonometric [ sin (Bx) or cos (£x) ]
g9(x) Yp
sin (Bx) ( A cos (Bx) + B sin (Bx) ) x™
x sin (Px) ([Ax+B]cos(Bx)+[Cx+ D]sin(Px))x™
2 e** sin (Px) ([ Acos(Bx)+ Dsin(Bx)]e** ) x™
x e** sin (Px) ([(Ax+B)cos(Px) +(Cx +D)sin(Px)] e** ) x™
72 A8yl B 530 Al gl b (@ B ) Lseds S ye 2o

-0SIYy = Yt Wp

Variation of parameters

k ay"+by +tcy=f(x) , g)=L2 w

» Find homogenous solutions { y; , v, }

k yvh=Ciy; +Cy, w

_|3’1 )’2|
Y2

2) Vi = — [220 g 3) Vo= [28) g

D)W [y, y:1(x)

4) The particular solution is :

k Yp=Viys + Vo y, w

5)9s: Y= ynt W




\ CHAPTER (6) \

Laplace Transform

> Let f(t) be a functionon [ 0, oo ] then Laplace Transform of f(t) written as
ZL{ () } or F(s) is defined by :

#ZLFOY= [ FO.7 de = lim [F(0).e7 dt = F(s)

f© L{fOI=F() || F&O=2{fO} | 2 {F(s)}=r1
a a
a < — a
& S
¢ n! 1 tn-1
s+l sn (n—1)!
1 1
eat — — eat
. a 1 : t
sin (at) s? +a? s? + a? %
cos (at) ﬁ = i i cos (at)
- a 1 inh (at
cosh (at) o —— cosh (at)

vZ{af)xpg)t=a2{f(O)} £ £{g(t)}

VLt fOY=2{fO} =F(s-a)

Ss=S—a

Y2 fls—a)}= e ZHF(s)}
v IHFE) Y= T HF6)}

 2{y®t)}=s"2{y}—s""1y(0) —.....— y"(0)

EX:

D2{y' )= sZ{y}-y(0)

) 2{y"()}=s*2{y}—s.y(0) -




Unit-step function

0 t< Note :
) a e
>u(t—a)={1 r> g F(s) =250 lim F(s) = 0
P Laplace =~ s—oo
e—as
v Z2{u(t—a)} = .

Vv 2{ult=a). fO)}=e . 2{f(t+a)}
V e B F(is)Yy=ult—a). LH{F(s)}

H Sl 2L

ft) ,0<t<a
#h(t)z{g(t) , a<t<b
p(t) , t=b
h(t) = F(t) + [(g(t) - f(©)) ult —a) ] + [ (p(t) - g(t)) u(t = b) ]

Theorem : ( superposition principle ) ( Non-homog ) l

» Let y, be a solution to the DE :

k ay'+by +cy= fi(x) w

] i sl oS asY
> Let y, be a solution to the DE : uﬂt‘; J L s\jwu)@ej;

k ay'+by' +cy= f(x) w

Then for any constant C; and C; the function

k y=Ciy; +Cy, w

L ay" +by +cy=Cifi(x)+Cofol®) w

+ Is a solution to DE :




