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-> improper integrals :-

-> infinit series :

If(x)dx
= him f(x)dx

Exn] = Ex [n]
a

If(x)dx = In- f(x) dx
Ex <n] = Himax (n)

f(x)dx = Lim ! f(xdX-fing f(x) dx

fr -

* Signal : it is a function of one or more independent variables .

↳ ex : f(t) +f : dependent variable , t : independent variable .

-> Two types of signalsi-

4 continuous- time signals (CT)

↳ f(t) where t (the time) is the independent variable .

↳ it is a signal that can take a continuum of values
,

(it can be 1 .3456) It must be a real numbers .

A examples on continuous signals :-car speed ,
Audio waves

Wroom's temperature
, images .

(The independent variable in images

5

is the coordinates of the pixels) .

1f(t)

- examples- of continuous

graphs
st



# discrete-time signal (DT)

↳ x (n] where n is the number of samples
(must be integer) .

-x[n]
③

⑤

③ 8

⑤ 8 ⑤

B 5

- - -x s

7 R

↑
2 3 4 s 6 = & <
- sample number

(always integer) .

the period between each sample

is adefinedetween each sample must be the same
(for uniformly sampled signall .

A we can get discrete from a continuous signal .

-x(t)

⑤

zi· 8

·

.

·

123456789t

* Digital signals can only be discrete signal

however, Analog signals can be both discrete

and continuous .



odd & even signals -

A A signal is even if :-

CT case : X(-t)= x(t) W
DT case : x[-n] = x[n]

Seven to * symmetric around
the y-axiss even

signal
A A signal is odd if :-

CT case : x(-t) =
- x(t)

DT case : x(-n] = - x[n]

seSodd = 0

* A signal is neither odd * not symmetric around
nor even if 8- the y-axis odd.

the signal is a combination
of even and odd .

EX 1: EX3i
-

X(t) = +
2

+
+Y -

x(t) = sin(t) + cos(t)

x(-t) = (- t)2+ (-t)Y X(-t) = sin(-t) + cos(-t)

X (-t) = +2+ +Y x(-t) =
- sin (t) + cos(t)
u ne

odd even

x(t) = x(-t) : even
-

... neither even nor odd .

X(t) = t+ t 3
Sin(-t) =-sin(t)

#2i

-

FreX (-t =
-t - t3 =

- (t ++3)
cos(-t = cos(t)

x( -t) =
-x(t) :d



Any continuous time signal can be represented as sum of odd
and even components .

X(t) = Xe(t) + Xo(t)

Xe(t) = 1(X(t) + x(-t)) even part of the signal .

Xolt) = I (X(t) -XC-t)) odd part of the signal .

EX :

X It) = cos(t) + sin(t) + Sin (t)cos(t)

Xelt) = 1 (cos(t) + sin(t)+sinCHcos(t) +cos)-t) +SinC-t)+sin(-t)cos(-t))

- /Xelt) = 1 (cos(t) + sinCt)+sinCHcos(t) +cost)-sifCt)-sin(t)cos(t))

Xe(t)= I [2cos(t)] = cost)

Xo(t) = = (cos(t) + sinCt +SinCt)cos(t)-sinC-t)-cos(t)-sinft)cos(-t)]

Xo(t) = =(cof(t) + sinCt +SinCt)cos(t) +sin(t) -(s(t) +sinet)cos(t)]

xo(t) = - [RsinCt)+RsinCt)cos(t)]

Xo (t) = sin(t) + sinCH) cos(t)



-
-

even+ even =
even

odd+ odd= odd
I

even-odd = comp nither Enor O
-Fieven A even : even ↓

even
= even

even A odd = odd old- odd

odd A odd= even

'

because* a constant is even when

drawn , it's symmetric around the y-axis .

~X(t)

5

2 St
-t

continuous signals :-

A if we know that A if we know that
the signal x(t) the signal X(t)
is even thens is odd then s

t

=> (xHdt = 2 x+)dt => IX(t) = 0

# *



Discrete signals :-

A if we know that A if we know that
the signal x[n] the signal x [n]
is even thens is odd then s

-> Sxe[n] = 2 xe[n] => EXo[n] = o

# corgate Symmetric :-

↳
(special case of even and odd)

complex signal

z(t) = a) + jb
Real img

* how do i know that the signal is a conjugate symmetric ?

z(-t) = z
*

(t) odd

-
z(= t) = alt) - jb(t) z)(t) = a(t) + jb(t)

d

-
even

. if ECt=even+ jodd -> conjugate symmetric .

- Euler identity :-

or z(t)

·cast sing# - I
even even odd

· : Euler's iden isreal img tity
a conjugate symmetric .



· Periodic and Nonperiodic signals o

Ti
re
⑧

ale
bl Tz
-
③

T3
me
8 ⑨

"W
t=0

periodic - non periodic cTPCl

⑧ ⑧ ⑧ periodic DT
③ ⑧ 88 E

⑧ ⑧

nonperiodic BT

E



A signal X(t) is said to be periodic signal with a period "T"

if there is a positive non-zero value of "T" such that x (t+T1 = x (t)

for all of t. usaully T has multi values ·

-> minimum possible value for "T -> fundamental period

↳ that satisfy x(t) =XIt+5) and is denoted by "to"

Example : X(t)= Sin(t) ; check if it is periodic or not .

X It + mi) = sin(t+mI) = sint)cos(mI) +cos(t) sin (mT)

The goal is to get the new function
to look like the original one

.

so when cos(mt)=1 & sin(mi) will do so

cos(mt) = 1 - when T = 4 , , , 61 ...

!
but I can't be Zero

because if it was the

signal would be non-periodic.

↑
sin(mt) = 0 - when T = 4 , A ,⑰ , 35 , ...

The signal is periodic

and the fundament period = 21

Example : X(t) =
et

t mi

X(t+mT) =

et+mT

= e · 2

for the signal to go back to the original signal (et) ,
elmit

must= 1 : T= 0 but T = 0 only for a non-periodic signal
.. The signal is non-periodic .



x(t)
T=

·

T
·

2T
tUr

-
T

T : fundamental periodic of one complete cycle of x(t)

T: positive (time) [Sec]

f : fundamental frequency .

=I (Hz] , [cycle/sec]

w : angular frequency =
21f = [rad/sec]

25
The fundamental period (To) : smallest

positive value of F that satisfy

- the equation x(t) = x(t+1)

if XIt) = Nt +mi) :: signal is periodic
I
·

-> if not then it is nonperiodic . (CT) mi

if x[n] = x[n+ mN] : signal is periodic

-> if not then it is nonperiodic . (DT) ⑧ ⑧ ⑧

8 8 8

A N must be positive 11
N

V and integer.
fundamental period (No):
smallest positive value
of N that satisfy the = angular frequency
equation x[n] = x[n +N]

AA periodic signal is said to be periodic if it repeats itself
after a regular interval of time .



Example 18 - X(t)
N

1

- 1 -

...

0 .2 0
. 4 0 .6 t

T = 0 . 2 sec

f= 1 =

it
= 5Hz

w = 2Tf = 2 x (5) = 10 Ar/s

cos(A+ B) = cosAcOSB - SinA sinB

COS(A-B) = COSA COSB + SinA sin
Sin (A + B) = SinAcosB + COSA sinB

sin(A-B) = sinAcosB-cOS ASin

cos(t) = -(1 + cos2xt)

sinkt)= -(1-cos2xt)

Example 28

non periodic
because there is

no repetition .

ample3 :
-x[n]

....

&8 ⑨8 e 8

....

N = 0 m = E = 7 = I(rad/sample)
8 8 0 D & 888

Sn d
#of samples that
are being repeated .



Example4 : X(t) = cos2It)

=> E(1+ Los 4It)

W = YA T=

E = 1 se

f= 2 Hz

Ample58-X(t) = cos(2xt) ; check if it's periodic or not .

x (t) = x(t +mT) -> coS(2+(+ +mT))

=cos (2At+ 21mT)
0=cos(2At)cos(27mt)-sin 12At) sin(27mT)- -

=> cos(2A+) : X(t) = x(t + mT)
.. signal is periodic .

Example : eot +30 ; periodic or non periodic?

a
-10 (t+mT) - 10 t

- 10mt
m

: 0, 1
,

2
, 3 ...

X(t + mT)
= e - e · I must not be

- - -

↓ # o if periodic

signal
itself

- 10 (t+mT)
we need to check if et=e if yes it's

periodic
X(t) F x(t+ mT)

.. non periodic .

-

The same

Example : X(t) = cos(e2t) ~
-2AMT)0X (t +mi) = cos(i 2t . e

periodic



Example : X(t) =

esin (2xt)
-> I

I

Sin (2Tt+21mT) sin(2It) cos(2AmT) +

-X(t + mT) = 2 - cos(2At) Sin (2AmT)
=sin(2At) 0

~periodic Es
-

T= =I 20 , 17
25

2A

Examples - tesin2it . ! ' in

periodic

(t +mT)
-

non periodic
Since t t+mT because T Can't be o if it was periodic

* i to if the signal is periodic

: The signal is non-periodic
--

-

=> non periodic * periodic= non-periodic

periodic + periodic - periodic
non-periodic + non-periodic = non-periodicfeeperiodic * periodic = periodic
periodic A non-periodic = non-periodic
non-periodic A non-periodic = non-periodic



Summation of rdic signals :-

W3w 2 e

/
-

100Example : X (t) = COS (OAt+- cos(YAt) - &Sin(6It)I
signal 1 signal 2 signal 3

A we don't care about the phase shift and amplitude .

Step 1 : find all Is

=Eat = =

Step 2 : find the ratios between I , T2
, Ts ....

make one I fixed and by convention we choose T .

i
. e . We findT *y y :

I = = The result ratio is in the form of

integer : signal is periodic
-

=
integer

Step 3 : findT

*To find T for the whole signal we take the fixed I from
Step 2 There Ti) and multiply it by K .

T
=

T
, A k k : LCM (Least Common Multiple)

between the Denominators
= 4 * LCm(2, 4) of the ratios in Step 2

.

= + Y LCM(2, 3, 4) = 12 Why ?

S
T = 1 sec 2 : 2

,
4 , 6 , 8 ,

10
, 12

3 : 3
, 6 , 9

,
12~* obviously a periodic signal 4 : 4

, 8 , 12

because TFo .
E .: ((M = 12



Example : X(t) = cos4t + SinAt

wi = Y w2 = A
>

Step 1: i = T T2 = E

Step 28 i = 2 = = irrational

Iinteger

: signal is non-periodic
since it's not iner

integer

Example : X(t) = 1 . 3 cos (At + 99) + cos(4t) - Sin (6At)

T = 1 = 2 i2 = 2 = = Ts = E = 5

= = ... non-periodic (e)

j(2t-A)
Example : X(t) = 0 .2 e

-

1 . 3 elot

* eit= cost Sin

=0. 2[cos(2t) + jsin12t)]- 1 .3 [cos16t) +jsin(6t)]
-

↓
This is a shift we

don't take it into

tion .
considera

T = 2 = + +2 =1
= A 13 = 7 = 51

! = E = I I = # = I
Ty =

I
= 5

-= 1

I = 2 n periodic T + T A k
-

T
=
T = A



j6At
Example : X(t) = cos (27t+ 7

%) -5.4e

* signal is periodic

Example : X(t) = sin(2t) + 2es2t

A signal is non-periodic

Example : X(t) = cost + Sint

A non-periodic



* Energy and power signal :-

F
Lv -

p(t) =
ITt) R = -t

instantannoower

if R= 1 -> p(t) = IIt) =
vit)

= xt)

- ↓
"If Resistance for any

is unit . signal

Energy = E = pitdt=xYtdt

a + jb complex

|a+ jb) = ab2 |a+ jb12
=

a
+
b2

a+ jb

phase = tan"()

~ general form
Energy =xC+Ydt for all signals .

average power: general

p = Aim Ixt1dt
form

if the signal is periodic :

p = 1 TxC1dt



DT

E = /Xin]

p = fire
+
ExnR

if signal is periodica-

P = EX5nsl

AImportant Notes :-

energy signal : X(t) ,
X (n]

· < E & finite
S

Both conditions must be

and p = o true to call it energy
signals .

power signals-

0 <P <& finite Both conditions must be

- E = 8
S true to call it power

signals .

neither power nor Energy signals : -

if both of the conditions above weren't true .

#into periodic or random => power signal .
non-periodic or determenstic-> energy signal .

-

d
most casesAll .

random - can't be predicted before it happens .

-- no pattern .

determenstic - can be predicted before it happens .



Example:- Energy or power signal ?

~

A

= =Gixc+)12dt-need
- Ye

-

e
= A2 +1)

E
=

AT: < 20

p = In Ardt

-

: The signal is an energy signal .

p= fin =
-

Q

Example :

... ...

... ...

- I
0 .1 0 .

2 0. 4

p

=
except of (State at0

= (t ! + t!= = = 1 <pea

= = IXdt = 0

: signal is power signal .~ -

I& because of the

-
absolute and

sqaure .



Examples- non-periodic
1

- ------- a

-I 22 o 1s i

E
= /xn3= [Ix<n31 =

1+ i + 1 = 3
-
-

p = Mr +
* 3 = 0

--

: energy signal

E t 0xt < 1 Si non-periodicExample : -

x(t) = C-t / <t 32 because the

o otherwise
. signal changes over

a period of time

I
and O everywhere else .

5 = I Ixt12dt= Itdt +1 12-t'dt
It ! +

! (2-E)3 = number
--

p= E
: energy signal .

Examples :- n0xn<5

Xn] = 10-n 54 n. 10S
o otherwise .

E= In - no-n

·

.........
=> (0+ 1 + 4 + 9 + 16) + (25 + 16 +4 + 4+ 1 + 0) =

05

P = 0

" energy signal .



Example : - sin(In) -YIn4 non-periodic

x[n] = E
O otherwise

.

E = ElsinCAns
E = (-sinC41))2+ (-sin (35)) + (-Sin(21)) + (-sin(a))

+ (sin(on)) + (Sin(A))
2

+ (sin(21))
2

+ (sinC3A))
2

+ (sinC4A))2 = 0

p = 0

: signal is niether power

nor energy .

Example : - cos(An) -YIn4 non-periodic

X[n] = E
O otherwise

.

E= /cos(Ans
=(Cos 4A+(cos3T) +(OS 25) + (cost+ (cosol

+ (20SA) + (0S 25)+ (cos37)2+ (cos4TS2

= 2 + 2 + 2 + 2 +
1

= 4

P = Mr IE =
o

: energy signal .



Bea rations on signals :

S
independent dependent
Variable variable

It| x(t)

[n] x[n] The compression or expansion of

- a signal in time
-

& mer secreteeI
↳
change,exis

① Time Scale :-

original signal -> X(t)
-

Scale asI or oca<l

new signal -> y(t) = X(at)
number

↓ ↓
compress expand
(speed up) (speed down)

-

Example8-

X(t) x(2t)

I x(8t) -> I

divide

a

I I
- I - 12

X(It)
x(t) - I

divide

d

I
- 2 2



Example 8-

X[n] B 8
x(2n] -

XIn3.....⑧ - ⑧ - divide

by a iceinn I //xX-2-1 01 2 3 4 5 O /
I I = = = 2
- . 2

n must always be integers so

after scaling a sample like = -0 .5

will be discarded

&
so in discrete we would lose

information (samples) .

② Time Reverse (reflection) :

X(t)

y(t) = xc-t)

Exampleo-
X(t)

x(-t)
I y(t = x)-t) I

- I 2 -2 i t

③ Time Shift :-

y(t) = X (t-tr)

to - + ve X(t-tr) -> shift to the right
to ->- ve x(t--tr) = x (t+tr) -> shif to the left

Example 8 - x(t)

y (t) = x(t -2) X(t-2)
I

↳
I

t -

t
- 2

+ 2
1

+ 2
O 3



Example 8- xt)
39t) = x

It
x(t+2)

-I

-

2-2 1
-2

t
- H ! t

precedence Rule :-

y(t) = x(at - to)
-

⑬
steps : P

① Time shift .

② Time scale .

③ reflect/reverse .

Example :-

y(t) = x(2t)

1 - 1 -

Y 2

- 2 2
- I I

-

-
-

-

y(t) = X(t+ 3)

1 -

1

- S -

-

-

first
-



Operations on dependent variables xIt) :

Amplitude scaling :

y(t) = ax(t) o <a<1 or a >1

↓ L

attenuation amplification

I IX(t) -
I

- I I
- I I

3

3 XIt) -

- I I

math operations :

a. addition/sub . X, (t) IX2(t)

b . multiply/divide ,
(t) * x2(t)

XI X
2

I

!

·

so
①

.
·o*

***

↳
I

I
O
↳

b so
·

noto

- I I - I I - I I

Xi X
2 X, AX2

*
I
↳D

I I I
O

b ·
o

①

- I I
- I I

Amplitude Shift :

Cup or down) y(t) = ax(t) + b + Ve- up
- ve-down

3 ~ X(t) -
1

eX: X (t) +2
2

-

I
- 1



Example :

y(t) =
- 2x(t) + 3

- 2x(t) - 2x(t) + 3
~x(t) M M

-I O I 23 >t 3

I - I 2

12 -2 I

>t >t
-0 : 23

-I O I 23

Elementary Signals :-

① Exponential Signals
B

*

CT : XIt) =
Bet

B intersection point (y-axis) . decaying
a shape

ato growing
a[0 decaying

Example : Bo

-3t
X(t) = 2e growing

2
·

decaying

x (H) = 2est

2
.

growing
IT:

X(n) = Br x[n] = 2 10 .5)

I growing exp. ·.....
- r - decaying exp.



Step signal : -

x(t)

CT8 A -
at t= 0 - undefined

s t

unt = ( It : (slope = 8).

x[n]

DT8 As o o usns =

I -> at n=o -> defined

and = A .

· 8 8 & t

unit step :-

A = 1 (unit)

Ult

CT8 I

s t

unt = ( ! It :
U[n]

DT8 I o o o · n <0usns=E
n > o

· 8 8 & t

u(t-5) u(t +5)

I I

5
- 5



A Rectangular pulse A

XIt)
= ult-T1) - U(t-T2) -> general rectangular pulse.

L

T T2

EX8 u(t +5) u(t -5) x(t)
I-O ①- I

g - ↑ -

- - = -

- 5 ⑧ S -

5 o ⑤ - S 0 5

↑ x(t) = u(t+5) - ult-5)

Before -5 - 0 -0
=

0

at 5 + I - 0 = 1

at 0 + 1 - 0 = 1

at 5 - 1 - 1 = 0

EX8 u(t-2) u(t-y) x(t)
-

I I I

- =

- - =>>- =

24 2 Y 2 4

x(H) = u(t-2)-u(t-4)

Befor 2 = 0 - 0 = 0e

at 2 - 1 -0 = 1

at 4 - 1 - 1 = 0

⑰Fre



=> unit step properties :-

1.
Ut) = UE) =

UCH

2. U(kt-tr) = u(t -2) # a
Su(2t+3)

the same asc

y(t) = e
24

. U(t) -
+3)

-

3/2

* * =

Before of function + 0 = 0

after of function + 1 = function
.

EX8
-

COS (t) A UCt

~ v
Ex : cos(t) [u(t+5) -u(t-5)]

·W



Sinusoidal Signals
~ phase shift

(CT) X(t) = A cos(wt + 0 -> periodic
d tangular

amplitude frequency
eit

= cosO+ Jsint

cost
= / [258 = =58]

(DT) X(n) = A cos(-2n + 0 Sinc = Yes [es0_ ]

N => must be integer to be periodic
-

~ = +*

the key to make Nan integer.

Impulse Signal (Dirac delta Signal)

(DT) -> g[n] = 0
, n to · IE 1

, n = 0 t
⑧

~ even

~

E
n

t

SSCH
.
At

= 1ICT - Sit = 00! -

to make the I

⑧

area at(t= 0) =
1 C

area= 1
A

the height must -> in impulse function & is very very small

be ' So area = 1 . 1 Therefore the height is very big (approaches &).
1

A Dirac - Delta properties : -

① .? Sit . dt = 1 f(to)N 1~
constant

-fetsI

② f(t)S It-tr) .
dt = ftr) -> integration is finding >

to
the area .

③ S(at + b) =4f(t + a)
xIt) Sit-tr) = x(to)to↳ no integration

Delta /Impulse) - Step
/ stays

since it's = 1

&

SitS .
It = u(t) u(t) = Sit) when it's inside

↳ unit step an integration



example : XIt)= 2e"st . SHt-1) ·At Example : X(t)= Sint S12t-1)
m

t= 1

= 2e3 = 22 =sint . it, SIt-El

Example :

XIt) = 20
+st

. S12t +10) ·dt

= sin(E) I . SIt-E)

= 2 S(t -E)
-Ize"st . 1 8It +1) dt121

n

t=
- 10 = - 5

y - 3(- 5) 19
- 22 I e=1 /

2/

Example : y (t) = 2t2 . S(t-3)

y(t) = 2 (3) 2 S(t-3) no integration so it stays.

-

y(t) = 188(t-3)

Example : y (t) = cos 4t . S12t-A)

y(t) = cos4t · 4,
Sit -E)

y(t) = cos[4(E)) - . Sit -z) =

= S(t-2)

Example : I = It · S(t-4) .dt= ?
S(t-Y)

M

= 0
↳ shifts to the ! st- !

2

right by 4 which 10

is outside the limits

of integration.

Example : I = 2t. S(t-4) .dt= ?
un

t= 4

since t = 4 is inside the

integration limits
, we can use

the properties .

= 2(4)2 = 32



Rectangular Signal >rect (1)
I

rect (I) : 2
, <t IE

0 ,
otherwise

2

-I ⑧ I

Ex: erect() dt = e
.
dt= se

12

↳ rect function just changes the
limits of the integration .

Signum Signal -> Syn(t) ↳

Syn(t) = - 1
,

to

odd signal,
.S o t e
0

& - 1

EX
-

= 0Ex : Syn(-3) =-1 · Sgn(0)-

EX
-·Syn(7) =I EX : sqn(A-3) = Syn10 . 14)

=
1

-

(a + jw)t
* complex exp . Signal -> X(t)= Ae

I

Real exp simosoidal Dc Signal
eat eat

a<O a>0

A

*
↑w= 0 fa = 0 - Aert= Alcoswt+jsinwt) &

w= 0 , a = 0

X (t) = A

-> Damped or raised Sinusoidal

&

& a<o

MWL "Faised signal &11 Damped signal



Sinc Signal -> Sinc(t)
sinc(at)

t = Intx(t) = xxt) = 1msinc(t)= 1 - k
gx(t) = 0

1 sinc(t) = xit)
t

Example :

sinc(4t) t =I-

Example :

Sinc(4t)rect() t = I-

·& D

EAs
esional between - and

T=I

I ↑
remains because of the rect()-(1 ,-It

↳ = T 0 ,
otherwise

Ramp Signal

I
riti =G ; I:

/~[n] = 34 ! o
·

..

:"""

* - rit) = ult) * v(t) = S(t)

* S -"udt
= v(t)

- I



Question : Using change of variables and the properties of the unit impulse function
-

the value of Soblat - b)sinit-4) . At
,

and aso is :

8

Soscat - blsinit-4 .dt= daif(t-b) sin"t-4)= Isin(-4)

Question : Given a signal f(t)= Yult+3) . Evaluate f(t-1) 8(-2t + 6) &t

jfCt-1 6t -

3 = +3 -1 = f(z)

= I(Yu(s)) =
2

Question : The signal y(t) = sign(sin(t)) has the shape :

-y(t)

I

- A
< >t

0 A 2A

- I

W

Question : The signal f(t) = (2t-2)S(1-3t) can be expressed as :

f(t
= 15 - U2t-2)S(t-3)

= - Sit-3) -

Question : The Signal xIt) = u(2-t)u(t+2)

u(2-t)

*
-

2 - 2 - 2 2

-
Question : Decompose x(t)= ult into odd and even components

xe(t) =

= [X(t)
+ x(-t)) Xo(t = [X(t) - x(-7)]

= [u(t) + u(-+)] = = [u(t)-u(-t)]
= I = Isgn(t)

u(-t ucH I
zu+)

... U(t) = 1 + Isqn(t)

- tu(-t)
- I



* Systems :

system properties :- X(t) -4 - y(t)

-Linear and non-linear

- Stable and non-stable
- Causal and non-causal

-memory and memoryless
- Invertable and non-invertable

-Time - Invariant and Time variant.

I stability : · Istable/unstable)

if system is BIBO -> The system is be

Bounded Input - Bounded Output : For a stable system
output should be bounded

for bounded input for each

and every istant of time .

Munded -> from o to o the amplitude
of the signal is fine

* if we provide a Bounded input and the output turns

out to be unbounded we call the system unstab
-- -e.

for example : dc signal ->y(t) = 6 Bounded amplitude = 6 :. finite

Sin(t) and cos(t) Bounded amplitude is -1 to 1

r ult unit step Bounded amplitude is 0 or 1
-

eX : y(t) = t . x(t)

>
input ↓output goes to

X (t) -> Sys .
- y(t) = t .x(t)

ult) -> sys- - t . ult) ..
Bounded

=r(t)
~

unbounded

: sys unstable



ex : y(t) = x(t) + 2 X (t) - syS . ->y(t) = x(+) + 2

Dc- 4 - sys . -- y'(t = 4 + 2 DC

Bounded = 6E
~ Bounded

: system Stable .

example : y(t = x(7) &2 , x (H) = cost)

Y (t) = cos(2d2= [sinz] = sint-sinc-0)

= sint + sin(d)

I can be

y(t) not defined I assumed
constant

but-1Sinct)- Ilassumed

since --- -sin(8)u
st ... Bounded

------

So y(t) is Bounded
,
and input cos(t) is Bounded

so bounded input bounded output estable .

Example :

yen] = rx<n>

r- growing , r> I

decreasing ,
-1 <V<I

if r = 3

..............
if v= 0. 1 x[n]

......... ...............
n n

system
: tal e :system

8) is stable

Yss = Lin yct) = P
- finite number - stable

↳ - unstable



~Dynamic ~
static

2 memory :
- (memory/memoryless)

if y(t) and X(H depend on the same time -> memoryless

if y(t) and x (t) depend on different time -> memory

ex : y(t) = x (t) -> memoryless .

2X : y(t) = x(t) + x(t) -> memoryless .

ex : y(t) = x(t) + x (t2) -> memory .

ex : y(t) = e
+

Yx(t) -> memoryless . (we only care about what's inside xI .

ex : y(t) = Y(x(t +2)) + 3 -> memory .

& Because y(A2
ex : y(t) =%x(t) · dt

-> memory .

↳ different

ex
: y(t) = x(sint)
2

Always when there is integration .

t
=

0 t
=

T

y (0) = x(sino) y(1) = x(sint)

y(0) = X(0) y(t) = X-E
↳> different : memory system .



3 Invertable / Non-Invertable

x(t) +H->y(t) -e yIt)--X(t)

one to one mapping : invertable

I >C

2 -D

3 >

x(t) y(t)
for invertible system , there

should be one to one mapping

many to one mapping : between input and output at each

and every instant of time .

2

>a
4

-b
6

x (t) y(t)

ex: y(t) = x (t) ex: y(t) = 1X(t)/

X (t) y(t) X(t) y(t)

- 2 -4
-many to one mapping - 2 2

2 ... non-Invertable .

2

2 ;

-2j ↑
many to one mapping

eX: y(t) = X(t) + 2 ... non-Invertable .

x(t) y(t) 2x: y(t) = 1 . 5x(t) - 5

⑧ -2
E

one to one mapping
I -3 ... Invertable.

X(t) = S - inv

- 1 -I

x(t) y(t)

ex: y(t)= sint . X(t) I -- 3 . 5

2 -2 . 5

X (t) y(t)
- sincol O -- 5

%G(t) y (t)
= sint · S(t) Sit-0) >

& one to one mapping
- -

= - ... Invertable.

x(H) · 6(t-t , ) = x(t, ) ·S(t-t)

2 S(t) y(t) : sint . 2S(t)

= O

s many to one mapping

... non-Invertable .



eX y (t) = Sin(x(t)) ex: y(t) = x(t) u(t)

x(t) y(t) & non-Invertable .

O >sin(o) = o

A >sin(1) = 0

-

21 > Sin (21) = 0

~ many one apple

4 Causality (Causal / non-causal)

causal system : output of the system is independent of future values of output.

ex : y(t) = x(t) -> causal system ,
Because output depends

only on the present

>Depends only on the : not the future
-

A present input .

-

A fast input.

ex: y(t= x(t) + x/t-1) - causal system ,
Because output depends

T
present
Ipast only on the present

and past only .

non-causal system : output of the system is dependent of future values of output.

ex : y(t) = x(t12) - non-causal

↳ future

Depends on :

the future input.

ex: x(t) + X(t-1) + X(t+ 1) -> non-causal

↳
present
To

past
To

future

Note : if the output depends on at least

I non-causal input then the whole

system is non-causal .



Example :

y(t) = x(3t)

t = 0 y (0)
= X(0) : system non-causal

t = I y(1) = x(3)

& present I E .: future
output input

Example :

y(t) = sint+1) · x(t-1)

t = 0 y(0) = sin(I) · x (-1) :system only depends on

Epresent -past past inputs at all instances

so system isal.
t

=
- 1 y (-1) = sinco) . X(-2)

Epresent -past

t= 1 y(1) = sin (2) . X (0)
Epresent -past

example : y(t) =0x(t)dt
* The integration is the area under the

past input curve, so in this case the area depends only

-

yayxIt)I
on the past and present values of to

//I i---/ >t : the system is al
-$

se& presnt2

input

t+12 re Xt+1) &t = 0 ex(1)

Example :

y(t) = 1 x (i) dt
& present & future

-
x 1-8) past

Ea

:system non-causal

---
x(3t) et= 1 + x (3)

Example: x(3t)d t
& present & future

-

-x(-0)
-

past

:system non-causal



5 Linearity (Linear/non-linear)

Linear systems :
The system which follows the principle of superposition is

known as a linear system .

superposition :

1 . Additivity property :

X, (t) S >y, (t)
system

Xz(t) S -Yz(t)

x, (1) + Y2(t) System , y. (t) + yz(t)

A if we provid the input X, (t)+Xz(t) to the system and

got an output of y, (t)+Ye(t) then the system is following
the additivity property .

if F(x,
+ x2) = F(x, ) + F(x2)

2 . Homogeneity property :

X
,
(t)

· system >Y, (t)

ax
,
It)

· System , a y, (t)

* if we multiply the input by a constant and the output of the

system is also multiplied by the same constant then the system

is following the Homogeneity property .

if F(a . x) = a . F(x)

A only when the system is following both properties

we say that it's linear.



Example :

y(t) = 4 x(t) X(t) + - y(t)

X, (t) - 4X, (t) = y ,
(t)

Xz(t) -> 4X2(+) = y=
(t)

aX, (t) -> YaX, (t) = ay, (t) = aY, (t) + by
,

(t)

>

↳ x3(t) = ax, +) + bXz(t) x3(t)-- Y, (t)

b Xz(t) + 4bXz(t) = by=
(t)

&yj(t) = 4Xz(t) = 4(ax, (t) + bxc(t))

= 4aX, (t) + 4b Xz(t)

The same
, system = ay , (t) + byz(t)

is linear -

Example :

y(t) = tx(t) Example :

y(H = xt)

x (t)As y(t) x (t)--y(t)

X, (t) -> tX, Ct) = y, (t) X, (t) -> xY+ = y
,
(t)

Xz(t) -> +X2(t) = Y=(t) Xz(t) -> x2(t) = Ye(t)

aX , (t) - atX , (t) = ay, (t) ax, (t) - ax!(t) = ay , (t)
I t t

b X2(t) - btX2(t) = by = (t) bxz(t) - bx2(t) = b ye(t)

X>(t) = aX , (t) + bxz(t) Xy(t) = aX, (t) + bX=(t)

xy(t)+- Y3(t) y, (t) = x> (t) = ax,) + 2abX, (t)Xz(t) + bix2(t)
= ay?(t) + 2abX(t) x2(t) + b2yz(t)

6

y3(t) = +X3(t) I ↑ 3=> t(ax, (t) + bXz(t))

- atX, (t + btX2(t) ↑ say ,
(t) + byz(t)

= ay, (t) + byz(t)

! Not the same : system is

↑ ay,
(t) + byz(t) non- linear

The same : system is

linear



Example :

y(n) = 2 x[n] + 3

X
,
[n] -> 2x[n] + 3 = Y , [n] x> [n] = aX, [n] + bxz[n]

x2[n] -2 x2[n] + 3 = yz [n]

xs[n]- 23 - y
,

24]

ax[n] - a (2X, [n]+3) = ay, [n]

bX2[n) - b(2xc[n] + 3) = by z [n] Ys[n] = 2x3[n] + 3 = 2(aX, [n] + bxz[n]) + 3

= 2aX, [n] + 2bXc[n] + 3I -
a y, [n] + byz [n] 2 *t the same

,

: system is non-linear
.

Example : y(t) = X (sint)

x (t) - sys - - y (t) = x(sint)

X, (t) -> X, (sint) = y , (t)

x2(t) -> Xz(sint) = ye(t) xz(t) = aX, (t) + bx=(t)

ax. (t -> aX(sint) = ay, (t) X3 (t) -> sys- -Yy(t)

bXz(t) - - bXz(sint) = by z(t)

I = ay , (t) + byz(t)

ys(t) = aX, (sint) +bXz(sint)

e
a Y ,

(t) + byct) < The same, system is linear.



6 Time Varient and Invarient systems

y(t)
x(t)

· system · Delay by to >Y(t-to)

↳ both are equal
X(t - to) then system is

·
~

it

Delay by to · System Invarient
.

Example : y(t) =

ex (t)

y+ (t)
=

ex(t - to)

y(t-tol = e-2t-tulx(t-to)) not the same:rient system .

Example : y(t) = Sin(t)

y+
= Sin(t-to)

y(t-to)= sinct-tr)] the same : arient system .

Example : y(t) = X (2t)

X(t) - sys . -> X (2t) = y (t)

y(t- tr) = X(2(t-tr)) = X(2t -2 tr)

X(t-trl -> sys . -> X (2t-tr) ↳ not the same system

-↳
The time

. &
Varient.

the system scales

NOTE : NOT x(2(t-tr))
,

=

the system only
perform time scaling
on t not to which is

constant

Example : y(t) = 2x(t) + 5

y (t - tr) = 2X(t - tr) + S

x(t -to) = 2x(t-tr) + 5 / the same : arient system .



Question : The system described by y(t) = tx(t-1) + x(2t) is

↳present To past
Te

future

with memory ,
non-causal ,

and Time varying .

X It - tol +> +x(t-to -1) + X(2t -to)

y(t-tr) - (t -tr) x(t-to-1) + x (2t-2tr)2↳
not the same : Time varying

Question : The system described by y(t) = cos(t+1) x (t= 1) is

X, (t) + cos(t +1) x
,
(t-1) = y , (t) aX, (t) +> qcos(t+1)x

,
(t-1) = ay , (t)

t
x2(+) + cos(++1) xz(t-1) = yz(t) b x2(+ + bcos(++1) xz(t-1) = byz(t)

X (t) = aX, +) + bxz(t) ys(t) = cos(++1)(ax , +-1) + bxz(t - 1))
= acos(t+1) X , (t-1) + bcos(t+1)xz(t-1) S
= ay, (t) + byz(t) the same

..linear

Linear
, Causal , Stable , Time varient

↳
y (t-tr) = cos(t-tr+1) x (t-to-1)

x (t-tr) - cosC++1) XCt-to-1<
not

the same



* LTI systems

X(t) >
LT I >y(t)

(S(t)) system
= h(t)
& impulse response

DT:

x[n]
⑧ 28

I 8. x[n] + S[n] = x[n]

n x (n]S[n-no] = x [no]

⑧ -I

- 2 ⑤

x[n]S[n+2] = x[-2]= 2

x [n]S[n+17 = x[-1] =
-it

x In]S[n] = x [0] = 2
+

x[n] = x [n)S[x+27 + x[n]S[X-1] ....

x[n]S[n-13 = x21] = I
I ↑total
t

x[n]S[n-27 = x [23 =
- 2

A any DT signal can be written

in terms of impulse function
.

In general : X (n) =E* k) Sin-k]

X, (t) S >y, (t)
system

Xz(t) S -Yz(t) must be true to b Inar

①TE
x, (1) + Y2(t) System >y, (t) + yz(t)

3 -
Example : x[n] =

2 8[n+1] + S[n)-482n-2]=
↓ ↓ ↓

x[-13 = 2 x[0] = 1 x[2] =
- 4

x[n]

⑧ 2

· I

R
- I S 2

- 4 ⑧



=
(not important)

* Xin] < LTI >Y[n] y[n] =
H[x[n]] (Derivation)

-

y <ni = H[E0Xn)S[n-n3] only in

y In] = H[xsn]]
- a

(constant)
LTI

↳ The action that

y(n3 ==
0

* (x[n]S[n-k]]

the system does = EaxIn;x3]
on the input x[n] ↳nSn-k]

=> y[n] =E [r] . n [n-k] impulse response

* step response - The response when we have a step input.

* Impulse response - The response when we have an Impulse input.

x[n] ·LTI < y[n7= [k] . n[n-n] = x(n) + hIn]

↳ convolution

Example : Find y[n] ,
if h[n] is an impulse response

x[n] I ⑧ n[n] I ⑧

↳ ↳ ⑧

- I

I

2
N

I 2,
n

-I ⑧ -I ⑧

8 - I

yan3 = Ea(k] . 4 [n-k] -> y(n) =
& x [r] · 4 [n-k]

k = - 1

-> k =

- 1 XC-13S[n+D = -
1 h[n+1]-

shift

- ↑

I

- I A
- I O 2

I
-

I

2

·-I

-
⑧

0

⑧

- an · -c0We



-> k = 0 h[n]

x[03 S [n] = = I

· I jo · I -

-

..
X ↑

2 I

0 ⑧ I 3 0 123

-I -

-> k = 1 x[13S[n-1] = 1 h(n-13

⑧ 1

jo ... ja
:

3

- t

X 3 I
↑

I I 2 2 I 2 2

-I -I

-k = 2 x 23S[n-2] = - I h[n-2]
I

2 jo 4

· - I X ↑

-
I 2 - S

I

2

3
5

↑-
* now we sum all the values at each [n]

so we can draw the final y[n]

-> y [n]=

n = - 1 -> -

2
+ 0 + 0 + 0 = z

n = 0 -> - 1 + 4 + 0 + 0 = 3/4

n = 1 - x2 + 2 + Y + 0 = 3/2

n = 2 - - ye - Y4+ 1 - Yu - 0

n = 3 - 0 + yy - Y - xz =
- 34

n = 4 -> O I 0 + Y + yy = 3/4

n = 5 -> 0 + 0 + 0 -

y =
- Yy

y[n] 3/28
· 3/4

- I O
·

2 3 Y S

I

· - Yy

-

- -



Example : Given the output of LTI

=> y[n] = x [n] + =x[n-13 h[n] = S[n] +Ye SIn-1]

-
let x [n] = S[n] h[n] - In= 0

impulse -2 n
= 1response E

o
,

otherwise

Determine the output of the system due to the following input ?

x [n] =

E
2 n = 0

↳ n = 1

&
- 2 n = 2

0 , otherwise

x [n3 = 2 S[n3 + 4 8 In-17-25[n-2) -y<n32

y[n] = 2 [n]+44(n-1]-2h[n-2] ⑰ y<n7 = E.*[ ]h(n-k]

yan3 = 2[S[n] + %28 [n-1)] + 4[S[n-13+ 1 S[n-2]]-2[S[n-27 + /S[n-3]]

= 2S[n] +S[n-1] +4S[n-13+2 S[n-2]-2S[n-2]-S[n-3]

= 2S[n] + 5S[n-13-S[n-3]
· 3

y[n]

28

3

0 I 8
0 - 1



convolution Sum : -

X(n]
>LTI ,

yIns =3 x[n] h[n-k]
k = -

=X[n] A h[n]

convolution steps :

~folding h[-k]

I
>Shifting h[n-k] shifting by n amount

-

usually S >multiplying x[n]h[n-k] = hIn-k]x[n]

done together
· Summing 0 *(n]h(n-k]

Example : if the sys is LTI find yen] if

X[K] h[k] convolution
&

3 8 * y<n3 = 30X[n]h[n-k3 = x(n)
* nin]

2 ⑧

7 ⑳

- I ⑨
0 1 2

8 - 1

-->

1 - folding 2
· 3 h[- k] 2 -> shifting 2

· 3 h[n -k]

·
-

·
-

-2-10 n-2 n- 1 n

2
- d and shift

with (n)

3 - multiplying
· ,

2
&

xk]

2 3
y[n] =

n-2 n- 1 n
A

- I ⑨ S
· .
.

n < - 1 - y[n] =
0

8 - 1

n =
- 1 - y[n] = 3x1 = 3 4- summing

n = 0 - y[n] = 310 + 2A1 = 2 30 y[n]
n = 1 + y[n] = 3A- 1 + 210 + 171 =- 2 ·

2

n = 2 + y[n3 = 3 A0 + 2A- 1 + 1A0 =- 2

n
= 3 - y[n] = 3 A 0 + 2 A0+ 1A-1=- 1

... o
2 34 S

③ - ③

n > 3 + y[n] = 0 8
- 1

- 28 ·
- 2



Example : Find y[n]= u[n] * u(n-3]
↳ x [n] ↳ h[n]

x [k] h[k]

8 a I 8 a I

... ...

·
0 I 2

.....
3 45

1- folding 2 = shifting

h[-k] h[n-k]

8 00 I · o o I

--

①

--

- 5 - 4 -zo o
:

n-5 n-y n - 3 ni2 n

3 - multiplying
· o o I 8 · al

--

n-5 n-y n - 3 ni2 n * ·
0 I 2

...

n- 3 <0 n<3 y [n] = 0 n 3 - y[n] =

3

n= 3 y [n]
= 11 1 = 1 n 3 - y[n] = Ex[n] + h[n-k]

n = 4 y[n] = 1A1 + 1A1
= 2

n = 5y[n] = 1A1 + 1 A ) + 1 A ) = 3 = 1 = n - 3- 0 + 1
k= 0

n = 6 y[n] = 1A) + 1A1 + 1A) + 1A1 = 4 =n - 2

"

4 -> Summing

y[n]

. .

-

:"
...

y [n3 =

5%2 , se

⑧ ⑧

0 I ⑨ 3456



In CT= y (t) = x (t) * hit) = !x)t)h(t-5) dt or9xCt-th(t) dis

↳ impulse response .

& depends which one

is easier to do

Example :

y(t) = [uCt+ 3) - ult-1)] * uc-t+4)
x(t) h(t) Commutative property

x(z) h(t)

I I

- 3 I 0 4

1- folding 2 . Shifting

h(-t) h(t -5) -[

I I add +ve num

shift
I

- 4 0
0 +- 4

add -ve num

shift

3 : Multiplying
h(t -5) x(z)

I
......... I

A
0 +- 4 ⑬-①

intersection

- ↳

t - 4x - 3 y(t) = !x(t)dt = dt = 1 - x -3) = 4
⑳

+21 ⑬ ①

--t -Y git =14 =
t ! = !*
-

- 3 ⑰Y
+25

~
+- 4>1 y(t) = 0 it will keep sliding from

+>5 - 3 to I

&
no intersection so zero



Example : let the impulse response of LTI system be h(t) : etuct)
,
Find y(t) if the

input is x(t)= u(t

X(t)= u(t) >LTI >y(t) = x(t)
*
h(t)

h(t)= u(t)

I

h(z) = eu(t)
,

NE

I
I

-) - It-2)- t

bl - -) -)1 folding i) = eu-L 2 <Shifting h(t -2) = e u-L

I I

I t I

- (t-5)
h(t -2) =

e ult-2) x(t)

I 1

-X
I

t I I

+ <0

t <0 y(t) = 0

X(t) I

t 0 yet) = e**
ult-2) * 1 dE

->

- st-4)

Ity(t) =+ -4)dt
= e

⑧

- (t - t) - (t - 0)
- e - e

- t
= 1- e

: y(t = [,t



Example : Given two continuous time signals x(t) =
et and y(t) = ent which exists

for tso
,

the convolution z(t) = x(t) * y(t)

x It) = e
+ y(t) =

24

- -

I folding 2-> shifting

y(-t) = i)- 25)
y(t -t = j2(t - 4)

- -

I

3 - Multiplying

y(t -t = j2(t - 4)
x (2) =

4

- -
A

I

2(t-5)

y(t)= = . e dI

-jet . it dt
0

e*. ezt ,
t

- Let-1)
-

-t - 2t
= e -



Interconnections of LTI systems

1. Distributive property

x
* h,

LTI

W

X 7

h , (t)
E sy =

X < h ,
+ h2 sy

M

LTI
x * 42

kz(t)

.: y = (x + h , ) + (X * he)
= x

* (h , + hi)

2
. Associative property

x
* h ,

X >hi ha -Y X
< h, * h2 -Y

* cascaded

.. y = x * h, * h2

= (X * h , ) * h2
= X

* (h , * hz)
3. Commutative property

x
*

h
=

h
*

X

4
. S(t) * h(t) = h(t) f(t) *

something = something

Example : h ,

-
X 7 V

< > ↳s -- -Y
-

e

42

hy

① ②
X > ni + h2 > ↳s -- -Y X > (hi + h2) * 43 - -Y

-

hy hy

③
X > ((hi + h2) + h3]-by, 3 y = (((h , + h2) *43] -hy) * X

↳
Total impulse response

↳
response .



EARS : In the system shown below , let h , (t)= he(t) = S(t-1) , hy(t) = sign(t) ·

hylt)= u(t)
, hy(t) = ult-1)

.
The total

impulse response hit of the system is ?

X > h
, 8 is

h ,
* hs

W y = hi *

hg+ hels *
hy

t >Y
-13 - - S(t-11 * uct-1) + S(t-1)S * ult)

I

sh2 Ys hy = S(t-1)
*

u(t-1) + U(t) * 6(t-1)
hehs* hy

y = u(t-2) + u(t-1)



LTI system properties

>Memory , Memoryless

>Causal ,
Non Causal

Stable
,
Unstable

>Varient , Invarient

>Linear ,
Nonlinear
I we only study LTI systems so they're already checked .

-
Invertible

,
Noninvertable X

1
. Memory , Memoryless

-> LTI is said to be Memoryless iff -> its impulse response is Anefunction.

-

h(t) , h[n] ↳ Time constant

h[n] = c 8[n]

h(t) = <S(t) i c : constant

h(t) = 30 S(t) Memoryless

h[n] = S[n]+1 Memory

h[n]= Sin[n+7] S[n] Memoryless

↳ sin [0+7] : constant

2. Causal ,
Non Causal

LTI causal - h[n) = 0 , <oEh(t) = 0 t <0 ~ no negative values
h[n] h[n]

u[n] u(n-no]

causal Non Causal



3. Stability

CTi ndt += & : stable

DT : & h[k] + = & s : stable
k=- x

. .

⑧

⑧

goes to . table .

·

.

⑧

goes to o : able .

③

·

a.

Example : h(t) = 2= ult+1)

memory : Because it's not in the format of <S(t)

non-causal ; Because there are negative values ·

" stable : Because it goes to 0 .

Example : h(t) = 3 .2e" uct)

memory : Because it's not in the format of <S(t)

I
causal : Because there are no negative values ·

Unstable : Because it goes to 8 .

Example :

h(t) = e4* uc-t)

memory : Because it's not in the format of <S(t)

non-causal ; Because there are negative values ·

/ stable : Because area is going to be a number) .

-



Example : h(H = cos(t) rect()

-- Se
&
decaying (etcos(t))

memory : Because it's not in the format of <S(t)

non-causal ; Because there are negative values ·

stable : Because area is going to be a number (not 8)
-
-



YEARS : let yen] denote the convolution of hin] and g[n], where h[n]= (I) usn] and
g[n] is a causal sequence .

If y[0] : 1 and y[1]= I : then g[1]= ?

x(n) = h[n)
* g[n]=oh[n]gIn-n]

y(n] = h[0] g[n] +h[13g[n-13 +h[2]g[n-2] ....

y(0] = 1 = h[0] g[0] +h[I]g[-1] + h[2392-2] .... g[-1= g[-2] = 0 c causal

y[13 = 0. 5 = h[0) g[13+h[1] g[0] +h[2]g[-] ....

1 = h[0]g[o]

9903 = Fos =
=
Y

0 .5 = h[0] g[1] +h[1]g[0]

0 . 5 = 1
,
g[1] + + + 4

9[1] = - 2


