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CHAPRER 9: PV SYSTEMS                               Wednesday: 28-3-2018 

 

 
 

Major Types of PV Systems 

1) PV systems that feed power directly into the utility grid 

2) Stand-alone PV systems that charge batteries 

3) Applications in which the load is directly connected to the PV module (such as  

pumping systems). 

 

Operating Point of PV Systems 

 

 
 

 

 

 

 

 Simple resistive load: 

By using a variable resistance called a potentiometer as a load and then varying  its  

resistance ; pairs of current and voltage can be obtained which can be plotted to generate  

the PV I-V curve. 
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Vm & Im: Voltage and current at maximum power point. 

VR & IR: Rated values of the voltage and current under Shaded Test Condition. 

STC: 1-Sun, 25 ℃, AM=1.5 
 

Electrical Model of a Permanent Magnet DC Motor 

 Principle of operation: 

Once the motor starts spinning, it develops back electromotive (emf) force which 

is a voltage proportional to the speed of the motor. 
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 Relationship between torque requirement and armature current: 

As the torque requirement increase, the motor slows slightly which drops the back 

emf, allowing more armature current to flow. 
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• The DC motor requires 𝟒𝟒𝟒𝟒𝟒𝟒 𝒘𝒘/𝒎𝒎𝟐𝟐  to break the motor loose from static friction. 

• Once the motor start spinning, it requires 𝟐𝟐𝟒𝟒𝟒𝟒 𝒘𝒘/𝒎𝒎𝟐𝟐 to keep running. 

 

Linear Current Booster 

LCB is used to switch the current-voltage relationship 
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Batteries for Energy Storage 

 Grid connected systems: 

Utility lines themselves can be used to store electrical energy. 

 Off- grid systems: 

Batteries are used to store electrical energy. 

I-V Curve for an Ideal Battery 
 

 

 

 

 

 

Equivalent Circuit of a Real Battery 

1) Charging cycle:  
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2) Discharging cycle 

 

 

 

 

 

 

 

Open circuit voltage of the battery depends on: 

1- Battery temperature 

2- State of charge 

3- How long the battery has been resting without any current flow 
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Example: Consider a nearly depleted 12 V lead-acid battery has an O.C. voltage  

of 11.7 V and an internal resistance of 0.03 Ω  : 

 

a. What voltage would a PV module operate at if it is delivering 6 A to the battery? 

V = I.Ri+VB= (6)(0.03)+11.7= 11.88 V 

 

b. If 20 A is drawn from a fully charged battery with open-circuit voltage 

12.7 V, what voltage would the PV module operate at? 

Discharge cycle: V = VB-I.Ri= 12.7-(20)(0.03)= 12.1 V  

 

 

Buck-Boost Converter 

 Boost converter 

Is a commonly used circuit  to step up the voltage from a DC source. 

 Buck Converter 

To step down the voltage from a DC source. 
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This cct. Depends on the energy balance in the magnetic field of the inductor 

 

 When the switch is closed                             When the switch is open 

1) All of source current goes through the 
inductor, since the diode blocks any 
flow to the rest of the circuit. 

1) The inductor current now goes through 
the capacitor, diode and the load. 

2)  During this portion of the cycle, 
energy is being added to the magnetic 
field of the inductor. 

2) Magnetic energy begins to collapse. 

 

 Duty of the switch 

The duty cycle controls the relationship between the input and the output voltages of the  

      buck-boost converter . 
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D: Duty Cycle 

 

Example: Under certain ambient conditions, a PV module has its maximum power point  

at Vm = 17 volts and Im = 6 A. What duty cycle should an MPPT have if the module  

is delivering power to a 10 ohm resistance? 

 

 

 

 

 

 

The duty cycle is the time fraction during which the switch is closed, (0<D<1). 
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Ac Circuit power Analysis                                     Monday: 2-4-2018 

 

 

Instantaneous Power 

P(t) = v(t) × i(t) 

 

For a resistive load :         P(t)= 𝒊𝒊𝟐𝟐(𝒕𝒕) × 𝑹𝑹= 𝒗𝒗𝟐𝟐(𝒕𝒕)/𝑹𝑹 

 

For an inductive load:      𝑷𝑷(𝒕𝒕) =  𝟏𝟏
𝑳𝑳

 𝒗𝒗(𝒕𝒕) ∫ 𝒗𝒗(𝒕𝒕′)𝒅𝒅𝒕𝒕′𝒕𝒕
−∞  

 

𝒗𝒗(𝒕𝒕) = 𝑳𝑳 
𝒅𝒅𝒊𝒊
𝒅𝒅𝒕𝒕

 

 

For a capacitive load:     

 

 

 𝒊𝒊(𝒕𝒕) = 𝒄𝒄 𝒅𝒅𝒗𝒗
𝒅𝒅𝒕𝒕
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Example: The expected formula of the forced response is:  𝒊𝒊(𝒕𝒕) = 𝑽𝑽𝑽𝑽/𝑹𝑹 �𝟏𝟏 − 𝒆𝒆−�𝑹𝑹
𝑳𝑳�𝒕𝒕� 𝒖𝒖(𝒕𝒕) 

1- The instantaneous power of the source. 

2- Instantaneous power absorbed by the resistor 

3- Instantaneous power absorbed by the inductor 

 

 

1-  Instantaneous power of the source. 

𝑷𝑷(𝒕𝒕) = 𝒗𝒗(𝒕𝒕)𝒊𝒊(𝒕𝒕) = [𝑽𝑽𝑽𝑽. 𝒖𝒖(𝒕𝒕)][
𝑽𝑽𝑽𝑽
𝑹𝑹

�𝟏𝟏 − 𝒆𝒆−�𝑹𝑹
𝑳𝑳�𝒕𝒕� 𝒖𝒖(𝒕𝒕)] 

𝑷𝑷(𝒕𝒕) =
𝑽𝑽𝑽𝑽𝟐𝟐

𝑹𝑹
�𝟏𝟏 − 𝒆𝒆−�𝑹𝑹

𝑳𝑳�𝒕𝒕� 𝒖𝒖(𝒕𝒕) 

 

2- Instantaneous power absorbed by the resistor 

𝑷𝑷(𝒕𝒕) = 𝒊𝒊𝟐𝟐(𝒕𝒕). 𝑹𝑹 =  �
𝑽𝑽𝑽𝑽
𝑹𝑹

�𝟏𝟏 − 𝒆𝒆−�𝑹𝑹
𝑳𝑳�𝒕𝒕� 𝒖𝒖(𝒕𝒕)�

𝟐𝟐
. 𝑹𝑹 

𝑷𝑷(𝒕𝒕) = 
𝑽𝑽𝑽𝑽𝟐𝟐

𝑹𝑹
��𝟏𝟏 − 𝒆𝒆−�𝑹𝑹

𝑳𝑳�𝒕𝒕� 𝒖𝒖(𝒕𝒕)�
𝟐𝟐
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3- Instantaneous power absorbed by the inductor 

𝑽𝑽(𝒕𝒕) = 𝑳𝑳
𝒅𝒅𝒊𝒊
𝒅𝒅𝒕𝒕

 ,   𝒊𝒊(𝒕𝒕) =
𝑽𝑽𝑽𝑽
𝑹𝑹

�𝟏𝟏 − 𝒆𝒆−�𝑹𝑹
𝑳𝑳�𝒕𝒕� 𝒖𝒖(𝒕𝒕) 

𝒅𝒅𝒊𝒊
𝒅𝒅𝒕𝒕

=
𝑽𝑽𝑽𝑽
𝑹𝑹

�𝟒𝟒 +
𝑹𝑹
𝑳𝑳

𝒆𝒆−�𝑹𝑹
𝑳𝑳�𝒕𝒕� 𝒖𝒖(𝒕𝒕) =

𝑽𝑽𝑽𝑽
𝑳𝑳

𝒆𝒆−�𝑹𝑹
𝑳𝑳�𝒕𝒕 𝒖𝒖(𝒕𝒕) 

𝑳𝑳
𝒅𝒅𝒊𝒊
𝒅𝒅𝒕𝒕

=  𝑽𝑽𝑽𝑽. 𝒆𝒆−�𝑹𝑹
𝑳𝑳�𝒕𝒕 𝒖𝒖(𝒕𝒕) 

𝑷𝑷(𝒕𝒕) = 𝒗𝒗(𝒕𝒕)𝒊𝒊(𝒕𝒕) = [𝑽𝑽𝑽𝑽. 𝒆𝒆−�𝑹𝑹
𝑳𝑳�𝒕𝒕 𝒖𝒖(𝒕𝒕) .  [𝑽𝑽𝑽𝑽

𝑹𝑹
�𝟏𝟏 − 𝒆𝒆−�𝑹𝑹

𝑳𝑳�𝒕𝒕� 𝒖𝒖(𝒕𝒕)] 

𝑷𝑷(𝒕𝒕) =
𝑽𝑽𝑽𝑽𝟐𝟐

𝑹𝑹
𝒆𝒆−�𝑹𝑹

𝑳𝑳�𝒕𝒕 �𝟏𝟏 − 𝒆𝒆−�𝑹𝑹
𝑳𝑳�𝒕𝒕� 𝒖𝒖(𝒕𝒕) 
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Sinusoidal Source Excitation 

 

 

 

 

 

𝒊𝒊(𝒕𝒕) =  𝑰𝑰𝒎𝒎 . 𝒄𝒄𝑽𝑽𝒄𝒄 (𝒘𝒘𝒕𝒕 + ∅) 

𝑰𝑰𝒎𝒎 =
𝑽𝑽𝒎𝒎

√𝑹𝑹𝟐𝟐 + 𝒘𝒘𝟐𝟐𝑳𝑳𝟐𝟐
           ,       ∅ = 𝒕𝒕𝒕𝒕𝒏𝒏−𝟏𝟏(

𝒘𝒘𝑳𝑳
𝑹𝑹 ) 

𝑷𝑷(𝒕𝒕) = 𝒗𝒗(𝒕𝒕)𝒊𝒊(𝒕𝒕) 

𝑷𝑷(𝒕𝒕) =  𝑽𝑽𝒎𝒎 . 𝒄𝒄𝑽𝑽𝒄𝒄 (𝒘𝒘𝒕𝒕) × 𝑰𝑰𝒎𝒎 . 𝒄𝒄𝑽𝑽𝒄𝒄 (𝒘𝒘𝒕𝒕 + ∅) 

𝑷𝑷(𝒕𝒕) =
𝟏𝟏
𝟐𝟐 𝑽𝑽𝒎𝒎. 𝑰𝑰𝒎𝒎. (𝒄𝒄𝑽𝑽𝒄𝒄(∅) + 𝒄𝒄𝑽𝑽𝒄𝒄(𝟐𝟐𝒘𝒘𝒕𝒕 + ∅)) 

𝑷𝑷(𝒕𝒕) =
𝟏𝟏
𝟐𝟐 𝑽𝑽𝒎𝒎. 𝑰𝑰𝒎𝒎. 𝒄𝒄𝑽𝑽𝒄𝒄(∅) +

𝟏𝟏
𝟐𝟐 𝑽𝑽𝒎𝒎. 𝑰𝑰𝒎𝒎. 𝒄𝒄𝑽𝑽𝒄𝒄(𝟐𝟐𝒘𝒘𝒕𝒕 + ∅) 

 

 

𝑷𝑷 =
𝟏𝟏
𝟐𝟐 𝑽𝑽𝒎𝒎. 𝑰𝑰𝒎𝒎. 𝒄𝒄𝑽𝑽𝒄𝒄(∅) 

 

 تكاملھ صفر

 ثابت
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Example:  

Determine the power absorbed by the 200 Ω resistor  

and the 5 μF capacitor at t= 1.2 ms 

 

 

Voltage across the R-C combination: 

𝑨𝑨𝒕𝒕 𝒕𝒕 = 𝟒𝟒−  → 𝒖𝒖(𝒕𝒕) = 𝟒𝟒 → 𝒗𝒗(𝒕𝒕) = 𝟒𝟒𝟒𝟒 + 𝟔𝟔𝟒𝟒(𝟒𝟒) = 𝟒𝟒𝟒𝟒𝑽𝑽 

𝑨𝑨𝒕𝒕 𝒕𝒕 = 𝟒𝟒+  → 𝒖𝒖(𝒕𝒕) = 𝟏𝟏 → 𝒗𝒗(𝒕𝒕) = 𝟒𝟒𝟒𝟒 + 𝟔𝟔𝟒𝟒(𝟏𝟏) = 𝟏𝟏𝟒𝟒𝟒𝟒𝑽𝑽 

Voltage across the capacitor cannot change instantaneously, so: 

𝑨𝑨𝒕𝒕 𝒕𝒕 = 𝟒𝟒+  → 𝑽𝑽𝑽𝑽𝑽𝑽𝒕𝒕𝒕𝒕𝑽𝑽𝒆𝒆 𝒕𝒕𝒄𝒄𝒂𝒂𝑽𝑽𝒄𝒄𝒄𝒄 𝑹𝑹 = 𝟔𝟔𝟒𝟒𝑽𝑽 → 𝑰𝑰𝑽𝑽 =
𝟔𝟔𝟒𝟒

𝟐𝟐𝟒𝟒𝟒𝟒 = 𝟑𝟑𝟒𝟒𝟒𝟒 𝒎𝒎𝑨𝑨 

𝒊𝒊(𝒕𝒕) = 𝟑𝟑𝟒𝟒𝟒𝟒 𝒆𝒆−𝒕𝒕
𝝉𝝉 𝒎𝒎𝑨𝑨 

𝝉𝝉 = 𝑹𝑹𝑹𝑹 = 𝟐𝟐𝟒𝟒𝟒𝟒 × 𝟓𝟓 × 𝟏𝟏𝟒𝟒−𝟔𝟔 = 𝟏𝟏 𝒎𝒎𝒄𝒄 

𝒊𝒊(𝒕𝒕 = 𝟏𝟏. 𝟐𝟐 𝒎𝒎𝒄𝒄) = 𝟑𝟑𝟒𝟒𝟒𝟒 𝒆𝒆−𝟏𝟏.𝟐𝟐
𝟏𝟏 = 𝟗𝟗𝟒𝟒. 𝟑𝟑𝟔𝟔 𝒎𝒎𝑨𝑨 

𝑷𝑷, 𝟐𝟐𝟒𝟒𝟒𝟒Ω = 𝒊𝒊(𝟏𝟏. 𝟐𝟐 𝒎𝒎𝒄𝒄)𝟐𝟐. 𝑹𝑹 = (𝟗𝟗𝟒𝟒. 𝟑𝟑𝟔𝟔 × 𝟏𝟏𝟒𝟒−𝟑𝟑𝟒𝟒)𝟐𝟐 × 𝟐𝟐𝟒𝟒𝟒𝟒 = 𝟏𝟏. 𝟔𝟔𝟑𝟑𝟑𝟑 𝑾𝑾𝒕𝒕𝒕𝒕𝒕𝒕𝒄𝒄 

𝒗𝒗𝒄𝒄(𝒕𝒕) = 𝟏𝟏𝟒𝟒𝟒𝟒 − 𝟔𝟔𝟒𝟒𝒆𝒆−𝒕𝒕
𝝉𝝉  → 𝒗𝒗𝒄𝒄(𝒕𝒕 = 𝟏𝟏. 𝟐𝟐 𝒎𝒎𝒄𝒄) = 𝟏𝟏𝟒𝟒𝟒𝟒 − 𝟔𝟔𝟒𝟒𝒆𝒆

𝟏𝟏.𝟐𝟐
𝟏𝟏 = 𝟖𝟖𝟏𝟏. 𝟗𝟗𝟑𝟑 𝑽𝑽 

          𝑷𝑷𝒄𝒄(𝒕𝒕 = 𝟏𝟏. 𝟐𝟐𝒎𝒎𝒄𝒄) = 𝒗𝒗𝒄𝒄(𝒕𝒕 = 𝟏𝟏. 𝟐𝟐𝒎𝒎𝒄𝒄). 𝒊𝒊𝒄𝒄(𝒕𝒕 = 𝟏𝟏. 𝟐𝟐𝒎𝒎𝒄𝒄) = (𝟖𝟖𝟏𝟏. 𝟗𝟗𝟑𝟑)(𝟗𝟗𝟒𝟒. 𝟑𝟑𝟔𝟔 × 𝟏𝟏𝟒𝟒−𝟑𝟑) = 𝟕𝟕. 𝟒𝟒 𝑾𝑾𝒕𝒕𝒕𝒕𝒕𝒕𝒄𝒄  
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Average Power 

𝑷𝑷 =
𝟏𝟏

𝒕𝒕𝟐𝟐 − 𝒕𝒕𝟏𝟏 � 𝒑𝒑(𝒕𝒕)𝒅𝒅𝒕𝒕
𝒕𝒕𝟐𝟐

𝒕𝒕𝟏𝟏
 

                                 Average Power                                           Instantaneous Power 

 

We may define a periodic function f(t) mathematically by requiring that: 

𝒇𝒇(𝒕𝒕) = 𝒇𝒇(𝒕𝒕 + 𝑻𝑻) 

 

This is a periodic function 

 

 

 

 

P1: average power at time instant t1 

Px: average power at time instant tx 

 

           𝑷𝑷 = 𝟏𝟏
𝒕𝒕𝟐𝟐−𝒕𝒕𝟏𝟏 ∫ 𝒑𝒑(𝒕𝒕)𝒅𝒅𝒕𝒕𝒕𝒕𝟐𝟐

𝒕𝒕𝟏𝟏   
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𝑷𝑷 =
𝟏𝟏
𝑻𝑻 � 𝒑𝒑(𝒕𝒕)𝒅𝒅𝒕𝒕

𝒕𝒕𝟏𝟏+𝑻𝑻

𝒕𝒕𝟏𝟏
 

𝑷𝑷 =
𝟏𝟏
𝑻𝑻 � 𝒑𝒑(𝒕𝒕)𝒅𝒅𝒕𝒕

𝒕𝒕𝒕𝒕+𝑻𝑻

𝒕𝒕𝒕𝒕
 

𝑷𝑷 =
𝟏𝟏

𝒏𝒏𝑻𝑻 � 𝒑𝒑(𝒕𝒕)𝒅𝒅𝒕𝒕
𝒕𝒕𝒕𝒕+𝒏𝒏𝑻𝑻

𝒕𝒕𝒕𝒕
                        ;   𝒏𝒏 = 𝟏𝟏, 𝟐𝟐, 𝟑𝟑, … 

 

Average Power in Sinusoidal Steady State 

𝒗𝒗(𝒕𝒕) = 𝑽𝑽𝒎𝒎. 𝒄𝒄𝑽𝑽𝒄𝒄(𝒘𝒘𝒕𝒕 + 𝜽𝜽)      ,      𝒊𝒊(𝒕𝒕) = 𝑰𝑰𝒎𝒎. 𝒄𝒄𝑽𝑽𝒄𝒄(𝒘𝒘𝒕𝒕 + ∅) 

𝑷𝑷(𝒕𝒕) = 𝒗𝒗(𝒕𝒕). 𝒊𝒊(𝒕𝒕) =  
𝟏𝟏
𝟐𝟐 𝑽𝑽𝒎𝒎. 𝑰𝑰𝒎𝒎. 𝒄𝒄𝑽𝑽𝒄𝒄(𝜽𝜽 − ∅) +

𝟏𝟏
𝟐𝟐 𝑽𝑽𝒎𝒎. 𝑰𝑰𝒎𝒎. 𝒄𝒄𝑽𝑽𝒄𝒄(𝟐𝟐𝒘𝒘𝒕𝒕 + 𝜽𝜽 + ∅) 

This term is constant (independent on t)        This term has a cyclic variation at            

twice the applied frequency 

𝑷𝑷 = 𝟏𝟏
𝟐𝟐

𝑽𝑽𝒎𝒎. 𝑰𝑰𝒎𝒎. 𝒄𝒄𝑽𝑽𝒄𝒄(𝜽𝜽 − ∅)                         To calculate the average power 

 

Example: 𝒗𝒗(𝒕𝒕) = 𝟒𝟒 𝒄𝒄𝑽𝑽𝒄𝒄(𝝅𝝅𝒕𝒕
𝟔𝟔

)  is applied to an impedance of 𝒁𝒁 = 𝟐𝟐∠𝟔𝟔𝟒𝟒°, find: 

1- The average power 

        2-  Expression for the instantaneous power for the corresponding phasor voltage 
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𝑽𝑽 = 𝟒𝟒∠𝟒𝟒° 

𝒁𝒁 = 𝟐𝟐∠𝟔𝟔𝟒𝟒° 

𝑰𝑰 =
𝟒𝟒∠𝟒𝟒°

𝟐𝟐∠𝟔𝟔𝟒𝟒°    → 𝒊𝒊(𝒕𝒕) = 𝟐𝟐 𝒄𝒄𝑽𝑽𝒄𝒄 �
𝝅𝝅𝒕𝒕
𝟔𝟔 − 𝟔𝟔𝟒𝟒°� 

 

1- Average power 

𝑷𝑷 =
𝟏𝟏
𝟐𝟐 𝑽𝑽𝒎𝒎. 𝑰𝑰𝒎𝒎. 𝒄𝒄𝑽𝑽𝒄𝒄(𝜽𝜽 − ∅) =

𝟏𝟏
𝟐𝟐

(𝟒𝟒)(𝟐𝟐)𝒄𝒄𝑽𝑽𝒄𝒄(𝟔𝟔𝟒𝟒) = 𝟐𝟐 𝑾𝑾𝒕𝒕𝒕𝒕𝒕𝒕𝒄𝒄 

 

2- Instantaneous power 

𝒗𝒗(𝒕𝒕) = 𝟒𝟒 𝒄𝒄𝑽𝑽𝒄𝒄 �
𝝅𝝅𝒕𝒕
𝟔𝟔 �             ,                 𝒊𝒊(𝒕𝒕) = 𝟐𝟐 𝒄𝒄𝑽𝑽𝒄𝒄 �

𝝅𝝅𝒕𝒕
𝟔𝟔 − 𝟔𝟔𝟒𝟒°� 

𝒑𝒑(𝒕𝒕) = 𝒗𝒗(𝒕𝒕). 𝒊𝒊(𝒕𝒕) =
𝟏𝟏
𝟐𝟐

(𝟒𝟒)(𝟐𝟐) �𝒄𝒄𝑽𝑽𝒄𝒄 �
𝟐𝟐𝝅𝝅𝒕𝒕

𝟔𝟔 − 𝟔𝟔𝟒𝟒°� + 𝒄𝒄𝑽𝑽𝒄𝒄(𝟔𝟔𝟒𝟒°)� = 𝟐𝟐 + 𝟒𝟒 𝒄𝒄𝑽𝑽𝒄𝒄 �
𝝅𝝅𝒕𝒕
𝟑𝟑 − 𝟔𝟔𝟒𝟒°� 𝑾𝑾𝒕𝒕𝒕𝒕𝒕𝒕𝒄𝒄 

 

Average Power Absorbed by a purely resistive element 

For a purely resistive element: (𝜽𝜽 − ∅) = 𝒁𝒁𝒆𝒆𝒂𝒂𝑽𝑽 , Voltage and current waveforms are in phase 

𝑷𝑷 =
𝟏𝟏
𝟐𝟐 𝑽𝑽𝒎𝒎. 𝑰𝑰𝒎𝒎. 𝒄𝒄𝑽𝑽𝒄𝒄(𝜽𝜽 − ∅) =

𝟏𝟏
𝟐𝟐 𝑽𝑽𝒎𝒎. 𝑰𝑰𝒎𝒎 =

𝟏𝟏
𝟐𝟐 𝑰𝑰𝒎𝒎𝟐𝟐. 𝑹𝑹 =

𝟏𝟏
𝟐𝟐

𝑽𝑽𝒎𝒎𝟐𝟐

𝑹𝑹  

         The average power for a purely reactive element is zero (𝑷𝑷𝒕𝒕 = 𝟒𝟒 → (𝜽𝜽 − ∅) = 𝟗𝟗𝟒𝟒°)   
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Example: Determine the average power associated with all circuit elements. 

 

𝐈𝐈𝟏𝟏 = 𝟏𝟏𝟏𝟏. 𝟏𝟏𝟖𝟖∠ − 𝟔𝟔𝟑𝟑. 𝟒𝟒𝟑𝟑° 

𝐈𝐈𝟐𝟐 = 𝟕𝟕. 𝟒𝟒𝟕𝟕∠ − 𝟒𝟒𝟓𝟓° 

𝐈𝐈, 𝟐𝟐Ω = 𝐈𝐈𝟏𝟏 − 𝐈𝐈𝟐𝟐 = 𝟓𝟓∠ − 𝟗𝟗𝟒𝟒° 

𝑷𝑷𝒕𝒕(𝒊𝒊𝒏𝒏𝒅𝒅𝒖𝒖𝒄𝒄𝒕𝒕𝑽𝑽𝒂𝒂) = 𝟒𝟒       ,    𝑷𝑷𝒕𝒕(𝒄𝒄𝒕𝒕𝒑𝒑𝒕𝒕𝒄𝒄𝒊𝒊𝒕𝒕𝑽𝑽𝒂𝒂) = 𝟒𝟒 

𝑷𝑷, 𝟐𝟐Ω =
𝟏𝟏
𝟐𝟐 𝑰𝑰𝒎𝒎𝟐𝟐. 𝑹𝑹 =

𝟏𝟏
𝟐𝟐

(𝟓𝟓)𝟐𝟐(𝟐𝟐) = 𝟐𝟐𝟓𝟓 𝑾𝑾𝒕𝒕𝒕𝒕𝒕𝒕𝒄𝒄 

𝑷𝑷, 𝟐𝟐𝟒𝟒∠𝟒𝟒° =
𝟏𝟏
𝟐𝟐 𝑽𝑽𝒎𝒎. 𝑰𝑰𝒎𝒎. 𝒄𝒄𝑽𝑽𝒄𝒄(𝜽𝜽 − ∅) =

𝟏𝟏
𝟐𝟐

(𝟐𝟐𝟒𝟒)(𝟏𝟏𝟏𝟏. 𝟏𝟏𝟖𝟖)𝒄𝒄𝑽𝑽𝒄𝒄(𝟒𝟒 + 𝟔𝟔𝟑𝟑. 𝟒𝟒𝟑𝟑) = 𝟓𝟓𝟒𝟒 𝑾𝑾𝒕𝒕𝒕𝒕𝒕𝒕𝒄𝒄 

𝑷𝑷, 𝟏𝟏𝟒𝟒∠𝟒𝟒° =
𝟏𝟏
𝟐𝟐 𝑽𝑽𝒎𝒎. 𝑰𝑰𝒎𝒎. 𝒄𝒄𝑽𝑽𝒄𝒄(𝜽𝜽 − ∅) =

𝟏𝟏
𝟐𝟐

(𝟏𝟏𝟒𝟒)(𝟕𝟕. 𝟒𝟒𝟕𝟕)𝒄𝒄𝑽𝑽𝒄𝒄(𝟒𝟒 + 𝟒𝟒𝟓𝟓) = 𝟐𝟐𝟓𝟓 𝑾𝑾𝒕𝒕𝒕𝒕𝒕𝒕𝒄𝒄 

 

Power Transfer Theorem 

𝒁𝒁𝒕𝒕𝒁𝒁 = 𝑹𝑹𝒕𝒕𝒁𝒁 + 𝒋𝒋 𝑿𝑿𝒕𝒕𝒁𝒁 

𝒁𝒁𝒕𝒕𝒁𝒁∗ = 𝑹𝑹𝒕𝒕𝒁𝒁 − 𝒋𝒋 𝑿𝑿𝒕𝒕𝒁𝒁 

𝒁𝒁𝑳𝑳 = 𝑹𝑹𝑳𝑳 + 𝒋𝒋 𝑿𝑿𝑳𝑳 

 

         The maximum power transfer is satisfied when:   𝒁𝒁𝑳𝑳 = 𝒁𝒁𝒕𝒕𝒁𝒁∗ 
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Example: Determine the element value at which the maximum power is delivered 

𝒗𝒗(𝒕𝒕) = 𝟑𝟑 𝒄𝒄𝑽𝑽𝒄𝒄(𝟏𝟏𝟒𝟒𝟒𝟒𝒕𝒕 − 𝟑𝟑°)𝑽𝑽 

 

 

 

𝒁𝒁𝑳𝑳 = 𝒁𝒁𝒕𝒕𝒁𝒁∗ = 𝟓𝟓𝟒𝟒𝟒𝟒 − 𝒋𝒋𝟑𝟑 Ω   

 

This load can be simulated by connecting a 500 Ω resistor in series with a capacitor 

Having an impedance of –j3 Ω 

 

𝒁𝒁𝒄𝒄 =
𝟏𝟏

𝒋𝒋𝒘𝒘𝑹𝑹  →  −𝒋𝒋𝟑𝟑 = −
𝒋𝒋

𝟏𝟏𝟒𝟒𝟒𝟒𝑹𝑹  →
𝟏𝟏

𝟏𝟏𝟒𝟒𝟒𝟒𝑹𝑹 = 𝟑𝟑 → 𝑹𝑹 = 𝟑𝟑. 𝟑𝟑𝟑𝟑 𝒎𝒎𝒎𝒎 
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Average Power for Non-Periodic Functions 

i(t) sum of several sinusoids having different periods and arbitrary amplitudes: 

𝒊𝒊(𝒕𝒕) = 𝑰𝑰𝒎𝒎𝟏𝟏. 𝒄𝒄𝑽𝑽𝒄𝒄(𝒘𝒘𝟏𝟏𝒕𝒕) + 𝑰𝑰𝒎𝒎𝟐𝟐. 𝒄𝒄𝑽𝑽𝒄𝒄(𝒘𝒘𝟐𝟐𝒕𝒕) + ⋯ + 𝑰𝑰𝒎𝒎𝒏𝒏. 𝒄𝒄𝑽𝑽𝒄𝒄(𝒘𝒘𝒏𝒏𝒕𝒕) 

𝑷𝑷 =
𝟏𝟏
𝟐𝟐 �𝑰𝑰𝒎𝒎𝟏𝟏

𝟐𝟐 + 𝑰𝑰𝒎𝒎𝟐𝟐
𝟐𝟐 + ⋯ + 𝑰𝑰𝒎𝒎𝒏𝒏

𝟐𝟐 �. 𝑹𝑹 

 

Example: Determine the average power delivered to a 4-ohm resistor by the periodic  

current:   a- 𝒊𝒊(𝒕𝒕) = 𝟐𝟐 𝒄𝒄𝑽𝑽𝒄𝒄(𝟏𝟏𝟒𝟒𝒕𝒕) − 𝟑𝟑 𝒄𝒄𝑽𝑽𝒄𝒄(𝟐𝟐𝟒𝟒𝒕𝒕)    , b-  𝒊𝒊(𝒕𝒕) = 𝟐𝟐 𝒄𝒄𝑽𝑽𝒄𝒄(𝟏𝟏𝟒𝟒𝒕𝒕) − 𝟑𝟑 𝒄𝒄𝑽𝑽𝒄𝒄(𝟏𝟏𝟒𝟒𝒕𝒕) 

a- 𝑷𝑷 = 𝟏𝟏
𝟐𝟐

(𝟐𝟐𝟐𝟐)(𝟒𝟒) + 𝟏𝟏
𝟐𝟐

(𝟑𝟑𝟐𝟐)(𝟒𝟒) = 𝟖𝟖 + 𝟏𝟏𝟖𝟖 = 𝟐𝟐𝟔𝟔 𝑾𝑾𝒕𝒕𝒕𝒕𝒕𝒕𝒄𝒄 

b- 𝒊𝒊(𝒕𝒕) = 𝟐𝟐 𝒄𝒄𝑽𝑽𝒄𝒄(𝟏𝟏𝟒𝟒𝒕𝒕) − 𝟑𝟑 𝒄𝒄𝑽𝑽𝒄𝒄(𝟏𝟏𝟒𝟒𝒕𝒕) = −𝒄𝒄𝑽𝑽𝒄𝒄(𝟏𝟏𝟒𝟒𝒕𝒕) 

𝑷𝑷 =
𝟏𝟏
𝟐𝟐

((−𝟏𝟏)𝟐𝟐)(𝟒𝟒) = 𝟐𝟐 𝑾𝑾𝒕𝒕𝒕𝒕𝒕𝒕𝒄𝒄 

 

Effective Value: 

RMS (root mean square) value: The average power delivered to an R-ohm resistor by  

a periodic current  𝒊𝒊(𝒕𝒕). 
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𝑷𝑷 = 𝟏𝟏
𝑻𝑻 ∫ 𝒊𝒊𝟐𝟐(𝒕𝒕). 𝑹𝑹 𝒅𝒅𝒕𝒕𝑻𝑻

𝟒𝟒 = 𝑹𝑹
𝑻𝑻 ∫ 𝒊𝒊𝟐𝟐(𝒕𝒕) 𝒅𝒅𝒕𝒕𝑻𝑻

𝟒𝟒  =𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇
𝟐𝟐 . 𝑹𝑹 

𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇 = �𝟏𝟏
𝑻𝑻 ∫ 𝒊𝒊𝟐𝟐(𝒕𝒕) 𝒅𝒅𝒕𝒕𝑻𝑻

𝟒𝟒     ← Root mean square, or effective value of the current 

 

 For a sinusoidal waveform: 

𝒊𝒊(𝒕𝒕) = 𝑰𝑰𝒎𝒎𝒄𝒄𝑽𝑽𝒄𝒄(𝒘𝒘𝒕𝒕 + ∅) 

𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇 =
𝑰𝑰𝒎𝒎

√𝟐𝟐
= 𝟒𝟒. 𝟕𝟕𝟒𝟒𝟕𝟕 𝑰𝑰𝒎𝒎 

 

The average power can be calculated either: 

1- In terms of maximum values (amplitudes) 

𝑷𝑷 =
𝟏𝟏
𝟐𝟐 𝑽𝑽𝒎𝒎. 𝑰𝑰𝒎𝒎. 𝒄𝒄𝑽𝑽𝒄𝒄(𝜽𝜽 − ∅) =

𝟏𝟏
𝟐𝟐 𝑽𝑽𝒎𝒎. 𝑰𝑰𝒎𝒎 =

𝟏𝟏
𝟐𝟐 𝑰𝑰𝒎𝒎

𝟐𝟐 . 𝑹𝑹 =
𝟏𝟏
𝟐𝟐

𝑽𝑽𝒎𝒎
𝟐𝟐

𝑹𝑹  

2- In terms of the effective values 

𝑷𝑷 = 𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇. 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇. 𝒄𝒄𝑽𝑽𝒄𝒄(𝜽𝜽 − ∅) = 𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇. 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇 = 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇
𝟐𝟐 . 𝑹𝑹 =

𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇
𝟐𝟐

𝑹𝑹  

 

Effective value is a measure of the effectiveness of a voltage source in delivering to a  

          resistance load 
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Effective Values for a Multiple Frequency Circuit 

𝑷𝑷 = 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇
𝟐𝟐 . 𝑹𝑹 

𝑷𝑷 = (𝑰𝑰𝟏𝟏,𝒆𝒆𝒇𝒇𝒇𝒇
𝟐𝟐 + 𝑰𝑰𝟐𝟐,𝒆𝒆𝒇𝒇𝒇𝒇

𝟐𝟐 + ⋯ + 𝑰𝑰𝒏𝒏,𝒆𝒆𝒇𝒇𝒇𝒇
𝟐𝟐 ). 𝑹𝑹 

𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇
𝟐𝟐 = �𝑰𝑰𝟏𝟏,𝒆𝒆𝒇𝒇𝒇𝒇

𝟐𝟐 + 𝑰𝑰𝟐𝟐,𝒆𝒆𝒇𝒇𝒇𝒇
𝟐𝟐 + ⋯ + 𝑰𝑰𝒏𝒏,𝒆𝒆𝒇𝒇𝒇𝒇

𝟐𝟐  

 

Apparent Power and Power Factor 

The average power can be calculated either: 

1- In terms of maximum values (amplitudes) 

2- In terms of the effective values 

 

𝑷𝑷 = 𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇. 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇. 𝒄𝒄𝑽𝑽𝒄𝒄(𝜽𝜽 − ∅) 

The product of the effective values of the voltage and current is called the apparent  

power 

 

𝑷𝑷𝑽𝑽𝒘𝒘𝒆𝒆𝒂𝒂 𝒎𝒎𝒕𝒕𝒄𝒄𝒕𝒕𝑽𝑽𝒂𝒂 (𝑷𝑷𝒎𝒎) =
𝑨𝑨𝒗𝒗𝒆𝒆𝒂𝒂𝒕𝒕𝑽𝑽𝒆𝒆 𝒂𝒂𝒆𝒆𝒕𝒕𝑽𝑽 𝒑𝒑𝑽𝑽𝒘𝒘𝒆𝒆𝒂𝒂

𝑨𝑨𝒑𝒑𝒑𝒑𝒕𝒕𝒂𝒂𝒆𝒆𝒏𝒏𝒕𝒕 𝒑𝒑𝑽𝑽𝒘𝒘𝒆𝒆𝒂𝒂 =
𝑷𝑷

𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇. 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇
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In sinusoidal case: 

𝑷𝑷𝒎𝒎 = 𝒄𝒄𝑽𝑽𝒄𝒄(𝜽𝜽 − ∅)     , PF angle: The angle by which the voltage leads the current 

 

𝒄𝒄𝑽𝑽𝒄𝒄(𝜽𝜽 − ∅) cannot have a magnitude greater than unity → The average  real power can never 

be greater than the apparent power 

 

1- Purely resistive load (unity PF) 

Voltage and current are in phase → (𝜽𝜽 − ∅) = 𝟒𝟒° → 𝑷𝑷𝒎𝒎 = 𝒄𝒄𝑽𝑽𝒄𝒄(𝜽𝜽 − ∅) = 𝟏𝟏 

2- Purely reactive load 

(𝜽𝜽 − ∅) = ±𝟗𝟗𝟒𝟒° → 𝑷𝑷𝒎𝒎 = 𝒄𝒄𝑽𝑽𝒄𝒄(𝜽𝜽 − ∅) = 𝟒𝟒 

3- Between the two extremes 

𝑷𝑷𝒎𝒎 = 𝟒𝟒. 𝟓𝟓 → 𝒄𝒄𝑽𝑽𝒄𝒄(𝜽𝜽 − ∅) = 𝟒𝟒. 𝟓𝟓                            (𝜽𝜽 − ∅) = 𝟔𝟔𝟒𝟒 , Inductive load 

(𝜽𝜽 − ∅) = −𝟔𝟔𝟒𝟒 , Capacitive load 

Leading and lagging PF: 

The terms leading or lagging PF is determined based on the phase angle of the  

current with respect to the phase angle of the voltage 

Inductive load: PF is lagging                      Capacitive load: PF is leading 
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Example: For the network, determine the following: 

1- Average power delivered to each of the two  

loads 

2- Apparent power supplied by the source 

3- Power factor (PF) 

 

𝑷𝑷 = 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇
𝟐𝟐 . 𝑹𝑹 

𝒁𝒁𝒕𝒕𝑽𝑽𝒕𝒕 = (𝟐𝟐 − 𝒋𝒋𝟏𝟏) + (𝟏𝟏 + 𝒋𝒋𝟓𝟓) = 𝟑𝟑 + 𝒋𝒋𝟒𝟒 Ω 

𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇 =
𝟔𝟔𝟒𝟒(𝒂𝒂𝒎𝒎𝒄𝒄)

𝟑𝟑 + 𝟒𝟒𝒋𝒋 = 𝟏𝟏𝟐𝟐∠ − 𝟓𝟓𝟑𝟑. 𝟏𝟏𝟑𝟑° (𝑨𝑨)(𝒂𝒂𝒎𝒎𝒄𝒄) 

    

1- 𝑷𝑷(𝟐𝟐 − 𝒋𝒋𝟏𝟏) = (𝟏𝟏𝟐𝟐)𝟐𝟐. (𝟐𝟐) = 𝟐𝟐𝟖𝟖𝟖𝟖 𝑾𝑾𝒕𝒕𝒕𝒕𝒕𝒕𝒄𝒄 

𝑷𝑷(𝟏𝟏 + 𝒋𝒋𝟓𝟓) = (𝟏𝟏𝟐𝟐)𝟐𝟐. (𝟏𝟏) = 𝟏𝟏𝟒𝟒𝟒𝟒 𝑾𝑾𝒕𝒕𝒕𝒕𝒕𝒕𝒄𝒄 

𝑷𝑷𝒕𝒕𝑽𝑽𝒕𝒕 = 𝟐𝟐𝟖𝟖𝟖𝟖 + 𝟏𝟏𝟒𝟒𝟒𝟒 = 𝟒𝟒𝟑𝟑𝟐𝟐 𝑾𝑾𝒕𝒕𝒕𝒕𝒕𝒕𝒄𝒄 

 

2- |𝑺𝑺| = 𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇. 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇 = (𝟔𝟔𝟒𝟒)(𝟏𝟏𝟐𝟐) = 𝟕𝟕𝟐𝟐𝟒𝟒 𝑽𝑽𝑨𝑨 

 

         3-        𝑷𝑷𝒎𝒎 =
𝑷𝑷

𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇.𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇
=

𝟒𝟒𝟑𝟑𝟐𝟐

𝟕𝟕𝟐𝟐𝟒𝟒
= 𝟒𝟒. 𝟔𝟔 𝑽𝑽𝒕𝒕𝑽𝑽𝑽𝑽𝒊𝒊𝒏𝒏𝑽𝑽 
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Complex Power 

𝑺𝑺 = 𝑷𝑷 + 𝒋𝒋𝒋𝒋 

𝑷𝑷: Average real power (Watts) 

𝒋𝒋: Reactive power (VAR)→ it represents the rate of energy transfer into and out of reactive load  

Components (such as inductors and capacitors). 

 

The magnitude of the complex power |𝑺𝑺| is called the apparent power. 

 

Complex power analysis: 

𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇 = 𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇∠𝜽𝜽        ,            𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇 = 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇∠∅ 

The average power delivered to the network: 

𝑷𝑷 = 𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇. 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇. 𝒄𝒄𝑽𝑽𝒄𝒄(𝜽𝜽 − ∅) = 𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇. 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇. 𝑹𝑹𝒆𝒆(𝒆𝒆𝒋𝒋(𝜽𝜽−∅)) 

𝑷𝑷 = 𝑹𝑹𝒆𝒆[�𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇. 𝒆𝒆𝒋𝒋(𝜽𝜽)��𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇. 𝒆𝒆−𝒋𝒋∅�]                This quantity is the complex conjugate of the  

phasor current 

This quantity represents the phasor voltage 

𝑷𝑷 = 𝑹𝑹𝒆𝒆�𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇 . 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇
∗ �                 

𝑺𝑺 = 𝑷𝑷 + 𝒋𝒋𝒋𝒋  
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𝑺𝑺 = 𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇 . 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇
∗  = 𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇. 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇. 𝒆𝒆𝒋𝒋(𝜽𝜽−∅) = 𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇. 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇. ∠(𝜽𝜽 − ∅) 

𝑷𝑷 =  𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇. 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇. 𝒄𝒄𝑽𝑽𝒄𝒄(𝜽𝜽 − ∅)                    , Average real power 

𝒋𝒋 =  𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇. 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇. 𝒄𝒄𝒊𝒊𝒏𝒏(𝜽𝜽 − ∅)                    , Reactive power 

 

To summarize: 

 

Symbol Standard Name Formula Units 

𝑷𝑷 Average real power 𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇. 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇. 𝒄𝒄𝑽𝑽𝒄𝒄(𝜽𝜽 − ∅) Watt 

𝒋𝒋 Reactive power 𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇. 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇. 𝒄𝒄𝒊𝒊𝒏𝒏(𝜽𝜽 − ∅) VAR 

𝑺𝑺 Complex power 𝑺𝑺 = 𝑷𝑷 + 𝒋𝒋𝒋𝒋 = 𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇. 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇. 𝒆𝒆𝒋𝒋(𝜽𝜽−∅) VA 

|𝑺𝑺| Apparent power |𝑺𝑺| = 𝑽𝑽𝒆𝒆𝒇𝒇𝒇𝒇. 𝑰𝑰𝒆𝒆𝒇𝒇𝒇𝒇 VA 

 

Power Triangle 

Is used to represent the complex power 

 

1) (𝜽𝜽 − ∅) > 𝟒𝟒 : This corresponds to an inductive load with a lagging PF 

        2) (𝜽𝜽 − ∅) < 𝟒𝟒 : This corresponds to a capacitive load with a leading PF 
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Power Factor Correction 

 

 

 

 

 

𝑺𝑺 = 𝑽𝑽. 𝑰𝑰∗ 

𝑺𝑺 = 𝑽𝑽(𝑰𝑰𝟏𝟏 + 𝑰𝑰𝟐𝟐)∗ 

𝑺𝑺 = 𝑽𝑽. 𝑰𝑰𝟏𝟏
∗ + 𝑽𝑽. 𝑰𝑰𝟐𝟐

∗  
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Example: An industrial consumer is operating a 50 KW induction motor at a  

Lagging PF of 0.8, the source voltage is 230 V (rms), if the customer wishes to  

increase the PF to 0.95 lagging specify a suitable solution. 

 

To increase the power factor from 0.8 to 0.95, a purely reactive device must be  

connected in parallel with the induction motor 

𝑺𝑺𝟏𝟏: The complex power associated with the induction motor 

𝑺𝑺𝟏𝟏 =
𝟓𝟓𝟒𝟒 𝑲𝑲𝑾𝑾

𝟒𝟒. 𝟖𝟖 ∠𝒄𝒄𝑽𝑽𝒄𝒄−𝟏𝟏(𝟒𝟒. 𝟖𝟖) = 𝟓𝟓𝟒𝟒 + 𝒋𝒋𝟑𝟑𝟕𝟕. 𝟓𝟓 𝑲𝑲𝑽𝑽𝑨𝑨 

 After PF correction: PF is increased to 0.95 → 𝑺𝑺 =  𝑺𝑺𝟏𝟏 + 𝑺𝑺𝟐𝟐 

𝑺𝑺 =
𝟓𝟓𝟒𝟒 𝑲𝑲𝑾𝑾

𝟒𝟒. 𝟗𝟗𝟓𝟓 ∠𝒄𝒄𝑽𝑽𝒄𝒄−𝟏𝟏(𝟒𝟒. 𝟗𝟗𝟓𝟓) = 𝟓𝟓𝟒𝟒 + 𝒋𝒋𝟏𝟏𝟔𝟔. 𝟒𝟒𝟑𝟑 𝑲𝑲𝑽𝑽𝑨𝑨 

𝑺𝑺𝟐𝟐 = 𝑺𝑺 − 𝑺𝑺𝟏𝟏 = −𝒋𝒋𝟐𝟐𝟏𝟏. 𝟒𝟒𝟕𝟕 𝑲𝑲𝑽𝑽𝑨𝑨 

𝑰𝑰𝟐𝟐
∗ =

𝑺𝑺𝟐𝟐

𝑽𝑽 =
−𝒋𝒋𝟐𝟐𝟏𝟏. 𝟒𝟒𝟕𝟕

𝟐𝟐𝟑𝟑𝟒𝟒 = −𝒋𝒋𝟗𝟗𝟏𝟏. 𝟔𝟔 𝑨𝑨 

𝑰𝑰𝟐𝟐 = 𝒋𝒋𝟗𝟗𝟏𝟏. 𝟔𝟔 𝑨𝑨 

𝒁𝒁𝟐𝟐 =
𝑽𝑽
𝑰𝑰𝟐𝟐

=
𝟐𝟐𝟑𝟑𝟒𝟒

𝒋𝒋𝟗𝟗𝟏𝟏. 𝟔𝟔 = −𝒋𝒋𝟐𝟐. 𝟓𝟓𝟏𝟏 Ω 
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The production of a magnetic flux by a current. 

The flux being proportional to the current in linear 

inductors 

𝒗𝒗(𝒕𝒕) = 𝑳𝑳
𝒅𝒅𝒊𝒊
𝒅𝒅𝒕𝒕 

Physical meaning of this equation 

The production of a voltage by a time-varying magnetic field, the voltage being  

proportional to the time rate of the magnetic field 

 

Coefficient of Mutual Inductance 

1- A current flowing in one coil produces a magnetic flux about that coil and also  

about a second coil nearby 

2- The time varying magnetic flu surrounding the second coil produces an open  

circuit voltage that is proportional to the time rate of change of the current flowing  

through the first coil. 

M21 : Voltage response produced at L2  

                     due to  current source at L1  
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𝑴𝑴𝟏𝟏𝟐𝟐 = 𝑴𝑴𝟐𝟐𝟏𝟏 = 𝑴𝑴 

 

Rule # 1: Current is entering the dotted terminal 

If it is entering the dotted terminal, it will produce an 

Open circuit voltage across 𝑳𝑳𝟐𝟐 with a positive voltage  

reference at the dotted terminal of 𝑳𝑳𝟐𝟐 

 

 

 

 

Rule # 2: Current is entering the un-dotted terminal 
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Example: For the circuit shown determine: 

1- 𝒗𝒗𝟏𝟏 if 𝒊𝒊𝟐𝟐 = 𝟓𝟓 𝒄𝒄𝒊𝒊𝒏𝒏(𝟒𝟒𝟓𝟓𝒕𝒕) and 𝒊𝒊𝟏𝟏 = 𝟒𝟒 

2- 𝒗𝒗𝟐𝟐 if 𝒊𝒊𝟏𝟏 = −𝟖𝟖𝒆𝒆−𝒕𝒕 and 𝒊𝒊𝟐𝟐 = 𝟒𝟒 

 

 

𝒗𝒗𝟏𝟏(𝒕𝒕) = −𝑴𝑴
𝒅𝒅𝒊𝒊𝟐𝟐

𝒅𝒅𝒕𝒕 =  −𝟐𝟐 × 𝟓𝟓 × 𝟒𝟒𝟓𝟓 × 𝒄𝒄𝑽𝑽𝒄𝒄(𝟒𝟒𝟓𝟓𝒕𝒕) = −𝟒𝟒𝟓𝟓𝟒𝟒 𝒄𝒄𝑽𝑽𝒄𝒄(𝟒𝟒𝟓𝟓𝒕𝒕) 𝑽𝑽 

𝒗𝒗𝟐𝟐(𝒕𝒕) = −𝑴𝑴
𝒅𝒅𝒊𝒊𝟏𝟏

𝒅𝒅𝒕𝒕 =  −𝟐𝟐 × −𝟖𝟖 × −𝒆𝒆−𝒕𝒕 = −𝟏𝟏𝟔𝟔 𝒆𝒆−𝒕𝒕 𝑽𝑽 

 

Combined Mutual and self-Induction Voltage 

 

Dot convection is satisfied: 

𝒗𝒗𝟏𝟏(𝒕𝒕) = 𝑳𝑳𝟏𝟏
𝒅𝒅𝒊𝒊𝟏𝟏

𝒅𝒅𝒕𝒕 + 𝑴𝑴
𝒅𝒅𝒊𝒊𝟐𝟐

𝒅𝒅𝒕𝒕  

𝒗𝒗𝟐𝟐(𝒕𝒕) = 𝑳𝑳𝟐𝟐
𝒅𝒅𝒊𝒊𝟐𝟐

𝒅𝒅𝒕𝒕 + 𝑴𝑴
𝒅𝒅𝒊𝒊𝟏𝟏

𝒅𝒅𝒕𝒕  

  

 

Voltage due to mutual 

inductance 
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𝒗𝒗𝟏𝟏(𝒕𝒕) = −𝑳𝑳𝟏𝟏
𝒅𝒅𝒊𝒊𝟏𝟏

𝒅𝒅𝒕𝒕 + 𝑴𝑴
𝒅𝒅𝒊𝒊𝟐𝟐

𝒅𝒅𝒕𝒕  

𝒗𝒗𝟐𝟐(𝒕𝒕) = −𝑳𝑳𝟐𝟐
𝒅𝒅𝒊𝒊𝟐𝟐

𝒅𝒅𝒕𝒕 + 𝑴𝑴
𝒅𝒅𝒊𝒊𝟏𝟏

𝒅𝒅𝒕𝒕  

Dot convection is satisfied, passive sign convection is not satisfied 

 

Example:  Determine the ratio of the output voltage 𝒗𝒗𝟐𝟐 to the source voltage 𝒗𝒗𝟏𝟏 

(expressed in phasor) 

 

 

 

For 𝑳𝑳𝟏𝟏 = 𝟏𝟏 𝑯𝑯 → 𝒋𝒋𝒘𝒘𝑳𝑳𝟏𝟏 = 𝒋𝒋(𝟏𝟏𝟒𝟒)(𝟏𝟏) = 𝒋𝒋𝟏𝟏𝟒𝟒 Ω 

For 𝑳𝑳𝟐𝟐 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝑯𝑯 → 𝒋𝒋𝒘𝒘𝑳𝑳𝟐𝟐 = 𝒋𝒋(𝟏𝟏𝟒𝟒)(𝟏𝟏𝟒𝟒𝟒𝟒) = 𝒋𝒋𝟏𝟏𝟒𝟒𝟒𝟒𝟒𝟒 Ω 

 

Mesh #𝟏𝟏: (𝟏𝟏 + 𝒋𝒋𝟏𝟏𝟒𝟒)𝑰𝑰𝟏𝟏 − 𝒋𝒋𝟗𝟗𝟒𝟒 𝑰𝑰𝟐𝟐 = 𝑽𝑽𝒄𝒄 = 𝟏𝟏𝟒𝟒∠𝟒𝟒° 

Mesh #𝟐𝟐: (𝟒𝟒𝟒𝟒𝟒𝟒 + 𝒋𝒋𝟏𝟏𝟒𝟒𝟒𝟒𝟒𝟒)𝑰𝑰𝟐𝟐 − 𝒋𝒋𝟗𝟗𝟒𝟒 𝑰𝑰𝟏𝟏 = 𝟒𝟒 

𝑽𝑽𝟐𝟐
𝑽𝑽𝟏𝟏

= 𝟒𝟒𝟒𝟒𝟒𝟒𝑰𝑰𝟐𝟐
𝟏𝟏𝟒𝟒

   

Inductance representation 

in frequency domain 
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Example: Construct the appropriate mesh equations 

 

 

 

 

Mesh #𝟏𝟏: 𝟓𝟓𝑰𝑰𝟏𝟏 + 𝟕𝟕𝒋𝒋𝒘𝒘( 𝑰𝑰𝟏𝟏 − 𝑰𝑰𝟐𝟐) + 𝟐𝟐𝒋𝒋𝒘𝒘( 𝑰𝑰𝟑𝟑 −  𝑰𝑰𝟐𝟐) = 𝑽𝑽𝟏𝟏 

Mesh #𝟐𝟐: 𝟕𝟕𝒋𝒋𝒘𝒘( 𝑰𝑰𝟐𝟐 −  𝑰𝑰𝟏𝟏) + 𝟐𝟐𝒋𝒋𝒘𝒘( 𝑰𝑰𝟐𝟐 −  𝑰𝑰𝟑𝟑) + 𝟏𝟏
𝒋𝒋𝒘𝒘

 𝑰𝑰𝟐𝟐 + 𝟔𝟔𝒋𝒋𝒘𝒘( 𝑰𝑰𝟐𝟐 −  𝑰𝑰𝟑𝟑) + 𝟐𝟐𝒋𝒋𝒘𝒘( 𝑰𝑰𝟐𝟐 −  𝑰𝑰𝟏𝟏) = 𝟒𝟒 

Mesh #𝟑𝟑: 𝟔𝟔𝒋𝒋𝒘𝒘( 𝑰𝑰𝟑𝟑 − 𝑰𝑰𝟐𝟐) + 𝟐𝟐𝒋𝒋𝒘𝒘( 𝑰𝑰𝟏𝟏 − 𝑰𝑰𝟐𝟐) + 𝟑𝟑 𝑰𝑰𝟑𝟑 = 𝟒𝟒 

 

Energy Considerations:  

To calculate the energy stored in a magnetically coupled  

system: 

𝒘𝒘(𝒕𝒕) =
𝟏𝟏
𝟐𝟐 𝑳𝑳𝟏𝟏𝒊𝒊𝟏𝟏

𝟐𝟐(𝒕𝒕) +
𝟏𝟏
𝟐𝟐 𝑳𝑳𝟐𝟐𝒊𝒊𝟐𝟐

𝟐𝟐(𝒕𝒕) + 𝑴𝑴[𝒊𝒊𝟏𝟏(𝒕𝒕). 𝒊𝒊𝟐𝟐(𝒕𝒕)] 

𝑴𝑴 ≤  �𝑳𝑳𝟏𝟏𝑳𝑳𝟐𝟐 

 

Coupling coefficient (k): The degree to which M approaches its maximum value  

described by:     𝒌𝒌 = 𝑴𝑴
�𝑳𝑳𝟏𝟏𝑳𝑳𝟐𝟐

                                     𝒄𝒄𝒊𝒊𝒏𝒏𝒄𝒄𝒆𝒆 𝑴𝑴 ≤ �𝑳𝑳𝟏𝟏𝑳𝑳𝟐𝟐         →     𝟒𝟒 ≤ 𝒌𝒌 ≤ 𝟏𝟏 
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When k is close to unit, coils are said to be tightly coupled 

 

How can we obtain large values of k ? 

1- Coils are physically close to each other 

2- Coils are wound or oriented to provide a large common magnetic flux 

3- The use of high permeability materials to concentrate and localize the magnetic  

flux 

 

Example: Consider the following magnetically coupled system: 

 

 

 

 

Determine: 

1- 𝒗𝒗𝟏𝟏(𝟒𝟒) 

𝒗𝒗𝟏𝟏(𝒕𝒕) = 𝑳𝑳𝟏𝟏
𝒅𝒅𝒊𝒊𝟏𝟏

𝒅𝒅𝒕𝒕 + 𝑴𝑴
𝒅𝒅𝒊𝒊𝟐𝟐

𝒅𝒅𝒕𝒕   

𝑴𝑴 = 𝒌𝒌�𝑳𝑳𝟏𝟏𝑳𝑳𝟐𝟐 = 𝟒𝟒. 𝟔𝟔 �(𝟒𝟒. 𝟒𝟒)(𝟒𝟒. 𝟔𝟔) = 𝟒𝟒. 𝟔𝟔 𝑯𝑯    

𝑳𝑳𝟏𝟏 = 𝟒𝟒. 𝟒𝟒 𝑯𝑯 
𝑳𝑳𝟐𝟐 = 𝟐𝟐. 𝟓𝟓 𝑯𝑯 
𝒌𝒌 = 𝟒𝟒. 𝟔𝟔 
𝒊𝒊𝟏𝟏 = 𝟒𝟒𝒊𝒊𝟐𝟐 = 𝟐𝟐𝟒𝟒 𝐜𝐜𝑽𝑽𝒄𝒄(𝟓𝟓𝟒𝟒𝟒𝟒𝒕𝒕 − 𝟐𝟐𝟒𝟒°)𝒎𝒎𝑨𝑨 
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𝒅𝒅𝒊𝒊𝟏𝟏

𝒅𝒅𝒕𝒕 = −(𝟒𝟒. 𝟒𝟒𝟐𝟐)(𝟓𝟓𝟒𝟒𝟒𝟒) 𝒄𝒄𝒊𝒊𝒏𝒏(𝟓𝟓𝟒𝟒𝟒𝟒𝒕𝒕 − 𝟐𝟐𝟒𝟒°) = −𝟏𝟏𝟒𝟒 𝒄𝒄𝒊𝒊𝒏𝒏(𝟓𝟓𝟒𝟒𝟒𝟒𝒕𝒕 − 𝟐𝟐𝟒𝟒°) 

𝑳𝑳𝟏𝟏 �
𝒅𝒅𝒊𝒊𝟏𝟏

𝒅𝒅𝒕𝒕 � = −𝟒𝟒. 𝟒𝟒(𝟏𝟏𝟒𝟒)𝒄𝒄𝒊𝒊𝒏𝒏(𝟓𝟓𝟒𝟒𝟒𝟒𝒕𝒕 − 𝟐𝟐𝟒𝟒°) =  −𝟒𝟒 𝒄𝒄𝒊𝒊𝒏𝒏(𝟓𝟓𝟒𝟒𝟒𝟒𝒕𝒕 − 𝟐𝟐𝟒𝟒°) 

𝒊𝒊𝟐𝟐(𝒕𝒕) = 𝟏𝟏
𝟒𝟒

𝒊𝒊𝟏𝟏(𝒕𝒕) = 𝟒𝟒. 𝟒𝟒𝟒𝟒𝟓𝟓 𝒄𝒄𝑽𝑽𝒄𝒄(𝟓𝟓𝟒𝟒𝟒𝟒𝒕𝒕 − 𝟐𝟐𝟒𝟒°)  

𝒅𝒅𝒊𝒊𝟐𝟐(𝒕𝒕)
𝒅𝒅𝒕𝒕 = −(𝟒𝟒. 𝟒𝟒𝟒𝟒𝟓𝟓)(𝟓𝟓𝟒𝟒𝟒𝟒) 𝒄𝒄𝒊𝒊𝒏𝒏(𝟓𝟓𝟒𝟒𝟒𝟒𝒕𝒕 − 𝟐𝟐𝟒𝟒°) = −𝟐𝟐. 𝟓𝟓 𝒄𝒄𝒊𝒊𝒏𝒏 (𝟓𝟓𝟒𝟒𝟒𝟒𝒕𝒕 − 𝟐𝟐𝟒𝟒°) 

𝑴𝑴 �
𝒅𝒅𝒊𝒊𝟐𝟐

𝒅𝒅𝒕𝒕 � = −(𝟒𝟒. 𝟔𝟔)(𝟐𝟐. 𝟓𝟓) 𝒄𝒄𝒊𝒊𝒏𝒏(𝟓𝟓𝟒𝟒𝟒𝟒𝒕𝒕 − 𝟐𝟐𝟒𝟒°) = −𝟏𝟏. 𝟓𝟓 𝒄𝒄𝒊𝒊𝒏𝒏(𝟓𝟓𝟒𝟒𝟒𝟒𝒕𝒕 − 𝟐𝟐𝟒𝟒°) 

𝒗𝒗𝟏𝟏(𝒕𝒕) = −𝟓𝟓. 𝟓𝟓 𝒄𝒄𝒊𝒊𝒏𝒏(𝟓𝟓𝟒𝟒𝟒𝟒𝒕𝒕 − 𝟐𝟐𝟒𝟒°) 

𝒗𝒗𝟏𝟏(𝟒𝟒) =  −𝟓𝟓. 𝟓𝟓 𝒄𝒄𝒊𝒊𝒏𝒏(−𝟐𝟐𝟒𝟒°) = 𝟏𝟏. 𝟖𝟖𝟖𝟖𝟏𝟏 𝑽𝑽 

 

2-  The energy stored in the system at t=0 

 

𝒘𝒘(𝒕𝒕) =
𝟏𝟏
𝟐𝟐 𝑳𝑳𝟏𝟏𝒊𝒊𝟏𝟏

𝟐𝟐(𝒕𝒕) +
𝟏𝟏
𝟐𝟐 𝑳𝑳𝟐𝟐𝒊𝒊𝟐𝟐

𝟐𝟐(𝒕𝒕) + 𝑴𝑴[𝒊𝒊𝟏𝟏(𝒕𝒕). 𝒊𝒊𝟐𝟐(𝒕𝒕)] 

𝒊𝒊𝟏𝟏(𝟒𝟒) = �(𝟒𝟒. 𝟒𝟒𝟐𝟐) 𝒄𝒄𝑽𝑽𝒄𝒄(−𝟐𝟐𝟒𝟒°)�  = 𝟒𝟒. 𝟒𝟒𝟏𝟏𝟖𝟖𝟖𝟖 𝑨𝑨        ,      𝒊𝒊𝟐𝟐(𝟒𝟒) = �(𝟒𝟒. 𝟒𝟒𝟒𝟒𝟓𝟓) 𝒄𝒄𝑽𝑽𝒄𝒄(−𝟐𝟐𝟒𝟒°)� = 𝟒𝟒. 𝟒𝟒𝟒𝟒𝟒𝟒𝟕𝟕 𝑨𝑨 

𝒘𝒘(𝟒𝟒) =
𝟏𝟏
𝟐𝟐

(𝟒𝟒. 𝟒𝟒)(𝟒𝟒. 𝟒𝟒𝟏𝟏𝟖𝟖𝟖𝟖)𝟐𝟐 +
𝟏𝟏
𝟐𝟐

(𝟐𝟐. 𝟓𝟓)(𝟒𝟒. 𝟒𝟒𝟒𝟒𝟒𝟒𝟕𝟕)𝟐𝟐 + 𝟒𝟒. 𝟔𝟔[(𝟒𝟒. 𝟒𝟒𝟏𝟏𝟖𝟖𝟖𝟖)(𝟒𝟒. 𝟒𝟒𝟒𝟒𝟒𝟒𝟕𝟕)] = 𝟏𝟏𝟓𝟓𝟏𝟏. 𝟐𝟐 𝝁𝝁𝝁𝝁 
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The Linear Transformer 

1- The linear transformer is considered to be an excellent model for devices used at  

radio frequency or higher frequency 

2- The linear transformer implies that no magnetic material is employed because 

it may cause a non-linear flux versus current relationship 

 

Basic construction of the linear transformer: 

 

 

 

 

 

 

The mesh that contains the voltage source is called Primary mesh 

𝑳𝑳𝟏𝟏:Primary inductance 

𝑳𝑳𝟐𝟐:Secondary inductance 

 

Primary mesh Secondary mesh 

The basic construction 

of a linear transformer 
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Input Impedance of the linear transformer: 

𝒁𝒁𝒊𝒊𝒏𝒏 =
𝑽𝑽𝒄𝒄

𝑰𝑰𝒄𝒄
 

𝒁𝒁𝟏𝟏𝟏𝟏 = 𝑹𝑹𝟏𝟏 + 𝒋𝒋𝒘𝒘𝑳𝑳𝟏𝟏                       ,            𝒁𝒁𝟐𝟐𝟐𝟐 = 𝑹𝑹𝟐𝟐 + 𝒋𝒋𝒘𝒘𝑳𝑳𝟐𝟐 + 𝒁𝒁𝑳𝑳 

 

Mesh #𝟏𝟏: (𝑹𝑹𝟏𝟏 + 𝒋𝒋𝒘𝒘𝑳𝑳𝟏𝟏)𝑰𝑰𝟏𝟏 − 𝒋𝒋𝒘𝒘𝑴𝑴 𝑰𝑰𝟐𝟐 = 𝑽𝑽𝒄𝒄 

Mesh #𝟐𝟐: (𝑹𝑹𝟐𝟐 + 𝒋𝒋𝒘𝒘𝑳𝑳𝟐𝟐 + 𝒁𝒁𝑳𝑳)𝑰𝑰𝟐𝟐 − 𝒋𝒋𝒘𝒘𝑴𝑴 𝑰𝑰𝟏𝟏 = 𝟒𝟒 

 

Transformer mesh equations: 

𝒁𝒁𝟏𝟏𝟏𝟏𝑰𝑰𝟏𝟏 − 𝒋𝒋𝒘𝒘𝑴𝑴𝑰𝑰𝟐𝟐 = 𝑽𝑽𝒄𝒄                                    [𝟏𝟏] 

𝒁𝒁𝟐𝟐𝟐𝟐𝑰𝑰𝟐𝟐 − 𝒋𝒋𝒘𝒘𝑴𝑴𝑰𝑰𝟏𝟏 = 𝟒𝟒                                      [𝟐𝟐] 

 

From [𝟐𝟐] → 𝑰𝑰𝟐𝟐 = 𝒋𝒋𝒘𝒘𝑴𝑴𝑰𝑰𝟏𝟏
𝒁𝒁𝟐𝟐𝟐𝟐

 

Substituting in [𝟏𝟏] → 𝒁𝒁𝟏𝟏𝟏𝟏𝑰𝑰𝟏𝟏 − 𝒋𝒋𝒘𝒘𝑴𝑴
𝒋𝒋𝒘𝒘𝑴𝑴
𝒁𝒁𝟐𝟐𝟐𝟐

𝑰𝑰𝟏𝟏 = 𝑽𝑽𝒄𝒄 

 

𝒁𝒁𝒊𝒊𝒏𝒏 =
𝑽𝑽𝒄𝒄

𝑰𝑰𝟏𝟏
= 𝒁𝒁𝟏𝟏𝟏𝟏 + 

𝒘𝒘𝟐𝟐𝑴𝑴𝟐𝟐

𝒁𝒁𝟐𝟐𝟐𝟐
 

 
Input impedance of a linear transformer 

Reflected impedance 
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